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Abstract In this work, we investigate the complete spec-
troscopy of the B, mesons, with a special focus on the consid-
eration of the unquenched effects. To account for such effects,
we employ the modified Godfrey—Isgur model and introduce
ascreening potential. The resulting mass spectrum of the con-
cerned higher B, states is then presented, showing significant
deviations after considering the unquenched effects. This
emphasizes the importance of considering the unquenched
effects when studying of the higher B, mesons. Furthermore,
we determine the corresponding spatial wave functions of
these B, mesons, which have practical applications in subse-
quent studies of their decays. These decays include two-body
Okuba—Zweig—lizuka allowed strong decays, dipion transi-
tions between B, mesons, radiative decays, and some typical
weak decays. With the ongoing high-luminosity upgrade of
the Large Hadron Collider, we expect the discovery of addi-
tional B, states in the near future. The knowledge gained
from the mass spectrum and the different decay modes will
undoubtedly provide valuable insights for future experimen-
tal explorations of these higher B, mesons.

1 Introduction

The study of hadron spectroscopy offers a unique avenue
to deepen our understanding of the non-perturbative nature
of the strong interaction. Over the past few decades, sig-
nificant progress has been made, both experimentally and
theoretically, leading to extensive investigations of the exotic
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hadronic states, such as the charmonium-like states XY Z and
the hidden-charm pentaquark states P./P.s [1-14]. More-
over, notable observations of light flavor hadrons by the
BESIII Collaboration [15], as well as heavy flavor hadrons
by the LHCb [16-19] and Belle collaborations [20-22], indi-
cate that the construction of the conventional hadron family
is an ongoing endeavor. The abundance of these phenomena
in hadron spectroscopy underscores the field’s position at the
forefront of precision particle physics.

In contrast to the well-established charmonium and bot-
tomonium families, the B, meson family remains relatively
unexplored, with only a few low-lying B, states reported in
experiments. Pivotal theoretical contributions were made by
Refs. [23,24], which proposed the experimental detection of
the B, mesons through the hadron colliders. In 1998, the
CDF Collaboration reported the observation of a B, meson
with the mass of M = (6.40 £ 0.39 £ 0.13) GeV, identified
via the B¥ — J/y£*v decay [25]. This measured mass is
consistent with expectations for the ground state of the B,
meson [24,26-29]. However, the full establishment of the B,
meson family remains a formidable task, requiring extensive
efforts to identify and explore its properties.

The B, meson family has been the focus of extensive
investigations, both experimentally and theoretically, since
its initial observation by the CDF Collaboration in 1998 via
the B — J/y£Fv decay [25]. Prior to that, searches for
the B, mesons were conducted by the LEP [30-32] and
CDF [33] collaborations. Subsequent experimental efforts
by various collaborations have confirmed the existence of
the B, mesons through different decay channels, such as the
B, — J/Yyn, Bf — J/yntn—nt, BY — Bn™, and
B, — J/Y KT K~ n™ processes [25,34-42].

In 2014, the ATLAS Collaboration reported the obser-
vation of a structure consistent with the predicted B.(2S5)
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state, with a mass of (6842 4 9) MeV [43]. Additionally,
the CMS and LHCb collaborations observed the excited
B.(2'Sy) and B, (23S ) states in the B 7+ 7 ~ invariant mass
spectrum, with masses determined as (6872.1 £ 2.2) MeV
and (6841.2 & 1.5) MeV, respectively [44,45]. However, the
current Particle Data Group (PDG) includes only two B,
mesons, namely the B.(1S) and B, (2S) states [46]. The lim-
ited experimental knowledge of the complete B, family, par-
ticularly the higher excited B, states, highlights the necessity
for further studies in this area.

The study of the B, meson family plays a crucial role in
advancing our understanding of the strong interaction and
the non-perturbative regime of quantum chromodynamics
(QCD). With the forthcoming high-luminosity upgrade of the
Large Hadron Collider (LHC), there are promising opportu-
nities to investigate the higher excited states of the B, meson,
and it is anticipated that additional experimental data will
become available in the near future.

Some theoretical studies have examined the B, spectrum
using the quenched quark models, as discussed in refer-
ences [47-53]. Among these models, the Godfrey—Isgur (GI)
model [47], proposed by Stephen Godfrey and Nathan Isgur
in 1985, has demonstrated notable success in describing the
spectra of low-lying hadrons. Additionally, other quenched
quark models have exhibited remarkable achievements in
predicting the spectra of low-lying mesons. However, it is
now widely acknowledged that the unquenched effects play
a significant role, as they can resolve the low-mass puzzles of
several hadrons, such as the Dy (2317) [54-57], D41 (2460)
[55,58], X (3872) [59-61], and A.(2940) [62]. Therefore,
when exploring the spectroscopy of higher excited states of
the B, meson, it is imperative to consider the unquenched
effects as well.

In this study, we employ the modified Godfrey—Isgur
(MGI) model [63—67] to account for the unquenched effects.
To reflect such effects, we utilize a screening potential intro-
duced in Refs. [68,69]. Furthermore, this method has been
applied to the study of bottomonia [65] and charmonia family
[66,67], and has yielded the predictions, providing valuable
guidance for experimental investigations. It should be noted
that the couple channel effect and the screening potential have
a similar effect on the hadron masses, i.e. the higher excited
state masses are reduced [60,70,71]. In the following sec-
tion, we provide a concise overview of the MGI model and
present the mass spectrum of the B, family, along with acom-
parison to the quenched quark model, in order to elucidate
the distinctions between the two models. Furthermore, we
present the numerical spatial wave functions obtained from
the MGI model, which serve as crucial inputs for investigat-
ing various properties. Specifically, we calculate the mag-
netic moments of the higher excited B, states to reveal their
internal structures. This analysis can be valuable in differ-
entiating between conventional B, states and exotic B.-like
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molecular tetraquark states with identical quantum numbers
and similar masses.

To provide a comprehensive theoretical analysis, we also
calculate the two-body Okubo-Zweig-lizuka (OZI)-allowed
strong decays, dipion decays, radiative decays, and typical
weak decays by employing the numerical spatial wave func-
tions of the relevant mesons. In the concrete calculations,
the quark pair creation (QPC) model [72-75] is utilized to
describe the behavior of the two-body OZI-allowed strong
decays, while the electric dipole (E1) and magnetic dipole
(M1) radiative transitions are analyzed by considering the
radial decays of the higher excited B, states. For the inves-
tigations of dipion transitions, we adopt the quantum chro-
modynamics multipole expansion (QCDME) method. Addi-
tionally, we employ the covariant light-front quark model
(CLFQM) to calculate a series of weak transition form fac-
tors and their corresponding weak decays. The spatial wave
functions play a crucial role in these decay processes, and
by utilizing the MGI model, we obtain reliable numerical
results. As experimental data continue to accumulate, these
decay processes can be further explored and potentially mea-
sured with higher precision.

This paper is organized as follows. In Sect.2, we present
our analysis of the mass spectrum of B. mesons using the
MGI model with the screening effects, and provide the asso-
ciated numerical spatial wave functions. Section3 is ded-
icated to the predictions of two-body OZI-allowed strong
decays of the considered B, mesons by employing the
QPC model. In Sect. 4, we investigate the dipion transitions
between the B, states. Section 5 focuses on the predictions of
the decay widths for the E1 and M1 radiative transitions and
the magnetic moments of these higher B, mesons. Further-
more, in Sect. 6, we explore some concerned weak transition
form factors and the corresponding weak decays for the B,
meson. Finally, our findings are summarized in Sect. 7.

2 Mass spectrum and the corresponding spatial wave
functions

In this study, we employ the MGI model to calculate the
mass spectrum of the higher excited B, states. To accurately
account for the screening effects, we incorporate a screening
potential into our calculations. Furthermore, we derive the
corresponding numerical spatial wave functions, which play
a pivotal role in the investigations of the decay properties of
the B, states.

2.1 The mass spectrum
To obtain the mass spectrum of the B, mesons, we apply

the MGI model by introducing the screening potential [63—
67,76,77]. The involved Hamiltonian is
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H=p*+mH"? + (p* +md)'"? + Ver(p. 1), (2.1)
where m and m; denote the masses of the b and ¢ quarks,
respectively. Vegr (p, 1) = H + HMP H%0 is the effective
potential representing the ¢’g interaction.

In the non-relativistic limit, Ve (p, r) is transformed into
the familiar nonrelativistic potential Veg(r), which can be

written as

Ver(r) = HM + HMP 4+ F%°, (2.2)
where

\ b(1—e M) 4
peonf _ c+ ( lj ) _ a;fr) 2.3)

is the spin-independent potential, which includes the screen-
ing potential and the Coulomb-like potential. Here, o5 (r) is a
running coupling constant, and p is a parameter which stands
for the strength of the screening effects. The colour hyperfine
interaction is given by

v — d () [—s $,83(r)

3m1m2 3
rS;-r

1 (38- .
()]

where Sj(2) is the spin of quark or antiquark. And H*® =
Hsom) 1 fsotp) js the spin-orbit interaction, where
das(r) 1 (51 $2

S1+ 82
3|3t + -L  (25)
3 r my  mj5 mimy

(2.4)

Hso(cm) —

is the color-magnetic term resulting from the one-gluon
exchange, while

1 oH™ (§, S,
~5 —+ )L
2r  or mj m5

denotes the Thomas precession term with the screening
effects, where L is the orbital angular momentum between
quark and antiquark. In addition, we need to smear the

b(l_Tm + ¢ and the Coulomb-

H%O)

(2.6)

screened potential S(r) =

like potential G (r) = — 2 py

S(r)/G@r) = / &r'o(r —r)S(r') /G, 2.7)
where

03
or—r) = i exp[ o (r — r’)z] (2.8)

is the smearing function, and o is a smearing parameter.
Then, we introduce the momentum dependent factors as fol-
lows

p2 1/2 p2 1/2
G 1 G 1 ,
(r) — ( + E1E2> (r)< + E1E2>

1/2+¢€; 1/2+€;
~ mimy ~ mimy
i (1) g ()

2.9)
E\E» E\E;

with Eq2) = (p2 + m%(z))]/z, where ¢; correspond to dif-
ferent types of the interactions, and V;(r) are the effective
potentials included in Egs. (2.4)—(2.6).

For mesons composed of heavy quarks with equal masses,
such as the charmonium and bottomonium states, the L-S
coupling scheme is appropriate and the meson state can be
labeled by the notation n2S+1L ; However, for mesons with
constituents of different masses, such as the B, mesons, the
spin-dependent terms in the Hamiltonian can mix the spin-
singlet and spin-triplet states, and the resulting mixing states

can be expressed as

L' ='Ljcos® +>Lysin6,

L=—"L;sing+73Ljcosb, (2.10)
where 6 represents the mixing angle.

To solve the Schrodinger equation [78,79], we use the
simple harmonic oscillator (SHO) wave functions as a set of
complete bases, i.e.,

\anML(r) = RnL(rs /B)YL,ML (Qr) P
Warm, (P) = Rur(p, B)YL My (2p) (2.11)
where
Ru(r = [ L (8%)
nL\’s ( +L+ ) 5
(=D"(=pt 2n! (p>L
Rn B = 3 2B -
12, £) B2 ¢ F(n+L+3)\B
1 2
x LE2 (%). 2.12)

Here, the radial wave functions are denoted by R,,1 (r, 8) and

R, (p, B) in the coordinate and momentum spaces, respec-

tively. Y7 p, () and Y7 pr, (Qp) stand for the spherical
1

harmonic functions, and L,f 2 (x) is the Laguerre polyno-
mial. B is a phenomenological parameter in the SHO wave
function, and we set it to be § = 0.5 GeV in the calculation.

