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Abstract The calculation of P-wave Sommerfeld enhance-
ment in processes with unstable particles in the final state
is known to be divergent. In a complete description, where
resonant (on-shell unstable particles) and non-resonant con-
tributions are included, it has been shown that results are
finite. For most beyond the Standard Model applications,
these complete calculations are not readily available. In this
work, we are interested in the near-threshold region and we
consider only the resonant contribution. In this case, we pro-
vide a simplified prescription to compute the P-wave Som-
merfeld enhancement in the narrow-width approximation of
the unstable particle that directly eliminates divergences. We
show that we can define a finite resonant contribution without
the inclusion of the non-resonant processes in a way similar
to the usual S-wave Sommerfeld enhancement.

1 Introduction and motivation

The Sommerfeld enhancement [1] in scattering amplitudes
can be understood as the result of multiple exchanges of light
mediators among either the initial or the final state particles
in the process. This is a non-relativistic quantum mechanical
effect that can be expressed as a deformation of the initial
or final state wavefunctions induced by the interaction of
the external states with the light mediators. This modifica-
tion can be obtained by solving the Schrödinger equation
with a potential term that results from the new interaction.
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Typically, these effects lead to significant enhancements in
the cross-sections near the threshold due to non-perturbative
effects. These effects can overcome phase space suppression,
resulting in a finite cross-section even at the threshold.

The first computation of the Sommerfeld enhancement
due to the Coulomb interaction between final-state leptons
was performed in [2]. Examples of Sommerfeld enhance-
ment computations in S-wave dominated processes involv-
ing stable particles can be found in studies related to dark
matter annihilation [3–6]. General results for arbitrary partial
waves have been obtained in [7,8]. Examples of Sommerfeld
enhancement computations in S-wave dominated processes
involving unstable particles can be found in studies related to
top quark pair production [9–13], W+W− production [14]
and Higgs pair production [15,16]. Sommerfeld enhance-
ment studies for processes that have significant P-wave con-
tributions and involve unstable particles (like stop quarks) in
the final states, have been performed in [17–20].

The computation of the Sommerfeld enhancement for
unstable particles in the final state uses Green’s functions
and the optical theorem. On one hand, the presence of a finite
width in the propagator regulates an infrared divergence by
damping the wave functions at large distances. On the other
hand, it also introduces ultraviolet divergences in the compu-
tation of the Sommerfeld enhancement for P-wave dominated
processes [17,19,21]. The reason is that, in this case, the
enhancement is obtained from the Laplacian of the Green’s
function, which is divergent at the origin (short distance).
This divergence is real when dealing with stable particles or
considering S-wave dominated processes with unstable par-
ticles, and hence it does not contribute to the cross-section.
When considering P-wave dominated processes with unsta-
ble particles, the width introduces a divergence in the imagi-
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nary part of the amplitude that contributes to the cross-section
through the optical theorem.

These divergences are usually resolved by considering the
physical process in the complete theory which includes the
non-resonant contributions [22–24]. Using this approach, if
one is interested in calculating a P-wave process with unsta-
ble particles, one needs to compute the all-orders effect from
the Sommerfeld enhancement and also the leading perturba-
tive process at a higher loop. The calculation of the perturba-
tive higher loop is not readily available for most processes.
Furthermore, it accounts for a small correction of the finite
resonant piece above threshold.1 In this work, we develop a
method to obtain the finite resonant corrections without hav-
ing to compute the higher-loop non-resonant process. This
is useful for beyond the standard model processes to obtain
an estimation of P-wave processes with unstable particles
which are enhanced by the exchange of a light mediator. In
this case, the computation of the leading resonant contribu-
tion is sufficient to get a good estimate of the cross-section
[24] including the width effects. Focusing only on the thresh-
old region, we show that the resonant contribution of a Som-
merfeld enhancement can be computed in the non-relativistic
quantum field theory with unstable particles assuming a nar-
row width approximation.2

The remainder of this paper is organized as follows. In
Sect. 2, we briefly review the Sommerfeld enhancement
effect in a 2-to-2 process due to the exchange of a light
mediator in the final state. We consider the annihilation of a
fermion–antifermion into two scalars as a concrete example.
In Sect. 3 we introduce the general formalism for the cal-
culation of the enhancement in the presence of an unstable
particle in the final state using the optical theorem. In Sect. 4
we present the computation of the enhancement for a spe-
cific S-wave dominated process and we propose a procedure
to deal with the UV divergences appearing in the calculation.

In Sect. 5 we present the computation of the enhancement
for a specific P-wave dominated process. In this case, the
divergences are imaginary and by applying our method we
show how the renormalization procedure provides a finite
unambiguous result. We discuss some of the differences
between using our renormalization procedure and a finite
cutoff in Sect. 6. We conclude in Sect. 7. In Appendix A
we derive the non-relativistic approximation of the recursion
relations used in the main text and in Appendix B we discuss
the validity of the optical theorem for unstable particles.

1 For instance, it accounts forO(5%) in the e+e− → t t̄ process at NLO
[24].
2 Unstable particles have to be treated with care when considered as vir-
tual particles in the optical theorem. The validity of the optical theorem
for unstable particles is discussed in Appendix B.

2 Brief review of Sommerfeld enhancement

The Sommerfeld enhancement for a 2-to-2 scattering process
is due to the exchange of a light force carrier between the ini-
tial or final state particles and can be computed using two dis-
tinct methods. The first method, which is the way the effect
was discovered, uses the computation of the wave function of
the produced final state [6–8,25]. The calculation of this wave
function at the origin includes the non-perturbative informa-
tion of the interaction potential and gives the enhancement
factor of the scattering process. This approach is straightfor-
ward and uses basic quantum mechanics. The second method,
instead, takes advantage of the optical theorem to relate the
cross-section with the imaginary part of an amplitude where
initial and final states are the same [9,11,12]. In this work,
we adopt this second approach to use the full power of quan-
tum field theory and tackle the divergences that arise in the
computations.

To demonstrate our methodology, in this paper we con-
sider the annihilation of two fermionic particles ψ into two
massive scalars S with mass mS and width �S .3 We will
further assume the existence of a light real scalar field φ

which interacts exclusively with S in such a way that the
cross-section of the process ψψ̄ → SS can be enhanced
by the multiple exchanges of φ-particles between the two
scalar particles in the final state, as shown in Fig. 1. In the
non-relativistic limit, the enhancement is dominated by the
ladder diagrams which are related to a threshold singularity.
Each φ exchange generates an enhancement factor of (αφ/v).
At this point, we need to systematically resum the ladder dia-
grams or use the wave function under the Yukawa potential
in order to get the precise annihilation cross-section. Let us
define the enhancement of the cross-section in this process
as:

σ(ψψ̄ → SS) = S(E) σ0(ψψ̄ → SS), (2.1)

where σ0(ψψ̄ → SS) is the leading order cross-section
and S(E) is the energy-dependent Sommerfeld enhance-
ment factor. The computation of the enhancement factor
S(E) depends on two important elements of the theory. The
first one is the form of the φSS interaction vertex. It can
be generic, but in this work, we assume a simple form that
occurs in a plethora of different models, namely:

Lint = κ

2
φS2, (2.2)

where κ is a dimensionful coupling constant. The second
element is the leading order amplitude M0(ψψ̄ → SS)

such that:

3 In principle, the field S can be a complex scalar but for simplicity, we
take it to be real.
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Fig. 1 Sommerfeld
enhancement in the process
ψψ̄ → SS due to the mediation
of the scalar φ

σ0(ψψ̄ → SS) ∼ |M0(ψψ̄ → SS)|2. (2.3)

The most general leading-order (off-shell) amplitude for the
process ψ(q1)ψ̄(q2) → S(p1)S(p2) can be written as:

M0(ψψ̄ → SS) = v̄(q2)�I u(q1)F
I

0 (q, p), (2.4)

where q = q1 + q2 = p1 + p2 = √
s is the center of

mass energy and �I = 1, γμ, γ5, γμγ5, σμν is an element
of the Clifford space basis. By defining p1 = q/2 + p,
p2 = q/2 − p and using momentum conservation, we have
that the leading order form factor F I

0 is a function of three
independent momenta: q1, q and p. For simplicity, we just
write F I

0 (q, p).
At this point, we can expand the amplitude in partial waves

as follows

M0 = 16π

∞∑

l=0

(2l + 1)Pl(cos θ)Ml
0(s, t), (2.5)

where s, t, u are the usual Mandelstam variables, Pl(x) is
the Legendre polynomial of order l and Ml

0 is the l-th par-
tial wave amplitude. Even though this expansion is not a
necessary step for performing the Sommerfeld enhancement
computation, it represents a very useful tool that simplifies
the study of the enhancement in cases where only one partial
wave dominates.

For instance, S-wave (l = 0) amplitudes can arise in renor-
malizable models where the ψψ̄ → SS process is mediated
by the exchange of a scalar particle A with mass mA in the
s-channel (see Fig. 2a) and they can be written as:

MS-wave
0 (ψψ̄ → SS) ∝ yψ AκSA

q2 − m2
A

v̄(q2)u(q1), (2.6)

where yψ A is the ψ̄ψ A Yukawa coupling and κSA is the tri-
linear ASS scalar coupling. One concrete occurrence of such
amplitude is the tree-level Higgs pair production at muon col-
liders, which is dominated by the s-channel exchange of the
Higgs itself and yψ A is the lepton Yukawa coupling and κSA
is the triple Higgs coupling λh .

An example of P-wave (l = 1) amplitude can arise in
renormalizable models where we have a vector field Vμ with

massmV which couples to ψ and S.4 In this case, the ψψ̄ →
SS process is mediated by the exchange ofVμ in the s-channel
(see Fig. 2b) and the amplitude can be written as:

MP-wave
0 (ψψ̄ → SS) ∝ gψgS

q2 − m2
V

v̄(q2)/p u(q1), (2.7)

where gψ and gS are, respectively, the fermionic and the
scalar gauge couplings. One concrete occurrence of such
amplitude is the stop pair production at lepton colliders in
the minimal supersymmetric standard model, where there is
a photon exchange in the s-channel and gψ and gS are the
electromagnetic gauge couplings to leptons and stops [26].

There is also the possibility of having a P-wave-dominated
process in models where the structure of the interactions is
such that we have contributions to ψψ̄ → SS that come from
diagrams involving the one-loop exchange of vector bosons.
For instance, if we consider a theory where a gauge field Vμ

couples minimally to ψ (with vector and axial couplings)
while S is a neutral scalar component that has a SV V cou-
pling induced by a symmetry breaking mechanism, then we
can write a box diagram (see Fig. 2b) which has the following
amplitude:

MP-wave
0 (ψψ̄ → SS)

= F0(q, p)v̄(q2)/p u(q1) + G0(q, p)v̄(q2)γ5 /p u(q1),

(2.8)

where F0 andG0 are one-loop structure functions. In general,
these form factors are given in terms of complicated functions
of momenta and masses but assume a simple form in the
limit of heavy Vμ. The form of this amplitude is similar to
the one obtained by considering the leading box diagrams
in Higgs pair production at electron colliders, which involve
W and Z bosons in the loop [27]. In general, the F0 and G0

form factors have additional p dependence which makes the
enhancement calculation more complicated compared with
the case of having form factors that are independent of p, as
we highlight in the next section.

In this work we calculate the Sommerfeld enhancement
for both S-wave and P-wave processes, focusing on two con-

4 Notice that in this case S is charged and the final state will be SS̄.
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Fig. 2 Examples of processes that are dominated by a single partial-wave: a S-wave dominated, b P-wave dominated at tree-level and c P-wave
dominated at 1-loop

crete examples where the leading order amplitude is gener-
ated by an effective ψψ̄SS interaction. More specifically,
for the S-wave case, we use as a leading order amplitude the
one in Eq. (2.6) computed in the limit of heavy A, while for
the P-wave case we use Eq. (2.7) as the leading order ampli-
tude in the limit of heavy V . Examining Eqs. (2.6) and (2.7)
we see that the calculation of the enhancement is actually
independent of the presence of the mediator propagator in
the s-channel and we can safely work in the limit where we
integrate out this intermediate particle. The only difference
is that using the renormalizable models one would have to
consider A/V → SS as the initial process for the computa-
tion of the enhancement, while in the effective field theory
limit we are working directly with the ψψ̄SS interaction.
In general, working with non-renormalizable ψψ̄SS inter-
actions can introduce additional problems. For instance, the
ψψ̄ → SS cross-section could be divergent already when
considering one single exchange of the φ particles in the final
state, in a way that this quantity is no longer a prediction of
the theory [28,29] and needs to be renormalized by itself.
This is not the case for the interactions we are considering in
this paper since there are no additional factors of momenta
in the effective vertex.5

3 The enhancement factor S(E)

The infinite series of ladder diagrams, representing the
exchange of an increasing number of φ particles in the final
state, can be re-summed by solving a recursion relation for
the non-perturbative form factor F I (q, p). This recursion
relation is shown diagrammatically in Fig. 3, and the corre-
sponding equation is given by:

5 However, there could be a problem when considering a generic effec-
tive operator which might introduce higher powers of p momenta in the
ψψ̄SS vertex. In UV complete models this is not a problem because
the renormalization occurs as usual.

F I (q, p) = F I
0 (q, p)+(iκ)2

∫
d4k

(2π)4

i

(k+ q
2 )2−m2

S+imS�S

× i

(k − q
2 )2 − m2

S + imS�S

× i

(k − p)2 − m2
φ

F I (q, k). (3.1)

In the non-relativistic limit, we have that

q → (2mS + E, �0) and p → (0, �p), (3.2)

where E is the non-relativistic energy of the final state sys-
tem. Using these momenta approximations and performing
the k0 integral, the recursion relation in Eq. (3.1) reduces to
(see Appendix A for the derivation):

F I (E, �p) = F I
0 (E, �p) − κ2

4m2
S

∫
d3k

(2π)3

× 1

E + i�S − �k2

mS

1
(�k − �p

)2 + m2
φ

F I (E, �k).

