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Abstract In this paper we have considered a quantized
and linearly polarized gravitational wave interacting with
a gravitational wave detector (interferometer detector) in
the generalized uncertainty principle (GUP) framework. Fol-
lowing the analysis in Phys. Rev. Lett. 127:081602 (2021),
we consider a quantized gravitational wave interacting with
a gravitational wave detector (LIGO/VIRGO etc.) using a
path integral approach. Although the incoming gravitational
wave was quantized, no Planck-scale quantization effects
were considered for the detector in earlier literatures. In our
work, we consider a modified Heisenberg uncertainty rela-
tion with a quadratic order correction in the momentum vari-
able between the two phase space coordinates of the detector.
Using a path integral approach, we have obtained a stochas-
tic equation involving the separation between two point-like
objects. It is observed that random fluctuations (noises) and
the correction terms due to the generalized uncertainty rela-
tion plays a crucial role in dictating such trajectories. Finally,
we observe that the solution to the stochastic equation leads
to time dependent standard deviation due to the GUP inser-
tion, and for a primordial gravitational wave (where the ini-
tial state is a squeezed state) both the noise effect and the
GUP effects exponentially enhance which may be possible
to detect in future generation of gravitational wave detec-
tors. We have also given a plot of the dimensionless standard
deviation with time depicting that the GUP effect will carry
a distinct signature which may be detectable in the future
space based gravitational wave observatories.

1 Introduction

It is a well known fact that a single particle freely falling under
the effect of gravity, follows the geodesic equation, and in the
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case of a pair of point particles, they follow the geodesic devi-
ation equation. These trajectories of freely falling objects
under the effect of gravity is deterministic in nature and
same follows for the geodesic deviation equation. These facts
have been verified experimentally at a classical level, how-
ever their status at the quantum level has been the subject of
intense research theoretically. Although the general theory
of relativity gives a perfect description of gravity at a macro-
scopic level, the quantum nature of gravity is still unknown
to the physics community. It is expected that gravity must
have a quantum nature and therefore the search for a quan-
tum theory of gravity is pursued. Recently there has been
a very important work [1–3] which demonstrated the effect
on falling bodies due to the quantization of the gravitational
field. It is observed that the dynamics of separation of a pair
of falling bodies have a probabilistic nature which is different
from the deterministic nature observed in the case of classi-
cal Einstein’s gravity. It is also observed that the separation
of two particles follows a Langevin-like stochastic equation
with a random fluctuation term which is claimed as the quan-
tum generalization of the classical geodesic deviation equa-
tion. The investigation reveals that linearized quantum theory
of gravity can indeed have a startling effect on the motion of
falling bodies. In this regard, we would like to stress that low
energy quantum gravity corrections have been predicted by
all the existing candidates for a quantum theory of gravity,
such as string theory [4,5], loop quantum gravity [6,7], and
noncommutative geometry [8–11]. These theories indicate
the presence of an observer-independent fundamental length
scale (the Planck length ≈ 10−33 m) in nature. However,
for some string theories with dynamical string tensions, the
existence of a fundamental length scale may be avoided. For
example, in [12], a minimum time in the Euclidean space
has been avoided, which would in principle be applicable
to any spatial minimum length as well. By modifying the
Heisenberg uncertainty principle (HUP), one can incorpo-
rate this minimal length. This modified HUP is known as
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the generalized uncertainty principle (GUP). The relation
between gravity and this minimal length scale was first shown
in [13,14] and later in [15]. In the gedanken experiments, a
very strong signature of the existence of this minimal length
scale was obtained. There have also been several investiga-
tions in different areas of theoretical physics to exploit this
GUP framework, such as black hole physics [16–26], har-
monic oscillators [27,28], optomechanical systems [29–32],
and gravitational wave bar detectors [33–35]. Recently there
have been a few efforts to construct a laboratory-based test
to investigate the effects of GUP in optomechanical systems
[36,37].

The general structure of the modified uncertainty relation
is given by the following relation [38–40]

�ξ̃i�π̃i ≥ h̄

2

[
1+γ

(
�π̃2+〈π̃〉2

)
+2γ

(
�π̃2

i + 〈π̃i 〉2
)]

(1)

where the index i runs from 1 to 3, and ξ̃i and π̃i are the
phase space position and the conjugate momenta. The GUP
parameter γ in terms of the dimensionless parameter γ0 can
be recast as γ = γ0

m2
pc

2 , where mp denotes the Planck mass

and c denotes the speed of light. The GUP modified variables
{ξ̃i , π̃i } satisfies the following commutation relation consis-
tent with the uncertainty product given in Eq. (1)

[ξ̃i , π̃ j ] = i h̄
[
δi j + γ

(
δi j π̃

2 + 2π̃i π̃ j

)]
. (2)

The above commutation relation reduces to the following
form in one spatial dimension [38–41]

[ξ̃ , π̃ ] = i h̄[1 + 3γ π̃2]. (3)

Following from the above commutation relation, the GUP
modified variables (ξ̃ , π̃) in terms of the variables (ξ, π)

obeying the Heisenberg’s uncertainty principle can be ex-
pressed as

ξ̃ = ξ , π̃ = π(1 + γπ2). (4)

It is important to note that the coordinates {ξ̃ , π̃} obeying
the modified commutation relation (Eq. (3)) are being repre-
sented in terms of the coordinates {ξ, π} which obey the usual
commutation relation [ξ, π ] = i h̄. Owning to the above dis-
cussion, it is natural to carry out the analysis in [1–3] in the
GUP framework. This would then incorporate effects from
both the quantization of linearized gravity and modification
of the Heisenberg’s uncertainty relation. The model consid-
ered in [1–3] is as follows. The mirrors in the arm of the
falling particles are considered as two freely falling particles.
One of the particles has a heavier mass and the other particle
has a comparatively smaller mass. The incoming gravita-
tional wave is treated quantum mechanically, and a pertur-
bative approach is taken to include the quantum effects. Our
analysis is significantly different from the previous analysis