In Table 1, we list the reported experimental data [46] of
the masses of bottom-charmed, charmonium, bottomonium,

charmed, charmed-strange, bottom, and bottom-strange mesons,
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Table 1 The masses (in units of MeV) of the experimental values and
our obtained results of the heavy flavor mesons in this work

Mesons States Experimental values [46] This work
B 18, 6274.47 +0.44 6271
218, 6871.2 1 6855
e 118, 2983.9 + 0.4 2969
138, 3096.9 + 0.006 3097
13 P 341471 £ 0.3 3425
3P 3510.67 & 0.05 3497
1'p 352538 +0.11 3516
1°P; 3556.17 & 0.07 3554
215, 36375+ 1.1 3616
238 3686.1 + 0.06 3668
bb 1Sy 9398.7 +2.0 9415
138, 9460.3 + 0.26 9466
1°Py 9859.4 +0.42 £ 0.31 9851
13 P 9892.8 +0.26 £ 0.31 9880
1'p 9899.3 + 0.8 9887
1°P; 9912.2 +0.26 & 0.31 9903
218, 9999 + 6.3 9991
238 10023.26 + 0.31 10012
D 1Sy 1864.84 & 0.05 1862
138 2006.85 & 0.05 2042
13 Py 2343 £ 10 2291
1P 241249 2387
1P 24221+ 0.6 2467
1°P, 2461.1 £0.7 2474
218, 2549 4+ 19 2541
238, 2627 & 10 2607
Dy 1Sy 1968.35 + 0.07 1968
138, 21122+ 0.4 2129
3P 2317.8 £0.5 2416
1P 2459.5 £ 0.6 2518
1P 2535.11 4 0.06 2545
13p, 2569.1 £0.8 2588
2ls, 2591 + 13 2643
238, 2714 +5 2704
B 118, 5279.66 4 0.12 5308
138; 5324.71 £0.21 5372
13p, 5737.24+0.7 5760
By 1S, 5366.92 4 0.10 5391
138; 54154+ 1.8 5451
13p, 5839.86 4 0.12 5868

which are quoted from the PDG [46] and are used to fit the
parameters of the MGI model. Due to the limited availabil-
ity of experimental data for the B, mesons, we also include
experimental data from other mesons as auxiliary. By fitting

@ Springer

Table 2 The fitting parameters of the potential model in this work.
Besides, the quark masses are chosen as m, = mg = 220 MeV, ms; =
419 MeV, m, = 1628 MeV, and mj; = 4977 MeV [52]

Parameters Values Parameters Values

b 0.2053 GeV? & 0.5034
c —0.2677 GeV €s0(V) —0.3105
% 0.0684 GeV €50(S) —0.3195
€c —0.1981

the experimental data in Table 1, we can obtain the mass
spectrum of the B, mesons. Here, the accuracy of the fitting
data is judged based on the x? criterion as follows

2
E
mTh —m; XP)

X2:Z<1ml_3r2 g

i 1

(2.13)

E .
where ml.Th, m; *P and m?r are the theoretical value, the exper-

imental value, and the error of the ith data, respectively. Here,
the errors m?r = 1 MeV are the uniform values for all con-
sidered mesons. In the absence of experimental data on the
masses of the B, mesons, we used the experimental data of
other heavy flavor mesons listed in Table 1 to fit the param-
eters of the model. To make the mesons act in the same pro-
portions in our fit, we chose a universe value of 1 MeV as
the uncertainty. Thus, in this work we used it only as a math-
ematical tool to fit the model parameters, rather than a X2
fit in the usual sense. In this case, we have not given the
x?2/d.o.f. value and have not considered the uncertainties of
the parameters.

In Table 2, we present the fitted parameters of the MGI
model, and these parameters were determined by selecting
the minimum yx 2 value. By utilizing the parameters in Table 2,
we can calculate the mass spectrum of the B, mesons, which
are displayed in Table 3. In addition to the mass spectrum,
the Table 3 also includes the mixing angles of the P-wave,
D-wave, and F-wave B, mesons. Furthermore, we provide
a comparison with other theoretical studies [48,52,80,81].

In Fig.1, we present a comparative analysis of the B,
meson mass spectrum, considering both the screening effects
and the results obtained by the GI model [52]. Our findings
reveal the significant impact of the screening effects on the
mass spectrum of the higher excited B, states, as compared
to the predictions based solely on the GI model [52]. Several
notable examples are highlighted below:

(i) The B.(4'Sp) and B.(43S;) states exhibit mass reduc-
tions of approximately 76 MeV and 76 MeV, respectively,
in our calculations compared to the GI model predictions
[52].
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Table 3 The obtained masses
of the B, states and comparison
with other results and
experimental data. Here, the
masses are given in units of
MeV

States Experiments This work GI [52] Ref. [53] Ref. [80] Ref. [81]
118y 6274 6271 6271 6275 6275 6277
218, 6871 6855 6855 6866 6853 6867
318y 7220 7250 7253 7222 7228
41s, 7496 7572 7572 7484

518, 7722 7854

138, 6338 6338 6329 6339 6332
238, 6886 6887 6897 6920 6911
335 7240 7272 7279 7283 7272
438 7512 7588 7595 7543

538, 7735 7860

13 P 6701 6706 6705
3P, 6773 6768 6762
1P 6745 6741 6739
1P| 6754 6750 6748
01, 35.2° 22.4° 32.2°
23p, 7097 7122 6692 7112
2P, 7148 7164 6750 7163
2P 7125 7145 6730 7144
2P| 7133 7150 6738 7149
0 26.5° 18.9° 18.7° 30.9°
33 Py 7393 7455 7104

3P, 7434 7487 7154

3P 7414 7472 7135

3P 7421 7475 7143

03 23.6° 18.9° 21.2°

43p 7633

43p, 7667

4P 7650

4P 7656

Oa) 22.2°

13Dy 7023 7028 7014
13Ds 7042 7045 7035
1D, 7032 7036 7025
1D, 7039 7041 7029
01p —53.4° 45.5° 38.1°
23D, 7327

23Ds 7344

2D, 7335

2D, 7340

62p —48.4°

33Dy 7573

33D; 7589

3D 7581

3D} 7584

63p —42.9°

@ Springer
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Table 3 continued

States Experiments This work GI [52] Ref. [53] Ref. [80] Ref. [81]

BF 7252 7269

BF, 7253 7271

1F; 7248 7266

1F; 7260 7276

O F —50.4° 41.4°

2F 7507

23Fy 7510

2F; 7505

2F; 7514

OrF —49.5°
Fig. 1 Mass spectrum of the B, 8000
mesons. Here, the red (left) lines
and the blue (right) lines are our -
obtained results and the results _
from the GI model [52], = — = o
respectively, while the short N R R - {2
lines denote the thresholds of — = e
the B((:))Dg)) channels. The J e S B.Ds
masses of the mesons are given = == ———— __—
in units of MeV =S S P SO R BD

& 7000 -
=
6500
'S g P P Py %P, Dy D, D, Dy °F, F3 F3 °F

(i) The impact of the screening effects becomes even more
pronounced in the B, (5'8p) and B.(53S)) states, with a
substantial mass difference of up to 120 MeV observed
between our results and those obtained without consid-
ering the screening effects [52]. This disparity is partic-
ularly evident in the higher excited B, states, as depicted
in Fig. 1.

Hence, our findings underscore the necessity of account-
ing for the unquenched effects when investigating the spec-
troscopy of higher excited B, mesons. Future experimental
studies with more precise data are expected to provide a valu-
able opportunity for testing and validating our predictions.

In the preceding subsection, we derived the mass spec-
trum of the B, mesons. Furthermore, we can extract the
corresponding spatial wave functions, which serve as cru-
cial inputs for investigating their decay properties. Conse-
quently, in this subsection, we present these spatial wave
functions to explore their characteristics. The Fig. 2 illus-
trates the S/ P/D/F-wave spatial wave functions of the B,
mesons. Notably, for the spatial wave functions of the S-wave

@ Springer

B, mesons, noticeable node effects emerge when n exceeds
4, such as n = 5, and so on. These node effects can substan-
tially impact certain physical results, which will be discussed
in Sect. 3.

3 Two-body OZI-allowed strong decays

In this section, our focus lies on the study of two-body OZI-
allowed strong decays of the B, mesons by employing the
QPC model in the concrete calculations. The QPC model,
also known as the > Py model, was initially proposed by Micu
in 1968 [72] and has since been further developed by the
Orsay Group [82-84]. Over time, the QPC model has been
extensively utilized to investigate the two-body OZI-allowed
strong decays of various hadrons [73-75,82-84]. Here, we
provide a brief introduction to the QPC model, with a specific
focus on the transition matrix for the A — B + C process.

Inthe QPC model, the transition matrix forthe A — B+C
decay is defined as follows

(BC|T|A) = 8*(Pg + Po)MMiaMigMic (3.1)



Eur. Phys. J. C (2023) 83:1080 Page 7 of 33 1080

20 ‘ 1 20f ‘ ‘ ‘ 1 20f ‘ ‘ ‘ 120 ‘ ‘
—1'S —2'Sy —3's, 4,
.58 . 135, 1 15 . 2381 1.5 _____ 3381 1.5 _____ 438,
1.0 1.0f 110 110
0.5 0.5 1 05} 1 05
0.0 0.0 \/ 0.0 \//\
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
r(Gev r(Gev r(Gev
2.0 r ]
5'S, 0.6 ) 1Py 0.6 2P,
L 5°S1 | oalll Pl oald 2P,
10 0.2 1 o2f
0.5 \
0.0 0.0t
0.0/
v -02 -02 -02
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 2
r (Gev) r(Gev") r(Gev™") r (Gev™") 0
0.6 , 2P 0.6 2P, 0.6 apr] 0.6 e
o4l - 2P 04y - 3P, o4t 3P | 04ff 2P,
0.2 02} | 0.2 ] 0.2f |
0.0 Vs 0.0 \/ 0.0 \\/N 0.0\
-0.20b— -0.2 -0.2 -0.2
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 2
r(Gev r(Gev r(Gev) r(Gev™ 0
. 0.3 0.3 ] 0.3
06 — 4Py ; —— 13Dy / — 1Dy’ > — 2°D4
P — 4P o N — 13D, 02tf \ 1D, | 1 — 28D,
02 0.1 0.1} ] 0.1 ]
0.0l L\ 0.0 0.0 0.0/ 4
02 \/ -0.1f -0} 1 -0
) 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 2
r(Gev) r(GeVv) r(Gev) r(GeV™) 0
0.3 0.3 0.3 ]
— 2D , — 3D, —— 3Dy 0-2 / —1’FR,
o2V e 2D, 02y 3%Ds 02ty e 3D, N 13F,
; ; i 01} |
01 4 o1 | oAp Y ] /
0.0 0.0f—+—# 0.0f | 0
—04f N\ —01F W —01f W o
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 2
r(Gev) r(GeVv) r(Gev™) r(Gev) 0
0.2 " 0.2f ; 2F, 0.2 oF,
----- 1F3 / - 23F, —1 S
0.1 0.4F} 0Af |
0 0 \f of
-0.1 -0.1 -0.1
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
r(Gev™) r(Gev™") r(Gev")

Fig. 2 The obtained spatial wave functions of the concerned B, mesons. Here, these B. mesons are classified by the notation n25t1L
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Here, MM7aMisMic yepresents the helicity amplitude, while
P p and P denote the momenta of the daughter mesons B
and C, respectively, in the rest frame of the parent meson A.
The states |A), | B), and |C) correspond to the mock states
associated with mesons A, B, and C, respectively. Further-
more, 7 represents the transition operator, which describes
the creation of a quark-antiquark pair from the vacuum. In the
non-relativistic limit, the transition operator can be expressed
as

