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Abstract In this paper we explore the topological classes
of thermodynamics of a family of black holes. In particu-
lar we investigate the influence of distinct fields, including
the electric field, non-linear magnetic field, along with the
perfect fluid matter background that can mimic dark mat-
ter in large distances. In light of these considerations, we
shall henceforth denote this fluid as perfect fluid dark matter
(PFDM). Our analysis reveals that the winding and topolog-
ical numbers for the Schwarzschild and Kerr black holes in
PFDM background are the same as the Schwarzschild and
Kerr black holes, however for the Kerr-AdS background in
PFDM we obtain a different topological number compared
to the Kerr black hole in PFDM. Furthermore, we explore in
details the interplay of electric charge and nonlinear magnetic
charge, impacting the topological classes of thermodynam-
ics both in the absence and presence of PFDM. Interestingly,
it is demonstrated that the topological numbers associated
with the static Hayward black holes, both in the absence and
presence of PFDM, deviate from those of the Schwarzschild
black hole. This observation shows that the presence of a
magnetic charge introduces an additional role and can alter
the topological numbers. Finally, our study culminates with
the comprehensive analysis of the topological numbers per-
taining to the Hayward black hole, considering the combined
effects of PFDM and rotation.

1 Introduction

It is widely believed that black holes typically emerge
through the collapse of an immense star during the latter
phase of its life-cycle [1,2]. These stand as some of the most
captivating revelations in the realm of science. Their presence

a e-mail: mrizwan@numl.edu.pk
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has been definitively established through the identification
of gravitational waves [3], shadow images [4–8], tracking of
stellar movements within the Galactic Center, and the pre-
cise measurement of the orbital trajectories of these stars.
These methods offer a profound opportunity to explore the
fundamental essence of black holes and the deep nature of
spacetime [9–11] These intricate objects offer way for delv-
ing into various realms of physics, encompassing quantum
gravity, thermodynamics, superconducting phase transitions,
paramagnetism-ferromagnetism phase transitions, superflu-
idity, condensed matter physics, information theory, and the
holographic hypothesis. One of the most captivating reve-
lations within the domain of general relativity is the pro-
found interplay between black holes and thermodynamics.
In recent times, this relationship has undergone intensive
scrutiny within the field of physics. The profound connec-
tion between black holes and thermodynamics can be traced
back to the groundbreaking work of Hawking [12,13]. Never-
theless, astronomical observations compellingly suggest that
black holes are enveloped by dark matter and that they pos-
sess a rotational aspect, necessitating the utilization of the
Kerr spacetime geometry.

In a recent development, a novel approach for investi-
gating the thermodynamic aspects of black holes has been
presented in the work referenced as Ref. [14]. In this paper,
the authors have done a comprehensive examination of black
holes by studying the topological classes of black hole ther-
modynamics employing the generalized off-shell free energy
framework. As a consequence of this approach, the manifold
of black hole solutions is categorized into three distinct topo-
logical classes, their differentiation arising from diverse topo-
logical numbers. Within this manuscript, our focus is directed
towards an examination of the thermodynamic topological
categories pertaining to both stationary and rotating black
holes immersed in the framework of PFDM. To comprehend
the impact of PFDM upon critical aspects such as black hole
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shadows, quasinormal modes, and deflection angles, a com-
prehensive reference can be found in the following Refs. [17–
22]. The topological approach to study the thermodynamics
was used in recent works [23–28] and, in particular, it was
extended to rotating black holes in Ref. [29]. In what follows,
we shall sketch a few concepts and provide an overview of the
topological methodology introduced in [14]. First of all, one
has to use the notion of the generalized off-shell Helmholtz
free energy, given by

F = M − S

τ
. (1)

Once we have a black hole solution, several fundamental
parameters come into play. These include the black hole mass
denoted as M , the entropy represented by S, and an essential
factor τ , inversely related to the temperature of the encom-
passing cavity. Furthermore, as an integral component of this
framework, a core vector φ can be introduced, as below [14]

φ =
(∂F

∂rh
, − C cot � csc �

)
, (2)

where C is some arbitrary constant. In a broader context, this
constant possesses the capacity to alter the orientation of the
unit vector n. For ease of exposition, we will set C = 1.
The two key parameters, rh and �, conform to the condi-
tions 0 < rh < +∞ and 0 ≤ � ≤ π , respectively. Notably,
the component φ� exhibits divergence at � = 0, π , thereby
signifying an outward vector orientation in these regions. Uti-
lizing Duan’s theory of φ-mapping topological currents, we
can write the expression for a topological current as follows
[15,16] (see also [14])

jμ = 1

2π
εμνρεab∂νn

a∂ρn
b, μ, ν, ρ = 0, 1, 2, (3)

where ∂ν = ∂/∂xν and xν = (τ, rh, �). The unit vec-
tor n reads as n = (nr , n�), where nr = φrh/||φ|| and
n� = φ�/||φ||. It is simple to demonstrate that the topolog-
ical current given above is conserved, allowing one to easily
deduce ∂μ jμ = 0. It is then established that the topological
current jμ is a δ-function of the field configuration [15,16]

jμ = δ2(φ)Jμ
(φ

x

)
, (4)

where the 3-dimensional Jacobian Jμ
(
φ/x

)
is defined as:

