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Abstract In our research, we explore the impact of a geo-
metric non-minimal coupling between fermions and cur-
vature scalars on the positioning of fermions within a
brane structure. Our investigation encompasses massless
fermionic modes and massive modes, revealing that specifi-
cally fermionic modes with left chirality are situated within
the brane. This insight allows us to gain a more direct under-
standing of how the system’s geometry influences the place-
ment of fermion fields on the brane. To delve deeper into the
precise localization of massless fermionic modes, we employ
entropic information measurements. By varying the parame-
ters that govern the curvature scalars, we observe the ability
to adjust the localization of these fermionic modes on the
brane. Importantly, the BBM uncertainty relation remains
satisfied in all scenarios, particularly for f1,2,3. We lever-
age the Shannon entropy as a highly effective metric to
yield accurate results regarding the positioning of massless
fermionic modes within our model. In the case of massive
fermionic modes, we utilize relative probability analysis to
pinpoint the resonant modes, and we identify the existence
of these resonant modes in both f1,2,3 cases. Ultimately, we
ascertain that these parameters influence the placement of
resonant modes by increasing the amplitude of the massive
modes in the core of the brane.

1 Introduction

The study of modified gravity models has gained significant
attention in recent times due to the limitations of General
Relativity (GR). One of these early limitations was observed
by Smith [1] and Zwicky [2], who noticed the existence of
an unknown invisible matter, commonly referred to as dark
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matter, responsible for holding galaxy clusters together. The
existence of dark matter has been substantiated through phe-
nomena such as gravitational lensing [3,4], which is caused
by the deviation of light paths due to intense gravitational
fields. Another substantial gap in our understanding emerged
when the accelerated expansion of the universe was con-
firmed [5–8]. Furthermore, the large disparity between the
Planck scale and the electroweak scale, known as the hierar-
chy problem, continues to challenge our comprehension of
fundamental physics [9,10].

In recent years, the research landscape has seen a prolif-
eration of modified gravitational models. One such model
is the f (R) gravity, which extends GR [11,12]. The f (R)

gravity has shown its capability to generalize GR, yielding
noteworthy outcomes in areas like the study of black hole
solutions [13–18], dark energy [19,20], universe acceleration
[21], and its effectiveness on cosmological scales. However,
it falls short of accurately matching the observed data related
to the rotation of spiral galaxies [22,23] and the regime data
of the solar system [24]. These discrepancies have prompted
the exploration of new extensions of GR, such as f (R, T )

[25–28] and f (R, RμνRμν) [29–31].
Simultaneously, the braneworld scenario has piqued the

curiosity of many researchers [9,10]. This model offers the
potential to address the limitations of GR, including the hier-
archy problem [10], the nature of dark matter [32], the cos-
mological constant problem [33], and more. What makes
this model intriguing is that it confines all matter fields of the
standard model to the brane (our three-dimensional space),
while gravity is the only force that can propagate through
the bulk (extra dimensions). Consequently, substantial inter-
est has been invested in understanding how matter fields are
localized on the brane [34–50].

The localization of fermions on the brane is of particu-
lar interest, offering potential experimental verification of
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the existence of extra dimensions. This topic has been exten-
sively studied [51–65]. Numerous mechanisms for localizing
fermions on the brane have been proposed, many of which are
inspired by the conventional Yukawa-like coupling between
fermion fields and background scalar fields. Additionally,
new localization mechanisms have emerged, such as non-
minimal coupling between fermions and curvature [66,67],
torsion [68], and non-metricity [69]. These couplings demon-
strate how geometry can more directly influence the local-
ization of fermion fields on the brane. This naturally leads to
questions about the potential impact of other types of geomet-
ric couplings, specifically those related to curvature scalars
(e.g., R - curvature scalar, Rμν – Ricci tensor, Rμνλσ – Rie-
mann tensor).

In this work, we explore how curvature scalars influence
the localization of a 1/2 spin fermion on the brane. To this
end, we calculate various probability measures, including
information entropy for massless fermion modes and reso-
nant modes among the massive modes. The structure of this
work is as follows: In Sect. 2, we introduce the mechanism for
localizing fermions on the brane and examine both massless
and massive mode solutions. Section 3 delves into probabil-
ity measures, and in the final Sect. 4, we provide concluding
remarks and outline future perspectives.

