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Abstract We propose a novel black hole model in which
singular and regular black holes are combined as a whole and
more precisely singular and regular black holes are regarded
as different states of parameter evolution. We refer to them
as singular and regular states, respectively. Furthermore, the
regular state is depicted by the final state of parameter evolu-
tion in the model. We also present the sources that can gen-
erate such a black hole spacetime in the framework of F(R)

gravity. This theory of modified gravity is adopted because
it offers a possible resolution to a tough issue in the ther-
modynamics of regular black holes, namely the discrepancy
between the thermal entropy and Wald entropy. The dynam-
ics and thermodynamics of the novel black hole model are
also discussed when a singular state evolves into a regular
state during the change of charge or horizon radius from its
initial value to its extreme value.
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1 Introduction

Regular black holes (RBHs) are a kind of spacetime that
includes [1–7] only coordinate singularities as black hole
(BH) horizons. They can be regarded as either classical
objects or quantum corrections to classical singular black
holes (SBHs). As classical objects, RBHs are solutions of
Einstein’s equations coupled with matters or gravitational
equations of a modified gravity [8], where the matter source
could be phantom fields [9], magnetic monopoles in non-
linear electrodynamics [10–17], or a combination of more
complex substances [18]. There also exists a conception that
RBHs are the consequence of certain quantum effects [19–
22], such as the loop quantum gravity [23], the gravitational
theory with asymptotic safety [24], etc., in which RBHs are
not necessary to satisfy gravitational equations.

The definition of an RBH is twofold. One is based on
the coordinate-independent approach, known as finiteness of
curvature invariants [1,10,11], i.e., the RBH is defined as a
BH spacetime with finite curvature invariants. This definition
is related to Markov’s limited curvature conjecture [25]. The
other is based on the coordinate-dependent approach, called
geodesic completeness [26,27], i.e., the RBH is defined as
a BH spacetime with complete null and timelike geodesics.
These two definitions are not equivalent generally, which
means that some models satisfy one of the definitions but
violate the other [28,29].
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In addition, we have to clarify two concepts of geodesic
completeness so that the reader can understand our subse-
quent discussions unambiguously. At first, the “complete-
ness” implies that a test (null or timelike) particle arriving at
any point of spacetime requires an infinite affine parameter.
Secondly, the “coordinate dependence” means that it is pos-
sible for the affine parameter to be finite for a certain choice
of coordinates even if this spacetime is regular everywhere.

In order to clarify specifically the “coordinate depen-
dence” mentioned above, we take two examples. One is the
Rindler spacetime which can be described [30,31] by the
line element, ds2 = −z2dt2 + dx2 + dy2 + dz2. The affine
parameter is finite as a test particle approaches to z = 0, i.e., it
seems that the Rindler spacetime is “incomplete” at z = 0 in
this choice of coordinates. Nevertheless, it is known that the
Rindler spacetime is a part of the Minkowski spacetime, thus
it cannot include any incomplete points. In fact, the Rindler
spacetime will convert to the Minkowski spacetime via an
appropriate choice of coordinates. The other example is the
Hayward BH spacetime [32], where the affine parameter is
finite at r = 0 in a certain choice of coordinates, seeming
that the Hayward BH is “geodesic incomplete”. However, the
Hayward BH is regular if the Painlevé-Gullstrand coordinate
is chosen. In Sect. 2.2, we will demonstrate this point and
note that such a coordinate should be adopted when we ana-
lyze the geodesic completeness at the center of RBHs with
the spherical symmetry and one shape function.

The differences in dynamics and/or thermodynamics
between RBHs and SBHs are a topic of great interest in the
field of RBHs [33–45]. By investigating these differences,
one expects to study the effects of singularities on the dynam-
ics and/or thermodynamics of BHs. In addition, RBHs are
generally considered to be the product of quantum gravity.
From this point of view, if a BH with a singularity at the center
is regarded as a classical state, the BH evolves to its final state
through self-heating radiation, where the final state is a quan-
tum state without a singularity at the center. That is to say,
RBHs can be regarded as the final state of parameter evolu-
tion of SBHs. To this end, we construct a novel model which
combines RBHs and SBHs into one whole. This proposal
can highlight the differences in dynamics and/or thermody-
namics between RBHs and SBHs, where an RBH appears as
the final state of parameter evolution of an SBH. It provides
a basis for the study of singularities’ effects when an SBH
evolves into an RBH. The idea to combine RBHs and SBHs
into one whole is essentially similar to the situation in Refs.
[14–17]. In these references, the BHs are in singular states
when M �= 0 and in regular states when M = 0, i.e., the
entire contribution to the ADM mass of BHs comes from
electromagnetic interactions.

The paper is organized as follows. At first, we prove in
Sect. 2 that it is equivalent to determine RBHs by using com-
plete geodesics or finite curvature invariants for the BHs that

are spherically symmetric and have only one shape func-
tion. Then, in Sect. 3 we propose a spherically symmetric
BH model with one shape function, which combines singu-
lar and regular BHs as a whole. In particular, an RBH can
be regarded as the final state of an SBH when the charge or
horizon radius goes to its extreme value.

The matter sources that generate such a BH are estab-
lished in terms of modified gravity F(R) rather than Ein-
stein’s gravity in Sect. 4. The motivation comes from the
need for the thermodynamics of RBHs, i.e., we want to make
the Wald entropy in F(R) gravity consistent with the entropy

calculated by the normal thermodynamic formula,
∫

dM/T ,

where M and T are BH mass and temperature, respectively.
As physical applications, we investigate the dynamics and

thermodynamics of our BH model in Sects. 5 and 6, respec-
tively. The purpose of these two sections is to analyze the
essential changes in physical properties that take place dur-
ing the evolution of an SBH into an RBH. In addition, as a
by-product, we also discuss the differences in the interpreta-
tion of RBHs under F(R) gravity and Einstein’s gravity.

The conclusions with future outlooks are summarized in
Sect. 7, whereas Appendix A includes the calculations of
monodromy that are applied in Sect. 5.2 and Appendix B
gives the actions of matter sources Eq. (31) explicitly.

2 Criterion of regular black holes

The condition of finite curvature invariants is widely applied
to determine [1,10,11,13,14] whether a BH is regular or not,
which relates to the Markov limiting curvature conjecture
[7,25,46,47]. Moreover, the other condition to ensure a non-
singular spacetime is the completeness [30,48] of timelike
and null geodesics. These two conditions are generally not
equivalent [26–29,32]. In this section, we shall show that the
finiteness of curvature invariants and the completeness of
geodesics are equivalent for the spherically symmetric BHs
with one shape function.

2.1 Finite curvature invariants

Let us begin with the metric with a spherical symmetry,

ds2 = − f (r)dt2 + f −1(r)dr2 + r2
(

dθ2 + sin2 θdϕ2
)

,

(1)

where the shape function reads

f (r) = 1 − 2Mσ(r)

r
. (2)

Traditionally, the Kretschmann scalar K :=Rμναβ Rμναβ ,
Ricci scalar R:=gμνRμν , and contraction of two Ricci ten-
sors R2:=RμνRμν are applied to check [13,14] the regularity
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of BHs. These three invariants are connected by a syzegy [49]
(also known as Ricci decomposition) as follows,

C = K − 2R2 + 1

3
R2, (3)

where C := CμναβCμναβ is contraction of two Weyl tensors.
Alternatively, R2 and K can be replaced [7] by S and C ,
where S is defined by S := SμνSμν and Sμν by Sμν :=
Rμν − 1

4gμνR.
Fourteen independent curvature invariants can be estab-

lished [50] based on the Riemann curvature in the 4-
dimensional spacetime, while a complete set of curvature
invariants includes seventeen elements which are called
Zakhary-Mcintosh (ZM) invariants [49,51–53]. Therefore,
it is natural to wonder whether the set of three invariants
{K , R2, R} or {C, S, R} can represent the finiteness of all
curvature invariants. If not, what elements should be included
in the minimum set in order to determine an RBH? To answer
this question for the metric Eq. (1), we calculate the seven-
teen invariants, where six of them vanish. The non-vanishing
eleven invariants can be separated into three groups.