(3.3)

Let us define the following function:

G̃ I (z, �p) = − 1

z − �p2

mS

F I (E, �p), (3.4)

where z = E + i�S . With the above definition, we can write
the recursion relation in Eq. (3.3) as:

( �p2

mS
− z

)
G̃ I (z, �p)

= F I
0 (E, �p) +

∫
d3k

(2π)3 Ṽ (�k − �p)G̃ I (z, �k). (3.5)

The quantity

Ṽ ( �p) = − 4παφ

�p2 + m2
φ

(3.6)
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Fig. 3 Recursion relation for the leading operator in the ψψ̄ → SS process. The blob represents the leading interaction which in general can be
momentum dependent

is the Fourier transform of the Yukawa potential induced by
the exchange of φ

V (�r) = −αφ

e−mφr

r
, (3.7)

where r = |�r | and αφ = κ2

16πm2
S
. At this point it is useful

to define the position space representation of G̃ I (z, �p) as
follows:

GI (z, �r) =
∫

d3 p

(2π)3 G̃ I (z, �p) ei �p·�r . (3.8)

Now we need to find the connection betweenGI (z, �r)defined
above and the ψψ̄ → SS cross-section. In order to do so,
we consider the amplitude of the 2-to-2 scattering process
ψψ̄ → ψψ̄ , which is shown in Fig. 4, and compute the total
cross-section for ψψ̄ → SS by applying the optical theorem.

We can write the amplitude M(ψψ̄ → ψψ̄) as follows:

M(ψψ̄ → ψψ̄) = v̄(q2)�I u(q1)ū(q1)�Jv(q2)I
I J (q),

(3.9)

where I I J (q) is given by:

I I J (q) = − i
∫

d4k

(2π)4 F
I (q, k)

1

(k + q
2 )2 − m2

S + imS�S

× 1

(k − q
2 )2 − m2

S + imS�S
F J

0 (q, k). (3.10)

In the non-relativistic limit, the quantity I I J (q) can be writ-
ten in terms of the leading order form factor F J

0 and the
function G̃ I (z, �k) defined in Eq. (3.4). We have:

I I J (E) = 1

4m2
S

∫
d3k

(2π)3 F
J

0 (E, �k)G̃ I (z, �k)

= 1

4m2
S

OJ G I (z, �r)
∣∣∣∣
�r=0

. (3.11)

The quantity I I J (E) is just the Fourier transform of
F J

0 (E, �k)G̃ I (z, �k) evaluated at �r = 0. Notice that, after

performing the Fourier transform, the form factor F J
0 (E, �k)

becomes a differential operator in position space, that we
denoted by OJ , which acts on GI (z, �r). This quantity is in
general divergent6: the divergences can be real and imagi-
nary. However, only imaginary divergences are problematic
for the computation of the enhancement, as we will see in
the following.

Let us compute the total cross section for ψψ̄ → SS by
applying the optical theorem:

sσ(ψ̄ψ → SS) = Im
∑

spins

M(ψ̄ψ → ψ̄ψ)

= Im
∑

spins

v̄(q2)�I u(q1)ū(q1)�Jv(q2)I
I J (q)

(3.12)

In the non-relativistic limit, we can write

σNR(ψ̄ψ → SS) = 1

s
gI J ImI I J (E) (3.13)

where gI J = Tr(�I /q1�J /q2) is a real quantity. We should
point out that there are subtleties in using the optical theorem
with unstable particles in internal lines. We discuss this issue
in Appendix B, where we show that the usual Cutkosky rules
apply with good approximation when the widths are narrow
compared to the particle’s mass. Using Eqs. (3.11) and (3.13)
we can write the Sommerfeld enhancement factor as follows:

S(E) = σNR(ψψ̄ → SS)

σNR
0 (ψψ̄ → SS)

=
gI J ImOJ G I (z, �r)

∣∣∣�r=0

gI J ImOJ G I
0(z, �r)

∣∣∣�r=0

,

(3.14)

where GI
0(z, �r) is the Fourier transform of the function

defined in Eq. (3.4) computed in the free case, namely
for αφ = 0. The specific form of the enhancement fac-
tor defined in Eq. (3.14) is computed in the following sec-
tions for different types of interactions (S-wave and P-wave)

6 The Fourier transform at �r �= 0 acts as a regulator for the divergent
quantity I I J (E). In this case, the divergences are represented as singular
terms for �r → 0.
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Fig. 4 Recursion relation for
ψ̄ψ → ψ̄ψ at all orders in the
exchange of the light particles
(contained in the effective �

vertex)

and depending on the form of the interaction, the quantity

I I J (E) ∼ OJ G I (z, �r)
∣∣∣�r=0

presents imaginary divergences

which need to be renormalized to provide a finite result.

4 S-wave Sommerfeld enhancement

In this section, we study the enhancement of an S-wave
process. The divergences appearing in the computation of
I I J (E) in Eq. (3.11) are real [9,11,12] even when the width
of S is non-zero (unstable final-state particles). Therefore, the
computation of the total cross-section in Eq. (3.13) is unaf-
fected by the presence of divergent terms. Here we compute
those divergences in any case because they help us under-
stand the origin of imaginary divergences occurring in the
P-wave case that directly affect the enhancement calculation
and is discussed in the next section.

Let us consider an effective dimension-5 operator (ψ̄ψSS)
that gives the following S-wave leading order amplitude for
ψψ̄ → SS:

MS-wave
0 = λ0v̄(q2)u(q1), (4.1)

where λ0 is a real dimensionful coupling constant. The same
amplitude7 can be derived from Eq. (2.6) in the limit of very
heavy A and in this case λ0 = −yψ AκSA/m2

A. By compar-
ing Eq. (4.1) with the most general parametrization of the
amplitude in Eq. (2.4) we have that

�I = 1 and F I
0 (q, p) = λ0. (4.2)

Using these definitions together with Eq. (3.3), we can write
the following recursion relation for the non-perturbative form
factor F(E, �p) in the non-relativistic limit:

F(E, �p) = λ0 +
∫

d3k

(2π)3 Ṽ (�k − �p)F(E, �k) 1

z − �k2

mS

, (4.3)

where Ṽ (�k − �p) has been defined in Eq. (3.6). At this point,
it is convenient to define the Green’s function in momentum

7 As already said, the Sommerfeld enhancement computed with
Eq. (4.1) is identical to the one computed with Eq. (2.6).

space as follows8:

G̃(z, �k) = − 1

z − �k2

mS

F(E, �k)
λ0

, (4.4)

such that the Fourier transform of Eq. (4.3) becomes the
familiar Schrödinger equation:

[
−∇2

mS
− z + V (�r)

]
G(z, �r) = δ3(�r). (4.5)

where V (�r) is the Yukawa potential defined in Eq. (3.7). The
function G(z, �r) is the Fourier transform of Eq. (4.4) and can
be interpreted as the standard Schrödinger Green’s function
G(z, �r , �r ′), evaluated at �r ′ = 0. The next step is to use the
optical theorem to find the relation between the cross-section
and the imaginary part of the Green’s function. We can start
from Eq. (3.11) and write the integral as:

I (E) = λ2
0

4m2
S

∫
d3k

(2π)3 G̃(z, �k) = λ2
0

4m2
S

G(z, �r)
∣∣∣�r=0

. (4.6)

