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Abstract Recently it has been shown that the cosmologi-
cal dynamics of covariant f (Q) gravity depend on different
affine connections. In this paper, two specific f (Q) mod-
els are investigated with SNe+CC+BAO+QSO observational
data, and the spatial curvature of the universe is studied in
covariant f (Q) gravity. It is found that the parametersX0 and
X ′

0 characterizing affine connections significantly affect the
behavior of the effective equation of state wQ and may drive
it across the phantom divide line. These results imply some
inertial effects of the universe change the cosmic dynamics.
However based on the Bayesian evidence, the zero inertial
effect is more favored in the flat universe. Moreover, a closed
universe is favored not only in the �CDM model but also in
covariant f (Q) gravity. The f (Q) models have less support
evidence than the �CDM model in the non-flat universe.

1 Introduction

The covariant formulation of f (Q) theory [1–3] extends the
possibility of studying the dynamics of symmetric teleparal-
lel gravity in the spherically symmetric coordinate system,
especially in the case of cosmic spatial curvature [4]. A self-
consistent equation of motion does not exist in a general
f (Q) model if we apply the so-called coincident gauge with
the usual partial derivatives for the definition of non-metricity
instead of the covariant formulation of affine connections or
the symmetric teleparallel covariant derivative. The coinci-
dent gauge in the spherically symmetric vacuum spacetime
imposes a constraint equation on the expression of f (Q) [2],
i.e. d2 f (Q)/dQ2 = 0, which lets f (Q) theory goes back to
Symmetric Teleparallel General Relativity (STGR) [5,6]. It
leads to the problem that the nonlinear function f (Q) in the
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spherically symmetric coordinate system is not compatible
with the coincident gauge. A similar situation also happens
in the modified Teleparallel Equivalent of General Relativ-
ity (TEGR) with vanishing non-metricity and zero curvature,
such as f (T ) theory [7–9]. Also, f (Q) theory could sepa-
rate inertial effects from gravitation unlike General Relativity
(GR). It provides possibilities for studying inertial effects in
gravitational systems.

Many works on f (Q) theory in the applications of cos-
mology have been done, and these works use the coinci-
dent gauge which limits the investigation to the flat universe
[10–37]. f (Q) gravity offers competitive alternatives to the
concordance �CDM model. In addition to the cases of min-
imal coupling matter, the non-minimally coupled f (Q) cos-
mology is proposed to explain the present cosmic acceler-
ating expansion without introducing the cosmological con-
stant [38,39]. The f (Q) models inducing the dynamical dark
energy can naturally explain the phantom behavior ( the dark
energy equation of state w < −1) in the late-time universe
[25,26,31] and the possibility of crossing the phantom divide
line w = −1 can be realized in some specific f (Q) models
[11,19,23].

As for the f (Q) theory without the coincident gauge, it
attracts more and more attention whether the cosmological
investigation is in the flat universe [40–42] or the curved one
[4,43–46]. The new gauge choices could affect the dynam-
ical behavior in cosmology since the Friedmann equations
are modified [4]. However, the evolution of the flat universe
always experiences an unstable radiation-dominated era, then
an unstable matter-dominated era, and finally a stable de Sit-
ter stage in the f (Q) theory with the nontrivial affine connec-
tion [41]. Hence the f (Q) theory contributing the candidates
for the dark energy can alleviate the cosmological constant
problem. Furthermore, a suitable affine connection may lead
to an early-time acceleration phase following the inflationary
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universe [42]. Considering the case of non-vanishing spatial
curvature, a curvature-dominated stage could happen in the
early-time universe and the curvature density may exhibit a
peak at intermediate times in the open universe [45].

The goal of this paper is to investigate the existence of
the nontrivial connections in the covariant f (Q) theory by
cosmological observations. Such a nontrivial connection can
prove that the evolution of the universe is not only controlled
by gravitation but also some inertial effects induced by this
connection.

The paper is organized as follows. In Sect. 2, I briefly
introduce the covariant f (Q) theory and list its modified
Friedmann equations. In Sect. 3, I show the cosmological
constraints on the covariant f (Q) theory with four different
connections. This section separates into three parts as fol-
lows. Sect. 3.1 introduces the data sets used in this paper. Sec-
tion 3.2 describes tow specific f (Q) models and the MCMC
results of the concordance �CDM model and these two f (Q)

models. The model comparison is discussed in Sect. 3.3.
Finally I draw the conclusions and give some discussion in
Sect. 4.