1. Ricci type constructed by Ricci tensors:

I5 := R = 2 (A1 + A2) , (4a)

I6 := R2 = 2
(
A2

1 + A2
2

)
, (4b)

I7 := R ν
μ R α

ν R μ
α = 2

(
A3

1 + A3
2

)
, (4c)

I8 := R ν
μ R α

ν R β
α R μ

β = 2
(
A4

1 + A4
2

)
; (4d)

2. Weyl type constructed by Weyl tensors:

I1 := Cμν
αβC

αβ
μν = 4

3
A2

3, (5a)

I3 := Cμν
αβC

αβ
ρσC

ρσ
μν = 4

9
A3

3; (5b)

3. Mixed type constructed by both Ricci and Weyl tensors:

I9 := CμαβνR
αβ Rνμ = −2

3
A3(A2 − A1)

2, (6a)

I11 := RμνRαβ
(
C σ

ρμν C
ρ

σαβ − C∗ σ
ρμν C∗ ρ

σαβ

)

= 4

9
A2

3(A2 − A1)
2, (6b)

I13 := RμρR α
ρ Rνσ R β

σ Cμναβ = 2

3
A3(A2 − 2A1)

2,

(6c)

I15 := 1

16
RμνRαβ

(
CρμνσC

ρ σ
αβ + C∗

ρμνσC
∗ρ σ

αβ

)

= 1

36
A2

3(A2 − A1)
2, (6d)

I16 := − 1

32
Rαβ Rμν

(
Cρσγ ζC

ρ ζ
αβ Cσ ζ

μν

+Cρσγ ζC
∗ρ ζ

αβ Cσ ζ
μν − C∗

ρσγ ζC
∗ρ ζ

αβ Cσ ζ
μν

+C∗
ρσγ ζC

ρ ζ
αβ C∗σ ζ

μν

)

= 1

108
A3

3(A2 − A1)
2, (6e)

where we have defined

A1 := 2Mσ ′

r2 , A2 := Mσ ′′

r
,

A3 := −2A1 + A2 + 6Mσ

r3 . (7)

The three quantities A1, A2 and A3 in Eq. (7) determine
the finiteness of all non-vanishing invariants. Furthermore,
I6, as a specific representation, is necessary to determine
if a BH is regular when σ(r) is not a constant. The reason
is that the squares of A1 and A2 in I6 guarantee that no
divergence terms appear. For more general cases, we can
combine another invariant, for instance, I1 with I6. Since
A1 and A2 are finite, A3 is also finite if 6Mσ/r3 is finite. In
summary, I1 and I6, as representatives, can fully determine
the regularity of the BHs with the spherical symmetry and
one shape function. We note that the number of elements in
the complete set of spherically symmetric BHs is less than
that of rotating RBHs [54].

A similar result can be obtained if the Kretschmann scalar
K :=Rμναβ Rμναβ instead of I1 is considered. We rewrite K
in terms of Ai , i = 1, 2, 3,

K = 4

3

[
2
(
A2

1 − A1A2 + A2
2

)
+ A2

3

]
. (8)

IfI6 is finite, the regularity can be determined fully by K , i.e.,
{K , R2} is a complete set to determine whether a spherically
symmetric BH with one shape function is regular.

Furthermore, the requirement of a BH being regular at
center r = 0 can be obtained

σ(r) ∼ O(rn), n ≥ 3. (9)

In other words, σ(r) approaches zero not slower than r3.
Alternatively, a BH is regular at the center if we have

lim
r→0

σ(r)/r3 = const. < ∞. (10)

This behavior of σ around r = 0 will help us to construct the
RBHs in the next section.
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2.2 Complete geodesics

In order to determine the condition that guarantees the
geodesics being complete at r = 0,1 we start with the effec-
tive Lagrangian of null/timelike geodesics [55],

2L = gμν

dxμ

dτ

dxν

dτ
, (11)

where τ is an affine parameter along a geodesic. For the
spacetime given by metric Eq. (1), the Lagrangian reads

L = 1

2

[
− f (r)ṫ2 + ṙ2

f (r)
+ r2θ̇2 +

(
r2 sin2 θ

)
ϕ̇2
]

,

(12)

which does not depend on t and ϕ explicitly, i.e., t and ϕ are
cyclic coordinates. Thus, the canonical momenta conjugate
to t and ϕ are conserved quantities,

pt = −∂L

∂ ṫ
= f (r)ṫ = E,

pϕ = ∂L

∂ϕ̇
=
(
r2 sin2 θ

)
ϕ̇ = L , (13)

where E and L are the total energy and total angular momen-
tum, respectively. To simplify the following discussion, we
just concentrate on the motions on an equatorial plane,
θ = π/2, and set the initial angular momentum to be zero,
L = 0.

Next, we introduce the Painlevé–Gullstrand time [56],

dt = dt∗ −
√

1 − f (r)

f (r)
dr, (14)

and recast the Lagrangian Eq. (12),

L∗ = 1

2

[
− f (r)ṫ2∗ + 2

√
1 − f (r)

E2 ṙ ṫ∗ + ṙ2

E2

]
. (15)

Moreover, the definition of the Painlevé-Gullstrand time pro-
vides

ṫ∗ = ṙ

f (r)

√
1 − f (r)

E2 + E

f (r)
, (16)

where we have replaced ṫ by E via Eq. (13). Thus, we can
obtain the equation of radial motion by using Eqs. (15) and
(16) together with 2L∗ = k,

dr

dt∗
=

f (r)
√

1 + k f (r)
E2√

1 − f (r)
E2

√
1 + k f (r)

E2 − 1
, (17)

where k = 0,−1 corresponds to null and timelike geodesics,
respectively, and we consider only the ingoing motion.

1 A geodesic is complete if its affine parameter can extend [48] to
infinity.

For timelike geodesics with k = −1, if we suppose that
the test particle starts with dr/dt∗ = 0, i.e., E = 1, Eq. (17)
can be reduced [57] to

dr

dt∗
= −

√
2Mσ(r)

r
, (18)

then the Painlevé-Gullstrand time can be calculated

t∗ = −
∫ 0

∞
dr
√

r

2Mσ(r)
, (19)

which is divergent at r = 0 if σ has the same asymptotic
behavior around r = 0 as Eq. (9). In other words, the timelike
geodesics are complete at r = 0 if σ ∼ O(rn) with n ≥ 3,
which is consistent with the requirement of finite curvatures.

For null geodesics with k = 0, the initial velocity should
be dr/dr∗ = −1 at infinity, which also corresponds to E = 1.
Thus, Eq. (17) becomes

dr

dt∗
= −1 −

√
2Mσ(r)

r
. (20)

The Painlevé-Gullstrand time of null geodesics is divergent
if σ ∼ 1 as r → ∞, which also meets the requirement of
asymptotic flatness, i.e.

t∗ = −
∫ 0

∞
dr

1 +
√

2Mσ(r)
r

∼ −
∫ 0

∞
dr

1 +
√

2M
r

→ −∞.

(21)

The null geodesics are complete for a massless test particle
starting at infinity. However, this cannot provide any con-
straints to σ(r) in the vicinity of a BH center. In summary,
we have proved that the finiteness of curvature invariants and
the completeness of geodesics are equivalent for the spheri-
cally symmetric BHs with one shape function.

3 Construction of our model

We propose a shape function according to the asymptotic
behavior given by Eq. (9),

f (r, Q) = 1 − r2 + rδ(Q)

r3 + Q3 , (22)

where δ(Q) is a function of parameter Q and vanishes when
Q reduces to an extreme value Q = Qext which corresponds
to the extreme horizon rext, meanwhile we have performed a
transformation, r → r/(2M) and Q → Q/(2M), such that
all variables are dimensionless. The existence of an extreme
horizon indicates that this BH model has two horizons at
least.
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Fig. 1 The orange curve depicts the equation f (rH, Q) = 0 and the
blue line Q = Qext

Furthermore, from f (rext, Qext) = 0 and δ(Qext) = 0,
we derive the extreme horizon radius and charge,

rext = 2

3
, Qext = 22/3

3
, (23)

respectively. Thus, we select δ to be

δ(Q) = (Q − Qext)
2. (24)

Actually, δ(Q) as a function of Q is not unique, and it is a
relatively simple one we have selected. Alternatively, δ is a
function depending on the difference between outer and inner
horizons, r+ − r−, and vanishes when the BH reduces to its
extreme configuration, r+ = r− = rext, e.g., δ = r+ − r−.

The horizon curve f (rH, Q) = 0 is shown in Fig. 1, where
it clearly shows that there are two horizons for a given value
Q ≤ Qext. The maximum value of outer horizon r+ is

max{r+} = 1

2

(
1 +

√
1 + 4Q2

ext

)
≈ 1.228, (25)

which can be normalized to unity by a certain transformation.
It is not necessary to make such a normalization because Eq.
(22) does not reduce to the shape function of Schwarzschild
BHs when Q = 0.