2 Location of fermion

In this section, we delve into the localization conditions for
fermion fields on the brane. Our focus is on examining the
spinor sector with spin 1/2 residing on the brane. To under-
stand the localization of these fermions on the brane, we
introduce a novel geometric coupling between the spinor
field and the scalar fields that define the curvature, specif-
ically, the curvature scalar (R) and its higher-order counter-
parts (RMN RMN and RMN PQ RMN PQ). Consequently, we
extend the fifth-dimensional action for a Dirac fermion by
incorporating a non-minimal coupling with these curvature-
related terms, resulting in the following action:

S1/2 =
∫ √−gΨ

[
Γ MDMΨ

− ξΓ M∂M F(R, RMN RMN , RMN PQ RMN PQ)Ψ
]
d5x,

(1)

where g is the determinant of the metric and DM = ∂M+ΩM

is the covariant derivative. The ΩM appearing in DM is the
spin connection

ΩM = 1

4

(
ΩM

MN
)

ΓMΓN , (2)

with

ΩM
MN = 1

2
ENM (∂MEN

N − ∂N E
N
M )

−1

2
ENN (∂MEM

N − ∂N E
M
M )

−1

2
EPM EQN ER

M (∂P EQR − ∂QEPR), (3)

where Γ M is the plane Dirac matrices and EM
M are the viel-

beins that define the tangent space

gMN = ηMN E
M
M EN

N . (4)

The indices M span the coordinates in the bulk, ranging from
0 to D−1, while the barred indices M cover the coordinates
of the tangent space within the same range. Additionally, the
Clifford algebra is followed, satisfying {Γ M , Γ N } = 2gMN ,
where the curved Dirac matrices Γ M are constructed as
Γ M = EM

M
Γ M .

The metric ds2 = e2A(y)ημνdxμdxν + dy2 defines the
braneworld scenario, where ημν = (−1, 1, 1, 1) represents
the Minkowski metric, characterizing the space where we
reside. The warp factor, denoted as eA(y), exerts control
over the thickness of the brane, while y denotes the extra
dimension. Employing a coordinate transformation, namely,
dz = e−A(y)dy, the metric given above can be expressed in
the following form: ds2 = e2A(ημνdxμdxν + dz2).

Thus, the spin connection to the model is given by

Ωμ = 1

2
(∂z A)γμγ4 end Ωz = 0, (5)

which leads us to the Dirac equation[
γ μ∂μ + γ 4(∂z + 2∂z A) − ξeA∂z F

]
Ψ = 0, (6)

where F = F(R, RMN RMN , RMN PQ RMN PQ) for simplic-
ity.

With spinor decomposition

Ψ =
∑
n

[ψL ,n(x)ϕL ,n(z) + ψR,n(x)ϕR,n(z)]e−2A, (7)

we fall back on the coupled equations[
∂z − ξ∂z F

]
ϕL ,n(z) = mnϕR,n(z),[

∂z + ξ∂z F
]
ϕR,n(z) = −mnϕL ,n(z), (8)

where γ 4ψR,L = ±ψR,L and γ μ∂μψR,L = mψL ,R .
The Eq. (8) can be easily decoupled, arriving at Schrödinger-

like equations[
− ∂2

z + VL ,n(z)
]
ϕL ,n(z) = m2

nϕL ,n(z),[
− ∂2

z + VR,n(z)
]
ϕR,n(z) = m2

nϕR,n(z), (9)

where the effective potentials are

VL ,R(z) = U 2 ± ∂zU, (10)

being U = ξ∂z F .
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It is worth noting that the orthonormality condition is sat-
isfied∫

ϕR,pϕR,ndz =
∫

ϕL ,pϕL ,ndz

= δpn

∫
ϕL ,pϕR,ndz = 0, (11)

which is the case with Yukawa’s usual coupling. Further-
more, the massless modes are defined as

ϕL0,R0(z) ∝ exp

[
±

∫
ξ∂z Fdz

]
= exp [±ξF]. (12)

Finally, we can further simplify our choice of function
F by making F = ln[ f (R, RMN RMN , RMN PQ RMN PQ)],
which takes us to modes without mass in form

ϕL0,R0(z) ∝ f ±ξ . (13)

For these fermionic zero modes to be localized, the normal-
ization condition must be obeyed, i.e.,∫

ϕR0,L0(z)
2dz < ∞. (14)

For this to happen, the curvature function f must meet some
conditions. Firstly, the function f must go to zero asymptot-
ically ( f |z→±∞ → 0). Furthermore, the superpotential U
must go to zero in a vacuum, i.e.,U ( f )|z→±∞ → 0 (ξ > 0).

Regarding the massive modes, numerical methods are the
only means of obtaining their solutions. For this, we propose
the boundary conditions [51,56,57]

ϕeven(0) = c, ∂zϕeven(0) = 0,

ϕodd(0) = 0, ∂zϕodd(0) = c. (15)

The boundary conditions (15) guarantee that massive solu-
tions ϕL ,R(z) will be even ϕeven or odd ϕodd wave functions.