2 Covariant formulation of f (Q) theory

The action of f (Q) theory is given by [1–3]

S =
∫

d4x
√−g

[
1

2
f (Q) + LM

]
, (1)

where LM is the matter Lagrangian density, g is the deter-
minant of the metric g = det(gμν), and f (Q) is an arbitrary
function of the non-metricity scalar Q. The units 8πG =
c = 1 are used in this paper. In metric-affine gravitational
theories, the non-metricity tensor Qαμν defined by the basic
dynamical objects gμν and the connection �α

μν ,

Qαμν = ∇αgμν = ∂αgμν − �λ
αμgλν − �λ

ανgλμ, (2)

and the curvature Rα
βμν is given by

Rα
βμν = ∂�α

βν

∂xμ
− ∂�α

βμ

∂xν
+ �α

σμ�σ
βν − �α

σν�
σ
βμ, (3)

here such theories have the flatness condition Rα
βμν = 0

and the torsionless condition T α
μν = �α

νμ − �α
μν = 0. The

vanishing curvature constraint forces the connection to be
purely inertial [6]. The theories with a flat and torsion-free
geometry referring to the non-vanishing non-metricity tensor
Qαμν are called symmetric teleparallel theories since Qαμν

is symmetric in the last two indices [47]. The non-metricity

scalar is given by [6]

Q = Qαμν P
αμν, (4)

where the non-metricity conjugate is

Pα
μν = −1

2
Lα

μν + 1

4

(
Qα − Q

α
)
gμν − 1

4
δα
(μQν), (5)

with the disformation

Lα
μν = 1

2
Qα

μν − Q α
(μ ν), (6)

and the traces Qα = Qαμνgμν , Qα = Qμναgμν . Here the
parentheses in the indices denote the symmetrization of ten-
sor, i.e. A(μν) = 1

2

(
Aμν + Aνμ

)
. Two kinds of equations

of motion can be obtained in the symmetric teleparallel the-
ory since the action (1) is constructed by the metric and the
connection independent from the metric. The equations of
motion for the metric are

fQGμν + 1

2
gμν( fQQ − f ) + 2 fQQ∇αQPα

μν = Tμν,

(7)

where Gμν is the Einstein tensor and Tμν is the energy–
momentum tensor of matter. Here I denote fQ = ∂ f/∂Q,

fQQ = ∂2 f/∂Q2. Variation with respect to the connection,
the equations of motion are derived as

∇μ∇ν

(√−g fQ Pμν
σ

) = 0. (8)

Equation (8) corresponds to the conservation law ∇̊μT
μ
ν =

0 for the matter energy–momentum tensor [24,38,48]. The
symbol ∇̊ is used to denote the covariant derivative with
respect to the Christoffel symbols �̊α

μν defined as

�̊α
μν = 1

2
gαλ

(
∂μgνλ + ∂νgμλ − ∂λgμν

)
. (9)

The general affine connection without torsion can be related
to the Christoffel connection by

�α
μν = �̊α

μν + Lα
μν. (10)

In Eq. (10), the Christoffel connection �̊α
μν mixing the inertia

and the gravitation [49,50] which reflects the Einstein Equiv-
alence Principle can be decomposed into the inertial effects
�α

μν as the non-covariant part and the gravitational part Lα
μν

as the covariant force [51]. It could deduce a gravitational
analog of the Lorentz force equation in geodesic equation
[52]. Indeed the affine connection just as pure inertial effects
can be parameterized by some arbitrary functions ξλ(x) so
that �α

μν = (
∂xa/∂ξλ

)
∂μ∂νξ

λ [6], it differs from the trivial
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connection by a general linear gauge transformation. In the
language of gauge theory, what is shown by Eq. (10) is sim-
ilar to the spin gauge field Aab

μ being decomposed into spin
graviguage field ab

μ and spin covariant gauge field Aab
μ , as

expressed by Aab
μ = ab

μ + Aab
μ [53]. Here the spin grav-

iguage field ab
μ like the Christoffel connection induces the

geometrical structure of the action in GR.
Let’s move on to the covariant formulation of the sym-

metric teleparallel theory. Since coincident gauge ∇αgμν =
∂αgμν , i.e. �α

μν = 0 is incompatible with the spherically
symmetric spacetime, we need to generalize the connection
to represent the inertial effects in the gravitational system we
are interested in. That means the connection �α

μν remains
the same whether the gravity is canceled or not, as expressed
by [54]

�α
μν = �α

μν

∣∣
G=0

= �̊α
μν

∣∣∣
G=0

. (11)

Thus it is easy to find that the coincident gauge �α
μν = 0

is compatible with the Cartesian coordinate system where

�̊α
μν

∣∣∣
G=0

= 0, which means no inertial effects exiting in

the gravitational system. However, Eq. (11) can not work in
cosmology since we cannot cancel gravity directly to get a
Minkowski vacuum as the universe is evolving. In order to
study the cosmological dynamics of symmetric teleparallel
gravity theories in Friedmann–Lemaître–Robertson–Walker
(FLRW) metric,

ds2 = −dt2 + a(t)2
[

dr2

1 − kr2 + r2
(
dθ2 + sin2 θdφ2

)]
,

(12)

an affine connection demands its Lie derivative along Xμ

vanishes, i.e. (LX�)αμν = 0, and the vector Xμ is the Killing
vector in the spacetime (LX g)μν = 0. Applying the defini-
tions of their Lie derivatives