εab Jμ
(
φ/x

) = εμνρ∂νφ
a∂ρφb. It is simple to indicate that

jμ equals to zero only when φa(xi ) = 0, hence the topolog-
ical number W can be determined as follows:

W =
∫

�

j0d2x =
N∑
i=1

βiηi =
N∑
i=1

wi , (5)

where βi is the positive Hopf index that counts the number of
the loops of the vector φa in the φ-space when xμ are around
the zero point zi , whilst ηi = sign(J 0(φ/x)zi ) = ±1 is the

Brouwer degree, and wi is the winding number for the i th
zero point of φ that is contained in �.

This paper is organized as follows: in the subsequent sec-
tion, we study the topological classifications concerning the
Kerr and Schwarzschild black holes within the context of
PFDM. Moving forward, in Sect. 3 our focus shifts to an
examination of the thermodynamic topological classes asso-
ciated with Kerr and Kerr-AdS black holes in the presence of
PFDM. We extend our analysis in Sect. 4 to encompass the
Kerr–Newman black hole existing within the PFDM frame-
work. Additionally, in Sect. 5, we elaborate on the impact
induced by a nonlinear magnetic charge, specifically in the
form of a rotating Hayward black hole within PFDM. Our
paper culminates with a presentation of conclusions, outlined
in Sect. 6.

2 Kerr black hole in PFDM background

To begin, let us recall that the metric for a black hole in
PFDM can be derived through the utilization of the action
for the gravity theory minimally coupled to PFDM [30]

I =
∫

dx4√−g

(
1

16πG
R + LDM

)
, (6)

then from the Einstein’s field equations obtained as

Rμν − 1

2
gμνR = 8πGT DM

μν , (7)

along with the effective energy density of PFDM that is given
by

T t
t = T r

r = 1

8π

α

r3 . (8)

One can then obtain the static solution and perform a
Newman-Janis method to get the line element of the Kerr-like
black hole in the dark matter background is given as [30]

ds2 = −
⎛
⎝1 −

2mr − αr ln
(

r
|α|

)

�

⎞
⎠ dt2 + �

�r
dr2

+�dθ2 − 2a

⎛
⎝2mr − αr ln

(
r

|α|
)

�

⎞
⎠ dtdφ

+ sin2 θ

⎛
⎝r2 + a2 + a2 sin2 θ

2mr − αr ln
(

r
|α|

)

�

⎞
⎠ dφ2,

(9)

where

�r = r2 − 2mr + a2 + αr ln

(
r

|α|
)

, (10)

� = r2 + a2 cos2 θ. (11)
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Here m is the mass parameter, a is the rotation parameter,
and α represents the dark matter parameter. For each chosen
value α and the corresponding a < kc,1 the line element (9)
represents a black hole with two horizons, the inner horizon
r− and the outer (Cauchy) horizon rh , respectively [31]. For
a = kc, the line element represents an extremal black hole
with one horizon.2 The size of the black hole depends on
the PFDM parameter α. The mass M , entropy S, and the
Hawking temperature T of the Kerr black hole in PFDM
background is given by [32]

M = m, (12)

S = π
(
r2
h + a2

)
, (13)

T = rh
4π

(
r2
h + a2

)
(

1 − a2

r2
h

+ α

rh

)
. (14)

The generalized off-shell free energy of the system in this
case takes the form

F = 1

2rh

[
r2
h + a2 + αrh ln

(
rh
|α|

)]
− π

(
r2
h + a2

)

τ
. (15)

Thus, the component of the vector field φ can be written as

φrh = 1

2r2
h

(
r2
h + αrh − a2

)
− 2πrh

τ
, (16)

φθ = − cot � csc �. (17)

The inverse temperature parameter surrounding the Kerr
black hole in PDFD can be written as

τ = 4πr3
h

r2
h + αrh − a2

≡ G (rh). (18)

This shows the inverse temperature parameter τ (which is
zero point of the n vector field φ) decreases with increasing
α. Now, to find the winding number wi , and the topological
number W , we use the approach given in [34] and verify
our results by plotting the vector field φ. Thus, we define a
characterized complex function as

R(z) = 1

τ − G (z)
. (19)

The winding number ωi is define as [34]

wi = ResR (zi )

|ResR (zi ) | ≡ Sgn [ResR (zi )] , (20)

1 For reference the value of kc given by kc =
α
2

√
ProdcutLog

(
2e−1+ 2

α

) [
2 + ProdcutLog

(
2e−1+ 2

α

)]
.