T =3y Y (I,m; 1,—ml0, 0)/dp3dp483(p3 + P4)
m

pP3s— P
X Vi (%) X9t (@31), By )P,

(3.2)

where the quark and antiquark are represented by indices 3
and 4, respectively. The state X13,4—m corresponds to a spin-
triplet configuration, while ¢84 and a)(3)4 denote the SU(3)
flavor and color singlets, respectively. The parameter y is
a dimensionless constant that characterizes the strength of
quark-antiquark pair creation from the vacuum, and its value
is determined through the fitting of experimental data. The
term YV, (p) = | p|lY1m( p) represents the solid harmonic
function. According to the Jacobi—Wick formula [85], the
helicity amplitude can be transformed into the partial wave
amplitude, which can be expressed as

VATQRL+1)
MIE(Py == " (L0:TMy, | JaM,,)
2J4 +1
MJBMJC
x (JpMyys JeMye | JaMy,) MMIaMipMic

(3.3)

where L is the orbital angular momentum between final states
B and C. The partial width of the A — B 4 C process can
be given by

2

r— ZL?' > ‘M”“(P) (3.4)
J,L

4 m3

where m 4 is the mass of the parent meson A.
In addition, the meson wave function is defined as the
mock state [86], i.e.,

‘A (HZS—HLJM]) (PA)>

=V2E Y (LMy; SMs | TMy) xéhg
Mg, My,

X ¢AwA / dpldP253 (PA —P1— PZ)

< WA, (1o p2) [ (1) @2 (2)) 3.5)
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where X?Ms’ »4, 0?, and \IJ;‘LML (p1. p) denote the spin,
flavor, color, and spatial wave functions of meson A, respec-
tively. In our concrete calculations, we utilize the numerical
spatial wave functions obtained in Sect. 2 as inputs for these
mesons. This approach helps to avoid the dependence on the
B values by taking a SHO wave function. Furthermore, since
experimental width data is lacking, we adopt the value of y
for gg as 0.44/967 from Ref. [87], while the creation strength
for 55 satisfies y; = ¥ /+/3.

In Table 4, we present the two-body OZI-allowed strong
decay widths and the corresponding branching ratios of
the S-wave and P-wave B, states with n = 3,4,5 and
n = 3, 4, respectively. These discussed B, (n'Sp) states with
n = 3,4, 5 can decay into the B* D channel. As we increase
the principal quantum number n, such asn = 5, we observe a
significant reduction in the partial width of their decays into
the B* D channel. This reduction is primarily due to the node
effects of the corresponding spatial wave functions, as illus-
trated in Fig. 2. For the B.(31S)) state, the B*D is the unique
two-body OZI-allowed decay channel around 62 MeV. Thus,
the B* D channel should be the promising channel to observe
the B.(3'Sp) state. For the B.(4!Sp) state, it mainly decays
into the BD*, B*D, and B*D* channels, and whose cor-
responding branching ratios are more than 99%. For the
BC(SlSo) state, it dominantly decays into the BD*, B*D,
B*D*, and BD(® Py) channels.

The node effects are more pronounced for the B, (n38))
mesons compared to the B, (n'Sp) mesons, with a notable
example being the B, (4351) state. Furthermore, for the
B.(5°S)) state, the decay widths of the B} D and B* D(1° Py)
channels are 1.7 x 1073 MeV and 2.5 x 1073 MeV, respec-
tively, reaching a order of magnitude of 1073 MeV. Thus, it
is evident that the node effects in the B.(53S)) state are more
significant than that in the B.(5'Sp) state. In the following,
we summarize several main points: (i) The total width of the
B.(33S)) state is about 82 MeV, and the main decay channels
of the B.(33S)) state are BD and B*D; (ii) The B.(43S$))
state mainly decays into the B*D, BD*, and B* D* chan-
nels, and the BD also has the sizable contribution to the
total width; (iii) The main decay modes of the B, (538)) state
include the B*D, BD*, B*D*, BD(1P;), and BD(1P))
channels, while the dominant decay channel is the B*D*
with branching ratio 70.1%.

For these 3 P states of the B, meson, the partial widths
of the B; Dy and B} D, decay channels are significantly sup-
pressed. Specifically, for the B.(33 Py) state, the B} Dy chan-
nel is kinematically forbidden. Similarly, for the 4 P states of
the B. meson, the decay channel of B} Dy is also kinemati-
cally forbidden. Furthermore, for the B, (3*P,) and B.(4 Pl’ )
states, the decay widths of the B*D and B(1P;)D chan-
nels are 2.6 x 1073 MeV and 2.3 x 1073 MeV, respec-
tively, reaching the order of magnitude of 10~ MeV. Our
results show that the largest decay width of these discussed
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Table 4 Partial widths and the corresponding branching ratios for these two-body OZI-allowed strong decays of the S-wave and P-wave B,
mesons. Here, the decay widths of the discussed mesons are given in units of MeV

States Channels Widths B(%) States Channels Widths B(%)
318, B*D 62.2 100.0 3P| B*D 34.7 24.6
Total width 62.2 BD* 36.5 25.9
41, B*D 26.9 30.2 B*D* 69.1 49.0
BD* 314 35.2 B Dy 0.8 0.6
B*D* 30.2 33.8 Total width 141.1
B} Dy 0.01 0.01 3*p BD 2.1 2.1
ByD} 0.7 0.8 B*D 2.6 x 1073 2.7 x 1073
Total width 89.2 BD* 14.5 15.0
518, B*D 8.1 11.0 B*D* 79.2 81.6
BD* 19.4 26.4 B, Dy 0.6 0.7
B*D* 42.9 58.5 B Dy 0.6 0.6
B} Dy 0.8 1.1 Total width 97.1
B, D* 0.05 0.07 4P BD 13.2 15.7
BID* 0.08 0.1 B*D* 67.7 80.7
B(GPy)D 0.9 1.2 By Dy 2.6 3.1
B(GP)D 0.5 0.6 B¥D 0.4 0.4
BD(CPy) 0.7 0.9 Total width 83.9
Total width 73.4 4P B*D 45 5.7
335 BD 25.0 30.4 BD* 29.7 37.3
B*D 57.2 69.6 B*D* 343 43.1
Total width 82.2 B Dy 1.1 1.4
45 BD 1.8 2.0 B, D} 0.1 0.2
B*D 11.6 12.7 BI D 0.04 0.05
BD* 21.9 23.9 B(13Py)D 0.05 0.06
B*D* 54.9 60.1 B(1P))D 0.06 0.07
By Dy 0.4 0.4 B(13P,)D 9.6 12.1
B} Dy 0.1 0.2 BD(13 Py) 0.08 0.1
B,D} 0.6 0.6 Total width 79.6
Total width 91.4 4P B*D 7.1 9.6
5358 BD 0.07 0.1 BD* 7.0 95
B*D 24 3.6 B*D* 39.4 53.2
BD* 10.1 15.1 B¥ D 15 2.0
B*D* 47.0 70.1 B, D? 0.18 0.24
By Dy 0.3 0.4 BID? 0.02 0.03
B} Dy 0.6 0.8 B(13Py)D 0.2 0.28
B D} 0.09 0.14 B(1P))D 2.3 %1073 3.1 x 1073
B! D} 1.7 x 1073 2.5x 1073 B(1*P)D 17.8 24.2
B(1P)D 0.2 0.3 BD(13Py) 0.7 0.9
B(1P))D 0.7 1.0 Total width 73.9
B(13P,)D 0.1 0.2 43p, BD 3.4 5.4
BD(1P)) 1.9 2.9 B*D 1.4 22
BD(1P)) 35 5.2 BD* 13 2.0
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Table 4 continued

States Channels Widths B(%) States Channels Widths B(%)
B*D(13 Py) 2.5x 1073 3.8 x 1073 B*D* 46.1 723
Total width 67.0 B, Dy 0.1 0.2
3P BD 52.5 36.9 B} Dy 0.4 0.6
B* D* 89.7 63.1 B, D¥ 0.2 0.26
B, Dy 0.03 0.02 B! D 0.02 0.03
Total width 1422 B(1P)D 44 6.9
3P B*D 18.2 12.3 B(1P))D 1.1 1.7
BD* 475 322 B(13P,)D 5.4 8.4
B*D* 81.2 54.9 Total width 63.7
B Dy 0.8 0.5
Total width 147.7

3P-wave B, mesons is the B*D* channel, which has the
estimated branching ratios of 63.1%, 54.9%, 49.0%, and
81.6% for the B.(3*Py), B.(3P), B-(3P]), and B.(3*P»)
states, respectively. Thus, we suggest the future experiments
to search for the 3P-wave B, mesons by the B*D* chan-
nel. For the 4P states of the B, meson, the largest decay
width is also the B*D* channel. Compared with the 3P
states of the B, meson, we find the total widths of the
4P states are more smaller than these 3P states of the B,
meson.

In Table 5, we show the two-body OZI-allowed strong
decay widths and the corresponding branching ratios for
the D-wave and F-wave B, states. For these 2D states
of the B, meson, no decay channels are significantly sup-
pressed, and the largest decay channels are also different.
For B.(23D;) and B, (2D)) states, the largest decay width is
also the B D* channel, whose branching ratios are 59.8% and
69.5%, respectively. However, the largest decay widths of the
B.(2D,) and B.(23 D3) states are B*D and B* D* channels,
respectively. For the B.(3 D) states, the largest decay width is
the B* D* channel, whose branching ratios are 58.4%, 37.2%,
82.1%, and 64.4% for the B.(3° D)), B.(3D,), B. (3D}),and
B.(33D3) states, respectively. For the 3D states of the B,
meson, the decay widths of some channels are significantly
suppressed. Such as the By D} channel for the B, (33D 1) state
and the B; Dg channel for the BC(33D3) state, whose decay
widths are 4.7 x 1073 MeV and 2.3 x 10~* MeV, respec-
tively.

For the B.(13 F») and B.(13 F,) states, they can decay into
the BD and B* D channels, and their dominant decay mode
is the BD channel. In addition, it is worth noting that the
B.(1 F3/) and B, (1 F3) states can decay into the B* D channel
with the branching ratios 100%, but their decay widths exist
obvious difference, which is similar to the decay behaviour
of the B.(13 F») and B.(13 F,) states. The B* D* is the domi-
nant decay channel for the 2 F states of the B, meson, and the

@ Springer

branching ratios are 71.2%, 48.0%, 58.6%, and 51.4% for the
B.(2°F»), B:(2F3), B.(2F};), and B.(23Fy) states, respec-
tively. The B, D} is a significantly suppressing channel for
the 2F states of the B, meson, especially for the B.(2F3)
and B, (23 Fy) states, whose branching ratios are 2.9 x 1073
and 2.0 x 107, respectively.

In general, the information on the concerned two-body
OZlI-allowed strong decays presented of B, mesons in Tables
4 and 5 can provide valuable guidance for further experimen-
tal searches for them.

4 Dipion transitions between B, mesons

In this section, we investigate the dipion transitions using
the QCDME approach. The QCDME has been widely used
to study the dipion or n hadronic transitions between the
low-lying heavy quarkonium [65,88-94]. The idea of this
approach is that the QZI-suppressed hadronic transition is
represented by the parent heavy quarkonium first emitting a
gluon to form an intermediate hybrid state, and then recom-
bining itself to the daughter heavy quarkonium and the light
meson(s) (like a 1 or a pair of pions) with emitting another
gluon via the hadronization process.