[1–3] in the sense that we have now considered quantum grav-
ity effects in the detector arm also by considering the exis-
tence of a minimal length scale. In order to truly incorporate
the effects of the minimal length scale (having a direct con-
nection to gravity), we have replaced the phase space coordi-
nates of the detector part in the particle-graviton interaction
Hamiltonian by GUP modified phase space coordinates. In
order to analyze the system, we have considered a path inte-
gral approach and calculated the Feynman–Vernon influence
functional [42] for the modified Hamiltonian. The incoming
states have now been considered as minimum uncertainty
states or coherent states which most closely resemble the
classical gravitational wave. In our analysis, we observe as
in [1–3] that the separation between the two particles obeys
a Langevin-like stochastic equation. However, we find terms
containing both the effects of the modified uncertainty rela-
tion and the quantization of the gravitational waves. It is also
observed that in the modified geodesic deviation equation,
instead of second order time derivatives of the stochastic
term, one can also observe first order time derivatives of the
stochastic term solely due to the consideration of the modi-
fied uncertainty relation. We at first considered the graviton
to exist in a coherent state and then we have extended our
analysis for gravitons in squeezed states. In principle, one
can find that the noise in the case of coherent states is very
small but if one considers squeezed vacuum states, by tuning
the squeezing parameter one may really detect such quantum
gravitational effects in the next generation of gravitational
wave detectors which could in principle give us hints about
both the generalized uncertainty relation and the gravitons.
Although having a squeezed vacuum state also have the lim-
itation that there must be a source from which such gravitons
in squeezed states are being generated. It is though assumed
that primordial gravitational waves can be considered to exist
in such squeezed states which can be a future candidate for
the detection of such enhanced noise spectrum. At this point
we would like to mention that inclusion of a minimal length
scale with unmodified uncertainty principle and dispersion
relation has also been reported in the literature [43]. However,
the standard way of incorporating a minimal length scale is
through the introduction of a GUP [41] or through a non-
commutative algebra [8–10]. In this work, we have followed
this path.

2 Background

The main goal of this paper is to quantize the arm length of
a gravitational wave detector (with arm length ξ̃ ) where the
phase space coordinates of the detector follow the modified
Heisenberg uncertainty principle. The complete action of the
system can be obtained by combining the Einstein-Hilbert
action with the action of the detector. In terms of the GUP
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modified variables one can obtain the action of the system
(considering only one polarization of the gravitational wave)
as

SA =
∫

dt
(m

2

(
q̇2 − ω2q2

)
+ m0

2
˙̃
ξ2 − Gq̇ ˙̃

ξ ξ̃
)

(5)

with q denoting the configuration space variable of the grav-
itational wave, h̄ω being the energy of the gravitational
wave mode, and m0 denoting the smaller mass between the
two masses representing the interferometer. Here, G = m0

2l p
denotes the graviton-detector coupling constant with l p =√

h̄G
c3 being the Planck length and m = L3c5

16h̄G2 . The Hamilto-
nian from the action in terms of the phase space variables of
the gravitational wave ({q, p}) and the GUP modified phase
space variables of the gravitational wave detector ({ξ̃ , π̃}) is
given by

H =
(

p2

2m
+ π̃2

2m0
+ G pπ̃ ξ̃

mm0

) [
1 − G2ξ̃2

mm0

]−1

+ 1

2
mω2q2.

The above Hamiltonian in terms of the unmodified detector
variables ({ξ, π}) upto O(γ ) can be recast as

H =
p2

2m + π2

2m0
+ G pπξ

mm0
+ γ

(
π4

m0
+ G pπ3ξ

mm0

)

1 − G2ξ2

mm0

+ 1

2
mω2q2,

(6)

where we have used π̃ = π(1 + γπ2). Here, ξ denotes the
geodesic separation of the lighter mass m0 from the heavier
mass. One can now elevate this Hamiltonian from classical
description to quantum description by introducing appropri-
ate commutation relations between the coordinate variables
and their conjugate momenta. In this analysis we consider
the initial state of the gravitational wave as |ψω〉 and that of
the final state as |F〉. As we do not know the final state of the
gravitational wave, we need to sum over all |F〉 states. As ini-
tially there was no coupling between the initial gravitational
wave state and the detector state, we will consider them as
a tensor product state. Now via spontaneous and stimulated
emission procedures the detector masses will both emit and
absorb gravitons. Here, our aim is to compute the probability
and the form of the probability is given as follows

P
[φi→φ f ]
ψω

=
∑
|F〉

∣∣∣〈F , φ f |Û (T + �,−�)|ψω, φi 〉
∣∣∣
2

(7)

where |φ f 〉 and |φi 〉 are the final state and the initial states of
the particle at times t = T+� and t = −� respectively. Û is
the unitary time evolution operator in Eq. (7) and associated
with the quantum mechanical analogue to the Hamiltonian
in Eq. (6). It is very important to note that the interaction is
turned on in the interval t = 0 to t = T . Inserting complete
set of joint position eigenstates and summing over all the

final gravitational wave states |F〉 in Eq. (7), one can rewrite
the transition probability as

P
[φi→φ f ]
ψω

=
∫

dqidq
′
i dq f dξi dξ ′

i dξ f dξ ′
f ψω(qi )ψ

∗
ω(q ′

i )φi (ξi )

×φ∗
i (ξ

′
i )φ

∗
f (ξ f )φ f (ξ

′
f ) 〈q ′

i , ξ
′
i |Û †(T + �,−�)|q f , ξ

′
f 〉

×〈q f , ξ f |Û (T + �,−�)|qi , ξi 〉. (8)

Rewriting each of the amplitudes present in the canonical
path integral form and executing the path integral over π ,
one can now recast the amplitude in a much compact form
given by

〈q f , ξ f |Û (T + �,−�)|qi , ξi 〉 =
∫

D̃ξ exp
[ im0

2h̄

∫ T+�

−�

dt

× [ξ̇2 − 2γm2
0ξ̇

4]
] ∫

DqDpe
i
h̄

∫ T+�
−� dt[pq̇−Hγ

ξ [q,p]]
.