Now, the only task left is to define the specific form of
the functions f . We will proceed by examining three distinct
cases, with the first case being

f1 = 3α(R + 28) + 4β(
√

6RMN PQ RMN PQ − 3RMN RMN − 6)

84α − 24β
,

(16)

second case being

f2 = 9β Rα28β−α + (−1)α−1(RMN RMN + RMN PQ RMN PQ)β

(−1)α(RMN RMN + RMN PQ RMN PQ)β
,

(17)

and the third case being

f3 = α(R + 28) + β(RMN RMN − 164) + σ(RMN PQ RMN PQ − 88)

28α − 164β − 88σ
.

(18)

In particular, the choice of these functions, characterized by
the constants α, β, and σ , is motivated by their ability to sat-
isfy the necessary conditions for normalizing zero fermionic
modes. Moreover, these functions offer simplicity and effi-
ciency, making them well-suited for the purpose of this study.

As we are interested in investigating a thick brane sce-
nario, we take the ansatz [34]

e2A(y) = cosh−2p(λy), (19)

where the parameters p and λ control the thickness of the
brane.

2.1 First case

The selection of f = f1 as our first choice is particularly
intriguing due to the fact that the effective potential (10)
remains independent of the parameters influencing the cur-
vature constants (α and β). Notably, the behavior of this
effective potential is indicative of its ability to accommo-
date well-localized massless modes (as depicted in Fig. 1a).
Additionally, the massive modes exhibit a behavior resem-
bling free waves in their asymptotic regions (as illustrated in
Fig. 1b, c). It’s worth noting that, for certain specific mass
values, the amplitude of the massive modes displays more
pronounced characteristics near the brane origin, suggesting
the presence of potential resonant modes.

Conversely, the massless modes exhibit sensitivity to the
curvature parameters. As we manipulate the value ofα, which
governs the impact of the curvature scalar, we observe an
increase in the amplitude of the massless mode (as seen
in Fig. 2a). Conversely, when we augment the value of the
parameter β” (as represented in Fig. 2b), we witness a con-
trasting effect, leading to a reduction in the amplitude of the
massless mode.

2.2 Second case

In the case of f2, the effective potential exhibits intriguing
characteristics. As we increment the value of α, the poten-
tial reveals the emergence of additional peaks and wells, as
depicted in Fig. 3a. This behavior directly impacts the mass-
less modes, causing them to exhibit attempts to split into new
peaks near the brane origin, as visualized in Fig. 3c. On the
other hand, when we manipulate the β parameter, the poten-
tial exhibits an augmentation of the potential barriers in the
vicinity of the origin, leading to the localization of massless
modes, as illustrated in Fig. 3b, d.

The behavior of massive modes is also influenced by the
changes in the effective potential. As we adjust the parame-
ter α, the oscillations’ amplitudes tend to approach the core
of the brane, accompanied by a reduction in amplitude, as
demonstrated in Fig. 4a, b. Conversely, when we increase the
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Fig. 1 For the first case f1 with ξ = p = λ = 1. a Effective potential VR(z). Massive modes b even and c odd

Fig. 2 Massless modes for f1 with ξ = p = λ = 1. a Being β = 1 and varying α. b Being α = 1 and varying β

value of β, the oscillation amplitudes become larger, leading
them to move away from the origin, as depicted in Fig. 4c, d.

2.3 Third case

The case of f3 presents a more general expression, allow-
ing us to analyze the individual influence of each curva-
ture constant on the fermion’s location. As the parameter
α is increased, the potential barriers and wells become larger
(Fig. 5a). This results in massless modes tending to split into
two peaks at the brane origin (Fig. 5b). Similar effects occur

when we increase the values of the parameters β (Fig. 5c, d)
and σ (Fig. 5e, f).

Something intriguing happens with the massive modes.
Increasing the value of α causes the double peak located at
the origin to merge into a single peak with a more pronounced
amplitude (Fig. 6a). Simultaneously, oscillations outside the
core tend to decrease their amplitudes (Fig. 6a, b). A sim-
ilar effect is observed when we increase the value of β

(Fig. 6c, d) and σ (Fig. 6e, f). Notably, as these curvature
parameters are increased, the oscillations approach the brane
core.
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Fig. 3 For the first case f2 with ξ = p = λ = 1. Where β = 0.05 a effective potential and c massless mode. Where α = 1 b effective potential
and d massless mode

3 Probability measures

3.1 Information entropy

The massless fermionic modes are effectively localized on
the brane, facilitating the application of probability measures
to examine the impact of the f1,2,3 functions on their posi-
tions. A commonly employed probability measure for inves-
tigating the location of fermionic particles in various physical
scenarios is the well-known Shannon entropy. This infor-
mation theory, introduced by Shannon in 1948 [70], was
initially designed to study the transmission of information
between a source and a receiver. However, given its derivation
from the probability densities of a system, Shannon entropy
can also be applied to quantum systems. Consequently, we
will explore the Shannon entropy for the massless fermionic
modes in our brane scenario.