Notice that the integral I (E) is simply given by the Green’s
function G(z, �r) evaluated at �r = 0. Therefore, the optical
theorem in Eq. (3.13) can be written as:

σ(ψ̄ψ → SS) = 1

s
Tr(/q2/q1)ImI (E)

= 1

s
Tr(/q2/q1)

λ2
0

4m2
S

ImG(z, �r)
∣∣∣�r=0

(4.7)

The Sommerfeld enhancement factor in Eq. (3.14) is given
by:

S(E) = ImG(z, �r)|�r=0

ImG0(z, �r)|�r=0
. (4.8)

From now on we will consider the limit mφ → 0. In this
limit, the Yukawa potential in Eq. (3.7) becomes the Coulomb
potential and Eq. (4.5) admits an analytic solution [30]. To

identify the divergent terms of I (E) ∼ G(z, �r)
∣∣∣�r=0

we take

8 In this case the F I
0 = λ0 is constant and we can divide the equation

by it to simplify the calculation.
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Fig. 5 Feynman diagrams corresponding to the first two terms in the
expansion of I (E) in powers of αφ

the analytic Coulomb Green’s function G(z, �r , �r ′) [30] eval-
uated at �r ′ = 0 and expand it around �r = 0. Therefore we
get:

I div(E) = λ2
0

4m2
S

(
mS

4πr
+ m2

Sαφ

4π
log r

) ∣∣∣∣
�r=0

. (4.9)

We can see that the divergent terms of the Coulomb Green’s
function at �r = 0 are real and they do not affect the compu-
tation of the enhancement factor in Eq. (4.8) which involves
only the imaginary part of G(z, �r)|�r=0. Nevertheless, it is
very instructive to analyze the origin of these divergences.
In order to do this, let us use Eqs. (4.3) and (4.4) to solve
Eq. (4.6) by expanding the recursion relation for F(E, �k) in
powers of αφ . We can write

I (E) = I0(E) + I1(E) + · · · + In(E) + · · · , (4.10)

where In(E) = I finite
n (E) + I div

n (E) contains terms of order
αn

φ . Here we compute the first two terms of the series in
Eq. (4.10) and identify the divergent pieces. These quantities,
I0(E) and I1(E), represent the non-relativistic limit of the
loop integrals shown in Fig. 5a, b, respectively.

The first integral is

I0(E) = λ2
0

4m2
S

∫
d3k

(2π)3

1
�k2

mS
− z

= λ2
0

4m2
S

G0(z, �r)
∣∣∣∣
�r=0

,

(4.11)

where G0(z, �r) is the free Green’s function which is given
by

G0(z, �r) = mS

4πr
ei

√
mSzr . (4.12)

Expanding around �r = 0 we identify the following divergent
contribution

I div
0 (E) = λ2

0

4m2
S

( mS

4πr

) ∣∣∣∣
�r=0

, (4.13)

which coincides with the first term of Eq. (4.9). The second
integral of the expansion is

I1(E) = − λ2
0

4m2
S

∫
d3k

(2π)3

1
�k2

mS
− z

∫
d3k′

(2π)3

4παφ

( �k′ − �k)2

1
�k′2
mS

− z
.

(4.14)

The position space representation can be done by integrat-
ing one of the momenta and doing the Fourier transform
of what survives in the large momenta region. Expanding
around �r = 0 we identify the following divergent contribu-
tion (see Appendix C):

I div
1 (E) = λ2

0

4m2
S

m2
Sαφ

4π
log r, (4.15)

which coincides with the second term of Eq. (4.9). All the
In(E) integrals, with n ≥ 2, are finite. Therefore, in the
ladder approximation, we have that the UV divergences
appearing in the computation of M(ψψ̄ → ψψ̄) in the
non-relativistic limit are two-loop exact, namely I div(E) =
I div
0 (E)+ I div

1 (E). The ψ̄ψ → ψ̄ψ amplitude can be simply
renormalized by introducing the following counterterm

v̄s(q2)ur (q1)ūr (q
′
1)vr (q

′
2)δ ICT , (4.16)

with δ ICT equal to −I div(E) given by Eq. (4.9). Notice that
this counterterm looks non-renormalizable because we con-
sidered a non-renormalizable interaction to start with. On the
other hand, in a renormalizable model, where there is another
particle in the s-channel that mediates the interaction between
ψ and S, the counterterm would enter in the renormalization
of that particle’s self-energy.

The counterterm in Eq. (4.16) cancels all the divergences
appearing in the non-relativistic limit in the ladder approxi-
mation in the ψψ̄ → ψψ̄ process, which is directly related

to G(z, �r)
∣∣∣�r=0

. We obtained this finite contribution without

having to consider the non-resonant contributions. For this
process, since this is two-loop exact we would need to com-
pute at least the divergent contribution of a three-loop dia-
gram in order to cancel out this divergence. This cancellation
would not get rid of all the UV divergences, because the the-
ory has intrinsic UV divergences which can only be dealt
with renormalization.

With this approach, we can obtain the finite resonant con-
tribution without any ambiguities. It is possible to understand
the role of this non-relativistic renormalization in dealing
with non-resonant processes since we can always imagine a
scenario where we have a much heavier particle in the self-
energy of S that should be able to be integrated out. This result
is trivial for the S-wave process since these divergences do
not appear in the optical theorem, but becomes non-trivial
for P-wave processes as we show in the next section.
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Notice that we are using a position space regularization
scheme, which is not the one usually implemented in stan-
dard quantum field theory calculations. If one wants to com-
pute, in addition to the enhancement, other observables of
the theory, then the same regularization scheme needs to be
implemented. This means that one would need to compute
the Green’s function in dimensional regularization [31–33]
or use the position space regularization scheme for the com-
putation of the observables.

5 P-wave Sommerfeld enhancement

In the previous section, we saw that no imaginary divergences
are affecting the computation of the S-wave enhancement.
On the other hand, for the P-wave case, the situation is dif-
ferent and imaginary divergences appear. The Sommerfeld
enhancement in P-wave dominated processes was studied in
[17,19,34]. There are different forms of P-wave-dominated
amplitudes one can write down but all of them have the prop-
erty of being proportional to the velocity of the final state
system in the region close to the threshold.

In this section we consider an effective dimension-6 oper-
ator (ψ̄γ μψS∂μS)that gives the following P-wave leading
order amplitude for ψψ̄ → SS:

MP-wave
0 = F0v̄(q2)/pu(q1), (5.1)

where F0 is a real dimensionful coupling constant. We choose
this form of interaction because it is the most simple example
of a P-wave process and can occur in different models. For
instance, the same amplitude can be derived from Eq. (2.7) in
the limit of very heavy V and in this case F0 = −gψgS/m2

V .
By comparing Eq. (5.1) with the most general parameteriza-
tion of the amplitude in Eq. (2.4) we have that

�I = γ μ and F I
0 (q, p) = pμF0. (5.2)

Using these definitions together with Eq. (3.3), we can write
the following recursion relation for the non-perturbative form
factor Fi (z, �p)9 in the non-relativistic limit:

Fi (z, �p) = pi F0 +
∫

d3k

(2π)3 Ṽ (�k − �p)Fi (z, �k) 1

z − �k2

mS

,

(5.3)

where Ṽ (�k − �p) has been defined in Eq. (3.6). In analogy to
the S-wave case, it is convenient to define:

9 Because we are using effective interactions, it could be that Fi (z, �p)
is also divergent. This divergence would spoil the predictability of the
process and is something to be careful of in a general model. In our
case, the amplitude is finite and we do not have this specific problem.