Now let us analyze the change of divergence of curvature
invariants in our model, see Eqs. (22)–(24). The correspond-
ing curvature invariants around r = 0 are

K ∼ 8 (Q − Qext)
4

Q6r2 + 24 (Q − Qext)
2

Q6r
+ 24

Q6 + O (r) ,

(26a)

I6 ∼ 10 (Q − Qext)
4

Q6r2 + 36 (Q − Qext)
2

Q6r
+ 36

Q6 + O (r) ,

(26b)

which are divergent if Q �= Qext. Therefore, the BH that
we constructed has curvature singularity at r = 0, that is,
this BH is located at its singular state when Q �= Qext.
As Q approaches the extreme value Qext, the behaviors of
curvature invariants around r = 0 become

K ∼ 24

Q6
ext

− 168r3

Q9
ext

+ O
(
r4
)

, (27a)

I6 ∼ 36

Q6
ext

− 252r3

Q9
ext

+ O
(
r4
)

, (27b)

which implies that the curvature invariants are finite and pos-
itive at r = 0. Thus, the BH is located at its regular state
when Q = Qext. The transition of BHs due to the jump
in the parameter Q in our model is similar to the changes
between BHs and wormholes discussed in Refs. [58,59]. In
these two references, however, the change in the parameter
a or m does not have to correspond to a physical process. In
other words, the BHs and wormholes are more likely to be
regarded as independent physical objects that are described
by the same metric. The following contexts are to investigate
the changes of physical properties for our BH model as it
evolves from its singular to regular state.

4 Sources and energy conditions

In this section, we discuss the matter sources that may gen-
erate the BH model Eqs. (1) and (22) in the framework of
F(R) gravity and give the energy conditions of the matters
sources. The motivation for interpreting our BH model in the
context of F(R) gravity is that the entropy of RBHs has a
deviation from the entropy-area law of Einstein’s gravity if it

is calculated by S =
∫

dM/T , where T is BH temperature.

In other words, either the entropy-area theorem or this ther-
modynamic formulas is no longer valid. We anticipate that
the modified gravity may shed some light on resolving this
problem.

4.1 Matter sources in our model

We suppose that the action is of the following form,

I =
∫

d4x
√−g F(R) + IM , (28)

where IM represents the action of the matter sources that will
be determined below. The equation of motion with respect to
metric reads [60]

Mμν := F ′(R)Rμν − 1

2
F(R)gμν

− [∇μ∇ν − gμν�
]
F ′(R) = −Tμν, (29)

where we have defined

Tμν = 1√−g

δ IM
δgμν

, (30)

which leads to a minus sign in the right hand side of Eq. (29)
Now we analyze the algebraic structure of Mμν in order to

establish the action of matter sources. Since the metric Eq. (1)

123



1047 Page 6 of 25 Eur. Phys. J. C (2023) 83 :1047

is spherically symmetric and has one shape function Eq. (22),
the Ricci tensor Rμν has the algebraic structure [(1, 1)(11)],
so does F ′(R)Rμν . Here we adopt the Segré notation [61,62],
where symbol 1 corresponds to one component of Ricci ten-
sors, all components in parentheses are equal, and a comma
separates timelike and spacelike components. The remaining
part of Mμν is of [1, 1(11)] because the structure of gμν is
[1, 1(11)] and R depends only on radial coordinate r . As a
result, the algebraic structure of Mμν is [1, 1(11)]. There-
fore, the energy–momentum tensor Tμν must have the same
structure, otherwise, the equation of motion Eq. (29) would
not be satisfied.

Let us turn to the structure of the energy–momentum ten-
sor of nonlinear electrodynamics. It is [(1, 1)(11)], such that
it can generate spherically symmetric RBHs with one shape
function. However, only nonlinear electrodynamics is not
enough [8] for its energy–momentum tensor to have the same
algebraic structure as Mμν . To achieve our purpose, we intro-
duce a scalar field following the method of Ref. [18] because
the energy–momentum tensor of a scalar field has the alge-
braic structure [1(11, 1)].

The combination of nonlinear electromagnetic and scalar
fields provides the algebraic structure [1, 1(11)]. Thus, we
write down the action for the matter source,

IM =
∫

d4x
√−g

[
2W (φ)∂μφ∂μφ − 2V (φ) − L(F)

]
,

(31)

where V (φ) is potential of scalar fields and F = FμνFμν is
contraction of strength tensors. The introduction of W (φ) is
to guarantee that the kinetic term ∂μφ∂μφ is positive definite,
but this also leads to a redundant degree of freedom. It seems
a disadvantage but actually provides more possibilities for us
to construct reasonable scalar fields.

The energy–momentum tensor of the scalar field reads

Tμν[φ] = 2W (φ)∂μφ∂νφ − gμν

[
W (φ)∂αφ∂αφ − V (φ)

]
.

(32)

After substituting the metric Eq. (1) into the above equation,
we obtain

T ν
μ [φ] = f (r)W (r)φ′2 diag{−1, 1,−1,−1} + δν

μV (r),

(33)

which has the structure [1(11, 1)]. The energy–momentum
tensor of nonlinear electrodynamics takes the form,

Tμν[A] = −2LF FμαF
α

ν + 1

2
gμνL(F), (34)

where LF denotes the derivative of L with respect to F . The
explicit form of T ν

μ [A] is

T ν
μ [A] = 1

2
diag

{
L,L,L − 4Q2

r4 LF ,L − 4Q2

r4 LF ,

}
,

(35)

where the contraction of strength tensors reads

F = 2Q2/r4, (36)

and Q is magnetic charge [14,18]. The algebraic structure
of T ν

μ [A] is [(1, 1)(11)], therefore the combination of two
matters T ν

μ [φ] + T ν
μ [A] has [1, 1(11)] as we expected.

To give T ν
μ [φ] + T ν

μ [A] explicitly, we suppose that F(R)

has the same form with the Starobinsky inflation model [63],

F(R) = R + αR2, (37)

but with parameter α that will be determined via the formula
of entropy below. Then, we solveL,V , andWφ′2 as functions
of radial coordinate r by substituting Eqs. (22), (32), (34) and
(37) into Eq. (29), see Appendix B for the derivations and
results.2 We verify that the following Klein–Gordon equation
holds automatically,

∂W

∂φ
∂μφ∂μφ + 2W (φ)�φ + ∂V

∂φ
= 0, (38)

or

2W
[(
r f ′ + 2 f

)
φ′ + r f φ′′]+ r f W ′φ′ + rV ′

φ′ = 0, (39)

when the metric Eq. (1) with the shape function Eq. (22),
together with the relevant L, V , W and φ, is substituted into
it, which means that the metric Eq. (1) with the shape function
Eq. (22) is indeed the solution of F(R) gravity with the matter
source described by Eqs. (28) and (31). We then draw L,
V , and Wφ′2 in the density plots of full two-dimensional
parameter space, {r, Q}, see Fig. 2.

We make two comments. The first is that L, V and Wφ′2
may change their signs along the r -axis. This signifies that
it is appropriate and necessary to introduce W , otherwise a
negative φ′2, φ′2 < 0, would lead to a contradiction. The
second comment is that these solutions may diverge at the
BH center. To exhibit this divergent nature clearly, we plot
the solutions with specific values of Q in Figs. 3 and 4, where
L, V and Wφ′2 are divergent at r = 0 for a singular state but
approach finite values for a regular state.

We further list the asymptotic behaviors ofL,V , andWφ′2
for both singular and regular states in order to illustrate the
properties of the two states clearly.

We consider a singular state at first. As r → ∞, we have

2 By further considering Eq. (36), we give L(F). In addition, we can
separate W from Wφ′2 by using the ansatz Eq. (51). See Appendix B
for the details.
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Fig. 2 Density plots of matter sources. The orange curves correspond to the horizons, f (rH, Q) = 0, where α = 1 is set

Fig. 3 Nonlinear electrodynamic source. The orange curves correspond to a regular state, while the gray curves are a singular state. In addition,
the blue dotted line depicts Maxwell’s asymptotic, L(F) = F . α = 1 is set

Fig. 4 Scalar field source. The orange curves correspond to a regular state, while the gray curves a singular state, where α = 1 is set
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Fig. 5 Separation of W (r, Q) and [∂rφ(r, Q)]2 from Wφ′2. α = 1 is set

L ∼ L0 −
40πα

(
−7δ2 + 18Q3 − 7δQ

)

3
√

3Q8
− 2δ

r4 + O
(
r−5

)
,

(40)

where L0 is an integration constant which can be fixed by
L → 0 as r approaches infinity [64],

L0 = 40πα
(−7δ2 + 18Q3 − 7δQ

)
3
√

3Q8
. (41)

Correspondingly, we obtain

V ∼ 126αQ3

r8 + O
(
r−9
)

, (42)

and

Wφ′2 ∼ −252αQ3

r8 + O
(
r−9
)

. (43)

As r → 0, we have

L ∼ 16αδ

Q3r3 + 12αδ2

Q6r2 + 4
(
24α + Q3

)
δ

Q6r
+ O

(
r0
)

, (44)

V ∼ 4αδ

Q3r3 − 18αδ2

Q6r2 − 60αδ

Q6r
+ O

(
r0
)

, (45)

Wφ′2 ∼ 12αδ

Q3r3 − 60αδ

Q6 − 252αr

Q6 + O
(
r2
)

, (46)

which are divergent at r = 0 in the form of r−3.
Now we turn to the asymptotic behaviors of a regular state.