Following Ref. [90], one can calculate the decay width
of the dipion transition as depicted by the following expres-
sion:

I'A— B+ntn7)

2 2 2
=5[i[f6ji]f-(G|C1| - §H|C2| )

UAVARUAYE
X‘Xl:(ﬂﬂ)ﬂf(ooo) (ooo)‘

+QL 4+ D@L+ DI+ 1)
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Table 5 Partial widths and the corresponding branching ratios for these two-body OZI-allowed strong decays of the D-wave and F-wave B, states.
Here, the decay width of the meson is given in units of MeV

States Channels Widths B(%) States Channels Widths B(%)
23D, BD 49 10.5 13F, BD 46.8 79.0
B*D 14.0 29.7 B*D 12.5 21.0
BD* 28.2 59.8 Total width 59.2
Total width 472 1F3 B*D 0.2 100.0
2D, B*D 24.9 78.1 Total width 0.2
BD* 33 10.3 1F; B*D 35.2 100.0
B*D* 3.7 11.6 Total width 35.2
Total width 31.8 13F4 BD 0.7 85.6
2D} B*D 34.8 26.3 B*D 0.1 14.4
BD* 91.7 69.5 Total width 0.8
B*D* 5.5 4.1 2P, BD 16.6 20.4
Total width 132.0 B*D 4.0 49
23D;3 BD 19.7 234 BD* 1.4 1.7
B*D 21.1 25.1 B*D* 58.1 71.2
BD* 2.7 32 B, Dy 0.5 0.6
B*D* 40.6 48.3 B Dy 0.8 1.0
Total width 84.2 B, D} 0.1 0.2
33D BD 0.07 0.24 Total width 81.5
B*D 1.1 35 2F3 B*D 13.8 16.3
BD* 9.0 29.5 BD* 28.7 33.7
B*D* 17.8 58.4 B*D* 40.9 48.0
By Dy 1.4 45 B Dy 1.7 2.0
B} Dy 0.7 22 B D 0.2 2.9 %1073
B, D* 4.7 %1073 0.01 Total width 85.2
BID* 0.5 1.6 2F; B*D 27.1 37.6
Total width 30.5 BD* 1.7 2.4
3D, B*D 15.0 27.7 B*D* 422 58.6
BD* 18.1 334 B D; 0.5 0.7
B*D* 20.1 37.2 B, D 0.5 0.7
B Dy 0.4 0.7 Total width 72.0
B,D} 0.08 0.16 23Fy BD 8.2 10.2
BID 0.5 0.9 B*D 14.2 17.8
Total width 54.17 BD* 15.7 19.7
3D} B*D 0.6 23 B*D* 40.9 514
BD* 1.2 45 B, Dy 0.4 0.5
B*D* 21.0 82.1 B Dy 0.2 0.3
B} Dy 1.8 7.0 B, D} 1.6 x 1073 2.0 x 1073
B,D: 0.5 2.1 Total width 79.7
BID* 0.5 1.9
Total width 25.6
33Ds BD 10.3 16.1
B*D 10.2 15.9
BD* 1.4 22
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Table 5 continued

States Channels Widths B(%) States Channels Widths B(%)
B*D* 41.2 64.4
B, D; 23x107* 3.6x 1074
B Dy 0.1 0.2
B, D} 0.3 0.5
B} D} 0.5 0.8
Total width 64.0

2
X Y Ck+ DI+ (=D {,ﬁ i } Hical
k

VAR AN AR E
X‘ZI:(ZZ+1)ﬁf<ooo><ooo){1sz}"
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where ¢y and ¢ are undetermined parameters, while /;(y)
and J;(ry are the orbital and total angular momenta of meson
A(B), respectively. Both mesons A and B possess an iden-
tical spin value denoted as s. Furthermore, the phase-space
factors, denoted as G and H in this context, are defined as
follows:

3my 4 5 4m2 \1/2
G=""Ug /dmﬂ+n,K<l—m2 =)

atm—
X (mi+n, — 2m72,)2, 4.2)
1 am2 '
Hz—ﬂyﬁ/‘dma D ——
20 m; T m2+ —
Tt
2 4
2 2\2 2 K ) 8K
X [ (m _—4m 1+ =
[( i 2 < 3m2, ) 15mi,
X (mi+n, + 2m721mi+n, + 6mfr)], “4.3)

respectively, with

\/((mi tmp)?—ml )(mi—mp)?—m2 )

2nu

4.4)

Here, m; and m  are the masses of the initial and final B,
mesons, respectively, while m; is the mass of the pion. Addi-
tionally, the dynamical-associated part fl.lf is written as

ﬂl'22m+

/drr3R_f'(r)Rk1(r)
P mgj

x / dr'r®* R (R (), 4.5)

where R;(r) and R 7 (r) are the radial wave functions of the

parent and daughter B, mesons, respectively, while R (r)
denotes the intermediate vibrational state. my; is the mass
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of the intermediate vibrational state with the radial quantum
number k and the orbital angular momentum /.

The spatial wave functions associated with the relevant
B, mesons can be given by utilizing the MGI model as
mentioned above. However, for the intermediate vibrational
states, the appropriate approach involves resorting to the
quark confining string (QCS) model, as established by Refs.
[95-97]. The potential of a hybrid state adopted in our cal-
culations is [65]

Vigb(r) = Vo (r) 4+ Vs(r) + [Va(r) — o (r)r],

where Vg (r) = —4oa,(r)/(3r) is the one-gluon exchange
potential and Vs(r) = o (r)r +c is the color confining poten-
tial with

3
2 Yir 2
as(r) = Zak—/ e dx,
P J7 Jo

b(l —e™H)

wro
Here, we adopt {o, a2, a3} = {0.25,0.15,0.20} and
1. v2. va} = {1/2,4/10/2, 4/1000/2} [47,98].

The effective vibrational potential V;,(r) is chosen as [94,

95]
172
2nw ] ) @8)

(4.6)

“4.7)

o(r) =

Valr) = a(r)r <1 T e[ —2d)? 1 42

with d = a(r)rzocn/(4[mb +m. + o(r)ra,,]). In the cal-
culations, we only consider the lowest string excitation, i.e.,
n = 1. And then, we choose o] = V15 [65].

Before performing the concrete calculations, we should
determine the parameters c¢; and ¢ in Eq. (4.1). Since there
have no measurement of the dipion decays between differ-
ent B, states, we would fit these parameters from the botto-
momium segment, which is the same as in Ref. [99]. Numer-
ically, we take |12 = 61.8 x 107% and |c»|> = 1.93 x 10~
[90] in the calculations.

With the above preparations, we calculate the decay rates
of dipion transitions between B, states. In Table 6, we present
our results of the decay rates of dipion transitions B.(2 S) —
B.(1S)n*n~, B.2P) — B.(1P)n*n~, and B.(1D) —
B.(1 S)mTm~. We notice the discrepancies between the
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Table 6 Decay rates of dipion transitions between B, states. Here, the decay rates are given in units of keV

Initial states Final states This work GI [52] Ref. [99]
218, 1'So+ntm— 25 57 42
238, 1S +nta~ 21 57 41
23 Py PBPy+natn~ 2.8 0.97 12
BP+ata~ 1.2x 1074 0.055 5.5 % 1073
1P +mtm~ 0 0 0
1P+ 7t~ 0 0 0
23p, PBPy+nta~ 5.7 x 1073 0.011 0.018
BP+ata~ 3.0 1.0 11
1Py +ntm~ 2.7 x 1073 0.021 0.02
1P| +ntm™ 9.7 x 107 4.0 x 1073
2P PBPy+ntn~ 0 0 0
BP+ata~ 6.3 x 1074 0.037 0.012
1P +7ta~ 15 2.7 11
1P+t~ 0.77 0.020
2P PP+t 0 0 0
PP +ata- 2.7 x 107* 4.0 x 1073
1P +7ta™ 1.4 0.10
1P| +ntm™ 1.6 1.2 11
13D, 1BS +atn- 0.15 43 0.75
13Ds 1S +nta— 0.23 43 0.84
1D, 118y +7wtn— 0.20 2.1
1S +ntn~ 0.066 22
1D, 118y +ntm— 0.12 22
1B3S+ntn~ 0.13 2.1

results from this work and Refs. [52,99]. In fact, there are also
notable differences between the results from the GI model
[52,99]. But, we still find some consistent conclusions for
the decay rates, i.e., (i) For the B.(2S) — B.(1S)7Tm~
transitions, although our results are about a half of those of
Refs. [52,99], but our result is comparable to those of the
other two theoretical groups. Thus, we come to the same
conclusion about the decay rates for these transitions, which
are sizable. (ii) For the B.(2P) — B.(1P)xTx~ transi-
tions, our results show that B.(23 Py) — Bc(13P0)7T+7T_,
B.(23Py) — B.(1*P)ntn~, B.2P)) — B.(1P)x 7™,
B.(2P)) — B.(1P))xtn~, B.2P)) - B.(1P)ntn~,
and B.(2P{) — B.(1P| Y~ have significant decay rates
and other transitions are suppressed. In general, this conclu-
sion was supported by the GI model [52,99]. (iii) Regarding
the B.(1D) — B.(1 S)m*m~ transitions, it is noteworthy
that our result is an order of magnitude smaller than the cor-
responding result from the GI model [52], but comparable
to that of Ref. [99], taking B.(13D;) — B.(13S)nTn~
and BC(13D3) — BC(13Sl)n+n_ as examples. Obviously,
the study of these dipion transitions of B, mesons should be
further pursued both theoretically and experimentally.

In addition to focusing on the decay rates of these dip-
ion transitions of B, mesons, we should also pay more
attention to their dipion mass distributions, which are also
accessible in experiment. Taking some dipion transitions
of heavy quarkonia as an example, we find that the exper-
iment already reported the dipion mass distributions of
¥(3686) — J/ymtm~ [100], ¥(3770) — J/yntn~
[101], Y(2S,3S,4S) — Y{1S)ntn~ [102-104], and so
on. The QCDME approach can reproduce well the line shape
of the dipion mass distribution of the dipion transitions
of some low-lying heavy quarkonia such as ¥ (3686) —
J/Yyrtr~ and Y(25) — Y(1S)wTn~ [88]. However,
for higher heavy quarkonia near or above the threshold of
the OZI-allowed hadronic channel, it is difficult to directly
apply the QCDME approach to describe the corresponding
dipion mass distribution [94,105-107], since the QCDME
approach is a typical quenched quark model. Usually, for
higher heavy quarkonia, the unquenched effects become
important [89,94,105-122].

In this work, we hope to provide the dipion mass distri-
butions of some discussed dipion transitions of B. mesons,
which are shown in Fig.3. We want to emphasize that the
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1.0F By(27S)» Bo(1'Sp)r* 7~ 1.01 By(2°Sy)~» Be(13Sy)r* 1™
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Fig. 3 The dipion invariant mass spectrum distributions of
B.(2'89) — B.(1'Sp)7rtn~ and B.(23S)) — B.(13S)n* 7, and
B.(2*Py) — B.(1’Py))mtm™ and B.(23P2) — B.(1*Pyp))w T,

maxima of dipion mass distributions are all normalized to
1, since we only concern on their line shapes. Here, we
not only select some decays of low-lying B. mesons far
below the BD threshold, i.e., B.(23S1) — B.(13S)n 7~
and Bc(2lSo) — B.(1'Sp)mT7~, but also take some
decays of B, mesons above (or near) the BD thresh-
old, like B.(23Py) — B.(1’Pyo)ntn~, B.(2’P)) —
B.(1° Pyoy))m T, and B.(13Dy3)) — B.(1*S))wHm~. At
the present, this experimental information is still missing.
Therefore, we strongly suggest our experimental colleagues
to carry out the measurement of the dipion mass distributions
of the B, dipion transitions, which is sensitive to reflect the
difference in the result under the quenched and unquenched
pictures.

5 Radiative decays and magnetic moments

In this section, we will delve into the electric dipole (El)
and magnetic dipole (M1) radiative decay behaviors and
the magnetic moments exhibited by the relevant B, states.
These observations hold significant implications for unrav-
eling their intricate internal structures.