2 The size of extremal black hole horizon is given by

re = α

2
ProductLog

(
2e−1+ 2

α

)
,

where ProductLog(x) represent Lambert W -function.

where ResR (zi ) represents residue of R (zi ) corresponding
to the singular point zi , Sgn(x) represents sign function and
|z| represents the absolute value of z.

For the Kerr black hole in PFDM the characterized com-
plex function takes the form

R (z) = − z2 + αz − a2

4π z3 − τ
(
z2 + αz − a2

) ≡ − z2 + αz − a2

A (z)
.

(21)

The roots analysis of A (z) = 0 shows,3 for any choice of α

with a < kc and τ < τc where

τc = 4π

(
−α + √

3a2 + α2
)3

2a2 − α
(
−α + √

3a2 + α2
) , (22)

there is one real negative and two complex roots. So, the off-
shell condition cannot be satisfied. However, for τc < τ , we
have three singular points such that

z1, z2, z3 ∈ R, and 0 < z2 < z1 whereas z3 < 0. (23)

So, the corresponding winding numbers and the topological
number are

w1 = −1, w2 = 1 and W = 0. (24)

This shows that the winding numbers and the topological
number for Kerr black hole in PFDM are the same as that of
the Kerr black hole [29]. This can also be seen from Fig. 1
(left hand side) which is plotted for unit vector field n for the
Kerr black hole in PFDM. The black dots represent the zero
points of the vector field φ.

2.1 Schwarzschild black hole in dark matter background

As a special case of the Kerr black hole in PFDM we can
obtain the static line element; namely, the Schwarzschild
black hole in PFDM with the line element

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (25)

with

f (r) = 1 − 2m

r
+ α

r
ln

(
r

|α|
)

, (26)

where m representing the mass and α as the PFDM param-
eter. Note, that for every choice of the parameter α, the line
element (25) represents a black hole with one horizon called

3 The cubic equation has discriminant δ =
τ 2

[
4a2

(
τ 2 − 108a2π2

) + ατ
(
72a2π + ατ + 16πα2

)]
. If the dis-

criminant is positive, then the equation has one negative and two
positive real roots. If the discriminant is negative, then the equation has
one negative real and two complex roots. Further, if the discriminant
is zero, then the equation has one negative and one positive root of
multiplicity 2.
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Fig. 1 Left hand side: the red arrows represent unit vector field n on
a portion of the rh-� plane plotted for the Kerr black hole in PFDM
with a/r0 = 1/2, τ/r0 = 4π and α/r0 = 1/2. Right hand side: the
plot of the vector field for the Schwarzschild black hole in PFDM with

τ/r0 = 4π and α/r0 = 1/2. The zero points are marked with black
dots and are located at (left hand side) (rh/r0,�) = (0.35, π/2), and
(1.24, π/2); (right hand side) (rh/r0,�) = (1.37, π/2)

event horizon represented by rh . Further, the size of the event
horizon increases with increasing the dark matter parameter
α [31]. The thermodynamic quantities for the Schwarzschild
black hole in PFDM background are given as [32]

M = m, S = πr2
h , T = 1

4πrh

(
1 + α

rh

)
. (27)

In the absence of the PFDM, that is, for α = 0, the line
element and the thermodynamical quantities reduce to that of
the Schwarzschild black hole. For the Schwarzschild black
hole in PFDM, the generalized off-shell free energy takes the
form

F = 1

2

[
rh + α ln

(
rh
|α|

)]
− πr2

h

τ
. (28)

Further, the components of the vector field φ are

φrh = 1

2

(
1 + α

rh

)
− 2πrh

τ
, (29)

φθ = − cot � csc �, (30)

which gives the values of the inverse temperature parameter
(τ ) of the cavity surrounding the black hole as

τ = 4πr2
h

rh + α
. (31)

This shows that τ decreases with increasing the dark mat-
ter parameter α. Further, in the absence of PFDM (α = 0),
the result reduces to that of the Schwarzschild black hole

[14]. Now, the characterized complex function is given as

R (z) = − z + α

4π z2 − τ (z + α)
. (32)

The function R (z) for all values of α has two singular
points say, z1 and z2, such that

z1, z2 ∈ R, and z2 < 0 whereas 0 < z1. (33)

For the negative real root z2, the off-shell condition cannot be
satisfied and therefore, we only consider the positive singular
value z1 which gives the corresponding winding number w1

and the topological number as

w1 = −1 and W = −1. (34)

This indicates that the winding number and topological
classes for the Schwarzschild black hole within the PFDM
framework align with those of the Schwarzschild black hole
[14]. Conversely, they diverge from the corresponding val-
ues for the Kerr black hole in the PFDM context. Hence,
the rotation of spacetime within the context of PFDM exerts
an influence on its topological characteristics. This assertion
finds support in the graphical representation of the n vector
field, as depicted in Fig. 1 (right hand side).