(LX g)μν = Xα∂αgμν + ∂νX
αgαν + ∂νX

αgμα, (13)

(LX�)αμν = Xλ∂λ�
α
μν − ∂λX

α�λ
μν + ∂μX

λ�α
λν

+ ∂νX
λ�α

μλ + ∂μ∂νX
α, (14)

we can get six spatial Killing symmetries Xμ and the fol-
lowing nonzero components of the torsionless connection
[3,44,55]

�t
t t = K1, �t

rr = K2

χ2 , �t
θθ = K2r

2,

�r
tr = �r

r t = �θ
tθ = �θ

θ t = �
φ
tφ = �

φ
φt = K3,

�θ
rθ = �θ

θr = �
φ
rφ = �

φ
φr = 1

r
, �r

θθ = −rχ2,

�r
φφ = −rχ2 sin2 θ, �t

φφ = K2r
2 sin2 θ,

�
φ
φθ = �

φ
θφ = cot θ, �θ

φφ = − sin θ cos θ, (15)

where K1(t), K2(t), K3(t) are functions of time and χ2 =
1 − kr2. Using Eqs. (2) and (4), the non-metricity scalar can
be obtained, which reads

Q = −6H2 + 3K3(K1 − K3) − 3K2(K1 + K3)

a2

+ 9K3 + 3K2H

a2 , (16)

where H = ȧ/a is the Hubble parameter, here the dot ’.’
denotes the derivative with respect to the cosmic time t . The
non-vanishing components of the disformation tensor are

Lt
tt=K1, L

t
rr=−a2H−K2

χ2 ,

Lt
θθ=−r2

(
a2H−K2

)
, Lt

φφ=−r2 sin2 θ
(
a2H−K2

)
,

Lr
tr = Lr

rt = Lθ
tθ = Lθ

θ t = Lφ
tφ = Lφ

φt = K3 − H.

(17)

Finally, the vanishing curvature Rα
βμν = 0 leads to the fol-

lowing constraint equations

K3(K1 − K3) − K̇3 = K2(K1 − K3) + K̇2

= k + K2K3 = 0. (18)

From Eq. (18), the solutions to K1(t), K2(t), K3(t) are clas-
sified to four cases:

1. Connection �1: k = 0, K1 = γ, K2 = 0, K3 = 0,

2. Connection �2: k = 0, K1 = γ̇
γ

+ γ, K2 = 0, K3 = γ,

3. Connection �3: k = 0, K1 = − γ̇
γ
, K2 = γ, K3 = 0,

4. Connection �4: K1 = − k+γ̇
γ

, K2 = γ, K3 = − k
γ
.

Here γ (t) is a function of time. Clearly Connection �4 goes
back to Connection �3 if k = 0, hence we can study the
spatial curvature of the universe in one uniform expression
as Connection �4 whatever k is.

In the FRLW metric, four categories of the modified Fried-
mann equations from Eq. (7) can be obtained corresponding
to four connections [4]. For Connection �1, the non-metricity
scalar Q and the Friedmann equations are

Q = −6H2, (19)

3H2 fQ + 1

2

(
f − Q fQ

) = ρ, (20)

− 2
d

(
fQH

)
dt

− 3H2 fQ − 1

2

(
f − Q fQ

) = p, (21)
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where ρ is the energy density of matter in the universe
including baryonic matter, cold dark matter and radiation.
p is the pressure of the fluid. Here fQ = d f/dQ and
fQQ = d2 f/dQ2. For Connection �2, they are

Q = −6H2 + 9γ H + 3γ̇ , (22)

3H2 fQ + 1

2

(
f − Q fQ

) + 3γ

2
Q̇ fQQ = ρ, (23)

−2
d

(
fQH

)
dt

−3H2 fQ−1

2

(
f − Q fQ

)+3γ

2
Q̇ fQQ=p.

(24)

For Connection �3, they are

Q = −6H2 + 3γ H

a2 + 3γ̇

a2 , (25)

3H2 fQ + 1

2

(
f − Q fQ

) − 3γ

2a2 Q̇ fQQ = ρ, (26)

− 2
d

(
fQ H

)
dt

− 3H2 fQ − 1

2

(
f − Q fQ

) + γ

2a2 Q̇ fQQ = p. (27)

For Connection �4, they are

Q = −6H2 + 3γ H

a2 + 3γ̇

a2

+ k

[
6

a2 + 3

γ

(
γ̇

γ
− 3H

)]
, (28)

3H2 fQ + 1

2

(
f − Q fQ

)

− 3γ

2a2 Q̇ fQQ + 3k

(
fQ
a2 − Q̇ fQQ

2γ

)
= ρ, (29)

− 2
d

(
fQH

)
dt

− 3H2 fQ

− 1

2

(
f − Q fQ

) + γ

2a2 Q̇ fQQ

− k

(
fQ
a2 + 3Q̇ fQQ

2γ

)
= p. (30)

The function γ does not affect Eqs. (19)–(21), which is the
same as the result in the flat FLRW metric of Cartesian coor-
dinates ds2 = −dt2 + a(t)2dx2 with the coincident gauge
�α

μν = 0. In the study of the cosmological aspect, many
works usually choose the case of Connection �1. Therefore
to investigate f (Q) theory, it is very interesting to study the
cosmological effects of the distinct connections. It helps us
get to know what inertial effects exist in our universe.