5.1 The El transitions

To commence our explorations, we will delve into the El
transition decays of the aforementioned B, states. The par-
tial widths associated with the E1 radiative transition in the
nonrelativistic quark model can be obtained using the fol-
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and BC(13D1(3)) — B.(3Sprtn— processes. Here, we have
normalized the maxima of the dipion distributions to 1

lowing expression [123,124]

. 4 2 3 12
Li— f+y) = §(€Q) aw’Cridss |(f1r]i)] (5.1)
with
N LJs)?
Csi =Max (L, L") (2J +1){]L1} , (5.2)
(eg) = e — % (5.3)

mp + me

Additionally, we denote m, and mj as the masses of the
charm and bottom quarks, respectively. The corresponding
charges of the charm and bottom quarks are e, = 2/3 and
ep = —1/3, respectively. The energy of the photon, denoted
as w, can be obtained through the conservation of energy and
momentum, expressed as follows:

M; =1/M%+a)2+a),

where M; and M  are the masses of the parent and daughter
mesons, respectively.

In Table 7, we present the widths of electric dipole decays
for the discussed B, states and compare them with those
obtained from other models. Upon scrutinizing the results in
Table 7, we observe that the overall magnitude of our cal-
culations remains below 0.1 MeV, which is several orders
of magnitude smaller than the two-body OZI-allowed strong
decays calculated earlier. Given the limited availability of
experimental data, we can only discuss our findings in rela-
tion to other theoretical predictions. When comparing our

(5.4)
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Table 7 Widths of the E1 transitions for the 1 P-wave, 1 D-wave, 1 F-wave, 2S-wave, 2 P-wave, and 3S-wave B, states compared with those from

other theoretical work. Here, the width is in units of keV

Initial states Final states This work GI [52] Ref. [51] Ref. [49] Initial states Final states This work GI [52] Ref. [51] Ref. [49]
13Py 1381y 52.3 55 67 65 23 Py 1381y 0.4 1.0 16.1
3P, 13S1y 85.1 83 107 103 2381y 33.6 42 29 26
1P 115y 64.0 80 132 11 1*Dyy 2.4 4.2 0036 32
1381y 25.6 11 14 8.1 2P 1381y 15.5 14 19
1P 118oy 30.1 13 18 12 281y 489 55 57 49
13S1y 47.8 60 79 78 13Dy 0.08 0.10 0.035 0.1
13D, 1B Py 53.8 55 128 80 13D3y 5.4 6.8 1.6 11
B Py 1.7 1.8 55 22 1Dyy 0.6 070 0.1 0.5
1Py 9.1 4.4 7.7 3.3 1Dy 0.4 0.60 027 15
1Py 21.2 28 74 39 2P| 1'Soy 14.6 19
13Ds 3Py 74.6 78 102 75 21Syy 424 52
1D} 1Py 11.7 8.8 13 6.8 1381y 1.0 0.6
1Py 74.2 63 116 46 28y 9.6 5.5
1Py 0.8 7 73 25 1*Dyy 0.3 0.2
1D, B Py 6.0 9.6 28 12 1DSy 3.3 5.5
1Py 0.1 15 14 18 1Dy 1.3 1.3
1Py 67.6 64 112 45 2P 118y 35 2.1
PR 1’Dyy 68.2 75 2180y 9.7 5.7
1¥3D3y 0.3 0.4 1381y 3.8 5.4
1D,y 6.9 6.3 281y 35.1 45
1Dy 42 6.5 13Dy 1.1 1.6
13F,4 1¥°D3y 70.6 81 1Dy 0.5 0.8
1Fj 13D3y 5.1 3.7 1D>y 3.0 3.6
1D}y 71.6 78 318, 1Py 3.0
1Dy 0.6 0.5 1Py 1.6
1F3 13D3y 3.0 5.4 2Py 9.0
1D,y 0.03 0.04 2Py 2.9
1Dyy 69.1 82 338 13 Pyy 0.04
218, 1Py 4.4 6.1 3.7 16 3Py 22
1Py 2.8 1.3 1.0 1.9 1Py 0.04
235 13 Pyy 3.0 2.9 3.8 7.7 1Py 0.3
1Py 53 5.7 5.2 15 2Py 3.8
1Py 1.3 0.7 0.63 1.0 2Py 7.6
1Py 3.6 4.7 5.1 13 2Py 12
2Py 5.8

results with those obtained from the GI model [52], we find
substantial agreement in most cases, with only a few dis-
crepancies. These variations could potentially arise from the
introduction of the screening effects, such as the transitions
B.(1D}) — B.(1Py)y, B.(1D3) — B.(1P})y, and so on.
Now let’s delve into a detailed analysis of the obtained
results presented in Table 7. Regarding the calculations for
the initial state of 1 P-wave, our findings exhibit consistency
with the GI model [52], as well as with Refs. [49,51], and no
instances of underestimation are observed. However, for the

cases involving initial states of 1 D-wave and 1F-wave, we
have noticed a systematic tendency toward underestimation
in the results. We notice that these results for the processes
B:(1°D1) — Be(1’P)y. Bo(1°F2) — Be(1’D3)y. and
B.(1D}) — B.(1P))y, as well as B.(1F;) — B.(1Dy)y,
B.(1D2) — B.(1P))y, and B.(1F3) — B.(1D})y, are
underestimated. Upon closer examination of the transition
processes listed above, we can discern a fascinating pattern:
the underestimation occurs consistently across similar transi-
tion processes when transitioning from a higher-order excited
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state to a lower-order excited state. Truly, this phenomenon
is a remarkable finding.

5.2 The M1 transitions

We perform calculations and explore the MI transition
decays of the aforementioned B, states. The M1 transition
is frequently employed to investigate the radiative transition
behavior of quarkonia. Since the B, meson comprises an
antibottom quark and a charm quark, its properties lie inter-
mediate to those of charmonium and bottomonium. Conse-
quently, we can leverage the formulas previously discussed
for quarkonia to analyze the behavior of B, mesons. The
magnetic dipole transition width between quarkonium states
is given by the following expression [123,125]

2
o kr

L~ [+y) =300 (277 +1) Kf Jo (7) i>
(5.5)

under the nonrelativistic approximation, where

w=2c_ % (5.6)

me  mj

and jo(x) is the spherical Bessel function, i.e.,

. sin x

Jo(x) = - (5.7

In Table 8, we present the magnetic dipole decay widths
of the aforementioned B, states. Upon examining the results,
we observe that for a given initial state, the decay width
increases as the principal quantum number n decreases. This
finding aligns with the conclusions drawn by previous stud-
ies [52]. Conversely, for a fixed final state, the decay width
decreases as the initial state’s principal quantum number
n increases. This intriguing phenomenon warrants further
investigations. We have observed two transitions that exhibit
significant suppression, which are B, (43 S1) — B¢ (41S0)y
and BC(53S1) — BC(SIS())]/, with corresponding values
of 1.1 eV and 0.6 eV, respectively. Although experimental
progress regarding the radiative transition behavior of B,
mesons remains elusive, we expect that our discussions on
this topic will offer theoretical insights for future experimen-
tal explorations of B, mesons and will prove valuable in this
regard.

5.3 Magnetic moments
We delve into the magnetic moments of the discussed B,
states, which serve as essential and significant physical

observables of hadrons. Magnetic moments are fundamen-
tal quantities that have garnered considerable attention and

@ Springer

sparked extensive discussions over the past decades, particu-
larly in relation to the magnetic moments of the decuplet and
octet baryons. Numerous theoretical models and approaches
have been employed to investigate the magnetic moments of
hadronic states, including the constituent quark model, the
Bag model, the lattice QCD simulations, the chiral perturba-
tion theory, the QCD sum rule, and others [12].

The magnetic moments of the B, states can be calculated
by the following expectation values [126—171]

ws, = (T8, JB, |fiz| I8, JB.). (5.8)
In the case of the B, states, the spatial wave function fulfills
the normalization condition, and the color wave function is
unity due to the color confinement. Consequently, the mag-
netic moments of the B, states are determined by their flavor
and spin-orbit wave functions.

In this study, we employ the constituent quark model to
explore the magnetic moments of the discussed B, states.
This approach is analogous to the investigations of the mag-
netic moments of the decuplet and octet baryons conducted
in previous studies [126—128]. Within the framework of the
constituent quark model, the total magnetic moment of the
B, state is composed of two distinct components: the spin
magnetic moment and the orbital magnetic moment. The z-
component of the spin magnetic moment operator, denoted

~ Spin

as i, ,and the orbital magnetic moment operator, denoted

as 2o can be expressed as [126-171]
A;pm — Z Mi&iZ9 (59)
i=c,b
poial _ _Melp po o Mble p (5.10)
¢ me +mj ) Mme + mj - '

respectively. Here, u; = ¢;/(2m;) represents the magnetic
moment of the ith quark, where g; and m; denote the charge
and mass of the ith quark, respectively. Moreover, 6;, cor-
responds to the Pauli spin operator associated with the i-
th quark. In the context of the B. meson, the subscripts ¢
and b refer to the charm quark and the antibottom quark,
respectively. Additionally, L . represents the z-component of
the orbital angular momentum operator between the ¢ and b
quarks.

In the case of the S-wave B, states, the contribution from
the orbital magnetic moment is zero due to the absence of
the orbital angular momentum (L, = 0). Therefore, we only
need to consider the contribution from the spin magnetic
moment for the S-wave B, states. On the other hand, for the
orbital excited B, states, the total magnetic moments com-
prise both the spin magnetic moment and the orbital mag-
netic moment. The spin-orbit wave function |25+1L ;) for
the orbital excited B, states can be expanded by coupling
the orbital wave function Yy ,,, with the spin wave function
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Table 8 Partial widths of the

M1 transitions for the S-wave Initial states Final states This work GI [52] Ref. [48] Ref. [51] Ref. [50]
e b e 1 e
width is in units of eV 2’8, 2'Soy 8.3 10 29 17 12
1Sy 559.3 600 123 428 122
335 318yy 22 3
21Soy 139.3 200
11Soy 503.7 600
435 4'Soy 11
318yy 62.2
21Syy 1512
11Soy 443.0
538 5180y 0.6
41syy 34.8
31 S0y 73.1
21Syy 146.5
1'Soy 390.0
218, 1381y 320.6 300 93 488 59
318 2381y 53.0 60
1381y 4435 4200
41s, 381y 15.6
2381y 114.0
13S1y 4522
518, 881y 6.0
38y 45.6
2381y 138.5
1381y 431.5
Xs,mg» resulting in the following expression [168]: }n3 Pz) =Yi1x1.1- (5.12)

Py = Y CIN s Yim XS (5.11)

my.,mg
where C i% Sms is the Clebsch—Gordan coefficient. Here,
we need to point out that the orbital magnetic moment and
the spin magnetic moment can be obtained by sandwiching
the orbital and spin magnetic moment operators between the
relevant spin-orbit and flavor wave functions.

To illustrate the calculations of magnetic moments for the
orbital excited B, states, let us consider the nP-wave B,
states, which include the B.(n3 Py), B.(n° P), B¢(n' P}), and
B.(n? P,) states. In this case, due to the mixture of the spin-
singlet and spin-triplet states, it is necessary to expand their
spin-orbital wave functions [25+1L ;) as follows:

1 1 1
3
n Po) = —Y1—1x1,1 — —=Yrox1,0+ —=Y11x1,-1,
V3 V3 V3
1 1
3
n Pl) = —Yi1x1.0— —=Y1L0x1.1,
‘ V2 V2

‘n1P1> = Y1,1X0,0,

Using the previously expanded spin-orbital wave functions,
we can proceed to calculate the magnetic moments and the
transition magnetic moments of the n P-wave B, states. The
explicit expressions for these quantities are

IB.(n3Py) = 0,

1 1 1
KB (n3P)) = EI,LC + EM,; + EMCIE’
L
HBe(n'Pr) = Hepe

L
KB.(n3Py) = Me + p + L

1 1
/'LBC(n3P])~>Bc(n1P|) = ﬁﬂc - E,U«E, (5.13)
where we introduce the notation /LCLE = —mm:_’;’;b + _m’”li_/*";b to

simplify the magnetic moment calculations. It is important to
note that the calculation method for the transition magnetic
moments between the n P-wave B, states is similar to that
of the magnetic moments of the n P-wave B, states, with the
only difference being the wave functions of the initial and
final states. For a more detailed calculation of the transition
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magnetic moments, please refer to Refs. [129-131,140, 146,
148,152,154-159,162,166-168].