3 Kerr-AdS black hole in dark matter background

In this section, we discuss the effect of PFDM on topological
classes of Kerr-Ads spacetime. The line element of the Kerr-
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Ads black hole in the dark matter background is given as
[30]

ds2 = − �r

��

(
dt − a sin2 θdφ

)2 + �

�
dr2 + �

�θ

dθ2

+�θ sin2 θ

��

[
adt −

(
r2 + a2

)
dφ

]2
, (35)

where

�r = r2 − 2mr + a2 − �

3
r2

(
r2 + a2

)
+ αr ln

(
r

|α|
)

,

�θ = 1 + �

3
a2 cos2 θ,

� = r2 + a2 cos2 θ � = 1 + �

3
a2. (36)

Here m and a are the mass and angular momentum per unit
mass parameters of the black hole and α and � are the PFDM
parameter and cosmological constant, respectively.

In the absence of PFDM (α = 0), the line element (35)
represents a Kerr-AdS black hole. The location of the black
hole horizons can be obtained by solving the horizon equation

�r =r2 − 2mr+a2− �

3
r2

(
r2 + a2

)
+αr ln

(
r

|α|
)

= 0.

(37)

The mass and other thermodynamical quantities are given by
given by [32]

M = m

�2 , (38)

S = π
(
r2
h + a2

)

�
, (39)

T = rh
4π�

(
r2
h + a2

)
[

1 − a2

r2
h

− �

3

(
3r2

h + a2
)

+ α

rh

]
.

(40)

Using these thermodynamical quantities generalized off-
shell free energy of the system can be obtained as

F = 1

2τrh
(
3 − 8πa2P

)2

[
3

(
r2
h + a2

)
G + 9αrhτ ln

(
rh
|α|

)]
,

(41)

where

G = 2πrh
(

8π Pa2 + 4τ Prh − 3
)

+ 3τ. (42)

which gives the the components of n vector field as

φrh = 6πr2
h

{
8πa2rh P − 3rh + 2τ P

(
a2 + 3r2

h

)}

2r2
hτ

(
3 − 8πa2P

)2

+9τ
(
r2
h + αrh − a2

)

2τr2
h

(
3 − 8πa2P

) , (43)

φθ = − cot � csc �. (44)

Thus, the inverse temperature for the Kerr-Ads black hole in
PFDM as

τ = 4πr3
h

(
3 − 8π Pa2

)

3
(
r2
h + αrh − a2

) + 8π Pa2r2
h

(
a2 + 3r2

h

) . (45)

The characterized function in this case takes the form

R(z) ≡ −3
(
z2 + αz − a2

) + 8π Pa2z
(
a2 + 3z2

)

A (z)
, (46)

where

A (z) = 4π z3
(

3 − 8π Pa2
)

− τ

{
3
(
z2 + αz − a2

)

+8π Pa2z
(
a2 + 3z2

) }
. (47)

The root analysis ofA (z) = 0, shows that the for any chosen
a and τ < τa or τb < τ there is only one real positive root and
hence the corresponding winding and topological number is
1. Further, for τ ∈ (τa, τb) there are three positive and one
negative root, and the corresponding winding numbers are
w1 = 1, w2 = −1, w3 = 1 and hence again we have
same topological number W = 1. This result can be seen
from the Fig. 2 (left hand side) in which vector field φ is
plotted for τ ∈ (τa, τb) which has three zero points with
the winding number w1 = 1, w2 = −1, w3 = 1 with the
topological number W = 1. The zero point of the vector field
is plotted in Fig. 2 (right hand side) which divides the black
hole into a small, intermediate, and large black hole with one
generation and one annihilation point represented by black
dots. So, the Kerr-AdS black hole in PFDM has different
topological behavior (with topological W = 1) than that of
the Kerr black hole in PFDM (with topological W = 0).