In the above expression, the form of the reduced Hamiltonian
is given by

Hγ
ξ [q, p] = (p + Gξ ξ̇ (1 − 3γm2

0ξ̇
2))2

2m
+ 1

2
mω2q2.

We can finally obtain the form of the probability in Eq. (8)
as

P
[φi→φ f ]
ψω

=
∫

dξi dξ ′
i dξ f dξ ′

f φi (ξi )φ
∗
i (ξ

′
i )φ

∗
f (ξ f )φ f (ξ

′
f )

×
∫

D̃ξD̃ξ ′e
i
h̄

∫ T+�
−� dt

m0
2

[
(ξ̇2−ξ̇ ′2)−2γm2

0(ξ̇4−ξ̇ ′4)
]
Fγ

ψω
[ξ, ξ ′]

(9)

where we have defined the following two quantities,

〈q f |Ûγ
ξ (T+�,−�)|qi 〉 ≡

∫
DqDpe

i
h̄

∫ T+�
−� dt[pq̇−Hγ

ξ [q,p]]
,

Fγ
ψω

[ξ, ξ ′] ≡ 〈ψω|Ûγ †
ξ ′ [T + �,−�]Ûγ

ξ [T + �,−�]|ψω〉.

Here, Fγ
ψω

[ξ, ξ ′] gives the Feynman–Vernon influence func-
tional. It is very important to observe that influence functional
is the only term in the probability containing the harmonic
oscillator state (|ψω〉) and providing a coupling between
the harmonic oscillator and the detector variable. With the
generic structure of the probability in hand, we shall now
proceed to explicitly compute the form of the influence func-
tional. It is important to observe that we are currently running
our analysis for a single mode of the gravitational wave and
we shall extend it for multiple modes also.

3 The influence functional

From the form of the Hamiltonian Ĥγ
ξ (q, p), it can be seen

that the instantaneous eigenstates are general harmonic oscil-
lator eigenstates generated by the shift of the momentum in
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the momentum space via a parameter Gξ ξ̇ (1 − 3γm2
0ξ̇

2). In
order the convert the the integrals from −� to T + � to
integrals from 0 to T , we need to redefine the Heisenberg

eigenstates from |ψω〉 to e− i
h̄ Ĥ0�|ψω〉 and we also need to

introduce the modified wave functions given by the following
two relations

φ̃i (ξ̃i ) =
∫

dξiφi (ξi )

∫
D̃ξe

i
h̄

∫ 0
−� dt

m0
2 (ξ̇2−2γm2

0 ξ̇
4) ,

φ̃ f (ξ̃ f ) =
∫

dξ f φ f (ξ f )

∫
D̃ξe− i

h̄

∫ T+�
T dt

m0
2 (ξ̇2−2γm2

0 ξ̇
4).

In the above two relations, we have defined ξ(−�) = ξi ,
ξ(T + �) = ξ f , ξ(0) = ξ̃i , and ξ(T ) = ξ̃ f . The modified
probability formula takes the form as follows

P
[φi→φ f ]
ψω

≡
∫

dξi dξ ′
i dξ f dξ ′

f φi (ξi )φ
∗
i (ξ

′
i )φ

∗
f (ξ f )φ f (ξ

′
f )

×
∫

[D̃ξ ]ξ f ,T
ξi ,0

[D̃ξ ′]ξ
′
f ,T

ξ ′
i ,0

e
i
h̄

∫ T
0 dt

[
Lγ

0 (ξ)−Lγ
0 (ξ ′)

]
Fγ

ψω
[ξ, ξ ′]

(10)

where Lγ
0 (ξ) = m0

2 (ξ̇2 − 2γm2
0ξ̇

4) and we have redefined
the detector variable from ξ̃ to ξ (with ξ(0) = ξi , ξ(T ) = ξ f

and ξ ′(0) = ξ ′
i , ξ ′(T ) = ξ ′

f ). Due to the change in the
integration limit, the Feynman-Vernon influence functional
also gets modified. The modified Feynman-Vernon influence
functional has the form

Fγ
ψω

[ξ, ξ ′] = 〈ψω|e i
h̄ q̂Gξ ′

i ξ̇
′
i [1−3γm2

0 ξ̇
′2
i ]Û I†

γ ξ ′(T, 0)

×e− i
h̄ q̂I (T )Gξ ′

f ξ̇
′
f [1−3γm2

0 ξ̇
′2
f ]e

i
h̄ q̂I (T )Gξ f ξ̇ f [1−3γm2

0 ξ̇
2
f ]

×Û I
γ ξ (T, 0)e− i

h̄ q̂Gξi ξ̇i [1−3γm2
0 ξ̇

2
i ]|ψω〉 (11)

where Û I
γ ξ (T, 0) gives the unitary time evolution operator in

the interaction picture and q̂I (T ) = e
i
h̄ Ĥ0T q̂e

i
h̄ Ĥ0T . In order

to proceed further, we need to decompose the unitary time
evolution operators in terms of the time ordered exponen-
tial functions in the interaction picture and finally write the
form of the unitary time evolution operator in the interaction
picture as follows