As r → ∞, we derive

L ∼ 6Q3
ext

r6 + O
(
r−8
)

, (47)

which is different from Eq. (40) when compared with the
Lagrangian of a singular state. But the asymptotic behav-

iors of V and Wφ′2 remain unchanged when compared with
those of a singular state, see Eqs. (42) and (43), just with the
replacement of Q by Qext. On the other hand, as r → 0,
the obvious differences emerge between singular and regular
states, i.e., L, V and Wφ′2 do not diverge any longer for a
regular state,

L ∼
10α

(
32

√
3πQext + 9

)

3Q6
ext

+ 6

Q3
ext

+ O
(
r1
)

, (48)

V ∼ −
5α
(

32
√

3πQext + 9
)

3Q6
ext

+ O
(
r1
)

, (49)

Wφ′2 ∼ −252αr

Q6
ext

+ O
(
r2
)

. (50)

In order to determine W and φ separately, we introduce
the following ansatz for a scalar field,

[
φ′(r)

]2 = δ + r2

r2
(
r3 + Q3

)4/3 . (51)

Thus, W and φ′2 can be separated as shown in Fig. 5, where
φ′2 is positive definite although it diverges in a certain region
of the parameter space, {r, Q}, see Fig. 5b.

Furthermore, we provide the numeric solution of φ

in Fig. 6.
We note that φ is a monotone decreasing function of radial

coordinate r and vanishes as r approaches infinity. Moreover,
φ diverges at the BH center except for Q = Qext, i.e., when
the BH stays at its regular state, the scalar field is bounded,

max{φ(r, Qext)} ≈ 3.3386. (52)

The dependence of V and W on φ is exhibited in Fig. 7.
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Fig. 6 φ(r). α = 1 is set

It is worth emphasizing that V and W will end up in the
extreme value of φ, see Eq. (52), when the BH is in its regular
state (orange curves in Fig. 7). Further, we note that W (φ)

vanishes at φmax ≈ 3.3386. This implies Wφ′2 = 0 at the BH
center. In other words, the scalar field does not have kinetic
energy at r = 0 when the BH is in its regular state.

4.2 Energy conditions of matter sources

It is known that RBHs can bypass [5,65] the Penrose singu-
larity theorem because they violate the strong energy con-
dition (SEC). In addition, the other energy conditions, like
the null energy condition (NEC), the weak energy condi-
tion (WEC), and the dominant energy condition (DEC), are
applied to examine the pathological behaviors of spacetime,
see, e.g., Ref. [66] and the references within. Therefore, the
energy conditions play an important role in the study of RBHs
[58,67–69].

In the current subsection, we investigate the energy con-
ditions in our model Eq. (22) from two aspects: One is the
effective energy conditions of spacetime and the other aspect
is the energy conditions of each matter source.

Given a diagonalized energy–momentum tensor, T ν
μ =

diag{−ρ0, p1, p2, p3}, the energy conditions can be
expressed in terms of the diagonal components of T ν

μ as fol-
lows:

NEC: ρ0 + pi ≥ 0,

WEC: ρ0 ≥ 0
⋂

ρ0 + pi ≥ 0,

SEC: ρ0 +
3∑

i=1

pi ≥ 0
⋂

ρ0 + pi ≥ 0,

DEC: ρ0 ≥ 0
⋂

ρ0 − |pi | ≥ 0,

(53)

where i = 1, 2, 3.
For the matter sources Eq. (31), we define the energy den-

sities and pressures of scalar and monopole fields, respec-
tively, using our conventions in Sect. 4.1,

ρ0[φ] = T 0
0 [φ], pi [φ] = −T i

i [φ], (54a)

ρ0[A] = T 0
0 [A], pi [A] = −T i

i [A]. (54b)

Thus, the effective energy density and pressure of spacetime
in F(R) gravity can be introduced directly by the contribu-
tions of scalar field Eq. (54a) and monopole field Eq. (54b),

ρ0[M] = T 0
0 [φ] + T 0

0 [A], pi [M] = −T i
i [φ] − T i

i [A],
(55)

where M within a square bracket denotes the matter consist-
ing of φ and A. The effective energy conditions of spacetime
are shown in Fig. 8, where we use the blue area to mark the
validity of energy conditions and the orange curve to mark
the horizon, f (rH, Q) = 0.

We note that the effective energy conditions of spacetime
are badly damaged, especially the DEC. In addition, the NEC,
the WEC, and the SEC are disrupted outside the horizon when
Q becomes small. To figure out which ingredient of matter is
responsible for such damage, we draw the energy conditions
associated with the scalar and monopole fields in Figs. 9 and
10, respectively.

Fig. 7 Dependence of V and W on φ. The orange curves (regular states) end up at blue points, while the gray curves (singular states) do not. α = 1
is set
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Fig. 8 Effective energy conditions of spacetime in F(R) gravity. α = 1 is set

Fig. 9 Energy conditions of the scalar field

Fig. 10 Energy conditions of the monopole field

It can be seen that the DEC of scalar and monopole fields is
destroyed outside the horizon, whereas the NEC, WEC, and
SEC are damaged outside the horizon by the monopole field
when the charge is small. In addition, Fig. 8c demonstrates
that the SEC is broken near r = 0 even in the singular state,
and such a violation is caused by the scalar field, which can
be deduced when we compare Fig. 9c with Fig. 10c. As a
result, it is not possible to give the reason for the existence of
singularity just from the point of view of energy conditions.
Perhaps we need to start with the complete theory of geodesic
convergence and then analyze Raychaudhuri’s equation [42].

5 Quasinormal frequencies in our model

In this section, we consider the dynamic properties of our
model by investigating the frequencies of quasinormal modes
(QNMs) and their damping limit for a massless scalar field
perturbation, i.e., the so-called asymptotic quasinormal fre-
quencies (QNFs). The calculations we shall make are based
on the 13th-order WKB approach improved by the Padé
approximation [70,71], the light ring/QNMs correspondence
[72,73], and the monodromy method [74–76].
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Fig. 11 Effective potential with respect to r and r∗, respectively. α = l = 1 is set

Fig. 12 Dependence of QNFs on the charge Q with l = 6

5.1 Scalar field perturbation

We write down the equation of a massless scalar field [77–
79],

1√−g
∂μ

(√−ggμν∂ν�
) = 0. (56)

To separate the variables, we take the ansatz,

� = �(r)

r
Ym
l (θ, φ)e−iωt , (57)

and then obtain the equation satisfied by the radial compo-
nent,

d2�

dr2∗
+ ω2� = Veff(r)�, (58)

where r∗:=
∫

dr/ f (r) denotes the tortoise coordinate and

the effective potential reads

Veff(r) = f (r)

[
l(l + 1)

r2 + f ′(r)
r

]
. (59)

Substituting the shape function Eq. (22) into the above equa-
tion, we plot the effective potential for three Q values in Fig.
11, where Fig. 11a is for V (r) and Fig. 11b for V (r∗).

The shape of the effective potential implies that we are
dealing with a scattering problem. The so-called quasinormal
modes are defined as the solution of Eq. (58) satisfying the
particular boundary conditions,

� ∼ e±iωr∗ , r∗ → ±∞. (60)

To compute the QNFs, we use the 13th-order WKB approach
improved by the Padé approximation [70,71].

For a specific value of l = 6, we compute the QNFs with
different values of Q. The relation is shown in Fig. 12, where
we find the curves that fit the data best via the polynomials
of Q.

The linear relation of the real part of the QNFs with charge
is obvious in Fig. 12a, where the fit line is of the form,

y = c1x + c0, (61)

with c1 ≈ 0.8989 and c0 ≈ 2.1675. However, the imaginary
part shows the nonlinear relation with respect to the charge,

y = c4x
4 + c3x

3 + c2x
2 + c1x + c0, (62)
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Fig. 13 Quasinormal frequencies in the complex frequency plane

where the fit coefficients take the values as follows:

c0 ≈ 0.1798, c1 ≈ 0.0594, c2 ≈ −0.2010,

c3 ≈ 0.6202, c4 ≈ −1.0660. (63)

Figure 13 depicts the relationship between 
(ω) and
−�(ω) with more values of charge Q ∈ [0, Qext] and multi-
pole number l ∈ [1, 10], where the frequencies with the same
multipole number l are joined into a curve. Meanwhile, all
curves have a similar shape: One global minimum is located
at Qext and one global maximum at a critical value QC.

We calculate these critical values QC for a varying multi-
pole number l ∈ [1, 10] and their corresponding QNFs, see
Table 1.

The data circled by bold in Table 1 show a possible phe-
nomenon that QC and −�(ω) converge to constants in the
eikonal limit (l � 1).