For the n P-wave B, states, it is important to consider the
mixing of the B, (n' Py) and B,.(n3 Py) states, as discussed in
Sect. 2. Referring to Eq. (2.10), we can obtain the following
expressions:

|nPy{) = ‘n1P1>COSGnP + ‘n3P1>sin9np,
(5.14)
nPy) = = [n Py)sind p +

n3P1 > cost, p.

Here, 6, p represents the mixing angle between the B, (ntp)
and B..(n> Py) states, as provided in Table 3. With these prepa-
rations, we can proceed to calculate the magnetic moments
of the mixed states of the B.(n' P;) and B.(n> P;) states. The
magnetic moments of these mixed states can be calculated
using the following relations:

2 .
I B.(nP)) = I|n1 p;)COS 6.p + M|n3P1)—>|n1P1)Sm29"P

+/L|,,3P1>sin29”p,
- CAD)
KBo(nP) = L]yt py)SIN Onp — ,bL|n3P1>_>|n1P1>Sln29,,p

+ /L|,,3P1>00529,,p.

Therefore, the magnetic moments of the mixed states of the
B. (n1 P1) and B.(n? P)) states are determined not only by
the magnetic moments and the transition magnetic moments
of the B.(n! P;) and B.(n3 P;) states but also by the mixing
angles of the B.(n' P;) and B.(n> Py) states.

Within the framework of the constituent quark model, the
masses of the involved quarks play a crucial role in the study
of their magnetic moment properties. In our calculations, we
adopt the quark masses m, = 1.660 GeV and m; = 4.730
GeV, which have been widely used to describe the hadronic
magnetic moments quantitatively [133,167,172—176]. Table
9 presents the magnetic moments of the S/P/D/F-wave B,
mesons obtained from our calculations. Furthermore, we
compare our results with those from other theoretical works
and find that our findings are in good agreement with the the-
oretical predictions in Ref. [167]. It is important to note that
the investigations of the magnetic moments of B, states have
not received much attention thus far. Therefore, we hope that
our work will stimulate further theoretical and experimental
efforts to explore the magnetic moments of the B, states.

As widely acknowledged, phenomena in the higher mass
region are highly intricate. This domain encompasses vari-
ous conventional B, states, which possess identical quantum
numbers and similar masses, as well as predicted B.-like
molecular states [178]. Distinguishing between these states
poses a critical challenge for both theoretical and experimen-
tal aspects. For instance, consider the conventional B.(2P/)
state and the DB* molecular state with 7 (J*) = 0(17),
which have closely aligned masses. However, it has been
observed that their magnetic moments exhibit evident differ-

@ Springer

Table 9 Magnetic moments of the S/P/D/F-wave B. mesons. Here,
the magnetic moment of the hadron is in units of the nuclear magneton
N =e/2mp

States  Expressions Results Ref. [167] Ref. [177]
ISy 0 0 0 0
38 we + 1 0.443 0.350
3py 0 0 0

3p, fe + G+ 1k 0.739  0.739

1P| 0.527

1P 0.138

2P| 0.486  0.437

2P 0.179  0.229

3P| 0469  0.454

3P 0.197

4P| 0.460

4P 0.205

D1 —3(e+mp) + 30k 0223

3p; Mo + 1j + 2% 1.035

1D} 0.381

1D, 0.852

2D} 0.368

2D, 0.865

2D} 0.362

3D, 0.871

3p —3 e +pp) + 3uk 0494

3Ky Me + 1, +3“fg 1.331

1F; 0.646

1F3 1.167

2F; 0.644

2F; 1.169

ences, i.e., WB.@P) = 0.486un, npproa+y) = 0.532uy
[167]. There are many such examples. Consequently, inves-
tigating the magnetic moment properties provides a means to
differentiate between states sharing identical quantum num-
bers and similar masses.

6 Some typical weak decays of the B.(13Sy) meson

As the lowest bottom-charmed meson, the B.(13Sp) meson
can only decay via the weak process. For simplicity, we use
B. to denote the B.(13Sp) in this section. In experiments, a
series weak processes have been observed, while the absolute
branching ratios are deficiency for most of them [46]. Pre-
vious theoretical studies on B. weak decays have been con-
ducted using lattice QCD (LQCD) [179,180], perturbative
QCD [181,182], QCD sum rule [183,184], light-cone sum
rule [185], various quark models [186—198], and other meth-
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ods [199]. With the updated high luminosity of the LHC, the
experimental measurements of these weak decays become
feasible, and this will demand more theoretical studies.

In theoretical aspects, the light-front quark model is a pow-
erful phenomenological model to calculate the weak transi-
tion matrix elements of mesons and baryons decays. Spe-
cially, the B, weak decays have been studied by the CLFQM
in Refs. [191-198]. However, in the concrete calculations,
the important input, i.e., the spatial wave function, is usu-
ally adopted as the Gaussian-like form, and may bring large
uncertainty due to the phenomenological parameter S. In
this work, we also employ the CLFQM to revisit the B,
weak decays. In our calculations, we adopt the numerical
spatial wave functions of the involved mesons, which ben-
efit from the MGI model introduced in Sect.2, as opposed
to SHO wave functions with a phenomenological parameter
B used in previous works based on the CLFQM [191-198].
This approach reduces the dependence on phenomenological
parameters in determining the form factors.

In order to make a comprehensive discussion, we first dis-
cussthe B, — M weak transition form factors, where M rep-
resents a pseudoscalar meson (P), vector meson (V), scalar
meson (S), or axial meson (A). These transitions involve the
quark-level transitions b — c(u) and ¢ — s(d). Addition-
ally, we employ these form factors as inputs to investigate
various weak decays, including semileptonic decays and typ-
ical two-body nonleptonic decays.

Generally, the B, — M transitions induced by the V — A
current can be expressed as [200]

2 2
mp, —np B.P
(P(P") Vi Be(p)) = (P,L - Tq"> F (g
2 2
.~ M P
+T‘I;LF0 @,

(V(p")IVulBe(p))) = — €uvapely PPqPVEY (g7,

mp, +my

G

B.V

V(") A Be(p)) = i{(ms(, +my)ey, A (g?)

ey - P BV, 2 ey - P BV, 2 BV, 2 }
VT p oAk —m [A‘ — AL ]
g, Fmy A2 (9] 1% 7 'm (9] ()]
-P
(APl Bo(ph) = fi{(mg(. - mA)sAM At - —A—
mp, —ma

PV (g — 2my

“q )”

1
f/waﬁszv PaqﬁABCA(qZ)’
mpg. —ma

* P
Squ ‘1u|: BC (‘12)
(A(PMIALIB(P)) = —

" / r”ZBr B mg B.S, 2
<S(P )IAuch(P)>: PM_T‘IM F] (‘1 )

2 2
m —m
+&TS FS @), (6.1)

where p’ and p” are the momenta of the initial state meson B,
and the final state meson P/V/A/S, respectively. Besides,

we define P, = p, + pj, and q, = p,, — p);, while the
convention €123 = +1 is used.

In the frame of the CLFQM, the constituent (anti)quark
inside a meson system are off-shell. The parent and daughter
mesons have the four momenta P’ = p| + p> and P" =

p{ + p2, where pi(”) and p; are the four momenta of the
quark and the antiquark, respectively. These momenta can be
expressed in terms of the following internal variables (x;, k)
i=1,2):

pit=xiP* pf =xPt Pl =xiPL+EL (62
where they must satisfy the relation x| + x = 1.

The B, — M weak transition form factors have been
widely studied by CLFQM in Refs. [191-197]. As derived in
Refs. [192,195,197,201-203], the B, — P weak transition

form factors are

L W W
P = /dxzdzk’ o [xl(M’erM”z)erzq2
1673 R A o

’ 17\2 / 2 " 2
—xa(my —mY)” —x1(my —my)* — x1(m] —mz) ]

(6.3)
2 N. W h//
B.P, 2y _ c 271
Fy“' (g7 =F (q)+7162/d2dksz’N”
x { —xixaM? — K = mimy + (m] — my)
P K -4.)?
X (xam) 4 x1m2) +272q (k’f +27( = ZqL) )
q
* -g* K g,
+ZLT - Lqiz[M —xg*+P g
— (62 — x))M? + 231 M2 — 2, — ma)(m, + m/{)} }
(6.4)
where
)C])Cz
B = (M"? — Mg) ————s(x2, K)),
\/—
(6.5)
X1X2
W= M//2 //2 , k
b= ) ch,/¢s(2 0
with
M/(//)2 B I‘(’ﬁ//ﬂ + m/](//)Z I‘(’i//)z + m/z(//)Z
0 X1 X2 ’
(6.6)

"~ 2
i = \/ M2~ — mo)2,
B =% - xdy.

Analogously, the B, — § weak transition form factors
are written as [193,195,197,202,203]

h/ h//
B 277 B 72 7”2
S(g?) = /dxzd 4 [xl(MO + M) + x29>
1673 R AA

6.7)

—xp(m +m)? = x1(m}) —m)? — xy (m] + mz)z},
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20y 1
NNy

2
B B q N 277
< =F,° dxpd”k';
¢ = (q)+Pq163/x
X [ —xlsz/ — kl — m’lmg — (m/l/ + my)

(kL Jr2( qul) )

. L 2 -
wpf B By g2 ip )
q q
= (2 = ¥)M? + 20 ME = 20m) = ma) o} — )]},

(6.8)
where

xix2 1 M{

Nc \/_M// sz//

Hg = (M" — M(?) ¢px2, k).
(6.9)

The B, — V transition form factors can be evaluated by

VEY = —(mp, +my)g,
B.V BV
A" =—f/(mp, +my), A" = (mp, +my)ay, (6.10)
B.v _Mp.+my py mp —my py q*
Ay = —/—— A - —— A - a—,
2my 2my 2my

where g, f, a4, and a_ are the scalar functions of qz. Their
expressions in CLFQM are [191,192,195,197,201-203]

h/ h//
dxzdzku#

2
g(q@’) =-
NNy

163

A
m/l/) 1

X {xzm/l + x1mo + (m/l — 7

—i—i/‘//[k

(kl tu) ]}

6.11)
q*

f@h =

16w 3
X {2x1 (my — m/l)(M(/)2 + M(/)/z) — 4x1m/1/M62 + 2x2m/1P -q
+ 2mag? — 2x1ma(M” + M) + 2(m — ma) (' + m))?
. (I? Lz )2
+8(m} — mz)[k’f + 7Lq2ql }

T2+ mlyg Py

k2 + (K| -31)?
R

x [2x1(M +MP - —P-q

44

-
/ _>

-2¢°+P- q) = —20m}

—ml)(ml—mz)]}, (6.12)

@ Springer

o
B.""V

N¢ >
- / dxpd?k| —2—
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N / 1
2 27 B,V
(@ = = | dxyd®k, —B——
a (CI ) 167 3 X2 J_x N N,/
];'/2
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+2( s :]J_) :I
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q
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%
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1
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q q*
(6.14)
where
n = (M//Z //2) x1x2 oy (xa, //)
v f P (6.15)

wy = My +m! +my.