3 Data and methodology

In this section, I apply the cosmological probes to constrain
f (Q) theory, including SNe, CC, BAO and QSOs. Now some
useful variables to relate the theory with the observations

need to be introduced. The transverse comoving distance
DM (z) from the source to us is

DM (z) = c

H0
√|k | sinn

(
H0

√|k |
∫ z

0

dz′

H(z′)

)
, (31)

and sinn(x) is defined as

sinn(x) =

⎧⎪⎨
⎪⎩

sin(x), k < 0,

x, k = 0,

sinh(x), k > 0,

(32)

where k = −k/a2
0 H

2
0 with the scale factor a0 = 1 for the

current universe, c is the speed of light and H0 is the Hubble
parameter today. The luminosity distance can be obtained by

DL(z) = (1 + z)DM (z). (33)

In fact, considering the peculiar velocity of the observer, the
luminosity distance of SNe is defined as [56]

DSNe
L = (1 + zhel)DM (zcmb), (34)

where zcmb is the CMB restframe redshifts of SNe and zhel

is the heliocentric redshifts. In the following I introduce the
data sets and describe the main results on two different f (Q)

models.

3.1 Data

3.1.1 SNe

The sample of Type Ia supernovae (SNe Ia) is called Pantheon
Sample. This sample contains 1048 sources in the redshift
range 0.01 < z < 2.26 [57]. This sample covers the data
records from the Pan-STARRS1 (PS1) Medium Deep Sur-
vey, Sloan Digital Sky Survey (SDSS), Supernova Legacy
Survey (SNLS), and Hubble Space Telescope (HST) survey.
The standard description provides numerical values of the
distance modulus, which can be directly employed to derive
the luminosity distance DL (in Mpc) according to:

μ(z) = 5 log10

[
DSNe

L

Mpc

]
+ 25. (35)

The apparent magnitude m of a supernova at redshift z is
given by

m = μ + MB, (36)
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where MB is the absolute magnitude. The chi-square (χ2) of
SNe Ia is written as follows

χ2
SNe =

1048∑
i=1

(mth(zi ) − mobs(zi ))2

σ 2
m(zi )

. (37)

Here σm is the observed error of the apparent magnitude m,
while mth and mobs are the theoretical value and the obser-
vational value, respectively.

3.1.2 CC

The Hubble parameter H(z) can be estimated at certain red-
shifts z by

H(z) = ȧ

a
= − 1

1 + z

dz

dt
� − 1

1 + z

�z

�t
. (38)

Determining �z via a spectroscopic survey and differential
ages �t (DA method) of passively evolving galaxies [58,59],
it is possible to obtain the value of H(z). Compilations of
such observations can be regarded as cosmic chronometers
(CC), and I use a sample of 31 objects covering the redshift
range 0 < z < 1.97 [60]. For these measurement one can
construct a χ2

CC estimator as follows:

χ2
CC =

31∑
i=1

(Hth(zi ) − Hobs(zi ))2

σ 2
H (zi )

. (39)

Here, Hobs and Hth represent the observational value with its
error σH and the theoretical value of the Hubble parameter.

3.1.3 BAO

The theoretical BAO angular scale θ(z) can be written in
terms of the angular diameter distance DA = aDM

θ(z) = 180◦

π

rsa

DA
= 180◦

π

rs
DM

, (40)

and rs (in Mpc) is the sound horizon of the primordial photon-
baryon fluid. Here 14 data points from BAO data sets includ-
ing SDSS-DR7 [61], SDSS-DR10 [62], SDSS-DR11 [63],
SDSS-DR12Q [64] are used. The χ2

BAO estimator for BAO
is defined in the following manner

χ2
BAO =

14∑
i=1

(θth(zi ) − θobs(zi ))2

σ 2
θ (zi )

. (41)

Here, θobs and θth represent the observational value with its
error σθ and the theoretical value.