To provide an analytic result for the QNFs, we apply the
light ring/QNMs correspondence [72], according to which
the QNFs can be cast in the following form,

ω = �c l − i

(
n + 1

2

)
|λc|, (64)

where �c denotes the angular velocity of a test scalar particle
moving along an unstable null geodesic and λc is the Lya-
punov exponent. The applicability of this correspondence is
limited, as evidenced by the case of the Einstein-Lovelock
theory [80]. Furthermore, if the magnetic field’s influence on
photon spheres is disregarded in our model, the correspon-
dence is valid. However, if the magnetic field’s influence on
photon spheres is considered, the correspondence is invalid,

as in the cases discussed in Refs. [39,81]. Note that the sub-
script c means that the angular velocity and Lyapunov expo-
nent are calculated at the radius of a circular null geodesic,
rc, determined by

2 fc = rc f
′
c, (65)

where fc := f (rc) and a prime means the derivative with
respect to r . Thus we have [73]

�2
c = fc

r2
c
, λ2

c = fc
2r2

c

(
2 fc − r2

c f ′′
c

)
. (66)

For the shape function Eq. (22), we obtain the equation of a
photon sphere,

Q3rc (Q − Qext)
2 + 4r4

c (Q − Qext)
2

−2
(
r3
c + Q3

)2 + 3r5
c = 0, (67)

the angular velocity,

�2
c = −rc (Q − Qext)

2 + r3
c − r2

c + Q3

r2
c

(
r3
c + Q3

) , (68a)

and the Lyapunov exponent,

λ2
cr

2
c

(
r3
c + Q3

)4 =
[
−rc (Q − Qext)

2 + r3
c − r2

c + Q3
]

×
[

− Q6rc (Q − Qext)
2 − 8Q3r4

c (Q − Qext)
2

+ 2r7
c (Q − Qext)

2 + 3Q6r3
c + 3Q3r6

c − 9Q3r5
c + r9

c + Q9
]
,

(68b)

respectively. The dependencies of �c and λc on Q are shown
in Fig. 14.

The linear relation of �c and Q can be found approxi-
mately,

�c ≈ k1Q + k0, (69)

where k0 = 0.3339 and k1 = 0.1360. When the above equa-
tion is compared with Eq. (61), the former differs from the
latter by a factor of l = 6 due to 
(ω) = �c l. We can see
from Fig. 14b that the Lyapunov exponent takes its maxi-
mum value, λmax

c ≈ 0.3753, when QC ≈ 0.2689, which cor-
responds to the maximum of the minus imaginary part due to
−�(ω) = (n + 1

2

) |λc|. These data are consistent with those
in Table 1 for the case of l = 6.

Table 1 QC, the real part, and the maximum of the minus imaginary part with respect to the multipole number, l ∈ [1, 10]
l = 1 l = 2 l = 3 l = 4 l = 5 l = 6 l = 7 l = 8 l = 9 l = 10

QC 0.2861 0.2910 0.2929 0.2938 0.2943 0.2946 0.2947 0.2949 0.2950 0.2950


(ω) 0.5681 0.9394 1.3126 1.6864 2.0603 2.4345 2.8086 3.1829 3.5571 3.9314

−�(ω) 0.1903 0.1886 0.1881 0.1879 0.1878 0.1877 0.1877 0.1876 0.1876 0.1876
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Fig. 14 Angular velocity and Lyapunov exponent

Fig. 15 Stokes portraits with r0 = 0 as the central point over which the Stokes lines (orange curves) must cross. The blue vector field corresponds
to the Stokes field and the purple points to the complex horizons

We end this subsection by summarizing the dynamic evo-
lution in our model: As the charge Q goes to its extreme value
Qext, the minus imaginary part approaches to its minimum.
In other words, the decay amplitude becomes minimum. As
a result, the regular state corresponds to the most stable state
of our BH model.

5.2 Asymptotic quasinormal frequencies

In this subsection, we calculate asymptotic quasinormal fre-
quencies using the monodromy method [74,75]. This method
is based on the Stokes portrait [76] which consists of Stokes
lines 
[r∗] = 0, Stokes fields V st = {� [1/ f ] , 
 [1/ f ]},
and complex horizons, i.e., the complex roots of the equa-
tion, f (rH) = 0. In fact, the Stokes portrait shows a branch
of Riemann surfaces described by r∗(r). The operations, 

and �, appear because we analytically continue the radial
coordinate into the complex plane, r → x+ iy or r → ρ eiϕ ,
where x, y, ρ, ϕ ∈ R.

We start with the analysis of singularities of differential
equations. The master equation, Eq. (58), has four regular
singular points3 due to the behavior of effective potential
Eq. (59),

r0 = 0, r1 = −Q, r2 = (−1)1/3Q, r3 = −(−1)2/3Q,

(70)

where only r1, r2 and r3 are “singular points” of Stokes lines
if Q �= 0, see Figs. 15, 17 and 19. Here, the “singular point”
refers to the point where the curve (Stokes line) has self-
intersection in the sense of algebraic geometry [82]. Thus,
when using the monodromy method, r = r0 should be treated
as an ordinary point except Q = 0. If Q equals zero, the four
regular singular points, see Eq. (70), merge into one. In this
case, r0 reduces to one singular point of Stokes lines, see Fig.
15c.

3 For a given differential equation, y′′(x)+P(x)y′(x)+Q(x)y(x) = 0,
if either P(x) or Q(x) diverges at x = x0, but (x − x0)P(x) and
(x − x0)

2Q(x) remain finite, then x0 is called a regular singular point.
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Fig. 16 Polar Stokes portraits corresponding to Fig. 15

Fig. 17 Stokes portraits, where the Stokes lines cross over r2 = (−1)1/3Q or r3 = −(−1)2/3Q

The Stokes portraits of the model Eq. (22) can be separated
into three groups according to the ways how the Stokes lines
cross over a regular singular point.

1. Stokes lines cross over the point r = r0, see Figs. 15
and 16, where the Stokes lines in Fig. 15 are built in the
Cartesian complex plane, while those in Fig. 16 are in the
polar complex plane, i.e. r = ρeiϕ . However, only in Fig.
15c, the monodromy of asymptotic solutions of Eq. (58)
along the Stokes lines is non-trivial. The reason is that
r = r0 is the branch point in Fig. 15c, but not in Figs. 15a
and 15b. Therefore, we ignore the cases in Figs. 15a and
15b.

2. Stokes lines cross over the point r = r2 or r = r3, which
is the second non-trivial case, see the Cartesian Stokes
portraits in Fig. 17 and polar ones in Fig. 18, respectively.

3. Stokes lines cross over the point r = r1, see the Cartesian
Stokes portraits in Fig. 19 and polar ones in Fig. 20.
Although it is non-trivial, the monodromy is associated
with the non-physical horizon at the negative axis of x .
Thus, we will not take into account this case, either.

At first, we calculate the asymptotic quasinormal frequen-
cies in the case of Q = 0 based on the Stokes portraits, see
Figs. 15c and 16c. The tortoise coordinate has the following
asymptotic behavior in the limit of r → 0,
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Fig. 18 Polar Stokes portraits corresponding to r2 = (−1)1/3Q

Fig. 19 Stokes portraits, where the Stokes lines cross over r1 = −Q

z → − r3

3Q2
ext

+ O
(
r4
)

, (71)

where z is the analytical continuation of r∗ into a complex
plane. The leading order of the effective potential reads

Veff → −2Q4
ext

r6 + O

(
1

r5

)
. (72)

Thus, the master equation becomes

− d2�

dz2 − 2

9z2 � = ω2�, (73)

which does not contain the multipole number l. From this
equation, we solve one asymptotic solution via the combina-
tion of Bessel functions,

� = A1
√

2πωz J 1
6
(ωz) + A2

√
2πωz J− 1

6
(ωz), (74)

where A1 and A2 are two integration constants.
Then we try to find the formula of asymptotic quasinor-

mal frequencies by matching the monodromy of the above
asymptotic solution along two contours we choose depend-
ing on the Stokes lines in Fig. 15c. The first circles the outer
horizon. The second contour starts at infinity in the lower left
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Fig. 20 Polar Stokes portraits corresponding to r1 = −Q

corner, rotates at the merged regular singular point, and then
goes out to infinity in the upper left corner, and finally goes
along a large arc to infinity in the lower left corner. The for-
mula of asymptotic quasinormal frequencies takes the form,

ω

T+
H

= ln 2 + 2πi

(
n + 1

2

)
, (75)

where T+
H (T−

H ) is BH temperature at the outer (inner) hori-
zon, n > 0 and n ∈ Z. The details of the calculation can
be found in Appendix A. Comparing with the case in the
Schwarzschild BH [74], we note that the real part of ω/T+

H
is weakened.