For the B, — 3A(' A) transition, the form factors can be
evaluated by the relations:

341 3 1
ABlACA) _ _ (mp, —ma)q A4
BAACA 3a(1
VICACD = — PACD fmp, —m ),
BAlA(A) 3A(¢ A)
V —
2 (mB mA)C (616)
yBAACA) _ MBe = MA L BAACA) _ B +ma vBlACA)
0 1 2
2m 4 2m 4
2
3
4 CiA(‘A)’
2m 4

3 1
where qSA(] A lSA(lA), and ciA( A) are functions of g2, with
the concrete expressions in the CLFQM as [191,197,202]

l4 "
dxrd*k 2lin
= 3 207Kk

3A(]A)( 2y = 2AltA)
2 K -q1)?
X{ _ [kL+( “q1) ]
1) 22
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x<+x2m'1+x1m2+(m/1+ ) KL 6]1_)}’ 6.17)

’
lsA(]A)(qz): N, % h'y I
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272 22
k= + (k') -
% { 461 T ( L q1)

2 7
q w3A(1A)
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x ( +22x1 — 3)(xom) + x1m2) — 8(m — my)

[ o

—[(14 = 12x)m' +2m] — (8 — 12x1)m2]kTq)> (6.20)

where

o= 17— ) |22 f 3 fM,,¢p(x2,k>
=M =M B2 fM,,¢p(xz, €. (621)
“ :ﬂ anda) =2.

@34 mi—m
In the prev10us theoretlcal works [191-197], the phe-
nomenological Gaussian-type wave functions

¢ ( "/(//)) o 3/4 /(//) - k/(//)z + k/(//)Z
s (x2, k - ,3/(”)2 M/(//) eXp 2ﬂ/(//)2 ’
. %/4 ejer K2+ k2
¢1’(x2 kJ-) = ﬂ//Z /3//2 X1X2 M// - 2/3//2 )
(6.22)

with
xomy”

2 2x2 M/(//) ’

e/l(//) _ \/m/l(//)2 +k/(//)2 +k/(//)2

e = ,/m%—i—lzf + k2,

are widely used. However, this treatment unavoidably results
in the dependence of decay width on the parameter 8, which
is a parameter within the utilized SHO wave function. In
this study, we capitalize on the knowledge acquired from the
discussion on meson spectrum employing the MGI model in
Sect. 2 to acquire the numerical spatial wave functions of the
mesons under consideration. To accomplish this, we replace
the form provided in Eq. (6.22) with a refined expression

m% + ];1//)2

(1
K =

(6.23)

Nimax 101
dnCe K = Van Y en | =L R (VRL? 7).
n=1
$s (e, K1) = proo ez, K1),
Bp(x2, K1) = =i (62, KD, (6.24)
where the expansion coefficients ¢, represent the values of
the corresponding eigenvectors, while / denotes the orbital
angular momentum of the meson. By incorporating these
modifications, we can effectively eliminate the associated
uncertainties. To ensure proper normalization, the inclusion
of the factor /47 is necessary, i.e.,

dxodk
/ - ?451 (2. kL) (x2, k1) = 1. (6.25)

2(2m)
Besides, Ry;(|p|) is the SHO wave function as

NG SN IR TN TAY
Ru(p) = =257 \/F(rz—l—l——l—l/Z)(E)
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2 2

X exp ( — 2p—}32)sz_1 (%) (6.26)
The parameter 8 = 0.5 GeV used in the above equation is
consistent with Sect.2. In Eq. (6.26), we neglect the factor
(—i)! since it does not affect the final results, but it does
introduce a common factor of i to the P-wave final state
weak transition form factors, which makes the form factors
less concise.

Following the approach described in Refs. [201,202], we
adopt the condition g = 0. This implies that our form factor
calculations are performed in the space-like region (g2 < 0),
and therefore we need to extrapolate them to the time-like
region (g% > 0). To perform the analytical continuations, we
utilize the z-series parametrization [204], which has the form
as [205]!

1
Flgh = —[a0+ a1 (2% = 20) = 5 (:a?)? — 2007))

1
1— qz/mpole

2
+ax(2(g?) = 20) + 5 (2? — 207)) | (6.27)
where ag, a1, and a; are free parameters needed to be fitted
in ¢? < 0 region, and z(g?) is written as [204,206,207]

Vir —q* — Jix — 1o
Viy —g* + Jir =1

with 79 = t+(1 —m) and 1. = (mp, m )% mp,
and m 7 are the masses of the B. meson and daughter meson,
respectively. This parametrization are more convenient to
reflect the character FlB”P(S) (q2 =0 = F(f”P(S) (q2 =0).
Moreover, we have F(0) = ap.

To determine the values of the free parameters ag, aj,
and a»,? as stated in Eq. (6.27), we perform numerical cal-
culations at 200 equally spaced points for each form factor,
ranging from —20 GeV? to —0.1 GeV?, utilizing Eqgs. (6.3)—
(6.20). Subsequently, we fit the calculated points using Eq.
(6.27). The fitted values of the free parameters, as well as
F), F (qrznax), and the pole masses mpole, are compiled in
Tables 10 (11, 12, 13) for B. — P(V, S, A) transitions.
Additionally, the q2 dependence of the B, — P(V, S, A)
transition form factors is illustrated in Figs. 4 (5, 6, 7). Par-
ticularly, in the B, — 7, panel, we also present the LQCD’s
result [179]. Our result is slightly larger than the LQCD in
low ¢ region, but is anastomotic in large ¢ region.

With the obtained weak transition form factors, we can
future investigate the corresponding semileptonic decays. For

2(¢h) =

(6.28)

! We employ a uniform representation, denoted as F(¢2), to encompass
all the relevant form factors.

2 For B, — P(S) transitions, only the parameters a; and a, need to
be fitted, as ag can be obtained from F(0) using Eq. (6.27), and F(0)
can be accurately calculated using Eqs. (6.3) and (6.7).

@ Springer

the B, — M{v, processes, the differential decay width can
be obtained by

ET GV M,y a0 — i)

dg®dcosty 51273 2my,

(6.29)
X (L1 + Ly cosf + Lz cos 20g),

where G = 1.16637 x 107°GeV~2 is the Fermi cou-
pling constant, Vckwm is the Cabibbo—Kobayashi—-Maskawa
(CKM) matrix element, A(x, y, z) = x>+ y> +z> —2(xy +
xz+yz) is the Killen function, m y is the mass of the daugh-
ter meson, and r?z% = m% /q* with my being the lepton mass.
The angular coefficients L 2 3 for M = P(S) are

L =20 - r;@(ng(mg(_ — m 5}

+HFRAmY,  msy, a2 (1 + nag)), (6.30)

Ly = —8FyFiij(my, —mp ) (1 —mj) [ amy  m¥ . 42,
6.31)
(6.32)

Ly = —2F2(1 — md)2a(m%, mb ). 42,

and for M = V(A) are

1+ i3

Ly =(1—m}) <4A(V)(2))»(m%(, myay» 400G + —
sz(A)

X[ AWV n, £ mya) o, — sy = a?)

Mm% m3 g7 2
Ay, B v ) )
mp, £ mya)

2(1 —m?) R
m@ + m%)qz[A(V)%(ch + mV(A))4
FV (A M, mYy ). qD)].

4A(V)om3 (1 — w2
Ly, = Vo [( [) ‘/)\(szvm%/(A)qu)
myay(mp, &= mya)) ‘

<[ AV 3 0y 4

(6.33)

AWV O, my ) 0nh, = m ) — )]
£I6AV IV (L —mg® [ rmG  m3, 4,42,
(1 —m3)?

Zm%,(A)(mBC + mV(A))2

(6.34)

Ly =

I:A(V)l(mB(. + my(a))*

2
X, = — 4 = AV 2G4y 0D ]
2(1 — m?)?q?
(mp, £mya)?

V(A4 1 4y 4]

I:A(V)%(mgc +my(a)?

(6.35)

After performing the integral of the angle 6, the differen-
tial decay width can be obtained by

dr 22 \/m(l—q)
_ GEVékum mp. Mg my <2L1 _ %L3>, (6.36)

dg?> — Sur 2my,
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Table 10 The form factors of
the B. — Bs, B, D, 1,
transitions in CLFQM

Table 11 The form factors of
the B, —

BY, B, D* /Y. (25)
transitions in CLFQM

Table 12 The form factors of
the B, — Byo, Bo, Djj, xco
transitions in CLFQM

F(0) = ag F(q2ay) Mpole (GeV) a a
Flebs 0.703 0.923 2.112 ~32.550 515.53
Fpem 0.703 0.831 2.460 ~9.520 ~13.871
Flt 0.615 0.886 2.007 —28.916 447.924
FpeP 0.615 0.757 2.412 ~7.279 —69.149
FPeP 0.309 1.446 5.325 —1.682 2.017
FgP 0.309 0.605 5.675 0.802 ~3.070
Flee 0.650 1.103 6.336 —4.612 12277
Fyeme 0.650 0.891 6.706 -0.777 1.108
F(0) = ag F(ghay) Mpole a a
v BBy 2.921 3.767 2.112 —164.601 2805.64
AgTH 0.447 0.601 1.968 ~29.193 615.132
AP B 0.425 0.507 2.535 —17.847 278.218
A B 0.158 0.168 2.535 7.108 —254.943
VBB 2.672 3.780 2.007 —156.204 2657.84
A 0.353 0.534 1.865 ~25.298 550.667
AB— B 0.328 0413 2.422 ~12.978 188.302
AB— B 0.012 —0.022 2.422 18.505 —479.418
VB Dt 0.326 1.592 5325 ~3.167 7.189
AG—D” 0.281 0.585 5.280 0.944 71.415
AP D 0.198 0.499 5.726 —0.312 ~0.704
AB= b 0.119 0.373 5.726 —0.615 0.440
VB Iy 0.804 1.395 6.336 ~7.864 26.235
AFIIY 0.681 0.987 6.274 ~1.761 72.843
AP I 0.597 0.867 6.749 ~2.543 5.721
Afem IV 0.434 0.714 6.749 —3.994 13.044
VB 29) 0.429 0.407 6.336 5.159 ~67.300
AGemv e 0.357 0.306 6.274 5.929 —23.284
ARV 0.276 0.206 6.749 5.704 —46.34
AFVED 0.047 —0.086 6.749 6.922 —61.037
FO)=ap F(Gha) Mpole aj az
FleBo 0.428 0.449 2.535 ~11.305 126.279
FemBo 0.428 0.381 1.968 179.073 —3346.19
Flem o 0.468 0.501 2.422 —4.449 —65.925
Fpe o 0.468 0.398 1.865 175.706 —2991.27
FlePo 0.355 0.782 5.726 0.007 —3.225
Fpem P 0.355 0.126 5.280 4.130 ~2.009
Flexeo 0.337 0.462 6.749 ~1.861 4.133
Femxeo 0.337 0.184 6.274 8.389 —23.161
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Table 13 The form factors of

the FO) =ap F(Gha) Mpole aj az

t?;n:i)tifég }f é)u%;/[ el AB— B, —0.038 ~0.039 2.535 1.605 —24.722
y e B 0.232 0.235 2.460 11.187 239.345
v 3.444 3.682 2.112 ~357.075 6870.02
v Ba —0.087 —0.092 2.112 5.528 ~107.399
ABe=Bn 0.074 0.077 2.535 —3.468 57.551
Ve B 0.166 0.176 2.460 —14.452 378.227
e B 3.904 4.010 2.112 199.722 —5484.34
v B ~0.039 —0.042 2.112 3.266 —66.969
ABe—B) —0.050 —0.052 2.422 1.640 —19.246
vl b 0.177 0.178 2412 15.181 150.109
yJo b 1.667 1.890 2.007 —351.092 7009.86
v b —0.085 —0.091 2.007 5.153 —98.674
ABe=Bi 0.085 0.093 2.422 —3.474 50.953
v 0.208 0.230 2.412 —14.503 390.001
v 3.205 3.419 2.007 127.525 ~3507.11
v e —0.054 —0.062 2.007 4.546 —91.094
AB— D 0.144 0.328 5.726 ~0.662 0.696
vl 0.258 ~0.025 5.675 4.944 85.952
y b 0.334 0.401 5.325 2.608 —6.499
y b 0.003 ~0.076 5.325 0.732 ~3.113
ABe= D1 0.118 0.250 5.726 —0.329 —0.344
v —0.147 0.988 5.675 —12.231 —152.47
y e 0.176 —0.0004 5.325 3.202 —6.365
v e 0.160 0.463 5.325 ~1.074 2322
ABe= el 0215 0.303 6.749 ~1.771 5.620
Ve xe 0.025 0.066 6.706 —1.462 5.819
e 0.339 0.129 6.336 11.333 —47.961
y e K 0.078 0.097 6.336 —0.044 ~1.797
ABe—he 0.039 0.056 6.749 -0.372 1332
y e he 0.390 0.110 6.706 14.548 181.296
y et 0.298 0.372 6.336 —0.185 —2.383
v e —0.196 —0.312 6.336 2783 —12.591

And then, the decay width can be obtained by carrying out
the integral of ¢ in the range of m? o g2,

In addition, the differential branching decay widths from
the longitudinal and transverse polarizations for B, —
V(A)lv, are

2 2 2
dly  GEVigm VA my 4y, 47)

_ 1—m?)?
dg> — 19273m3, 2 ( !
) 2+ i?
><{Sm%)»(m%f,m%,(A),qz)A(V)(z)+ —

My (a)
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<[ AW 10ng, F my ) o, =) = 4

—A(V)2

Mm, My ) ) T} (6.37)

mp, £mya)

dalr _ G Vkm 332
dg*  19273m3,

AV (mp, £my@a))?