4 The role of electric charge: Kerr–Newman black hole
in dark matter background

Let’s now direct our focus towards understanding the impor-
tance of the electric charge concerning the topological num-
bers of thermodynamics. To find the spacetime geometry,
one can start from the action for the gravity theory minimally
coupled with gauge field in PFDM reads as [33]

I =
∫

dx4√−g

(
1

16πG
R + 1

4
FμνFμν + LDM

)
. (48)

In the last equation g = det(gab) is the determinant of the
metric tensor, R is the Ricci scalar, further G is Newton’s
gravitational constant, Fμν = ∇μAν −∇ν Aμ is electromag-
netic field tensor and LDM is the Lagrangian density for
PFDM. Upon using the variation for the action principle,
one can obtain the Einstein field equations [33]

Rμν − 1

2
gμνR = 8πG(T M

μν + T DM
μν ), (49)
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Fig. 2 Left hand side: the n vector field φ for Kerr-AdS black hole in
PFDM with a/r0 = 0.3, τ/r0 = 4π , α/r0 = 1/2 and Pr2

0 = 0.0022 is
plotted. There are three zero points (two are shown in the inset which
is plotted for small values of rh/r0) and are located at (rh/r0,�) =
(0.08, π/2), (1.72, π/2), and (rh/r0,�) = (16.92, π/2). Right hand
side: the zero points of φrh with a = r0, τ/r0 = 4π , α/r0 = 1 and

Pr2
0 = 0.0022 are for Kerr-Ads Black hole in PFDM is shown. The

red solid, blue dashed, and black solid lines are for the large, intermedi-
ate, and small black hole, respectively. Further, for Kerr-Ads black hole
in PFDM there is a generation point as well as an annihilation point
represented by black dots

along with

Fμν

;ν = 0,

Fμν;α + Fνα;μ + Fαμ;ν = 0. (50)

We have T M
μν , which is the energy-momentum tensor for ordi-

nary matter and T DM
μν that describes the energy-momentum

tensor for PFDM

Tμ
ν = gμνTμν,

T t
t = −ρ, T r

r = T θ
θ = T φ

φ = P. (51)

It was shown that the line element of the Kerr–Newman
like black hole in the dark matter background is given as [33]

ds2 = −�

�

(
dt − a sin2 θdφ

)2 + �

�
dr2 + �dθ2

+ sin2 θ

�

[
adt −

(
r2 + a2

)
dφ

]2
, (52)

where

� = r2 − 2mr + Q2 + a2 + αr ln

(
r

|α|
)

,

� = r2 + a2 cos2 θ. (53)

Here Q is the electric charge of the black hole. The root anal-
ysis of the horizon equation � = 0 shows that for any choice
of α if the rotation parameter a and charge parameter Q are
in the limit a2 + Q2 < k2

c , the line element (52) represents a

black hole with three horizons and a naked singularity other-
wise. The thermodynamic quantities for this spacetime can
be written as

M = m, (54)

S = π
(
r2 + a2

)
, (55)

T = �′(rh)
4π(r2

h + a2)
(56)

For this black hole, the off-shell free energy can be obtained
as

F =
a2 + αrh ln

(
rh|α|

)
+ Q2 + r2

h

2rh
− π

(
a2 + r2

h

)

τ
(57)

This gives the components of the n vector field as

φrh = 1

2r2
h

(
r2
h + αrh − a2 − Q2 − 4πr3

h

τ

)
, (58)

φθ = − cot � csc �, (59)

and

τ = 4πr3
h

r2
h + αrh − a2 − Q2

(60)

To find the winding number we define

R(z) = − z2 + αz − a2 − Q2

4π z3 − τ
(
z2 + αz − a2 − Q2

) , (61)
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which has the same form as that of the Kerr black hole in
PFDM [given by Eq. (21)] instead of a2 → a2 + Q2. So, a
similar analysis as for the Kerr black hole in Sect. 2, shows
that for any choice of α with a2 + Q2 < k2

c and τc < τ ,
where

τc = 4π

(
− α + √

3(a2 + Q2) + α2
)3

2a2 − α
(

− α + √
3(a2 + Q2) + α2

) , (62)

the winding number and the topological number for the Kerr–
Newman black hole in PFDM are

w1 = −1, w2 = 1 and W = 0. (63)

4.1 The Reissner–Nordström black hole in PFDM

It has the line element

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (64)

with

f (r) = 1 − 2m

r
+ Q2

r2 + α

r
ln

(
r

|α|
)

, (65)

The results for the Reissner–Nordström black hole in PFDM
can be obtained as from the Kerr–Newman Black hole, which
shows that for Q < kc, and τ < τc, the winding number, and
the topological number are

w1 = −1, w2 = 1 and W = 0. (66)

The zero point τ of the vector field φrh is plotted in Fig. 3 for
the family of black holes which shows the different topolog-
ical classes with winding and the topological number. For
instant, the Schwarschild black hole and the Schwarschild
black hole in PFDM have a topological number −1 with no
generation/annihilation point whereas other black holes have
a topological number equal to 0 with one generation point.