Now let us turn to the Stokes portrait Fig. 17b, where
Q ∈ (0, Qext). Similarly, we can obtain the asymptotic quasi-
normal frequency by the monodromy method,

eω/T+
H = −2[cos(πν) + 1)]e−ω/T−

H − 2 cos(πν) − 1, (76)

which has the same form as that of Hayward BHs [76].
Here ν = √

1 − 4V0 with V0 defined by Eq. (106),
see Appendix A. When Q goes to Qext, the inner and
outer horizons are close to each other. When Q is equal
to Qext, the inner and outer horizons merge into the
extreme horizon, and the Stokes line seems to cross over
the extreme horizon, see Fig. 17a, but this is not the
case.

To clarify whether the Stokes line crosses over the extreme
horizon or not, we write down the equations of Stokes lines
describing this case,

48 − 72x

(2 − 3x)2 + 9y2 + ln
[
(3x + 1)2 + 9y2]

+8 ln
[
(2 − 3x)2 + 9y2]+ 18x

=5 · 22/3+8−24/3+ ln
[
746496

(−4+24/3+22/3)] .
(77)

The extreme horizon corresponds to the point {x, y} =
{0, 2/3}, which is not the solution of Eq. (77). In other
words, the Stokes line does not cross over the extreme hori-
zon. More precisely, no Stokes line can be defined at that
point in the complex plane. The monodromy method is not
available for the extreme case, and it is not feasible in the
limit of Q → Qext for Eq. (76), either. The reason is that
the exponential function eω/T+

H blows up when T+
H goes to

zero.

6 Black hole thermodynamics

The thermodynamics of RBHs is associated currently with
many inconclusive issues, where two of the most important
ones are entropy and the first law of thermodynamics. On
the one hand, the entropy of RBHs is problematic because a

simple thermodynamic formula, S̃+ =
∫

dM/T , yields an

inconsistency with that obtained by Wald’s Noether-charge
method [83] or Hawking’s path integral method [84]. On the
other hand, the problem is that there are ambiguous terms
in the first law of thermodynamics for RBHs if the first law
is constructed in the thermodynamic phase space without
redundant degrees of freedom.

In this section, we propose an alternative method to
resolve the inconsistency between the thermodynamic for-
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mula, S̃+ =
∫

dM/T , and Wald’s Noether-charge method.

In addition, using a self-consistent entropy, we also examine
the thermodynamics of our BH model described by Eq. (22)
and the relationship between the divergence of heat capacity
and the divergence of thermodynamic curvatures at the end
of this section.

6.1 Thermal entropy and Wald entropy

At first, we denote S̃+ as the entropy obtained by the ther-

mal formula, S̃+:=
∫

dM/T , and SW as the Wald entropy.

Secondly, we recover the mass parameter in Eq. (22) by
the replacements of r → r/(2M), Q → Q/(2 M), and
Qext → Qext/(2 M),

f = 1 − r
[
(Q − Qext)

2 + 2Mr
]

Q3 + r3 , (78)

where r , Q, and M have the same dimension, [r ] = [Q] =
[M]. Next, we represent the outer horizon r+ via the follow-
ing form,

M = − (Q − Qext)
2 r+ + r3+ + Q3

2r2+
, (79)

and express the temperature in terms of r+, Q, and Qext,

T = r+ (Q − Qext)
2 − 2Q3 + r3+

4πr+
(
Q3 + r3+

) , (80)

which has an inverse dimension of mass, [T ] = [M]−1.
Let us compute S̃+ and SW, respectively. If M is regarded

as internal energy, the entropy S̃+ can be calculated by the
usual thermodynamic formula,

S̃+:=
∫ r+ dM

T
= πr2+ − 2πQ3

r+
. (81)

The dimension of S̃+ is the square of mass, [S̃+] = [M]2.
The first term in Eq. (81) corresponds to the entropy-area law,
which equals A/4 in Einstein’s gravity. The second term is a
deviation, which inspires us to interpret our model in terms
of F(R) gravity. Moreover, the Wald entropy of F(R) theory
is of the form [85],

SW = A

4

(
∂F(R)

∂R

)∣∣∣∣
r+

. (82)

According to our proposal in Sect. 4, if the the Starobinsky
form is chosen, F(R) = R + αR2, see Eq. (37), we have

SW = A

4
(1 + 2αR)|r+ , (83)

where the dimension of Ricci scalars is the square of the
inverse of mass, [R] = [M]−2, and α has the dimension of
square of mass, [α] = [M]2. The magnitude of R at the outer
horizon reads

R+ = 6Q3
[− (Q − Qext)

2 r+ − r3+ + 2Q3
]

r2+
(
r3+ + Q3

)2 . (84)

If α is chosen to be the special form,

α =
(
Q3 + r3+

)2
6r+

[−2Q3 + (Q − Qext)2r+ + r3+
] , (85)

S̃+ equals SW.
We note that many possible forms of F(R) give the equal-

ity, S̃+ = SW. For instance, if we take

F(R) = R + α�(R), (86)

rather than the Starobinsky form, where �(R) is a non-trivial
function of Ricci scalars, e.g., �(R) = 1/R, etc., we still
obtain this equality for our model. Such an observation can be
understood when the different Lagrangians of F(R) gravity
lead to the same equations of motion.

6.2 Phase transition

In this subsection, we first analyze whether there are Davies
points [86] in our model, i.e., the divergent points of heat
capacity, corresponding to the second-order phase transition
points of our BH model. The motivation comes from the
fact that our model, Eq. (78), reduces to the Hayward model
when Q equals Qext. The heat capacity of the Hayward BH
has a single Davies point [87], thus our model may have
the same thermodynamic structure as the Hayward BH. Fur-
ther, we consider the correspondence [88,89] between the
divergences of heat capacity and the divergences of different
thermodynamic curvatures in our model.

To this end, we calculate the heat capacity when Q is
constant, i.e.,

CQ :=T

(
∂ S̃+
∂T

)
Q

, (87)

which gives an analytical result,

CQ = 2π
(
Q3 + r3+

)2 [
r+ (Q − Qext)

2 − 2Q3 + r3+
]

−3r5+ (Q − Qext)
2 + 10Q3r4+ + 2Q6r+ − r7+

,

(88)

where the divergent point (Davies point) is unique and
approximately located [90] at the zeros of ∂2

S̃+
M = 0, i.e.,

Qc/(2M) ≈ 0.428243 that is less than the extreme charge
Qext, see Fig. 21.

In other words, the singular state with Q/2M < 0.428243
must undergo a second-order phase transition in order to
evolve to the regular state.
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Fig. 21 Heat capacity

Now let us turn to the singularities of thermal curva-
tures. According to Ruppeiner’s geometry, the thermody-
namic metric is cast in the following form,

gR =
(

∂2
M S̃+ ∂M∂Q S̃+

∂M∂Q S̃+ ∂2
Q S̃+

)
. (89)

The corresponding thermal curvature is denoted byRR which
is positive and shown in Fig. 22a, indicating that repulsive
interactions are the most prevalent among the microstructures
[91,92].

Further, there are two divergent points in RR,

Q1/(2M) ≈ 0.13358, Q2/(2M) = Qext, (90)

where Q1/(2M) is a zero of (∂M∂Q S̃+)2 − (∂2
M S̃+)(∂2

Q S̃+)

and Q2/(2 M) comes from another factor in the denominator
of RR, see Table 2 below. However, neither of these two
singularities corresponds to Qc, i.e., the singularities of heat
capacity and Ruppeiner curvature do not have any evident
relation.

A similar situation of singularity will happen in Wein-
hold’s geometry, where the metric reads

gW =
(

∂2
S̃+

M ∂S̃+∂QM

∂S̃+∂QM ∂2
QM

)
, (91)

because Eqs. (91) and Eqs. (89) are related to each other via
a conformal factor [93]. Therefore, RW has the same singu-
larities with those of RR, see Fig. 22b, where Q1/(2M) now
corresponds to the zero of (∂S̃+∂QM)2 − (∂2

S̃+
M)(∂2

Q M).

In addition, the singularity, Q1/(2M), coincides [89] with
the critical point of first-order phase transition, which cor-
responds to the zeros of (∂M∂Q S̃+)2 − (∂2

M S̃+)(∂2
Q S̃+) for

Ruppeiner’s geometry and (∂S̃+∂QM)2−(∂2
S̃+

M)(∂2
Q M) for

Weinhold’s geometry.
Another way to introduce a thermal metric was proposed

in Refs. [94,95], which is called Geometrothermodynamics
(GTD). This theory is invariant under the Legendre transfor-
mation, which leads to three metrics. One of them is [96]

gGTD =
(
S̃+∂S̃+M + Q∂QM

)(−∂2
S̃+

M 0

0 ∂2
QM

)
, (92)

which belongs to the type-II of Ref. [89] and the singularities
of corresponding thermal curvatures are expected to coincide
with the critical points of the second-order phase transition.
The thermal curvature, RGTD, is exhibited in Fig. 23.