[ A(m%ﬂ,m%/(A),qz)

(my, . m3y 4 g —D)* 2+ if)g?

(6.38)

V(A)? ]

(mp, £mya))?

Using the obtained form factors as inputs, we further cal-
culate the corresponding branching ratios and the I'r. / I'r
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Fig. 4 The ¢ dependence of the weak transition form factors of the
B. — By, B, D, . processes. In the B, — 1, transition, the form fac-
tors F'1 and Fy are also depicted as the results from LQCD, represented
by a red circle and a blue square, respectively, as shown in Figure of
Ref. [179]
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Fig. 5 The ¢ dependence of the weak transition form factors of the
B. — B}, B*, D*, J/{, ¥ (2S) processes
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Fig. 6 The ¢> dependence of the weak transition form factors of the
B. — By, Bo. Dy, xc0 processes

ratios. The obtained results are presented in Tables 14, 15, 16,
and 17. Additionally, we also compare our obtained branch-
ing ratios with those obtained from other theoretical works
[192,193,195] in the respective tables, and our obtained
results are consistent with those from other theoretical works.
The branching ratios of the processes B, — BS(*)ng and
B, — J/¥(n:)€ve can reach up to the order of magnitude
of 1072, The measurements of the absolute branching ratios
could be reachable at the ongoing LHCb experiment.
Of particular interest is our result for the ratio

B(B: — J/¥tvy)
B(Be — J/{rpvy)

which is noticeably smaller than the central value of the
experimental measurement 0.71 £ 0.17 &£ 0.18 reported by
the LHCb Collaboration [208], but is consistent with those
from Refs. [192,198]. This ratio can be used to test the lep-
ton flavor universality, and the misfit of the theoretical and
experimental values maybe indicates the new physics effects
beyond the Standard Model. A more precise experiment and
more theoretical calculations would greatly aid in testing the
lepton flavor universality.

Moreover, utilizing the obtained form factors, we can
make predictions for nonleptonic decays. Specifically, we
explore the processes B, — J/yn(K), B, — ¥ (29w,
and B, — x.07, since they have corresponding experimen-
tal measurements. Assuming the naive factorization assump-
tion, the branching ratios for these decays can be calculated
as described in [197]

= 0.231,
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B(B: — J /¥ (¥ 28)m(K))

2
B.J 28

‘GFVcqud(us)alfn(K)m%}CAO o ))(m%r(K))
- 32amp.I'p,

2

my 28
X<1_ [y >)>’ (6.39)

WZBC

B(Bc - XCOT[)
2
Be xe
‘GFVchVudalfﬂm%;rFo Xo(m721) < mi())
= 1-— L
2 9

327[chch ch

where a; = 1.07 and ap = 0.234 [197].
The concerned branching ratios are determined as

B(B. — J/ym) =2.785 x 107,
B(B. — J/¥K) =0.213 x 1072,
B(B: — ¥(28)7) = 0.662 x 107,
and some ratios of the branching ratios are

ke BB~ J/WK)

_ =0.077,
I BB, — J/ym)
gresypy _ BB > V2T _ o0
T B(B. — J/ym) ’
wwe _ BB > JYT) 15

I B(Be — J/Ypvy)

Two of these predictions are in agreement with the exper-
imental values: R}/; = 0.079 & 0.007 & 0.003 and
RYCOMIY — 0,268 + 0.032 + 0.007 + 0.006 [46]. How-
ever, the prediction for RZ;V“ is apparently larger than the
experimental value of (4.69 & 0.28 4 0.46) x 1072 [46].
Additionally, we obtain B(B. — xco) = 0.633 x 1073,
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Bl(/), D}/), Xcls he processes

which is significantly larger than the experimental measure-
ment (2.4703) x 107> reported by the LHCb Collaboration
[209], but is consistent with the Ref. [197]. Further exper-
imental measurements are eagerly awaited to provide addi-
tional scrutiny and validation of our theoretical predictions
for these weak decays.

If the discussed hadron has the near-threshold behaviour,
the state should be a mixture of bc components and two
meson components. The meson components should be
important because the coupling is given by a strong mecha-
nism, which gives the important decay widths, and they are
enhanced by the denominators of the difference between the
energy and the threshold energy position. Thus, the decays
through the two meson components will be small and the
results given in our work can be seen as an upper limit in
most cases.

7 Summary

Although significant progress has been made in observing
new hadronic states over the past two decades, the estab-
lishment of the B, meson family remains incomplete, with
only B and B.(28)* states listed in the PDG [46]. With the
upgrade being complete of the LHCb experiment in prepara-
tion for Run 3 and Run 4 of LHC, we have reason to believe
this situation will be changed. Hence, the current work is
timely and can provide valuable information for the experi-
mental explorations of B, mesons.

According to the previous experience of the studies of
hadron spectroscopy [60,62,63,65-71,210,211], the impor-
tance of the unquenched effects has been realized step by step.
The low mass puzzles involved in the X (3872), D40(2317),
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Table 14 The branching ratios
of the B, — Bs(B, D, n¢)tvg
decays. Additionally, we
compare our findings with the
branching ratios reported in
other theoretical studies

Table 15 The branching ratios
and the 'y, / I'r of the B, —
BI(B*, D*, J /¥, (2 9)) L,
decays. Additionally, we
compare our findings with the
branching ratios reported in
other theoretical studies

Table 16 The branching ratios
of the

B. — Bso(Bo, Do, xc0)¢ve
decays. Additionally, we
compare our findings with the
branching ratios reported in
other theoretical studies

Channels I4 Branching ratios Ref. [195] Ref. [192]
Be — Byl e 1.537 x 1072 1.51 x 1072 1.49%030 x 1072
n 1.452 x 1072 1.43 x 1072 1417037 x 1072
B — Blyg e 0.989 x 1073 1.04 x 1073 1.097928  10-3
n 0.944 x 1073 1.00 x 1073 1047022 % 1073
B. — Dlvy e 7.024 x 1073 3.0750 x 1073
n 7.012 x 1073 3.0000 x 1073
T 3.924 x 1073 21197 % 1073
Be — nelvg e 7.899 x 1073 6.71}3 x 1073
n 7.868 x 1073 6.7713 x 1073
T 2.187 x 1073 1907933 x 103
Channels l Branching ratios r'y/I'r Ref. [192]
B, — Bl 1.416 x 1072 1.123 1967073 x 1072
n 1.324 x 1072 1.099 1.83104 x 1072
B — B*{v e 0.777 x 1073 1.066 1411036 % 1073
m 0.736 x 1073 1.049 1347943 x 1073
B — D*lvg e 1.256 x 10~ 1.033 0.4591$ x 1074
n 1.253 x 10~ 1.031 0.4591$ x 1074
T 0.601 x 10~ 0.773 0.2770.08 x 1074
Be — J/yrlvg e 2.130 x 1072 1.189 1.49%077 % 1072
n 2.119 x 1072 1.186 1497037 x 1072
T 0.489 x 1072 0.838 0.3710.07 x 1072
Be — ¥ (28)lvg e 1.311 x 1073 1.856
m 1.298 x 1073 1.847
T 0.071 x 1073 0.924
Channels L Branching ratios Ref. [193] Ref. [195]
B. — Byolvg e 2.203 x 1074 6.58 x 1074
" 1.703 x 1074 523 x 1074
B — Bolv e 0.419 x 1074 4.60 x 1073
m 0.354 x 1074 3.77 x 1073
B. — Dol e 0.547 x 1074
o 0.545 x 1074
T 0.202 x 1074
Be — xeolve e 1.084 x 1073 21704 % 1073
n 1.075 x 1073 21703 x 1073
T 0.094 x 1073 0.247002 x 1073
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Table 17 The branching ratios

and the ',/ 'y of the B, — Channels l Branching ratios ry/Ir Ref. [193] Ref. [195]
BY (B, DY he. xen)tve B. — Bl tv, p 3.946 x 105 2615 538 x 1074
decays. Additionally, we _s 4
compare our findings with the K 2.793 x 107 2314 3.98 > 10
branching ratios reported in B. — Bty e 5.824 x 107 1.591 8.31 x 1073
other theoretical studies M 4.230 x 10~5 1.379 633 x 1075
B. — Bjly, e 1.636 x 1076 3.357 7.70 x 1073
0" 1.244 x 107° 3.097 6.28 x 107
B. — By, e 1.743 x 1073 1.708 1.52 x 1073
w 1.461 x 1073 1.575 1.28 x 1072
B. — Djlvg e 3.510 x 1072 1.736
i 3.491 x 1073 1.730
T 1.026 x 1073 0.995
B. — D1y e 0.984 x 1073 1.533
m 0.979 x 107 1.529
T 0.519 x 1073 2.940
Be — helvg e 1.155 x 1073 11.769 31708 x 1073
n 1.140 x 1073 11.669 31700 x 1073
T 0.051 x 1073 2.877 0.22700¢ x 1073
Be — Xe1lve e 2.953 x 1074 0.031 1.407922 % 1073
n 2.933 x 1074 0.031 1.407922 x 1073
T 0.256 x 10~ 0.050 0.157002 x 1073

D;1(2460), and A .(2940) can be well understood under this
scenario. In this work, we provide a complete spectroscopy
of the B, mesons under the unquenched picture. We first
present the mass spectrum of the B, mesons, where the MGI
model was applied to the concrete calculations, which can
reflect the unquenched effects. The obtained mass spectrum
of the B, mesons is valuable, but not sufficient for further
experimental search for them. Therefore, in this work, we
have investigated their various decay behaviors, including
the two-body OZI-allowed strong decays, the dipion tran-
sitions between B, mesons, the radiative decays, and some
typical weak decays of B.(13Sp). We must emphasize that
the discussed decays of B, mesons are supported by the mass
spectrum study, since we simultaneously obtain the informa-
tion of the numerical spatial wave functions of these focused
B. mesons associated with their masses, which are used as
inputs for the calculations of the B, meson decays. This treat-
ment avoids the parameter dependence in the decay studies.

With the accumulation of experimental data and enhance-
ment of experimental capabilities, the investigations of
hadron spectroscopy will enter a new stage. As an impor-
tant part of the hadron family, the B, mesons become focal
point, as our knowledge of the B, meson family is still insuf-
ficient. Facing this situation, we have reason to believe that
it is full of challenges and opportunities. We expect that our
experimental colleagues to seize this opportunity to continue
to expand the realm of the observed hadrons.
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