3.1.4 QSOs

Quasars or quasi-stellar objects (QSOs) are astrophysical
objects of very high luminosity regarded as active galac-
tic nuclei (AGN). The quasar sample RL19 [65] consists of
1598 objects in the redshift range 0.04 < z < 5.1 with high-
quality UV and X-ray flux measurements. Quasars as high-
redshift standard candles were investigated in Refs. [65–70]
and it is suggested that Hubble diagrams of quasars have the
∼ 4σ deviation from the �CDM model, which is not due
to unknown systematic effects. However, this deviation can
be reduced via different data modeling methods and Monte
Carlo Markov Chain (MCMC) implements [71]. It is consid-
ered that the X-rays are produced by a plasma of hot relativis-
tic electrons through inverse Compton scattering processes
on the seed UV photons [68,72]. There exists a nonlinear
relation between the luminosities in the X-rays (LX ) and UV
band (LUV )

log(LX ) = α log(LUV ) + β. (42)

This relation shows the stable physical property of quasars
since the slope α is almost a constant at all redshifts [69,73].
The flux F and luminosity L satisfy

L = 4πD2
L F, (43)

where DL is luminosity distance. Thus the following equa-
tion can be obtained

log FX = α log FUV + (2α − 2) log10 DL + β̂, (44)

with β̂ = β + (α − 1) log 4π . Here, FX and FUV represent
the X-ray and UV flux, respectively. The intrinsic dispersion δ

of the LX −LUV relation is considered to reduce the Edding-
ton bias which has the effect of flattening the LX − LUV

relation [69]

s2
i = σ 2

log(FX ) + α2σ 2
log(FUV ) + δ2. (45)

The likelihood function or modified chi-square function for
FX including a penalty term for the intrinsic dispersion δ is
defined as

χ2
QSO =

1598∑
i=1

⎡
⎢⎣

[
log(Fth

X,i ) − log(Fobs
X,i )

]2

s2
i

+ ln(2πs2
i )

⎤
⎥⎦ .

(46)

3.2 Models and results

In this section, results of constraints from observational data
SNe+CC+BAO+QSO on the covariant f (Q) theory are dis-
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Table 1 Parameter constraints in three models �CDM, Exp- f (Q), Inv- f (Q) at 1σ confidence level (C.L.)

Model Connection m h MB λ X0 k

Flat �CDM – 0.2898 ± 0.0082 0.696 ± 0.012 −19.367 ± 0.037 – – –

Non-flat �CDM – 0.489 ± 0.061 0.688 ± 0.012 −19.406 ± 0.040 – – −0.39+0.11
−0.13

Exp- f (Q) �1 0.3394 ± 0.0078 0.690 ± 0.012 −19.395 ± 0.036 – – –

�2 0.259+0.016
−0.024 0.686 ± 0.012 −19.405 ± 0.037 0.227+0.012

−0.017 −63 ± 21 –

�3 0.492 ± 0.081 0.686 ± 0.012 −19.405 ± 0.041 0.273+0.051
−0.071 −428+130

−100 –

�4 0.485 ± 0.066 0.688 ± 0.013 −19.405 ± 0.041 0.294+0.041
−0.050 −274+23

−19 −0.34 ± 0.18

Inv- f (Q) �1 0.3841 ± 0.0086 0.687 ± 0.012 −19.409 ± 0.038 – – –

�2 0.398+0.028
−0.015 / < 0.124a 0.692+0.013

−0.012 −19.383+0.042
−0.034 −0.303+0.032

−0.028 117.9+7.1
−6.2 –

�3 0.220+0.042
−0.024 0.6915+0.0087

−0.011 −19.398+0.031
−0.035 0.248+0.081

−0.060 −98+64
−20 –

�4 0.254+0.022
−0.018 0.694 ± 0.016 −19.384+0.051

−0.046 0.360+0.083
−0.071 −167.8 ± 7.9 −0.29+0.11

−0.14

From Fig. 2, the distribution of m can be divided into two parts

played and discussed. In order to use the data sets to constrain
f (Q) theory with different connections, two f (Q) models
are given by the following expressions:

f (Q) = QeλQ0/Q, (47)

which is dubbed as Exp- f (Q) [16,25,35] and

f (Q) = Q + λQ2
0/Q, (48)

which is dubbed as Inv- f (Q) model [10,14,36] since addi-
tional term is the inverse of Q. Here Q0 = Q(z = 0) for
the current universe. Two models both go back to STGR or
equivalently recover GR but not �CDM when λ = 0, thus
the additional modification to STGR may alleviate the cos-
mological constant problem since the case of λ �= 0 opens
the door to a de Sitter phase in the future universe [10,35].
The modified Friedmann equations can be uniformly written
as

3H2 = ρN + ρQ, (49)

− 2Ḣ = ρN + pN + (1 + wQ)ρQ, (50)

where ρN represents the energy density of contents in the
universe ρN = ρm + ρr + ρk with ρm is the energy density
of non-relativistic matter (baryonic matter, cold dark matter)
and ρr is that of radiation. Here ρk = 3H2