Û I
γ ξ (T, 0) ≡ e− iG

h̄ q̂I (T )ξ f ξ̇ f [1−3γm2
0 ξ̇2

f ]e
iG
2h̄

∫ T
0 dt q̂I (t)Z(t)

×e
iG
h̄ q̂I (0)ξi ξ̇i (1−3γm2

0 ξ̇2
i )e

− G2

8h̄2

∫ T
0 dt

∫ t
0 dt ′Z(t)Z(t ′)[q̂I (t),q̂I (t ′)]

(12)

where X (t) = d2

dt2
(ξ2) and Y (t) = d

dt (ξ̇
2 d
dt (ξ

2)), and

Z(t) = X (t)−3γm2
0Y (t). By the repeated use of the Baker–

Campbell–Hausdorff formula and substituting the form of
the unitary time evolution operator from Eq. (12) into the
Feynman–Vernon influence functional, we obtain the modi-
fied form of the influence functional as follows

Fγ
ψω

[ξ, ξ ′] = 〈ψω|e−V ∗â†
eV â |ψω〉ei
γ

0ω
[ξ,ξ ′] (13)

where

V = iG√
8h̄mω

∫ T

0
dte−iωt (Z(t) − Z ′(t)) (14)

and the phase factor in the exponential term of Eq. (13) is
given by the following relation

i
γ
0ω

[ξ, ξ ′] ≡ − G2

8h̄mω

∫ T

0
dt

∫ t

0
dt ′(Z(t) − Z ′(t))

× (Z(t ′)e−iω(t−t ′) − Z ′(t ′)eiω(t−t ′)).

(15)

With the form of the Feynman–Vernon influence functional
in hand, we are now in a position to consider different cases
for the state |ψω〉 of the gravitational wave. We now consider
a gravitational wave-mode in a coherent state |ψω〉 = |αω〉
with eigenvalue αω =

√
mω
2h̄ ζωe−iφω where the form of

the classical gravitational wave mode is given by qcl(t) =
ζω cos(ωt+φω). One can now easily compute the form of the
influence functional in the single-mode analysis and proceed
to compute the influence functional for a continuum of such
modes (or a gravitational field). The influence functional of
the field can be considered as a product of the influence func-
tional for the individual modes (Fγ


 [ξ, ξ ′] = ∏
�k
Fγ

ψ
ω(�k)

[ξ, ξ ′])
where the gravitational field is given as |
〉 = ⊗

�k
|ψ

ω(�k)〉.
One can finally compute the transition probability for a grav-
itation field with its field modes in coherent states as follows

P
 ≡
∫

dξi dξ ′
i dξ f dξ ′

f φi (ξi )φ
∗
i (ξ

′
i )φ

∗
f (ξ f )φ f (ξ

′
f )

×
∫

D̃ξD̃ξ ′
∫

D̃N0 exp

[
− 1

2

×
∫ T

0
dt

∫ T

0
dt ′A−1

0 (t, t ′)N0(t)N0(t
′)
]

× exp

[
im0

2h̄

∫ T

0
dt

[
(ξ̇2 − ξ̇ ′2) − 2γm2

0(ξ̇
4 − ξ̇ ′4)

+
[
(h̄(t) + N0(t))

2
− m0G

4
[Ż(t) + Ż ′(t)]

]

× [Z(t) − Z ′(t)]
]

(16)

where h̄(t) = 1
l p

∑
ω

ζω cos(ωt + φω). To obtain the final

form of the probability in Eq. (16), we have made use of the
Feynman–Vernon trick. The function N0(t) has the interpre-
tation of a noise term, that is a stochastic random function
with a Gaussian probability density. Indeed, one can define
the average of N0(t) which vanishes [3]

〈N0(t)〉 ≡
∫

DN0 exp
[

− 1

2

∫ T

0

∫ T

0
dt ′dt ′′A−1

0 (t ′, t ′′)

× N0(t
′)N0(t

′′)
]
N0(t) = 0. (17)
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The function A0(t, t ′) is the autocorrelation function of
N0(t) as [3]

〈N0(t)N0(t
′)〉 ≡

∫
DN0 exp

[
− 1

2

∫ T

0

∫ T

0
dt ′′dt ′′′

× A−1
0 (t ′′, t ′′′)N0(t

′′)N0(t
′′′)

]
N0(t)N0(t

′)

= A0(t, t
′). (18)

This autocorrelation function will be of immense importance
as we shall see below. In case of the coherent state analysis,
the auto correlation function has the form [3]

A0(t, t
′) = 4h̄G

π

∫ ∞

0
dωω cos(ω(t − t ′)) (19)

which is in general divergent in nature. But for a gravita-
tional wave detector, it is sensitive to a certain range of the
gravitational wave frequency and therefore one can regular-
ize the integral by applying a maximum cut-off frequency
ωmax . Due to the usage of a dipole-like approximation in
our current analysis, we can use the maximum value of the
frequency as 2πc

ξ0
with ξ0 being the resting arm length of the

detector.

