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Abstract The bottom quark transport coefficients, i.e., drag
and diffusion coefficients, have been studied for the colli-
sional and soft gluon radiative processes within the viscous
QCD medium. The thermal medium effects are incorporated
using the effective fugacity quasiparticle model (EQPM).
Both the shear and bulk viscous effects at leading order are
embedded through the near-equilibrium distribution func-
tions of the quark–gluon plasma (QGP) constituent quasi-
particles. The transport coefficients’ dependence on the bot-
tom quark’s initial momentum and QGP temperature have
been investigated. The relative dominance of the radiative
over the collisional process for the bottom quark seems to
occur at a higher initial momentum compared to that of the
charm quark. In contrast, the effect of the viscous corrections
seems to be more for the charm quark. Furthermore, we also
investigate the validity of the Einstein fluctuation–dissipation
theorem for our analysis.

1 Introduction

Hadrons, under extreme conditions like high temperatures
(T � 200 MeV ≈ 1012 K ) and/or high baryonic densities
(μ � 200 MeV) undergo phase transition into the decon-
fined state of quarks, anti-quarks and gluons as the effective
degrees of freedom. Such conditions which are believed to
exist only in the early universe and inside the core of the neu-
tron star are recreated in the experiments at some of the largest
particle accelerators like the Relativistic Heavy Ion Collider
(RHIC) and Large Hadron Collider (LHC) in a controlled
environment to investigate its properties [6,8,13,14]. Rela-
tivistic viscous hydrodynamics have successfully described
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the evolution of the QGP phase involving various dissipa-
tive processes [33,41,44]. The transport coefficients which
are sensitive to medium evolution are theoretically calcu-
lated by the underlying microscopic theory like the effec-
tive kinetic theory approach [1,42] and compared with those
extracted experimentally. Within dissipative hydrodynamics,
the effect and evolution of the QGP medium through the spa-
tial anisotropy and pressure gradients are explored by intro-
ducing the shear and bulk viscosity respectively [58,59].

Heavy quarks like charm and bottom are created in the
early stages of the heavy-ion collision, primarily due to par-
tonic hard scattering such as the gluon fusion process. Such
heavy quarks within the medium introduce an energy scale,
i.e., their mass (mHQ) which is an order of magnitude larger
than the temperature of the QGP medium (T ≈ 500 MeV).
Due to their large mass (mc ≈ 1.3 GeV,mb ≈ 4.2 GeV), they
do not thermalize with the plasma over its lifetime and tra-
verse through the plasma unequilibrated. Hence, they act as
an excellent probe to study QGP evolution and its properties
[2,12,16,32,57]. Also, heavy quarks, being heavier than the
typical strong interaction confinement scale �QCD ≈ 200
MeV, can be treated non-relativistically having a small strong
coupling constant (αs ≈ 0.1 − 0.3) in the realm of per-
turbative QCD. Heavy quarks undergo energy loss while
traversing through QGP due to collision (2 → 2, elastic)
with the plasma constituents and radiation of the soft glu-
ons (2 → 3, inelastic). Collisional energy loss is dominant
for the heavy quark with low momentum whereas at high
momentum medium induced gluon radiation becomes dom-
inant [3,19,22–24,27,36,51,53,56,60,70,75].

The movement of heavy quarks within QCD plasma
can be treated as a Brownian motion of massive parti-
cles within the fluid. Hence, the phase space evolution
of the heavy quarks is governed by the Boltzmann trans-
port equation. Further, the soft-scattering approximation of
momentum transfer between heavy quarks and in-medium

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-023-12105-6&domain=pdf
http://orcid.org/0000-0002-3704-6913
mailto:adibashaikh9@gmail.com
mailto:sadhana@phy.iitb.ac.in
mailto:basanta@phy.iitb.ac.in


959 Page 2 of 11 Eur. Phys. J. C (2023) 83 :959

particles reduces the transport equation to the Fokker–
Planck equation, where its interaction with the medium
constituents (quarks, anti-quarks and gluons) is incorpo-
rated through the drag and momentum diffusion coefficients
[28,34,69]. Heavy quark transport coefficients are sensi-
tive to the medium evolution in the presence of dissipative
processes within QGP. The transport coefficients associated
with the dissipative processes (viscosity, electric conductiv-
ity, etc.) in the hot and dense QCD medium can be deter-
mined from the underlying microscopic theories, such as
the effective kinetic theory approach. They could also be
extracted experimentally at RHIC and LHC through var-
ious observables and phenomenological transport models
and, using lattice QCD [5,7,9–11,15,20,21,30,31,35,38–
40,45,50,61,67,71,73,74]. The viscous corrections to the
heavy quark transport coefficients for the collisional pro-
cesses have been previously studied [29,48,49,64,66]. Here,
we go a step further to investigate the effect of viscous cor-
rections on the radiative process of the bottom quarks as a
follow-up to our previous study for the charm quark [62].