G̃i (z, �k) = − 1

z − �k2

mS

Fi (z, �k)
F0

≡ ki G̃(z, �k), (5.4)

where in the last equality we have used the fact that
Fi (z, �p) ∼ pi , since pi is the only vector we have at our dis-
posal to construct a covariant expression for Fi (z, �p). With
this definition, the position space representation of Eq. (5.3)
becomes:

[
−∇2

mS
− z + V (�r)

]
∂i G(z, �r) = ∂iδ

3(�r), (5.5)

where V (�r) is the Yukawa potential defined in Eq. (3.7)
and G(z, �r) is the Fourier transform of G̃(z, �k) defined in
Eq. (5.4). Let us show that G(z, �r) can be taken to be the
standard Schrödinger Green’s functionG(z, �r , �r ′) that solves

[
−∇2

mS
− z + V (r)

]
G(z, �r , �r ′) = δ3(�r − �r ′), (5.6)

evaluated at �r ′ = 0. In order to do this, let us take Eq. (5.6)
and act with −∂ ′

i on both sides:

[
−∇2

mS
− z + V (r)

] (−∂ ′
i G(z, �r , �r ′)

) = −∂ ′
i δ

3(�r − �r ′).

(5.7)

Using the fact that ∂ ′
i G(z, �r , �r ′) = −∂i G(z, �r , �r ′) and substi-

tuting this relation back into Eq. (5.7), it is possible to show
that we recover Eq. (5.5) after taking �r ′ → 0. Therefore, the
Green’s function equation we need to solve here is the same
as the one we encountered in the S-wave case. The differ-
ence appears when expressing the cross-section in terms of
the Green’s function, using the optical theorem. To show this
let us start from Eq. (3.11) and write the integral as

I i j (E) = F2
0

4m2
S

∫
d3k

(2π)3 k
j G̃i (z, �k)

= F2
0

4m2
S

∫
d3k

(2π)3 k
i k j G̃(z, �k), (5.8)

where in the second equality we used Eq. (5.4). Thanks to
the symmetry properties of the integrand, we can replace
ki k j → δi j k2/3 inside the second integral of Eq. (5.8). In
this way we obtain:

I i j (E) = F2
0

12m2
S

δi j
∫

d3k

(2π)3 k
2G̃(z, �k)

= − F2
0

12m2
S

δi j∇2G(z, �r)
∣∣∣�r=0

. (5.9)
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Notice that the integral I i j (E) = δi j I (E) is simply given
in terms of the Laplacian of the Green’s function that solves
Eq. (5.6) evaluated at �r = �r ′ = 0. The optical theorem in
Eq. (3.13) can be written as:

σ(ψ̄ψ → SS) = 1

s
Tr(/q2γi /q1γ j )δ

i j ImI (E)

= − F2
0

12m2
S

1

s
Tr(/q2γi /q1γ

i )Im∇2G(z, �r)
∣∣∣�r=0

.

(5.10)

In the P-wave enhancement calculation, differently than the
S-wave case, the total cross section is given in terms of the
Laplacian of G(z, �r) and the Sommerfeld enhancement fac-
tor S(E) can be written as:

S(E) =
Im∇2G(z, �r)

∣∣∣�r=0

Im∇2G0(z, �r)
∣∣∣�r=0

. (5.11)

Let us compute I i j (E) = δi j I (E) ∼ δi j∇2G(z, �r)∣∣�r=0 per-
turbatively in αφ and identify the divergent terms. In order
to do this we use Eqs. (5.3) and (5.4) to solve Eq. (5.8) by
expanding the recursion relation for Fi (z, �k) in powers of
αφ . We can write

I i j (E) = δi j (I0(E) + I1(E) + · · · + In(E) + · · · ) ,

(5.12)

where In(E) contains terms of order αn
φ . Let us consider the

first two integrals of the expansion, namely I0(E) and I1(E).
They are UV divergent and represent the non-relativistic limit
of the loop integrals shown in Fig. 5a, b, respectively. The
divergences of the Green function are then matched order by
order in the perturbative expansion.

The first integral is:

I0(E) = F2
0

12m2
S

∫
d3k

(2π)3
�k2 1

�k2

mS
− z

= − F2
0

12m2
S

∇2G0(z, �r)
∣∣∣∣
�r=0

, (5.13)

where G0(z, �r) is the free Green’s function given by
Eq. (4.12). Expanding around �r = 0 we identify the fol-
lowing 1/r divergent contribution:

I div
0 (E) = F2

0

12m2
S

m2
Sz

4πr

∣∣∣∣
�r=0

. (5.14)

Notice that, in this case, the imaginary part of the 1/r diver-
gence is non-zero for finite width, namely for �S �= 0. The

second integral of the expansion is:

I1 = − F2
0 αφπ

3m2
S

∫
d3k

(2π)3

d3l

(2π)3 (k · l)

× 1

z − �k2

mS

1

(�k − �l)2 + m2
φ

1

z − �l2
mS

. (5.15)

This integral is UV divergent and it can be regularized by
taking the Fourier transforms for a generic �r �= 0. Then,
expanding around �r = 0, it is possible to identify the follow-
ing divergent contributions (see Appendix D):

I div
1 (E) = F2

0

12m2
S

αφ

(
−m2

S

8π

1

r2 + m3
Sz

4π
log r

) ∣∣∣∣
�r=0

(5.16)

Notice that, in this case, we have a new real 1/r2 divergence
and the imaginary part of the log r divergence is non-zero for
finite width, namely for �S �= 0. Contrary to the S-wave case,
we have that the UV divergences appearing in the computa-
tion of M(ψψ̄ → ψψ̄) in the non-relativistic limit are not
two-loop exact. Indeed, in the P-wave case, additional diver-
gent contributions are coming from higher loops. However,
it is possible to show that these divergent terms can only be
of the form 1/r2, 1/r , and log r , and no new r dependence
appears. To do this, let us consider the n+1-loop expression:

In(E) = − F2
0 πnαn

φ

3m2
S

∫
d3k1

(2π)3

d3k2

(2π)3 . . .
d3kn
(2π)3 k1 · kn

× 1

z − �k2
1

mS

1

(�k1 − �k2)2 + m2
φ

1

z − �k2
2

mS

× 1

(�k2 − �k3)2 + m2
φ

1

z − �k2
3

mS

. . .