4 Dynamics of the arm length

With the form of the probability in hand, we can now com-
pute the quantum-dynamics of the detector arm length ξ . In
order to obtain the effective stochastic equation, we consider
the saddle point approximation. The saddle point gives the
maximum contribution to the path integral in Eq. (16). For
the gravitational wave in the coherent state, following the
procedure in [3], one can obtain the following differential
equation for the detector variable ξ(t)

ξ̈ − 1

2

[(
¨̄h(t) + N̈0(t) − m0G

c5

d5

dt5
(ξ2)

)
(1 + 3γm2

0ξ̇
2)

+3γm3
0G

c5

d4

dt4

(
d

dt
(ξ2)ξ̇2

)]]
ξ + 3γm2

0(ξ̇
3 + 3ξ ξ̇ ξ̈ )

×
[

˙̄h(t) + Ṅ0(t) − m0G

c5

d4

dt4 (ξ2)

]
= 0. (20)

Equation (20) is one of the main results in our paper. It
is important to observe that the geodesic deviation equa-
tion is replaced now by a quantum stochastic-equation. The
most important observation is that now the quantum geodesic
equation is governed by the terms coupling the effects of the
GUP parameter and the noise term. Unlike [1–3], there are
also terms involving the first order derivative of the noise

term with respect to time. The ¨̄h(t)ξ term in Eq. (20) is
a tidal acceleration term due to the passing of a classical

gravitational wave and the fifth order time derivative term
is the dissipative gravitational radiation reaction term [44–

47]. This term ¨̄h(t)ξ will be important as will be clear in
the subsequent discussion. The other higher derivative terms
are corrections to the gravitational radiation reaction due to
the modification in the uncertainty relation of the detector
variables.

For a gravitational wave in the coherent state, the noise
spectrum is of the order of the Planck length making it a
near impossible task to detect the signatures of the gravi-
tons, let alone the generalized uncertainty relation. Therefore,
we shall consider the gravitational wave in a squeezed state

Ŝzω |0ω〉, where Ŝzω = e
1
2 (z∗ω â2−zω â†2) gives the squeezing

operator with zω = rωeiφω being the squeezing parameter.
The quantum geodesic equation for a gravitational wave in a
squeezed state gives the following equation

ξ̈ − 1

2

[(
N̈ n.s.(t) + √

cosh 2rN̈0(t) − m0G

c5

d5

dt5
(ξ2)

)

× (1 + 3γm2
0ξ̇

2) + 3γm3
0G

c5

d4

dt4

×
(
d

dt
(ξ2)ξ̇2

)]]
ξ + 3γm2

0

[
Ṅ n.s.(t)

+ √
cosh 2rṄ0(t) − m0G

c5

d4

dt4 (ξ2)

]
(ξ̇3 + 3ξ ξ̇ ξ̈ ) = 0

(21)

where r denotes the real part of the squeezing parameter for
the quantum field and N n.s.(t) denotes the non-stationary
noise generated due to the time modulation of the noise in
squeezed states. It is very important to observe in Eq. (21) that
the associated noise term now can be exponentially increased
along with the terms generated due to the generalized uncer-
tainty principle for values of r greater than unity. This induces
an increased chance in the detection of such minuscule cor-
rections present in such gravitational wave detection scenar-
ios. To proceed further, it is important to note that we can
obtain a solution of the given Langevin-like equations by
means of perturbative calculations. We can get rid of the dis-
sipative gravitational radiation reaction terms in Eqs. (20, 21)
[3]. In order to do so one needs to consider that ξ is measured
in a coarse grained manner which in turns result in the higher
derivatives to be negligible. We shall try to obtain an approx-
imate solution of the time dependent geodesic separation for
the gravitational wave to be initially in a coherent state. In
order to find a solution to Eqs. (20, 21), we use an iterative
approach. For the base equation ξ̈ (t) = 0 without the higher
order terms, we can obtain a zeroth order solution of the form
ξ (0)(t) = ξ0 + λt , where the constant λ has the dimension
of velocity and can have a maximum value λ = c. The max-
imum interaction time between the graviton being absorbed
and released by the detector is tmax ∼ ξ0

c and therefore the
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linear time dependent term in ξ(t) can go up to λtmax. Fol-
lowing the same iterative procedure, we can obtain a most
general solution of Eq. (20) up to O(γ,N0, h̄, γN0, γ h̄) as
follows

ξ(t) ∼= (ξ0 + λt)

[
1 + 1

2

[
1 + 3γm2

0λ
2
]
)(h̄(t) + N0(t))

]

− λ(1 + 6γm2
0λ

2)

∫ t

0
dt ′(h̄(t ′) + N0(t

′)). (22)

Now, the higher limit of the integral in Eq. (22) has a cut-off
at t = tmax. Our aim now is to calculate the standard devia-

tion σ =
√〈

(ξ(t) − 〈ξ(t)〉)2
〉
. We can separate the standard

deviation term into two parts as σ(t) ∼= σ0(t) + σγ (t). The
σ0(t) part has been calculated in [2,3] and reads

σ0(t) ∼ √
2πl p ∼ 10−35 m. (23)

In case of the GUP contribution of the standard deviation,
we need to consider the time dependent parts and ignore the
linear time-dependent contribution. We then obtain the form

of the dimensionless parameter σγ (t)√
2πl p

to be (with λ set to its

maximum value)

σγ (t)√
2πl p

∼= 3γm2
0c

2
[

1 − 2

π(1 + ct
ξ0

)

ξ0 sin2
[

πct
ξ0

]

πct

+ 4

π2
(

1 + ct
ξ0

)2

(
γε − Ci

[
2πct

ξ0

]
+ ln

[
2πct

ξ0

])]

(24)

where γε gives the Euler constant and Ci denotes the
cosine integral function [48]. For a gravitational wave in the
squeezed coherent state, we obtain the form of the standard
deviation to be (considering the static part only)

σSqueezed(t) = √
cosh 2rσ(t) (25)

where σ(t) = σ0(t) + σγ (t).