5 The role of nonlinear magnetic charge: rotating
Hayward black hole in dark matter background

In this section, we shall investigate the role played by the
magnetic charge. In order to find the spacetime geometry, one
has to start from the action for the gravity theory minimally
coupled with gauge field in PFDM reads with the Einstein
gravity coupled to a nonlinear electromagnetic field in the
presence of the perfect fluid dark matter (Fig. 4). One can
show that the following equations can be obtained [35]

G ν
μ = 2

(
∂L (F)

∂F
FμλF

νλ − δ ν
μL

)
+ 8πT ν

μ (DM) ,

(67)

Fig. 3 The zero points of vector field φ are plotted in rh-τ plane for
a family of black holes spacetimes. The figure shows that the rotation
and electric charge affects the topological behavior of spacetime as the
charged and rotating black holes have generation points and different
topological numbers from Schwarzschild black holes

Fig. 4 The A (z) [defined by Eq. (100)] is plotted for different men-
tioned values for rotating Hayward BH in the absence of PFDM. We
see from this case that for τc < τ , A (z) = 0 has two real positive roots

∇μ

(
∂L (F)

∂F
Fνμ

)
= 0. (68)

In which Fμν = 2∇[μAν] where L is a function of F ≡
1
4 FμνFμν and it is given by [35]
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L (F) = 3M

|Qm |3
(
2Q2

mF
) 3

2

(
1 + (

2Q2
mF

) 3
4

)2 . (69)

It is straightforward to show that the line element of the
rotating Hayward like black hole in the dark matter back-
ground is given as [35]

ds2 = −�

�

(
dt − a sin2 θdφ

)2 + �

�
dr2 + �dθ2

+ sin2 θ

�

[
adt −

(
r2 + a2

)
dφ

]2
, (70)

where

� = r2 − 2mr4

r3 + Q3
m

+ a2 + αr ln

(
r

|α|
)

,

� = r2 + a2 cos2 θ (71)

Here Q is the electric charge of the black hole. The mass M ,
magnetic charge Qm , entropy S, and the Hawking tempera-
ture T of the black hole are

M = m, (72)

S = = π

[
r2
h + a2 − 2Q3

m

rh

(
1 + a2

3r2
h

)]
, (73)

T = �′(r)
4π(r2

h + a2)
|rh . (74)

Using the same method as that used for the previous sec-
tion we can find the components of the n vector field as

φrh = 1

2τr5
h

[
r3
h

{
τ

(
r2
h + αrh − a2

)
− 4πr3

h

}

−Q3
mτ

(
2r2

h + 4a2 + αrh

(
1 − 3 ln

(
rh
|α|

))

+4πrh
τ

(
r2 + a2

) )]
, (75)

φθ = − cot � csc �, (76)

and the inverse temperature parameter is given by

τ = 4π
r6
h + Q3

mrh
(
r2
h + a2

)

r3
h

(
r2
h + αrh − a2

) − Q3
mH (rh)

, (77)

where

H (rh) = 4a2 + 2r2
h − αrh + 3αrh ln

(
rh
|α|

)
. (78)

The complex function R(z) takes the form

R(z) ≡ − z3
(
z2 + αz − a2

) − Q3
mH (z)

A (z)
(79)

where

A (z) = 4π
{
z6 + Q3

mz
(
z2 + a2

)}

Fig. 5 The plot of the A (z) [define by Eq. (96)] for the static Hayward
BH in the presence of PFDM. This shows that just like Kerr-Ads black
hole, for the non-rotating Hayward BH in PFDM background, there are
two critical values of τ , τa and τb such that if τ ∈ (τa, τb), the equation
A (z) = 0 has three real positive roots and one real root otherwise.
Similar behavior is seen for other choices of the parameter α, a, and Q

−τ
{
z3

(
z2 + αz − a2

)
− Q3

mH (z)
}

. (80)

For the analysis of complex function R(z) and hence the
winding number (Fig. 5), we have plotted A (z) for rotating
Hayward black hole in PFDM [define by Eq. (80)] in Fig. 6.
This figure shows that for τc < τ , the equation A (z) has two
positive real roots say z1 and z2 with z1 < z2 such that the
corresponding winding number are w1 = −1 and w2 = 1
with topological number W = 0.4 The result can be verified
from the vector field plot in Fig. 7 (bottom left panel). Further,
from the graph of zero point φrh in Fig. 9 we can see that the
rotating black hole has 1 or 0 point but no annihilation point.