We note that there are three singularities,

Q3/(2M) ≈ 0.191286, Q4/(2M) ≈ 0.428243,

Q5/(2M) ≈ 0.459753, (93)

where Q4/(2M) coincides with the singularity of heat capac-
ity Qc/(2M) and is the zero of ∂2

S̃+
M , whereas Q3/(2 M)

and Q5/(2 M) are zeros of ∂2
QM , which have no counterparts

in heat capacity. In a word, RGTD provides more singular-
ities than heat capacity. This phenomenon is the same for
some other thermodynamic metrics, such as in Ref. [90]. As

Fig. 22 Thermal curvatures of Ruppeiner and Weinhold geometries
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Table 2 The first row displays the formulas that appear in the denominators of curvature invariants in different thermodynamic geometries. The
second and third rows give the zeros of different formulas, where the stars in the third row imply that no real roots exist

∂2
S̃+

M ∂2
QM S̃+ ∂S̃+ M (∂M∂Q S̃+)2 − ∂2

M S̃+∂2
Q S̃+ (∂S̃+∂QM)2 − ∂2

S̃+
M∂2

QM

0.428243 0.191286 22/3/3 22/3/3 0.13358 0.13358

* 0.331191 * * * *

Fig. 23 Thermal curvature of GTD geometry

long as there are multiple types of singularities in the thermo-
dynamic curvature that correspond to the zeros of formulas
rather than ∂2

S̃+
M (see Table 2), we can always reach the same

conclusion as above.
We end this subsection with a comment on the correspon-

dence between the divergence of heat capacity and the diver-
gence of GTD curvature invariants. Unlike previous works by
others, we interpret the RBH in terms of F(R) gravity rather
than Einstein’s gravity. This interpretation has its advantage
because it guarantees the consistency of the Wald entropy
SW and the entropy calculated by the usual thermodynamic

formula, S̃+ =
∫

dM/T , but it explains only partially the

connection between the divergence of heat capacity and the
divergence of curvature invariants in the GTD. The reason
comes from the complicated nature of RBH thermodynam-
ics, which is related to various factors, such as the interpre-
tation and parameterization of spacetime metrics, as well as
the construction of thermal metrics. Our model suggests that
it is important to consider the poles of curvature invariants,
i.e., the zeros in the denominators of curvature invariants, in
relation to heat capacity when constructing a thermal metric.

7 Conclusion and outlook

In this paper, we propose an RBH model that can be used
to simulate the final state of an SBH. Our motivation is to
investigate the physical differences between RBHs and SBHs
as a result of singularities’ presence or absence. We also
interpret this RBH model in terms of F(R) gravity, where

the matter sources are a nonlinear scalar field and a magnetic
monopole in nonlinear electrodynamics.

The interpretation by F(R) gravity resolves the well-
known problem of RBHs, namely the inconsistency between
the Wald entropy and the entropy calculated by the usual ther-
modynamic formula. Moreover, we find that the four energy
conditions of two matter constituents are violated in varying
degrees, especially the DEC which is completely violated
outside the outer horizon.

Further, we investigate the dynamics and thermodynamics
of our model in order to examine its physical properties. On
the side of dynamics, we study the perturbation of a mass-
less scalar field on this BH background. We compute the
corresponding QNFs by the 13th-order WKB approach with
a Padé approximation, and their asymptotic limit by the mon-
odromy method. We note from the spectrum of QNFs that
the RBH as the final state is also the most stable dynami-
cally, and has the maximum oscillation frequency. As to the
asymptotic QNFs, the monodromy method cannot give any
valid predictions. The reason for this is not the disappearance
of singularity, but the merging of the inner and outer horizons
on the Stokes portraits.

On the side of thermodynamics, we investigate the phase
transition in addition to explaining the entropy shift by F(R)

gravity. We are attempting to discover a connection between
the phase transition predicted by heat capacity and three
types of thermodynamic curvatures, particularly based on
self-consistent entropy. We draw two conclusions here. The
first is that the divergence of heat capacity does not coin-
cide with the divergences of both Ruppeiner and Weinhold
curvatures in our model, but that it appears as one of the
divergent points in the GTD curvature. In other words, the
GTD curvature predicts more critical points of second-order
phase transitions than the heat capacity. The second conclu-
sion is that the regular state appears as a divergent point in
both Ruppeiner and Weinhold curvatures, indicating that it is
also a critical point of first-order phase transitions according
to the current study on the GTD.

Finally, we mention that the present paper focuses just
on a static and spherically symmetric BH that evolves to its
regular state when the charge or horizon radius goes to its
extreme value – a regular but non-rotating BH. Next, we
plan to investigate the evolution of rotating BHs [97], espe-
cially the issue of how a singular rotating BH evolves to its
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regular counterpart, together with the relevant topics, such
as the superradiance of rotating BHs [98]. To this end, the
Newman–Janis algorithm (NJA) [99,100] will be applied to
Eqs. (1) and (22) in order to construct the metrics of rotating
BHs. This work is in progress.
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Appendix A: Derivations of asymptotic quasinormal fre-
quencies (Eqs. (75) and (76))

We start with Eq. (74) and apply the asymptotic behavior of
the Bessel functions,

J± 1
6
(ωz) ∼

√
2

πωz
cos (ωz − α±) , |ωz| � 1, (94)

with

α± = π

4

(
1 ± 1

3

)
, (95)

to rewrite the solution of master equations,

� ∼ 2A1 cos (ωz − α+) + 2A2 cos (ωz − α−)

=
(
A1e−iα+ + A2e−iα−

)
eiωz

+
(
A1eiα+ + A2eiα−

)
e−iωz .

(96)

One of the boundary conditions in Eq. (60),

� ∼ e−iωz, z → +∞ (97)

leads to an equality

A1e−iα+ + A2e−iα− = 0, (98)

which will be applied later to determine the asymptotic quasi-
normal frequency.

The angle information is shown in Fig. 16, where r rotates
π around r0 = 0, i.e., z rotates 3π. Considering the property
of the Bessel functions,√

2πe3iπωz J± 1
6

(
e3iπωz

)

= e
3πi
2 (1± 1

3 )
√

2πωz J± 1
6
(ωz) ∼ 2e6iα± cos(ωz − α±),

(99)

we obtain the asymptotic solution after such a rotation,

� ∼ 2A1e6iα+ cos(−ωz − α+) + 2A2e6iα− cos(−ωz − α−)

= (A1e7iα+ + A2e7iα− )eiωz + (A1e5iα+ + A2e5iα− )e−iωz .

(100)

Then, closing the contour and comparing it with the rotation
around the outer horizon, we arrive at

A1e5iα+ + A2e5iα−

A1eiα+ + A2eiα− e− πω
κ = e

πω
κ . (101)

At last, we derive the formula of asymptotic quasinormal
frequencies, Eq. (75) associated with the Stokes lines in Fig.
15c, from Eqs. (98) and (101).

Now we calculate the asymptotic quasinormal frequencies
by using the monodromy method, see Fig. 17b. At first, we
compute the tortoise coordinate at r = r3,

z ∼ C(Q)
(
r + (−1)2/3Q

)2 + O

[(
r + (−1)2/3Q

)3
]

,

(102)

where C(Q) is a complex function of Q,

C(Q) = − 3Q

2
[
−2(−1)1/3QQext + (−1)1/3Q2

ext + (−1)1/3Q2 + Q
] ,

(103)

Fig. 24 Complex function C(Q). The blue point denotes the place
where Q = Qext
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see also Fig. 24.
Then, we expand the effective potential at r = r3 and

obtain

Veff = − (−1)1/3
[
(−1)1/3(Q − Qext)

2 + Q
]2

9Q3
(
r + (−1)2/3Q

)3
+O

[(
r + (−1)2/3Q

)−2
]

. (104)

Thus the master equation becomes

− d2�

dz2 − V0

z3/2 � = ω2�, (105)

where the prefactor takes the form,

V0 = − (−1)1/3C3/2

9Q3

[
(−1)1/3(Q − Qext)

2 + Q
]2

. (106)

By imitating the Hayward BH [76], we obtain the leading
order of the perturbative solution,

�0 ∼ B1
√

2πωz J 1
2 ν(zω) + B2

√
2πωz J− 1

2 ν(zω), (107)

where ν = √
1 − 4V0. The distance between r = r2 and

r = r3 is �[r2 − r3] = √
3Q, i.e., the shift of z is z →

z + √
3Qi. After repeating a similar procedure, we finally

derive Eq. (76) that is associated with the Stokes portrait Fig.
17b.