5 Phenomenological aspects of the model

It is important to note that the gravitational wave observato-
ries LIGO (/VIRGO) has an L shaped structure with the arm
length at rest to be ξ0 = 4 km (ξ0 = 3 km for VIRGO). For
the mirror suspended at the both ends of the Fabry-Perot cav-
ity, the mirror coating is made up of fused Silica (mass of a
single SiO2 molecule is mSiO2 ∼ 10−25 kg) which serves as
the low-index layer and Tantalum pentoxide (mass of a sin-
gle Ta2O5 molecule is mTa2O5 ∼ 10−24 kg) which serves as
the high-index layer [49]. We can indeed obtain a bound on
the GUP parameter using these parameters from the exist-
ing gravitational wave observatories. Note that, γm2

0c
2 ∼

Fig. 1 σ(t)√
2πl p

vs t plot for gravitational wave with maximum frequency

ωmax ∼ 1 Hz. The inset image depicts the long term behaviour of the
time dependent standard deviation and it signifies that the standard devi-
ation asymptotes towards the value of the standard deviation obtained
in [2,3] (dotted line) with increase in time t

γ0 × 10−33 (for m0 ∼ 10−24 kg) and from the requirement
ζγm2

0c
2 < 1 (where the dimensionless constant ζ is a num-

ber of order 10), we can impose a bound on the dimensionless
quadratic GUP parameter to be γ0 < 1031 which is weaker
than the bound obtained earlier for a resonant bar detector
interacting with a gravitational wave in [50] but tighter than
the bound obtained in [51] using gravitational wave obser-
vation data. We shall now try to give a basic estimate on the
detectability of the GUP effect from the standard deviation
σ(t). For the gravitational wave to be in coherent state, it is
important to understand that σ ∼= √

2πl p ∼ 10−35m and
current detectability lies around 10−18 m. In case of the ini-
tial graviton state being in a squeezed state, we can indeed
observe that σ Squeezed(t) = √

cosh 2rσ(t) which indicates
that for a sufficiently high squeezing parameter the standard
deviation due to the induced noise and the GUP effect may
be detectable.

In general such states can only generate in post-inflationary
scenarios [52–54] leading to a very rare chance of detection
of such primordial gravitational waves. For a “grand unified
theory” inflation, the frequency is at ω ∼ 0.1 Hz which is
beyond the frequency range of both LIGO and VIRGO. This
frequency range can although be detectable by the future
space based gravitational wave observatories DECIGO or
LISA.1 For such a primordial gravitational wave er ∼ 1018

[55] which results in the enhancing parameter to be of the
order of

√
cosh 2r ∼= 1√

2
er ∼ 1018. We will primarily con-

sider the LISA interferometer with ξ0 ∼ 106 km and max-
imum frequency ωmax ∼ 1 Hz [3]. LISA has a projected
sensitivity at 10−18 m [3]. With the inherent squeezing in
the primordial gravitational wave and a maximum interac-

1 DECIGO: Decihertz Interferometer Gravitational Wave Observatory
and LISA: Laser Interferometer Space Antenna.
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tion time of tmax ∼ 3.33 sec one can estimate that the stan-
dard deviation is around (while the detector has just stopped
interacting with the gravitational wave) σ

Squeezed
0 (tmax) ∼√

cosh 2r × 10−35 m ∼ 10−17 m which is in the detectable
range of the LISA observatory. A very important result can
be observed in terms of the GUP part of the standard devi-
ation. The contribution to the standard deviation due to the
GUP effect can be observed (from Eq. (24)) to have a value
σ

Squeezed
γ (tmax) ∼ √

cosh 2r 10−37 m ∼ 10−19 m. Hence,
we find that for primordial gravitational waves, the stan-
dard deviation carrying the signature of the graviton has
a value σ

Squeezed
0 ∼ 10−17 m and the GUP effect lies in

the range σ
Squeezed
γ ∼ (10−19 − 10−20) m which is just

one order of magnitude beyond the projected sensitivity
of the LISA observatory. The ratio of σ

Squeezed
γ (tmax) with

σ
Squeezed
0 (tmax) is σ

Squeezed
γ /σ

Squeezed
0 ∼ 10−2. The analy-

sis has been done for a primordial gravitational wave with
squeezing parameter r ∼ 42. If it is possible to detect a
primordial gravitational wave with a squeezing parameter
r ∼ 44, we then find that the GUP contribution to have a
value σ

Squeezed
γ (t) ∼ 10−18 m which indeed will be in the

projected sensitivity range of the LISA observatory. It will
then be possible to detect the stochastic noise effect due to
the existence of gravitons as well as the existence of GUP.
Plotting the standard deviation due to the GUP contribution
divided by

√
2πl p with respect to time, we can observe a very

unique behaviour based on the time of sampling of the ξ(t)
data in Fig. 1. We observe from Fig. 1 that the value of the
dimensionless number σ(t)√

2πl p
decreases and then increases

with time. Here, we have compared the result of the standard
deviation obtained in our analysis with the result obtained
in [2,3]. Here, σ(t) = σ0(t) + σ ′

γ (t) with the definition
σ ′

γ (t) ≡ σγ (t) − σγ (0). Figure 1 (and the small inset fig-
ure depicting long time behaviour) suggests that the sudden
increase in the value of the standard deviation decreases grad-
ually with time and returns back to the value of the standard
deviation σ0(t) = √

2πl p, given in [2,3], in the long time
limit. If the standard deviation can be calculated at a fixed
time interval during when the interaction happens and such a
dip in the standard deviation value is observed, we can claim
the existence of the generalized uncertainty principle. Hence,
for an advanced gravitational wave observatory, it may be
possible to detect both the existence of gravitons as well
as the existence of a fundamental minimal length scale cor-
rection in the Heisenberg uncertainty principle. This would
indeed point towards a quantum nature of gravity.