5.1 Static solution: Hayward black hole in the absence of
PFDM

In the absence of PFDM the line element for the Hayward
black hole can be written as [35]

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (81)

where

f (r) = 1 − 2mr2

r3 + Q3
m

. (82)

4 The similar behaviour is seen for other choices of the parameters a, Q
and α.
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Fig. 6 The plot of A (z) [defined by Eq. (80)] for the general case of
rotating Hayward BH in the presence of PFDM. Similar result we find
here for τc < τ , A (z) = 0 has two real positive roots and in both cases,
the rotating Hayward and rotating Hayward BH in PFDM background
have same winding numbers w1 = −1 and w2 = 1 with topological
number W = 0

The generalized off-shell free energy, the radial component
of n vector, and its zero point of the vector field in this case
take the form

F = 1

2r2
hτ

{
−2πr4

h + τr3
h + Q3 (τ − 4πrh)

}
, (83)

φrh = 1

2r3
hτ

{
τ

(
r3
h − 2Q3

m

)
− 4πrh

(
r3
h + Q3

m

)}
, (84)

τ = 4πrh
(
r3
h + Q3

)

r3
h − 2Q3

. (85)

To find the winding numbers the complex function is given
as

Rs(z) = − z3 − 2Q3

4π z4 − τ z3+4πQ3z+2τQ3 ≡ − z3 − 2Q3

A (z)
.

(86)

The root analysis ofA (z) shows that for every Q and τc < τ ,
A (z) has two real positive real root.5 Thus, the winding and
hence topological numbers for the Hayward black hole in the
absence of dark matter are

w1 = −1, w2 = 1 and W = 0, (87)

which are different from that of the Schwarschild black hole.
This shows that the presence of the magnetic charge Qm in

5 The discriminant ofA (z) is δ = −108(1024π6Q12−1664π3τ 3Q3+
τ 6Q6) which is negative for all Q and τc < τ .

Hayward spacetime really affects both winding and topolog-
ical numbers. This can be verified from the n vector field [see
Fig. 7 (top left panel)].

5.2 Static solution: Hayward BH in PFDM

It has the line element [35]

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (88)

with

f (r) = 1 − 2mr2

r3 + Q3
m

+ α

r
ln

(
r

|α|
)

, (89)

where Qm is the magnetic monopole charge. The mass M ,
magnetic charge Qm , entropy S, and the Hawking tempera-
ture T of the black hole are

M = m, (90)

S = = π

[
r2
h − 2Q3

m

rh

]
(91)

T = f ′(r)
4π

|rh (92)

where

f (r) = 1 − 2mr2

r3 + Q3
m

+ α

r
ln

(
r

|α|
)

. (93)

The generalized off-shell free shell energy, the radial com-
ponents of n vector field, and its zero point can be obtained
as

F = 1

2r3
h τ

{(
r3
h + Q3

)(
rh + α ln

(
rh
|α|

))
− π

(
r3
h − 2Q3

)}
,

φrh = 1

2r4
h τ

[
r3
h

{
τ

(
r2
h + αrh

)
− 4πr3

h

}

−Q2
mτ

{
2r2

h + αrh
(

1 − 3 ln

(
rh
|α|

)
+ 4πr3

h

τ

)}]
,

τ = 4π
r3
h

(
r3
h + Q3

m

)

r3
h

(
r2
h + αrh

) − Q3
m

(
2r2

h − αrh + 3αrh ln
(

rh|α|
)) .

(94)

The complex function in this case takes the form

R(z) ≡ −
z3

(
z2 + αz

) − Q3
m

(
2z2 − αz + 3αz ln

(
z

|α|
))

A (z)
,

(95)

where

A (z) = 4π z3
(
z3 + Q3

m

)
− τ

{
z3

(
z2 + αz

)

−Q3
m

(
2z2 − αz + 3αz ln

( z

|α|
))}

. (96)
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Fig. 7 The unit vector field φ is plotted for the class of black holes
with the magnetic charge. Top left panel: the field for Hayward black
hole (with a = 0, Q = 1/2, τ = 30) which shows that Hayward black
hole has 2 zero points. Top right panel: the field for rotating Hayward
black hole (with a = 1/2, Q = 1/2, τ = 30) which has 2 zero points.
Left bottom panel: the field has plotted for the rotating Hayward black

hole in PFDM (with a = 1/2, Q = 1/2, α = 1/2, τ = 18). Right
bottom: the field is plotted for Hayward black hole in PFDM (with
a = 0, Q = 1/2, α = 1/3, τ = 20) which shows unlike other black
holes the Hayward black hole in PFDM has three zero points. A similar
behavior is seen for other choices of parameters

For the winding and topological number we have plotted the
function A (z) in Fig. 5, which shows that unlike to Hayward
black hole and rotating Hayward black hole in PFDM, the
Hayward black hole in PFDM, for τc < τ , the equationA (z)
has three real positive roots. So, similar to other cases we can
easily deduce that the winding and the topological numbers
for the Hayward black hole in PDFM are

w1 = −1, w2 = 1, w3 = 1 and W = 1. (97)

This case be verified from the vector field φ graph plotted
in Fig. 7 (bottom right panel). Further, the zero point of φ is

plotted in Fig. 8 which shows that the spacetime has gener-
ation as well as annihilation point.