× 1

(�kn−1 − �kn)2 + m2
φ

1

z − �k2
n

mS

. (5.17)

By inspecting the integrand, one can see that the divergences
come from the k1 and kn integration, every other integral in
between is finite. Therefore, the divergences have the same
functional form as the one-loop I0(E) and two-loop I1(E)

case. We can write

I div(E) = A

r2 + B

r
+ C log r (5.18)

where A, B andC are complex coefficients that can be written

as a series in αφ . Since I (E) ∼ ∇2 G(z, �r)
∣∣∣�r=0

, the all-

order expression of these coefficients can be obtained by
considering the Laplacian of the Coulomb Green’s function
G(z, �r , �r ′) [30] evaluated at �r ′ = 0 and expand it around
�r = 0. The terms in Eqs. (5.14) and (5.16) are recovered
by expanding the full result to O(αφ). The ψ̄ψ → ψ̄ψ
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amplitude can be simply renormalized by introducing the
following counterterm

v̄s(q2)γi ur (q1)ūr (q
′
1)γivr (q

′
2)δ ICT , (5.19)

with δ ICT equal to −I div(E) given by Eq. (5.18). The coun-
terterm in Eq. (5.19) cancels all the divergences appear-
ing in the non-relativistic limit in the ladder approxima-
tion in the ψψ̄ → ψψ̄ process, which is directly related

to ∇2G(z, �r)
∣∣∣�r=0

. In order to compute the Sommerfeld

enhancement, one can start directly with the Laplacian of
Green’s function and remove all the divergent imaginary
terms there. In the P-wave case, these divergences have an
imaginary part (proportional to the width �S) and therefore
this procedure obtains a finite contribution for the optical
theorem.

As an example of the application of this method, we per-
form the computation of the Sommerfeld enhancement for
some specific values of the parameters as a function of the
energy E . In the leftmost Fig. 6 we show the behavior of the
Sommerfeld enhancement factor as a function of the energy
E < 0 (below threshold region), computed for αφ = 1,
mS = 125 GeV and �S = 0.001 GeV. In the rightmost
Fig. 6 we show the same behavior computed for αφ = 1,
mS = 125 GeV and �S = 1 GeV. From these two plots, we
can see that the finite S width has the effect of smearing out
the delta function spikes associated with the energy levels
of the SS bound state and this effect is more visible when
increasing the width value. We verified that in the case of
larger widths, the calculation breaks down as expected due to
large unitarity violations, as discussed in Appendix B. Notice
that the region which is most sensitive to the width is below
the threshold, which is also the region where non-resonant
contributions can be significant. This means that, apart from
the location of the poles, it is not possible to say anything
else meaningful without computing the finite non-resonant
piece.

In the bottom Fig. 6 we show the behavior of the Som-
merfeld enhancement factor as a function of the energy
E > 0 (above threshold region), computed for αφ = 1,
mS = 125 GeV and two different non-zero values of �S

which are taken to be 0.001 GeV and 1 GeV, and we com-
pare it with the �S = 0 literature result [7]. For E > 0,
we have that the finite width effects are small compared to
�S = 0 case (less than 10%).

We can also explore the spectral function directly, which

we define as ρp = Im∇2G(z, �r)
∣∣∣�r=0

. The spectral function

is the relevant quantity in the computation of thermally aver-
aged cross sections for dark matter production that can also
be Sommerfeld-enhanced in P-wave processes [20]. In Fig. 7
we have both the free and Coulomb interaction P-wave spec-
tral function for �S = 0.001 GeV and zero width. The spec-
tral function is continuous crossing E = 0 for finite width.

As we decrease �S the peaks become more pronounced and
get closer to E = 0. The plot cannot display the behavior
for negative energy and zero width, as the distribution trans-
forms into a summation of delta functions positioned at each
peak [17].

6 Discussion

Now that we have presented our method of estimation for
the Sommerfeld enhancement, it is worth discussing what is
the difference between the approach that we propose here
and what was used in the literature before. In previous works
on the topic, the divergence was noticed for the case where
there are unstable particles in P-wave processes. There were
different attempts at solving this problem. In [17], it was
discussed how the divergence is unavoidable in the non-
relativistic limit, and an arbitrary cutoff around the scale of
the stop mass was adopted. In [19], it was discussed how the
uncertainties in choosing the right cutoff for the stop pair pro-
duction are of the same order of magnitude as higher-order
QCD corrections. In this case, there is no clear scale for what
the cutoff should be and the reduced mass was used as this
sets the scale of the theory. In this approach, the enhancement
is acknowledged to be UV sensitive and the physical cutoff
shows the dependence on new physics. Near the cutoff, it
is expected for order one correction to appear from the new
physics contribution. This is different from the approach that
we introduce in this work.

Afterward, it was realized that this imaginary divergence
is an artifact of separating the resonant and non-resonant
contributions of the self-energy [22–24]. However, depend-
ing on the application, the finite non-resonant contributions
can be truly sub-dominant and safely ignored [35,36]. In
principle, we cannot ignore the divergent non-resonant con-
tribution which is used to make the calculation finite. Our
goal is to obtain a finite all-orders resonant contribution that
includes the width effects without having to perform non-
resonant perturbative calculations. Our prescription provides
a simple solution to this problem. Provided that the width is
small such that the optical theorem can reliably be applied
in the case of unstable particles [37,38], we can compute the
finite resonant enhancement near threshold without the need
to compute the non-resonant contributions. At this point, we
reinforce that this prescription is an approximation, and if
one is interested in precise below-threshold effects there is
no way around computing the non-resonant contributions.
The region in which we can neglect the non-resonant contri-
butions is above threshold and with non-relativistic energies.

If we were working in a model where the UV is strongly
interacting, then the cutoff can have a better motivated phys-
ical meaning as being the dynamical scale itself. In the mod-
els that we study here, there is no dynamic scale. This makes
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Fig. 6 P-wave dominated Sommerfeld enhancement factor S(E)

behavior in the below-threshold region, computed using αφ = 1,
mS = 125 GeV and �S = 0.001 GeV (top left) or �S = 1 GeV (top
right). In the bottom figure, the comparison between the behavior of the
Sommerfeld enhancement in the above threshold region is presented,
computed using αφ = 1, mS = 125 GeV and two non-zero width

values, namely �S = 0.001 GeV and �S = 1 GeV, and the literature
result [7] obtained with �S = 0. The inset of the bottom figure shows
the ratio between the renormalized enhancement and the results from
[7] (dashes), and the ratio between the renormalized enhancements for
�S = 1 GeV and �S = 0 (dots)

it harder to guess what cutoff could give a physical result.
In the position space regularization, a cutoff is defined as a
minimal distance r�. The only natural cutoff in our case is
the scale at which the non-relativistic theory ceases to be a
good approximation. In this case, we should expect when
the distances probed are smaller than the reduced mass the
approximation starts to break down. Because the divergences
are of order 1/r2, there is a strong sensitivity to the scale. If
there were only logarithmic divergences the sensitivity near
zero would be softer. To compare the approach we develop
with a cutoff procedure, we choose three different cutoffs
and compare them with the method proposed here: r� =
10−2 GeV−1, r� = 10−3 GeV−1 and r� = 10−5 GeV−1.
Since we are using the mass mS = 125 GeV we expect that
the best cutoff lies around 1/125 GeV−1. We explore these

cutoffs in Fig. 8 for the case where the width is �S = 0.001.
We can see that the cutoff which is closer to the true result is
the one that is closer to the 1/mS scale.