6 Summary

In this paper, we have considered a linearly polarized gravi-
tational wave interacting with a gravitational wave detector.

In the current model a quantized gravitational wave inter-
acts with a detector where the detector variables obey the
modified Heisenberg uncertainty relation (also known as the
generalized uncertainty principle). In our analysis, we have
considered that initially the gravitational wave was not inter-
acting with the detector making it possible to write the initial
state of the system as a tensor product state of the state cor-
responding to the graviton and the initial state corresponding
to the detector. Following the approach in [1–3], we have
summed over all the final states of the graviton. We then
integrate out the coordinates and momenta corresponding to
the graviton to obtain the influence functional involved in
this entire process using a path integral approach. Follow-
ing this one graviton analysis, we have extended our study
to a gravitational field where the field modes are in coherent
states and then squeezed states respectively. We finally obtain
a stochastic Langevin-like equation including a noise term
which can be considered as a quantum gravitational correc-
tion to the classical geodesic deviation equation. Our work
focuses in the inclusion of a minimal length scale correc-
tion in the Heisenberg uncertainty principle, corresponding to
the detector variables, leading to a GUP modified stochastic
Langevin equation. We then obtain an approximate solution
of the time dependent detector arm length and calculate the
corresponding standard deviation in it. Although in case of
the field modes being in a coherent state leads to a minuscule
correction to the classical geodesic deviation equation, for
a squeezed state analysis we find that along with the noise
term the GUP effect also gets an exponential boost due to
the existence of a tunable squeezing parameter. It is sur-
prising in a sense that the GUP effect is coming from the
detector variables spanning the modified phase space only
and therefore the squeezing embedded in the field states can
amplify hidden signatures of the minimum length scale cor-
rections considered in the detector. We then obtain a bound
on the dimensionless GUP parameter which is tighter than
the bounds obtained earlier using gravitational wave data. We
finally plot the dimensionless standard deviation term due to
the GUP effect with respect to time and observe that it may
be possible to detect hidden GUP signatures while detecting
primordial gravitational waves (with a squeezing parameter
r � 44) in future generation of gravitational wave detectors
(LISA) along with the detection of gravitons.
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Nat. Phys. 8, 393 (2012). https://doi.org/10.1038/nphys2262

30. P. Bosso, S. Das, I. Pikovski, M.R. Vanner, Phys. Rev. A 96, 023849
(2017). https://doi.org/10.1103/PhysRevA.96.023849

31. S.P. Kumar, M.B. Plenio, Phys. Rev. A 97, 063855 (2018). https://
doi.org/10.1103/PhysRevA.97.063855

32. S. Sen, S. Bhattacharyya, S. Gangopadhyay, Class. Quantum Grav-
ity 39, 075020 (2022). https://doi.org/10.1088/1361-6382/ac55ab

33. S. Gangopadhyay, S. Bhattacharyya, Phys. Rev. D 99, 104010
(2019). https://doi.org/10.1103/PhysRevD.99.104010

34. S. Bhattacharyya, S. Gangopadhyay, A. Saha, Class. Quantum
Gravity 37, 195006 (2020). https://doi.org/10.1088/1361-6382/
abac45

35. S. Sen, S. Bhattacharyya, S. Gangopadhyay, Universe 8, 450
(2022). https://doi.org/10.3390/universe8090450

36. L. Petruzzeillo, F. Illuminati, Nat. Commun. 12, 4449 (2021).
https://doi.org/10.1038/s41467-021-24711-7

37. S. Das, S.K. Modak, Class. Quantum Gravity 39, 015005 (2022).
https://doi.org/10.1088/1361-6382/ac38d3

38. A.F. Ali, S. Das, E.C. Vagenas, Phys. Lett. B 678, 497 (2009).
https://doi.org/10.1016/j.physletb.2009.06.061

39. A.F. Ali, S. Das, E.C. Vagenas, Phys. Rev. D 84, 044013 (2011).
https://doi.org/10.1103/PhysRevD.84.044013

40. S. Gangopadhyay, S. Bhattacharyya, Phys. Rev. D 104, 026003
(2021). https://doi.org/10.1103/PhysRevD.104.026003

41. A. Kempf, G. Mangano, R. Mann, Phys. Rev. D 52, 1108 (1995).
https://doi.org/10.1103/PhysRevD.52.1108

42. R.P. Feynman, F.L. Vernon, Jr., Ann. Phys. 24, 118 (1963). https://
www.sciencedirect.com/science/article/pii/000349166390068X

43. M. Bishop, J. Contreras, D. Singleton, Int. J. Mod. Phys. D 31,
2241002 (2022). https://doi.org/10.1142/S0218271822410024

44. K.S. Thorne, Astrophys. J. 158, 997 (1969). https://ui.adsabs.
harvard.edu/abs/1969ApJ.158.997T

45. W.L. Burke, J. Math. Phys. (N.Y.) 12, 401 (1971). https://doi.org/
10.1063/1.1665603

46. S. Chandrasekhar, F. Paul Esposito, Astrophys. J. 160, 153 (1970).
https://ui.adsabs.harvard.edu/abs/1970ApJ.160.153C

47. Y. Mino, M. Sasaki, T. Tanaki, Phys. Rev. D 55, 3457 (1997).
https://doi.org/10.1103/PhysRevD.55.3457

48. I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Prod-
ucts (Academic Press, Amsterdam, 2007), 6th ed

49. T. Accadia et al., J. Inst. 7, P03012 (2012). https://doi.org/10.1088/
1748-0221/7/03/P03012

50. S. Bhattacharyya, S. Gangopadhyay, A. Saha, Class. Quantum
Gravity 37, 195006 (2020). https://doi.org/10.1088/1361-6382/
abac45