5.3 Rotating Hayward BH

Let us now elaborate the final special case, namely, we
include the role of rotation and magnetic charge. For this
case we get

τ = 4π
r6
h + Q3

mrh
(
r2
h + a2

)

r3
h

(
r2
h − a2

) − Q3
m

(
4a2 + 2r2

h

) . (98)
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Fig. 8 The zero point of φrh for Hayward black hole in PFDM is
plotted. The red solid, blue dashed, and black solid lines representing
the large, intermediate, and small black hole, respectively

The function R(z) on the other hand takes the following
form

R(z) ≡ − z3
(
z2 − a2

) − Q3
m

(
4a2 + 2z2

)

A (z)
(99)

where we have defined

A (z) = 4π
{
z6 + Q3

mz
(
z2 + a2

)}

−τ
{
z3

(
z2 − a2

)
− Q3

m

(
4a2 + 2z2

)}
(100)

The graph of the function A (z) is plotted in Fig. 6 which
shows that for τc < τ , A (z) = 0 has two positive real roots
and hence similar to that of the Hayward black hole (Fig. 9),
the rotating Hayward black hole has the same winding and
topological numbers

w1 = −1, w2 = 1 and W = 0. (101)

6 Conclusions

We have extensively investigated the thermodynamic classes
of a specific class of black hole solutions (singular and reg-
ular solutions) situated within the context of PFDM space-
time, all while accounting for rotational dynamics, electric
charge, and magnetic charge effects. From a physical point
of view, such a perfect fluid matter is of particular interest
since it mimics the behavior of dark matter in large distances
from the black hole. The first important result of our analysis

Fig. 9 The zero point of φrh for class of black hole is plotted which
shows that the black holes has one generation point and no annihilation
point

unveils that the winding and topological properties exhib-
ited by Schwarzschild and Kerr black holes remain unaltered
when the effect of PFDM is introduced. However, when con-
sidering the Kerr-AdS background in the realm of PFDM, a
distinct topological feature emerges, setting it apart from the
Kerr black hole in PFDM. Although, the same topological
number is obtained compared to the Kerr-AdS black holes.

In the subsequent sections of this paper we have inves-
tigated the impact of electric charge and nonlinear mag-
netic charge on the thermodynamic topological classes. This
exploration is conducted using both the Kerr–Newman black
hole and the regular rotating Hayward black holes in PFDM.
To this end, we analysed also the static metrics such as the
Reissner–Nordström BH and the Hayward black holes in
PFDM. It is very interesting to note that, if we compare
our results with the existing results of the black holes in
the literature, our findings demonstrate that there is no effect
of PFDM on topological numbers for Schwarzschild BH,
Kerr BH, Kerr-AdS BH, Reissner–Nordström BH and Kerr–
Newman BH.

In the final part of the present paper, we have studied
the most interesting case that has to do with the role of the
magnetic charges which can shift the topological numbers,
accentuating differences between static Hayward BH and
the Schwarzschild black hole. This difference in topological
number compared to the Schwarzschild black hole arises in
both cases that includes the absence and presence of PFDM.
Moreover, when a magnetic charge is introduced, rotation
exhibits a notable influence on the topological attributes as
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Table 1 In this table, we summarize our results for the topological
numbers as well as the generation point (GP) and annihilation point
(AP) of the black holes studied in the present paper. We also present
some of the results reported in the literature

Black hole spacetime W GP AP

Schwarzschild BH [14] −1 0 0

Schwarzschild-AdS4 BH [36] 0 0 1

Kerr BH [29] 0 1 0

Kerr-AdS4 BH [29] 1 1 or 0 1 or 0

Reissner–Nordström BH [14] 0 1 0

Reissner–Nordström-AdS4 BH
[14]

1 1 or 0 1 or 0

Kerr–Newman BH [29] 0 1 0

Kerr–Newman-AdS4 BH [29] 1 0 0

Kerr BH in PFDM (present paper) 0 1 0

Schwarzschild BH in PFDM
(present paper)

−1 0 0

Kerr AdS BH in PFDM (present
paper)

1 1 or 0 1 or 0

Kerr–Newman BH in PFDM
(present paper)

0 1 0

Reissner–Nordström BH in PFDM
(present paper)

0 1 0

Hayward BH (present paper) 0 1 0

Rotating Hayward BH (present
paper)

0 1 0

Static Hayward BH in PFDM
(present paper)

1 1 or 0 1 or 0

Rotating Hayward BH in PFDM
(present paper)

0 1 0

well. Table 1 provides a concise overview of our findings
regarding the topological numbers, along with the genera-
tion point (GP) and annihilation point (AP) for the black
holes investigated in this study. Additionally, we incorporate
some of the most important cases studied in existing literature
for comparative context.
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will not be deposited. [Authors’ comment: There are no external data
associated with the manuscript.]
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