In the case where the width is larger, we could not find a
sensible cutoff, and the behavior of the enhancement factor
breaks down. This regime is unphysical because the cutoff
procedure incorporates either too much of the divergent con-
tribution or too much of the finite contribution, and thus the
unitarity violation is significant and the approximation ceases
to work.

We can see then that, given a reasonable choice of cutoff,
it is possible to reproduce the renormalized result to a good
approximation. However, the sensitivity to the cutoff makes
it difficult to choose one, to begin with. In this case, it seems
better to approximate the problem to zero width, in which
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Fig. 7 P-wave dominated spectral function, computed using αφ = 1,
mS = 125 GeV and F0 = 1. On the left, we have the spectral
function for the free case with the same labeling. On the right, we
have the Coulomb spectral function where the continuous red line has

�S = 0.001 GeV and the dashed black line has zero width. We focus
on the region close to the threshold showing the continuous behavior
from the inclusion of the width

Fig. 8 Enhancement value (S(E)) for the interaction /q3 in the above-
threshold regime with αφ = 1 andmS = 125 GeV for �S = 0.001 GeV.
The enhancement is presented for positive energies computed using the
renormalization approach (solid curve) and by using different values
for a cutoff given by r� for �S = 0.001 GeV

we do not have any divergences than to guess what is the
best value for the cutoff. In the approach we propose, we use
the consistency of the renormalized quantum field theory
to guarantee our result for the Sommerfeld enhancement is
sensible and independent of UV physics. This removes the
arbitrariness of choosing the cutoff, even if it is physical, and
allows us to probe the small, but measurable, finite width
effects.

7 Conclusion

In this work, we have proposed a method to deal with diver-
gences that arise when computing the Sommerfeld enhance-
ment factor in P-wave processes with unstable particles in the

final state. This problem has been recognized in the literature
before and previous studies showed that these divergences
can be avoided by using a simple cutoff procedure. Later it
was shown that the imaginary divergences appearing in the
calculations are a consequence of separating the resonant and
non-resonant contributions. In this work, we show that these
divergences can also be removed, from the resonant contri-
bution, by performing a renormalization procedure at low
energies and therefore it is not necessary to use any (physi-
cal or unphysical) cutoff in the calculation. In this way, we
can reliably calculate the finite all-orders resonant contribu-
tion of the Sommerfeld enhancement. We showed that for the
specific P-wave process we have studied, the effects of the
finite width are small (of the order of 10%)for pair production
above threshold.

In the case where �S/mS is small, there are three ways
to estimate the total cross-section with different levels of
precision:

• assume stable particles and perform the standard pro-
cedure, obtaining a finite result, which ignores both the
width and the non-resonant contribution;

• include the width and perform the non-relativistic renor-
malization with complex coefficients, which includes the
width effects and ignores the non-resonant contribution
(this work);

• perform the full calculation of the resonant and non-
resonant contribution, obtaining a more precise result
depending on which order in perturbation theory one is
computing.

In this paper, we have used a specific model to implement
our non-relativistic renormalization procedure. However, the
procedure that we introduce here can be generalized to any
kind of interaction. In approaching a different model, the first

123



Eur. Phys. J. C (2023) 83 :939 Page 13 of 17 939

step is to verify that the 2-to-2 cross-section, which we want
to enhance, is finite (and thus predictable) when considering
the loop exchange of the mediator. This check can be done
perturbatively and it is always true for renormalizable theo-
ries. Then, the next step is to apply the optical theorem, take
the non-relativistic limit and identify which operator acts on
the Green’s function. From that, it is guaranteed that all the
divergences are dealt with in the renormalization, and thus
one should worry only about picking the finite contribution
for the enhancement. A renormalization scheme must be cho-
sen, and if other observables are computed in the same theory,
they need to be calculated in the same scheme. In the case
where the Green’s function is only obtained numerically, the
subtraction can introduce some additional error since it will
be necessary to work out what is the finite contribution to the
process. This, unfortunately, is a problem even if the amount
to be subtracted is known exactly order by order since numer-
ical noise makes the cancellation not exact.

In recent years, the scenario where dark matter has an
unstable sector is becoming more popular [39,40]. This work
can be useful for the calculation of enhancement of 2-to-

2 cross-section in beyond the standard models with unsta-
ble sectors without calculating the perturbative non-resonant
contributions, provided that the width is small.
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AppendixA:Non-relativistic approximation of the recur-
sion relations

In this appendix, let us work out the non-relativistic approxi-
mations of the recursion relations used in the paper. Starting
from:

F I (q, q1, p1) = F I
0 (q, q1, p1) + (iκ)2

∫
d4k

(2π)4

i

(k + q
2 )2 − m2

h + imh�h

i

(k − q
2 )2 − m2

h + imh�h

× i

(k − p)2 − m2
φ

F I (q, q1, k). (A1)

We then consider only contributions linear in the time-like
direction inside the integral:

i

(k + q
2 )2 − m2

S + imS�S
→ i

2mS

(
E/2 + k0 − �k2

2mS
+ i�S/2

) ,

(A2)
i

(k − q
2 )2 − m2

S + imS�S
→ i

2mS

(
E/2 − k0 − �k2

2mS
+ i�S/2

) ,

(A3)
i

(k − p)2 − m2
φ

→ −i

(�k − �p)2 + m2
φ

. (A4)

The recursion relation in this limit is then:

F I (E, �p) = F I
0 (E, �p) − (iκ)2

4m2
S

∫
d4k

(2π)4

i

E/2 + i�S/2 + k0 − �k2

2mS

i

E/2 + i�S/2 − k0 − �k2

2mS

× i
(�k − �p

)2 + m2
φ

F I (E, �k), (A5)
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where we used q = (2mS + E, �0), with E being the energy
above the threshold for the production of the S particle pair
(negative E corresponds to scattering below threshold). In
the non-relativistic limit, we have p0 = 0 and thus we can
perform the k0 integral:

∫
dk0

2π

i

2mS

(
E/2 − k0 − �k2

2mS
+ i�S/2

) i

2mS

(
E/2 + k0 − �k2

2mS
+ i�S/2

) = i

4m2
S

1(
E + i�S − �k2

mS

) . (A6)

With this we recover Eq. (3.3):

F I (E, �p) = F I
0 (E, �p) − κ2

4m2
S∫

d3k

(2π)3

1

E + i�S − �k2

mS

1
(�k − �p

)2 + m2
φ

F I (E, �k).

(A7)

Appendix B: Optical theorem for unstable particles

In the optical theorem approach, it is also possible to treat
unstable particles in any internal line. The procedure uses the
complex mass scheme [37,41] where we change the internal
propagator to have the decay width:

1

p2 − m2 → 1

p2 − m2 + im�
(B1)

At this point, one should be careful when considering these
unstable particles, especially with the unitarity of the theory.
The application of Cutkosky rules does not apply directly
to unstable particles [37,42]. However, a general relation

(largest time equation) can be obtained, which is valid for
both unstable and stable particles [42]. Using the largest time
equation, it is possible to show that any cut with unstable par-
ticles does not contribute to the scattering matrix. The phys-
ical interpretation is that no final state has those particles.
Because of this, we can, in the end, use the Cutkosky rules
for both unstable and stable particles, but we do not cut the

unstable states10 [38]. The downside of this approach is that
processes that go through the unstable state end up being in
higher loop order, as represented in Fig. 9.