0 ka−2 as the
curvature energy density. pN = pr + pk denotes the pres-
sure from radiation and curvature given by pk = −ρk/3,
pr = ρr/3. ρQ is the effective energy density of dark energy
with the equation of state (EoS) wQ , which is induced by the
gravitational modifications in f (Q) theory. The first modi-
fied Friedmann equation can be expressed by density param-
eters

3H2 = 3H2
0

[
m(1 + z)3 + r (1 + z)4

+ k(1 + z)2 + Q(z)
]
, (51)

where the density parameters i (z) = ρi (z)/3H2 with
the index i = m, r, k, Q representing non-relativistic mat-
ter, radiation, curvature and dark energy, respectively. Note
Q(z) is not a constant in Eq. (51) while m,r ,k are con-
stant standing for energy density fractions in the current uni-
verse. Also, H0 represents the Hubble constant today. From
Eqs. (49), (50), one can obtain wQ by knowing the evolution
of H(z) and the values of density parameters i ,

wQ(z) = −2Ḣ − 3H2 − pN (z)

3H2 − ρN (z)
. (52)

Now I set r = 4.184 × 10−5/h2 [74] with the definition
H0 = 100h km/s/Mpc, while m,k are determined by
the observational constraints in the f (Q) cosmology. Thus
pN (z), ρN (z) can be computed, and then the value of wQ at
any redshift will be deduced. To investigate the effect of the
non-vanishing γ in the affine connections Eq. (15) to f (Q)

cosmology, I set initial conditions for γ at z = 0:

γ (z = 0) = X0 km/s/Mpc, (53)

dγ

d ln a
(z = 0) = X ′

0 km/s/Mpc. (54)

In fact Eqs. (53), (54) determines the initial condition
Q(z = 0) = Q0 with a given H0 due to the rela-
tion between Q and γ̇ . By numerically solving the dif-
ferential equations with three variables γ, H, Q in the
MCMC method, we can constrain the parameter space θ =
{α, β, δ,m, h, MB, rs,X0,X ′

0, λ,k} in the f (Q) theory.
In order to find the posterior distribution of the parame-

ters in the MCMC method, a Python module emcee [75]
is used to produce MCMC chains, and the GetDist [76]
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Fig. 1 Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the models with connection �1 in the flat universe

package is used for statistic analysis and the plotting of pos-
terior probability distributions of the parameters. For each
affine connection in the f (Q) theory, I denote f (Q)i with
the subscript i representing the models with different con-
nection �i and use f (Q)k to represent the case of spatial
curvature. Here the total χ2 used in the MCMC algorithm is

χ2
Total = χ2

SNe + χ2
CC + χ2

BAO + χ2
QSO. (55)

The median values of model parameters and 1σ confidence
intervals on them are presented in Table 1. The contour plots
of the posterior probability distribution of the parameters are
shown in Figs. 1, 2, 3 and 4. The evolutions of wQ vs redshift

z are displayed in Figs. 5 and 6 corresponding to the models
Exp- f (Q) and Inv- f (Q), respectively.

Summarizing the aforementioned table and plots, some
interesting information is highlighted as follows:

(i) For the f (Q)1 models shown in Fig. 1, the values of m

in the f (Q) theories have significant deviations from the
concordance �CDM model, which is in agreement with
the result in Ref. [16]. f (Q) cosmology, to some extent,
challenges the result from the �CDM model as later I
will compare the Information Criterion (IC) of various
models. Moreover, these deviations also happen between
Exp- f (Q) models and Inv- f (Q) models. From Figs. 2,
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Fig. 2 Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the models with connection �2 in the flat universe

3 and 4, such deviations on m also slightly occur in
f (Q)2, f (Q)3, f (Q)k models except for the case of the
Exp- f (Q)k and the �CDM.

(ii) Unlike the models with other connections, the parameter
λ is not free but dependent on m and r in the f (Q)1

models. Using the MCMC chains of m and r , the
parameter λ can be determined as λ = 0.3669 ± 0.0034
in the Exp- f (Q)1 model and λ = 0.2053 ± 0.0029 in
the Inv- f (Q)1 model. This implies no extra parameters
introduced in the f (Q)1 models. As a side note, the pos-
itive λ > 0 is preferred as the condition for an attractor
in Exp- f (Q)1 cosmology though the negative λ is also
the solution [35].

(iii) All the Exp- f (Q) and Inv- f (Q) models favor a nonzero
X0 as its peak of posterior distribution departs fromX0 =
0. That means the inertial effects are not negligible in the
cosmic history.