51. A. Das, S. Das, N.R. Mansour, E.C. Vagenas, Phys. Lett. B 819,
136429 (2021). https://doi.org/10.1016/j.physletb.2021.136429

52. A. Albrecht, P. Ferreira, M. Joyce, T. Prokopec, Phys. Rev. D 50,
4807 (1994). https://doi.org/10.1103/PhysRevD.50.4807

53. L.P. Grishchuk, Y.V. Sidorov, Phys. Rev. D 42, 3413 (1990). https://
doi.org/10.1103/PhysRevD.42.3413

54. B.L. Hu, G. Kang, A. Matacz, Int. J. Mod. Phys. A 09, 991 (1994).
https://doi.org/10.1142/S0217751X94000455

55. S. Kanno, J. Soda, J. Tokuda, Phys. Rev. D 103, 044017 (2021).
https://doi.org/10.1103/PhysRevD.103.044017

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1142/S0218271820420018
https://doi.org/10.1103/PhysRevLett.127.081602
https://doi.org/10.1103/PhysRevD.104.046021
https://doi.org/10.1016/0370-2693(89)91366-X
https://doi.org/10.1016/0370-2693(90)91927-4
https://doi.org/10.12942/lrr-1998-1
https://doi.org/10.12942/lrr-1998-1
https://doi.org/10.1088/0034-4885/64/8/301
https://doi.org/10.1088/0034-4885/64/8/301
https://doi.org/10.1103/PhysRev.71.38
https://doi.org/10.1103/PhysRev.71.38
https://doi.org/10.1103/PhysRev.72.68
https://doi.org/10.1103/PhysRev.72.68
https://doi.org/10.1016/j.nuclphysb.2004.11.026
https://doi.org/10.1142/S0218271821420281
https://doi.org/10.1142/S0218271821420281
https://doi.org/10.1103/PhysRev.135.B849
https://doi.org/10.1103/PhysRev.135.B849
https://doi.org/10.1016/0370-2693(93)90785-G
https://doi.org/10.1016/0370-2693(93)90785-G
https://doi.org/10.1016/S0370-2693(99)00167-7
https://doi.org/10.1016/S0370-2693(99)00167-7
https://doi.org/10.1142/S0217732399001462
https://doi.org/10.1142/S0217732399001462
https://doi.org/10.1023/A:1015281430411
https://doi.org/10.1016/j.physletb.2010.04.008
https://doi.org/10.1016/j.physletb.2010.04.008
https://doi.org/10.1007/s10714-013-1661-3
https://doi.org/10.1140/epjc/s10052-015-3635-y
https://doi.org/10.1140/epjc/s10052-015-3635-y
https://doi.org/10.1007/s10714-018-2468-z
https://doi.org/10.1007/s10714-018-2468-z
https://doi.org/10.1088/1475-7516/2018/09/015
https://doi.org/10.1088/1475-7516/2018/09/015
https://doi.org/10.1140/epjc/s10052-019-7164-y
https://doi.org/10.1016/j.physletb.2011.05.076
https://doi.org/10.1016/j.physletb.2011.05.076
https://doi.org/10.1103/PhysRevLett.101.221301
https://doi.org/10.1103/PhysRevLett.101.221301
https://doi.org/10.1139/P08-105
https://doi.org/10.1139/P08-105
https://doi.org/10.1038/nphys2262
https://doi.org/10.1103/PhysRevA.96.023849
https://doi.org/10.1103/PhysRevA.97.063855
https://doi.org/10.1103/PhysRevA.97.063855
https://doi.org/10.1088/1361-6382/ac55ab
https://doi.org/10.1103/PhysRevD.99.104010
https://doi.org/10.1088/1361-6382/abac45
https://doi.org/10.1088/1361-6382/abac45
https://doi.org/10.3390/universe8090450
https://doi.org/10.1038/s41467-021-24711-7
https://doi.org/10.1088/1361-6382/ac38d3
https://doi.org/10.1016/j.physletb.2009.06.061
https://doi.org/10.1103/PhysRevD.84.044013
https://doi.org/10.1103/PhysRevD.104.026003
https://doi.org/10.1103/PhysRevD.52.1108
https://www.sciencedirect.com/science/article/pii/000349166390068X
https://www.sciencedirect.com/science/article/pii/000349166390068X
https://doi.org/10.1142/S0218271822410024
https://ui.adsabs.harvard.edu/abs/1969ApJ.158.997T
https://ui.adsabs.harvard.edu/abs/1969ApJ.158.997T
https://doi.org/10.1063/1.1665603
https://doi.org/10.1063/1.1665603
https://ui.adsabs.harvard.edu/abs/1970ApJ.160.153C
https://doi.org/10.1103/PhysRevD.55.3457
https://doi.org/10.1088/1748-0221/7/03/P03012
https://doi.org/10.1088/1748-0221/7/03/P03012
https://doi.org/10.1088/1361-6382/abac45
https://doi.org/10.1088/1361-6382/abac45
https://doi.org/10.1016/j.physletb.2021.136429
https://doi.org/10.1103/PhysRevD.50.4807
https://doi.org/10.1103/PhysRevD.42.3413
https://doi.org/10.1103/PhysRevD.42.3413
https://doi.org/10.1142/S0217751X94000455
https://doi.org/10.1103/PhysRevD.103.044017

	Minimal length scale correction in the noise of gravitons
	Abstract 
	1 Introduction
	2 Background
	3 The influence functional
	4 Dynamics of the arm length
	5 Phenomenological aspects of the model
	6 Summary
	Acknowledgements
	References