The way to simplify such treatment can be achieved when
the particle has a narrow width. In this case, we can treat

the unstable particles just as stable particles because we sep-
arate the production from the decay. The cut generates the
imaginary part of the propagator, which in the narrow width
approximation has the same delta function form as the stable
particle:

Im

(
1

p2 − m2 + im�

)

= − m�

(p2 − m2)2 + m2�2 ≈ −πδ(p2 − m2) (B2)

In this case, we can get some effects for the finite width
while preserving the optical theorem’s simplicity and unitar-
ity. For a more in-depth discussion about this, we refer the
reader to [37,38]. With this in mind, we can then use the
optical theorem for states with narrow width, which is the
main interest of this paper.

Appendix C: One-loop process (two-loop optical dia-
gram) for the S-wave contact interaction

The analysis for the one-loop process(two-loop optical dia-
gram) is similar to the leading contribution:

iM = i v̄s(p2)ur (p1)ūr (p1)vr (p2)I1

I1 = −λ2
0κ

2
∫

d4k

(2π)4

d4l

(2π)4

1

(k + q/2)2 − m2
S + imS�S

1

(k − q/2)2 − m2
S + imS�S

(C1)

× 1

(k − l)2 − m2
φ

1

(l − q/2)2 − m2
S + imS�S

1

(l + q/2)2 − m2
S + imS�S

. (C2)

Then, we apply the near-threshold approximation by drop-
ping every quadratic dependence on the energy or the time
component of the vectors from the denominator. In this case
we drop k2

0, l20 , k0l0, k0E , l0E and E2. Using this approxi-
mation, the integral in the non-relativistic limit becomes:

10 Applying Cutkosky or holomorphic cuts to unstable-particle propa-
gators may lead to well-defined results, once they are treated properly
as distributions [43].
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Fig. 9 The cut through the
unstable internal line in the
narrow width approximation on
the left side of the equation. On
the right is the actual cut in the
stable states in the case where
we have this two-body decay

I1 = −λ2
0κ

2
∫

d4k

(2π)4

d4l

(2π)4

1

2mS(k0 + E+i�S
2 − �k2

2mS
)

1

2mS(k0 − E+i�S
2 − �k2

2mS
)

× −1

(�k − �l)2 + m2
φ

1

2mS(l0 + E+i�S
2 − �l2

2mS
)

1

2mS(l0 − E+i�S
2 − �l2

2mS
)
. (C3)

The integration of k0 and l0 is done to give:

I1 = − λ2
0κ

2

16m4
S

∫
d3k

(2π)3

d3l

(2π)3

1

E + i�S − �k2

mS

1

(�k − �l)2 + m2
φ

1

E + i�S − �l2
mS

. (C4)

To write the divergent contribution in position space, we
must first perform the following l integral

I l1 =
∫

d3l

(2π)3

1

(�k − �l)2 + m2
φ

1
�l2
mS

− z
. (C5)

Using the Feynman parametrization, we can rewrite it as:

I l1 = mS

∫ 1

0
dx

∫
d3l

(2π)3

1

(�l2 + �2)2
= mS

8π

∫ 1

0
dx

1√
�2

,

(C6)

where �2 = (1 − x)(�k2 + m2
φ) − �k2(1 − x)2 − mSzx . We

can perform the integral in x , which is well behaved in the
limit when mφ → 0 and write:

I1 = −λ2
0κ

2
∫

d3k

(2π)3

√−k2 + mSz

64πm2
Sk(k

2 − mSz)3/2

× sinh−1

(
k√−k2 + mSz

)
. (C7)

We can expand for large momenta to pick up the most diver-
gent contributions and then perform the Fourier transform:

I1 = − λ2
0κ

2
φ

16m4
S

mS

8π

∫
d3k

(2π)3

(
mSπ

1

|�k|3 + · · ·
)

(C8)

Now if we perform the Fourier transform using:

F
(

1

k3

)
= − 1

2π2 log r, (C9)

We can write the one-loop divergent contribution as:

I div
1 = − λ2

0

4m2
S

κ2
φ

4m2
S

(
− m2

S

16π2

)
log r

= λ2
0

4m2
S

αφ

(
m2

S

4π

)
log r. (C10)

Appendix D: One-loop process (two-loop optical dia-
gram) for the P-wave contact interaction

The next-to-leading for the P-wave process can be computed
as follows:

iM = i v̄s(p2)γμur (p1)ūr (p1)γνvr (p2)I
μν
1 (D1)

Iμν
1 = −F2

0 κ2
∫

d4k

(2π)4

d4l

(2π)4 k
μlν

1

(k + q/2)2 − m2
S + imS�S

× 1

(k − q/2)2 − m2
S + imS�S

× 1

(k − l)2 − m2
φ

1

(l − q/2)2 − m2
S + imS�S
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× 1

(l + q/2)2 − m2
S + imS�S

. (D2)

We can apply the near-threshold approximation by dropping
every quadratic dependence on the energy or the time com-
ponent of the vectors from the denominator and perform the
k0 and l0 integrals:

I i j1 = − F2
0 κ2

16m4
S

∫
d3k

(2π)3

d3l

(2π)3 k
i l j

1

E + i�S − �k2

mS

× 1

(�k − �l)2 + m2
φ

1

E + i�S − �l2
mS

. (D3)

From this limit we can see that the only tensor structure that
can appear is proportional to the Euclidean metric:

I i j1 = δi j (I1)NR , (D4)

I1 = − F2
0 κ2

48m4
S

∫
d3k

(2π)3

d3l

(2π)3 k.l
1

�k2

mS
− z

1

(�k − �l)2 + m2
φ

× 1
�l2
mS

− z
. (D5)

To write the divergent contribution in position space we
can draw a connection with the S-wave calculation. We can
use the Feynman parametrization to write I l1 as:

I l1 =
∫

d3l

(2π)3

k.l

(�k − �l)2 + m2
φ

1
�l2
mS

− z
= mS

∫ 1

0
dx

×
∫

d3l

(2π)3

(1 − x)k2

(�l2 + �2)2
= mS

8π

∫ 1

0
dx

(1 − x)k2

√
�2

,

(D6)

where � is the same as for the S-wave. We can perform the
x integral to write I1 as:

I1 = F2
0 κ2

∫
d3k

(2π)3

k
√−k2 + mSz

192πm2
S(k

2 − mSz)3/2

× sinh−1

(
k√−k2 + mSz

)
. (D7)

We can then expand in large momenta to perform the Fourier
transform of the most divergent contributions:

I1 =
∫

d3k

(2π)3

(
−F2

0 παφ

1

48k
− F2

0 π zαφ

1

24k3 + · · ·
)

.

(D8)

Performing the Fourier transform we have:

I div
1 = − F2

0

12m2
S

κ2
φ

4m2
S

(
m2

S

32π2

1

r2 − m3
Sz

16π2 log r

)

= F2
0

12m2
S

αφ

(
−m2

S

8π

1

r2 + m3
Sz

4π
log r

)
. (D9)
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