(iv) A negative value of curvature density parameter is
favored in the �CDM model: k = −0.39+0.11

−0.13, which
indicates that the universe is closed. As a matter of fact,
the evidences for the closed universe in the �CDM model
were also verified by the higher redshift data including
Planck 2018 observations [77–81] and QSO observations
[82–86]. Especially, both model dependent and indepen-
dent methods favor a closed Universe when using QSO
data [86]. This situation of a closed universe also hap-
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Fig. 3 Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the models with connection �3 in the flat universe

pens in Exp- f (Q)k and Inv- f (Q)k models as shown in
Fig. 4. By the way, the non-flat �CDM model predicts a
higher matter density m ∼ 0.5 in striking contrast with
local measurements of galaxy clustering. This result is in
agreement with the constraints from the observations of
cosmic microwave background (CMB) by Planck 2018
[78]. In fact there is an increasing m trend with the
redshift in the flat universe as discussed in [87,88]. The
introduction of extra parameter k probably affects the
emergence of this trend, which needs further investiga-
tions. However in the Inv- f (Q)k model, a lower value
m = 0.254+0.022

−0.018 is given which is different from the
result in the �CDM model and the Exp- f (Q)k model.

(v) The evolutions of dark energy EoS wQ are shown in
Figs. 5 and 6, where the mean value of wQ (red line)
and its 1σ C.L. region (green band) are displayed. It can
be easily found the phantom crossing behavior happens
in the Inv- f (Q)2, Exp/Inv- f (Q)3 and Exp- f (Q)k mod-
els, which is absent in f (Q)1 models. However the Exp-
f (Q)2 and Inv- f (Q)k models does not have such a sig-
nificant phantom crossing behavior. For the Inv- f (Q)2

model in Fig. 6, the phantom crossing behavior disap-
pears in the blue band of wQ corresponding to the case
of m < 0.25. Using Eqs. (49), (52), quite a large ampli-
tude of wQ in the figures indicates the appearance of the
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Fig. 4 Marginalized constraints at 68% (darker) and 95% (lighter) C.L. on the models with connection �4 in the curved universe

negative dark energy density ρQ < 0 in the Exp- f (Q)3,
Inv- f (Q)2 and Inv- f (Q)3 models.

3.3 Model comparison

Some information criteria are widely used in astrophysics
and cosmology to compare various models for the evidence,
including the Akaike Information Criterion (AIC) [89], the
corrected Akaike Information Criterion (AICc) [90], the
Bayesian Information Criterion (BIC) [91] and the Deviance
Information Criterion [92] (DIC), defined as follows [93]

AIC = χ2
min + 2k, (56)

AICc = AIC + 2k(k + 1)

N − k − 1
, (57)

BIC = χ2
min + k ln N , (58)

DIC = D(θ) + 2pD, (59)

where χ2
min is the minimum value of chi-square, k is the

number of free parameters and N is the total number of data
points in the data combinations. D is the deviance of the
likelihood for the parameter space θ , i.e. D(θ) = χ2(θ)+C
with C as a constant. The effective number of parameters
in the model is pD = χ2(θ) − χ2(θ). By using this effec-
tive number of parameters, the DIC overcomes the problem
of the AIC and BIC that they do not discount parameters
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Fig. 5 Mean value (red line) and 68% C.L. regions (green band) for the evolution of the EoS wQ vs redshift z in Exp- f (Q) models

that are unconstrained by the data. However, AIC and BIC
are reasonable to evaluate the evidence level of models if
the parameters in the models are constrained well respect-
ing the Gaussianity of the posterior distribution. Moreover,
AICc is used for small sample sizes while AIC is its limit
value as N 	 k. I choose the �CDM model as the refer-
ence model to define IC differences �IC = IC(model) −
IC(�CDM), IC = AIC, AICc, BIC, DIC. Given the value
�IC, the evidence level of the model can be evaluated. As
a general rule of thumb, one usually considers �IC < 2 to
indicate substantial support (evidence), 4 < �IC < 7 much
less support, and �IC > 10 essentially no support [94,95].

As a direct way to compare different models, the Bayesian
evidence can tell which model is more favored by observa-
tions. It comes from a full implementation of Bayesian infer-
ence at the model level. The Bayes factor of model Mi with
respect to model M j is given by

Bi j = P(D|Mi )

P(D|M j )
, (60)

here the Bayesian evidence is

P(D|Mi ) =
∫

dθi p(θi |Mi )L(D|θi ,Mi ), (61)

where p(θi |Mi ) is the prior probability for the parameters
θi , and L(D|θi ,Mi ) is the likelihood of the data D given the
model parameters θi . A Bayes factor Bi j > 1 indicates that
model Mi is more strongly supported by data than model
M j . When 1 < Bi j < 3 there is evidence against M j when
compared withMi , but it is only worth a bare mention. When
3 < Bi j < 20 the evidence against M j is definite but not
strong. For 20 < Bi j < 150 the evidence is strong and for
Bi j > 150 it is very strong [96–98]. In this paper, the �CDM
model is fixed as the fiducial model M j .