Shannon entropy is defined as

Sz = −
∫ ∞

−∞
|ϕL0,R0(z)|2 ln |ϕL0,R0(z)|2dz. (20)

We also need this entropic measure in the reciprocal space
of the system (momentum space),

Spz = −
∫ ∞

−∞
|ϕL0,R0(pz)|2 ln |ϕL0,R0(pz)|2dz, (21)

which is defined through the conventional Fourier transform

|ϕL0,R0(pz)|2 = 1√
2π

∫ ∞

−∞
|ϕL0,R0(z)|2 e−i pzdz. (22)

Similar to Heisenberg’s uncertainty principle, a new
uncertainty relationship between entropic information mea-
sures was obtained by Beckner, Bialynicki-Birula, and
Mycielski (BBM) [71,72]

Sz + Spz ≥ D(1 + lnπ), (23)

where D represents the dimension that senses the modifica-
tions of the information measures. In our case, only the extra
dimension is related to the location of the fermionic modes,
thus D = 1.

Since we are dealing with probability densities, it is imper-
ative to normalize the massless mode solutions. For the f1
scenario, the information measures remain unaffected by
variations in α and β. The entropic measure is found to
be Sz = 1.22417. Reciprocally, in momentum space, the
entropic measure is Spz = 0.99961. In this case, the total
entropic measure for the system, which is given by Sz + Spz ,
equals 2.22378. This value is greater than 1 + ln π , thus sat-
isfying the BBM uncertainty relation.

For the f2 scenario, we conduct an analysis of the infor-
mation measures as presented in Table 1. It’s worth noting
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Fig. 4 Massive modes for f2 with ξ = p = λ = 1. Being β = 0.005 a even with m = 0.644 and b odd with m = 2.439. Being α = 1 c even with
m = 0.644 and d odd with m = 2.439

Table 1 Numerical result of the Shannon’s entropy for f2 with ξ =
p = λ = 1

α β Sz Spz Sz + Spz 1 + ln π

1 1 0.89619 2.71706 3.61326

2 1 1.23600 1.53740 2.77341 2.14473

4 1 1.69294 0.51960 2.21255

1 1 0.89619 2.71706 3.61326

1 0 1.22417 0.99999 2.22417 2.14473

1 −1 1.92269 0.28216 2.20486

that an increase in the value of α leads to an increase in the
information measures. This signifies less certainty regard-
ing the location of these massless fermionic modes with
higher values of the α parameter. On the contrary, entropic
measures decrease, indicating greater certainty in reciprocal
space. Conversely, when we increase the value of β, the oppo-
site trend is observed. In this case, the entropy Sz decreases,
while the entropy Spz increases. Simultaneously, the total
entropy of the system increases, which results in increased
uncertainties regarding the location of these massless modes
on the brane. These observations highlight the sensitivity of
the system’s information measures to variations in the param-
eters α and β, underlining the complexity of the relationship
between these parameters and the localization of massless
fermionic modes.

For the f3 scenario, we present an analysis of the informa-
tion measures in Table 2. It’s evident that as we increase the
values of the parameters α, β, and σ , the information mea-
sures Sz also increase. This increase implies a greater degree
of uncertainty regarding the location of these fermionic
modes in z-space. Simultaneously, the information measures
in reciprocal space Spz decrease as these parameters increase,
indicating a reduction in uncertainty regarding the location
of these fermionic modes in pz space. Consequently, the total
entropic measurement of the system, represented by Sz+Spz ,
increases. This increase signifies a greater degree of uncer-
tainty in the location of massless modes on the brane, imply-
ing a delocalization process. These observations highlight the
complex interplay between the parameters α, β, and σ , and
their impact on the localization and uncertainty of massless
fermionic modes in the system.