Appendix B: Action of matter sources

Let us start with the equation of motion Eq. (29) under the
consideration of the action of matter sources described by
Eq. (31). The nontrivial components of Eq. (29) for the given
shape function Eq. (22) read

L + 2V = 6Q3r3
{ (

Q3 + r3
)4 + 12r

[
21Q9 + Q3(34 − 27r)r5

+r8(−4 + 3r) − Q6r2(25 + 9r)
]
α
}

+24Q3
[
Q12 + Q3(225 − 77r)r8 + 7r11(−7 + 4r)

−15Q6r5(7 + 5r) + Q9r2(−1 + 31r)
]
αδ

−24Q3r
(
Q9 + 33Q6r3 − 117Q3r6 + 40r9

)
αδ2

−2r2
(
−2Q3 + r3

) (
Q3 + r3

)4
δ, (108)

r

4
L′ = 1

r3
(
Q3 + r3

)6
{

9Q3r4
[

− r2
(
Q3 + r3

)3

−2
(

14Q9 + 2(3 − 2r)r8

+3Q3r5(−9 + 2r) + 12Q6r2(1 + 2r)
)
α
]

−
[
r2
(
Q3 + r3

)3 (
Q6 + 8Q3r3 − 2r6

)

+12Q3
(
Q12 + 7(5 − 2r)r11 + 3Q6r5(4 + 5r)

−2Q3r8(45 + 7r) + 2Q9r2(1 + 8r)
)
α
]
δ

−6Q3r
(
Q9 − 6Q6r3 − 78Q3r6 + 64r9

)
αδ2
}
,

(109)

0 = −12Q3α
[
−21Q6r4 + Q9δ + 15Q3r6(8r + 7δ)

−7r9(3r + 8δ)
]

+ r3
(
Q3 + r3

)5
Wφ′2, (110)

where a prime denotes the derivative with respect to r .
At first, we obtain directly the Lagrangian of nonlinear

electromagnetic fields as the function of r from Eq. (109),

L(r) = 2

9

⎧⎨
⎩

72αδ

Q3r3 +
18
(
Q3 + 24α

)
δ

Q6r
+ 54αδ2

Q6r2

+
20

√
3πα

(
18Q3 − 7Qδ − 7δ2

)

Q8

+
972Q6α

[
Q3 − rδ(2r + δ)

]
(
Q3 + r3

)5

×
27α

[
8Q3(−1 + 3r + 3δ) − rδ(4r + 5δ)

]
(
Q3 + r3

)3

+
81Q3α

[
−13Q3 + rδ(10r + 9δ)

]
(
Q3 + r3

)4

−
40α

(
18Q3 + 7Qδ − 7δ2

)
ln(Q + r)

Q8

+
9
[
3Q6+22rαδ(r + δ)−3Q3

(
24rα + r2δ + 16αδ

)]

Q3
(
Q3+r3

)2

+
40

√
3α
(

18Q3 − 7Qδ − 7δ2
)

arctan

(
Q − 2r√

3Q

)

Q8

−2160αδ ln r

Q6

+
6rαδ(68r + 61δ) − 18Q3

(
60rα + r2δ + 44αδ

)

Q6
(
Q3 + r3

)

+
20α

(
18Q3 + 7Qδ − 7δ2

)
ln(Q2 − Qr + r2)

Q8

+
720αδ ln

(
Q3 + r3

)

Q6

⎫⎬
⎭ . (111)

Then, we derive the potential of scalar fields according to
Eqs. (108) and (111),
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V (r) = 1

2

{
1

r3(Q3 + r3)6

{
6Q3r3

{(
Q3 + r3

)4

+12r
[
21Q9 + Q3(34 − 27r)r5

+r8(−4 + 3r) − Q6r2(25 + 9r)
]
α

}

−2r2
(
−2Q3 + r3

) (
Q3 + r3

)4
δ

+24Q3
[
Q12 − 15Q6r5(7 + 5r) + Q3(225 − 77r)r8

+7r11(−7 + 4r) + Q9r2(−1 + 31r)
]
αδ

−24Q3r
(
Q9 + 33Q6r3 − 117Q3r6 + 40r9

)
αδ2
}

−2

9

⎧⎨
⎩

72αδ

Q3r3 +
18
(
Q3 + 24α

)
δ

Q6r
+ 54αδ2

Q6r2

+
20

√
3πα

(
18Q3 − 7Qδ − 7δ2

)

Q8

−
27α

[
8Q3(−1 + 3r + 3δ) − rδ(4r + 5δ)

]
(
Q3 + r3

)3

+
9
[
3Q6 + 22rαδ(r + δ) − 3Q3

(
24rα + r2δ + 16αδ

)]

Q3
(
Q3 + r3

)2

+
6rαδ(68r + 61δ) − 18Q3

(
60rα + r2δ + 44αδ

)

Q6
(
Q3 + r3

)

+
972Q6α

(
Q3 − rδ(2r + δ)

)
(
Q3 + r3

)5

+
81Q3α

(
−13Q3 + rδ(10r + 9δ)

)
(
Q3 + r3

)4

+
40

√
3α
(

18Q3 − 7Qδ − 7δ2
)

arctan

(
Q − 2r√

3Q

)

Q8

−2160αδ ln r

Q6

−
40α

(
18Q3 + 7Qδ − 7δ2

)
ln(Q + r)

Q8

+
720αδ ln

(
Q3 + r3

)

Q6

+
20α

(
18Q3 + 7Qδ − 7δ2

)
ln
(
Q2 − Qr + r2

)

Q8

⎫⎬
⎭
⎫⎬
⎭ .

(112)

At last, we solve Wφ′2 easily from Eq. (110),

Wφ′2 = − 12Q3α

r3
(
Q3 + r3

)5
[
−21Q6r4 + Q9δ + 15Q3r6

× (8r + 7δ) − 7r9(3r + 8δ)
]
. (113)

Moreover, we establish the relationship between L and
the contraction of strength tensors F by using Eqs. (36) and
(111),

L(F) = 2

9Q8

{
36 × 21/4|F |3/4Q7/2αδ + 9 × 23/4|F |1/4Q3/2

(
Q3 + 24α

)
δ + 20

√
3πα

(
18Q3 − 7Qδ − 7δ2

)

+
972Q14α

(
Q3 − 2

√
2Qδ√|F | − 21/4√Qδ2

|F |1/4

)

(
23/4Q3/2

|F |3/4 + Q3

)5
+

81Q11α

(
−13Q3 + 10

√
2Qδ√|F | + 921/4√Qδ2

|F |1/4

)

(
23/4Q3/2

|F |3/4 + Q3

)4

+ 27
√

2
√|F |Qαδ2 −

6|F |1/4Q
[√

2
√
Q
(
3Q3 − 68α

)
δ + 132

√|F |Q5/2αδ
]

23/4 + |F |3/4Q3/2 + 6 × 21/4|F |1/2Qα
(
180Q3 − 61δ2

)
23/4 + |F |3/4Q3/2

+
27|F |7/4Q4α

[
8
√|F |Q5/2(1 − 3δ) + 4

√
2
√
Qδ + 21/4|F |1/4

(−24Q3 + 5δ2
)]

(
23/4 + |F |3/4Q3/2

)3

+ 9
√

2|F |Q3
(−3Q3 + 22α

)
δ + 3|F |3/2

(
Q8 − 16Q5αδ

)
(
23/4 + |F |3/4Q3/2

)2 + 18 × 21/4|F |5/4Q5/2α
(−36Q3 + 11δ2

)
(
23/4 + |F |3/4Q3/2

)2

+ 40
√

3α
(

18Q3 − 7Qδ − 7δ2
)

× arctan

⎛
⎝1 − 221/4

|F |1/4
√
Q√

3

⎞
⎠+ 540Q2αδ

[
ln

( |F |
2

)
− 2 ln Q

]
+ 720Q2αδ ln

(
23/4Q3/2

|F |3/4 + Q3
)

+ 20α
(

18Q3 + 7Qδ − 7δ2
)

× ln

[
Q

( √
2√|F | − 21/4√Q

|F |1/4 + Q

)]
− 40α

(
18Q3 + 7Qδ − 7δ2

)
× ln

(
21/4√Q

|F |1/4 + Q

)}
. (114)
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For the scalar field, we derive it in terms of the ansatz Eq.
(51),

|φ(r)| =
∫

dr

√
1(

Q3 + r3
)4/3 + δ

r2
(
Q3 + r3

)4/3 + φ0,

(115)

where φ0 is an integration constant which can be fixed by
φ → 0 as r approaches infinity. In addition, we separate W
from Wφ′2 according to Eqs. (51) and (113),

W (r)

= 12Q3α
(−21Q6r4+Q9δ + 15Q3r6(8r+7δ) − 7r9(3r+8δ)

)
r
(
Q3+r3

)11/3 (
r2 + δ

) .

(116)

Taking radical coordinate r as a parameter, we solve the
dependences of V and W on φ numerically and draw them
in Fig. 7.
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