The model comparison results are listed in Table 2 for
the flat universe and Table 3 for the non-flat universe. From
Table 2, the f (Q)models are strongly supported on the whole
except for the AIC/AICc and BIC of the f (Q)2 and f (Q)3

models in contradiction to other model selection methods.
The emergence of the conflict between the different selection
methods is not strange [99]. From Table 3, all the Informa-
tion Criteria and the Bayes factor indicate the less support
for the f (Q)k models. Judging from the characteristics of
these model selection methods, the DIC and the Bayesian
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Fig. 6 Mean value (red/black line) and 68% C.L. regions (green/blue
band) for the evolution of the EoS wQ vs redshift z in Inv- f (Q) models.
For the Inv- f (Q)2 model, the distribution of m can be divide in two

parts as shown in Fig. 2. The blue band of wQ corresponds to the case of
m < 0.25 and the green band corresponds to the case of m ≥ 0.25

evidence are more reliable to compare models. Based on the
results from the DIC and the Bayesian evidence, it is safe to
claim that the f (Q) models with all different connections in
the flat universe are more favored compared to the �CDM
model, while the �CDM model in the non-flat case is more
favored than the f (Q) models in each model comparison
method. Furthermore, the non-trivial connections in f (Q)2

and f (Q)3 have less support evidence than the connection
�1 based on the Bayesian evidence. That means the coinci-
dent gauge in f (Q) theory is the best gauge for matching
the cosmological observations. It indicates that the absence
of the inertial effects in the flat universe is more favored.

4 Conclusions and discussion

In this paper, the cases of flat and non-flat universes are inves-
tigated with the observational date sets SNe+CC+BAO+QSO
in the covariant f (Q) theory. Two specific f (Q) models
with different affine connections are proposed to be exam-

ined by cosmological observations. The f (Q) theory offers
a component of effective dark energy to alleviate the cosmo-
logical constant problem. The non-trivial connections have
the support evidence compared to the �CDM model in the
flat universe based on the model selection methods of the
DIC and the Bayes factor. Moreover, the coincident gauge
or the connection �1 is the best gauge choice consistent with
observations, which supports the zero inertial effect in the flat
universe. Besides this, the �CDM model has higher support
evidence level than the f (Q) models in the non-flat universe.
In the non-flat case, the negative values of k are given in the
�CDM model and the f (Q) models. It is consistent with the
spatial curvature constraints as the hints of a closed universe
from the QSO observational data via the model dependent
and independent analyses [86]. Finally the non-trivial con-
nections in the Inv- f (Q)2, Exp/Inv- f (Q)3 and Exp- f (Q)k
models can induce a phantom crossing behavior which is
absent in the other connections. Such a situation can be
regarded as the gauge induced phantom crossing (GIPC)
behavior. Here the support evidence for the f (Q) dynamical
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Table 2 Summary of the χ2
min values and various information criteria for the cosmological models (flat case k = 0)

Model Connection �χ2
min �AIC �AICc �BIC �DIC Bi j

Flat �CDM – 0 0 0 0 0 1

Exp- f (Q) �1 − 4.193 − 4.193 − 4.193 − 4.193 − 3.821 7.8

�2 − 4.508 1.492 1.532 19.185 − 19.607 4.0

�3 − 4.693 3.307 3.364 26.898 − 3.644 6.0

Inv- f (Q) �1 − 4.789 − 4.789 − 4.789 − 4.789 − 4.851 11.4

�2 − 2.567 3.433 3.474 21.126 − 9.357 2.2

�3 − 4.799 1.201 1.241 18.894 − 10.728 5.2

Table 3 Summary of the χ2
min values and various information criteria for the cosmological models (non-flat case)

Model Connection �χ2
min �AIC �AICc �BIC �DIC Bi j

Non-flat �CDM – 0 0 0 0 0 1

Exp- f (Q) �4 0.206 6.206 6.251 23.899 1.954 0.7

Inv- f (Q) �4 0.253 6.253 6.298 23.946 0.536 0.5

dark energy is quite strong, in agreement with the evidence
from the other cosmological observations [100,101]. As a
side note, the support evidence level of Inv- f (Q) compared
to the �CDM model in this paper is contradictory to [14],
which may be attributed to the usage of the distinct data sets.

Here two f (Q) models are given, we can also extend the
study in other f (Q) models, such as the power law form
f (Q) ∝ Qn or other more complicated forms as shown in
[20,23]. It is very intriguing to investigate whether the non-
trivial connection can induce the effective dark energy or not
while the connection �1 can not in some specific models.
If the non-trivial connection contributes an effective dark
energy, such an effective dark energy coming from the inertial
effects will be absent in the inertial frame.

Many more possibilities of f (Q) models have not yet been
investigated with observational data when γ is an arbitrary
function of time t . It is also interesting to study the evolution
of the function γ in an unknown f (Q) models. For example,
the case of γ ∝ a(t) has been discussed in [45,46] and even
the theory with a general time-varying γ (t) is studied by
phase-space analysis [41]. The investigation of cosmological
constraints on the function γ without the explicit expression
of f (Q) will be presented in coming work.
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