3.2 Resonate modes

To calculate probability measures for non-localized modes,
we introduce the study of resonant modes, which enables
a more in-depth analysis of the system. This approach is
particularly useful for massive modes, which exhibit non-
localized behavior.
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Fig. 5 For the first case f3 with ξ = p = λ = 1. Where β = σ = 1 a effective potential and b massless mode. Where α = −12 and σ = 1 c
effective potential and d massless mode. Where α = −12 and β = 1 e effective potential and f massless mode

Among all the massive modes, we select resonant modes
based on their characteristics, specifically focusing on those
with the highest amplitudes near the brane core. These reso-
nant modes represent configurations with a high likelihood of
the massive fermion being located within the brane. To iden-
tify these resonant modes, we compute relative probabilities
[57,73]

P(m) =
∫ zb
−zb

|ϕL ,R(z)|2dz∫ zmax
−zmax

|ϕL ,R(z)|2dz . (24)

This probability measures the chance of finding a particle
of mass m in a narrow band 2zb. Here, zmax represents the
limit of the domain, and the smaller the value of the parameter

zb, the easier it becomes to identify the probability peaks that
represent the resonant modes.

The extensive analysis of the three mentioned cases in
the previous section, involving the massive modes denoted
as f1,2,3, reveals a striking asymptotic free wave behavior.
This observation strongly suggests that fermions have indeed
escaped from the brane. However, it is noteworthy that certain
mass eigenvalues result in massive wave eigenfunctions with
a pronounced amplitude concentrated at the origin. This phe-
nomenon implies a significant probability of locating these
fermions on the brane, despite the theoretical potential for
tunneling out of it. In the case of f1, the resonant modes find
clear representation in the form of peaks visible in the rel-
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Fig. 6 Massive modes for f3 with ξ = p = λ = 1. Being β = σ = 1 a even with m = 1.483 and b odd with m = 2.302. Being α = −12 and
σ = 1 c even with m = 1.483 and d odd with m = 2.302. Being α = −12 and β = 1 e even with m = 1.483 and f odd with m = 2.302

ative probability plot (Fig. 7). Similarly, for both f2 (Fig. 8)
and f3 (Fig. 9), the resonant modes are distinctly manifested
as peaks, reinforcing the intriguing possibility of fermionic
presence on the brane even amidst the high likelihood of
tunneling away from it.

4 Final remarks

In this research, we investigate the impact of a geomet-
ric non-minimal coupling between fermions and curvature
scalars (specifically R, Rμν , and Rμνλσ ) on the position-
ing of fermions within the brane. To achieve this, we exam-

ine three distinct coupling cases denoted as f1,2,3, charac-
terized by the function f (R, RMN RMN , RMN PQ RMN PQ).
Our analysis reveals the existence of both massless and mas-
sive fermionic modes. An intriguing discovery is that only
fermionic modes with left chirality are found to be localized
on the brane. Additionally, we gain a deeper understanding of
how the system’s geometry directly influences the placement
of fermion fields within the brane.

For a more precise investigation of the localization of
massless fermionic modes, we employ entropic information
measurements. Our findings indicate that by adjusting the
parameters governing the curvature scalars (α, β, and σ ), we
have the ability to control the extent of localization of these
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Table 2 Numerical result of the Shannon’s entropy for f3 with ξ =
p = λ = 1

α β σ Sz Spz Sz + Spz 1 + ln π

−12 1 1 1.50051 0.71311 2.21363

−4 1 1 1.63656 0.57969 2.21625 2.14473

1 1 1 1.79453 0.43766 2.23219

−12 1 1 1.50051 0.71311 2.21363

−12 4 1 1.62783 0.58534 2.21318 2.14473

−12 12 1 1.69685 0.51538 2.21224

−12 1 1 1.50051 0.71311 2.21363

−12 1 4 1.60468 0.60962 2.21430 2.14473

−12 1 18 1.71714 0.49734 2.21448

Fig. 7 Relative probability for f1 with ξ = p = λ = 1

Fig. 8 Relative probability for f2 with ξ = p = λ = α = 1 and
β = 0.005

fermionic modes on the brane. Remarkably, the BBM uncer-
tainty relation is satisfied in all instances of f1,2,3. To the best
of our knowledge, this is the first study to utilize Shannon
entropy as a tool for assessing the localization of fermions
on the brane, and it has proven to be highly effective in pro-
viding accurate results regarding the placement of massless
fermionic modes in our model.

Fig. 9 Relative probability for f3 with ξ = p = λ = 1 = β = σ = 1
and α = −12

In our exploration of massive fermionic modes, we employ
relative probability to identify resonant modes, which are
characterized by higher amplitudes near the brane core, indi-
cating a greater likelihood of being located on the brane. We
ascertain the presence of these resonant modes in both f1,2,3,
and we further observe that by manipulating the curvature
parameters (α, β, and σ ), we can enhance the amplitude of
the massive modes at the brane core, thus demonstrating the
significant influence of these parameters on the localization
of resonant modes.
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