In this work, we study the impact of the shear and bulk
viscosities of the QGP on the drag and diffusion coefficients
of the bottom quark for collision and radiative processes. The
thermal QCD medium interactions with the realistic equation
of state effects are incorporated using the effective fugac-
ity quasiparticle model (EQPM) [25,26]. This model con-
siders QGP as a medium of non-interacting quasiparticles
with dynamical effects included in the dispersion relation of
constituent particles through the introduction of the effec-
tive fugacity parameter. For viscous corrections, the non-
equilibrium distribution function has been obtained by solv-
ing the effective Boltzmann equation based on the EQPM
with the relaxation time approximation (RTA) and using
the Chapman-Enskog like iterative expansion method [54].
The collective mean-field contributions originating from the
underlying conservation laws are included in the determi-
nation of the near-equilibrium momentum distribution func-
tions. Here, we present the result for the effect of shear and
bulk viscous corrections on the radiative process of the bot-
tom quark in terms of its transport coefficients and compare
it to the collisional process. We observe a considerable mod-
ification in the drag and diffusion coefficients of the bot-
tom quark due to these corrections, compared to the charm
quark previously studied in [63]. The bottom quark is roughly
three times heavier than the charm quark with a large thermal
relaxation time and intrinsic mass scale being very far from
the non-perturbative QCD confinement scale (�QCD ≈ 200
MeV). Therefore, it is a better probe for the investigation of
the in-medium properties via its transport coefficients and
motivation for the present work.

In Sect. 2, the formulation of the heavy quark dynamics
in the QCD medium is discussed for collisional and radiative
processes followed by the EQPM description of viscous cor-

rections to the momentum distribution function of the quasi-
particles. Section 3 focuses on the results for the transport
coefficients of the bottom quark including shear and bulk
viscous corrections followed by the comparative study of the
energy loss of charm and bottom. We summarize with the
conclusion in Sect. 4.

Notations and conventions: The subscript k denotes the par-
ticle species, where k = lq represents light quarks, k = lq̄
represents light anti-quarks and k = g representing the glu-
ons. The degeneracy factor for gluon is γg = Ns × (N 2

c − 1)

and for light quark (antiquark) is γlq = Ns × Nc × N f with
Ns = 2, N f = 3 (u, d, s), and Nc = 3 (for SU (3)). uμ is the
normalized fluid velocity satisfying the relation uμuμ = 1
with the metric tensor gμν = diag(1,−1,−1,−1).

2 Formalism

2.1 Heavy quark transport coefficients

We can treat the bottom quark as a Brownian particle (non-
equilibrated) moving within the QGP medium (equilibrated)
where the massive quark loses its energy due to collision with
the medium constituents (elastic process) and also through
gluon radiation (inelastic). Both these interactions of the bot-
tom quarks within the QGP medium are incorporated in their
transport coefficients.

2.1.1 Collisional (2→2) process

The bottom quark (HQ) undergoes collisions with the
medium constituents, i.e., light quarks (lq), light antiquarks
( ¯lq) and gluons (g). The elastic (2 → 2) process is,

HQ (p) + lq/ lq̄/g (q) → HQ (p′) + lq/ lq̄/g (q ′). (1)

The evolution of the bottom quark momentum distribution
function fHQ is determined by the Boltzmann transport
equation, which within the soft scattering approximation
reduces to the Fokker–Planck equation [69],

∂ fHQ

∂t
= ∂

∂pi

[
Ai (p) fHQ + ∂

∂p j

(
Bi j (p) fHQ

)]
. (2)

Ai (p) is the drag force and Bi j (p) is the momentum diffusion
tensor for the bottom quark expressed in the form of thermal
average as,

123



Eur. Phys. J. C (2023) 83 :959 Page 3 of 11 959

Ai (p) = 1

2EpγHQ

∫
d3q

(2π)3Eq

∫
d3q′

(2π)3Eq ′

∫
d3p′

(2π)3Ep′

×
∑

|M2→2|2 (2π)4 δ(4)(p + q − p′ − q ′)

× fk(Eq) (1 ± fk(Eq ′)) [(p − p′)i ]
= 〈〈(p − p′)i 〉〉, (3)

Bi j (p) = 1

2EpγHQ

∫
d3q

(2π)3Eq

∫
d3q′

(2π)3Eq ′

∫
d3p′

(2π)3Ep′

×
∑

|M2→2|2 (2π)4 δ(4)(p + q − p′ − q ′)

× fk(Eq) (1 ± fk(Eq ′)) [(p − p′)i (p − p′) j ]
= 1

2
〈〈(p − p′)i (p − p′) j 〉〉, (4)

where γHQ = Ns × Nc is the heavy quark degeneracy fac-
tor. |M2→2| represents the scattering amplitude for 2 → 2
process (refer Appendix A of [63]) and p = |p| is the mag-
nitude of heavy quark initial momentum. fk(Eq) denotes the
distribution function for quarks, antiquarks (k = lq, lq̄) and
gluons (k = g). For the final state phase space, we have the
Fermi suppression factor (1 − flq(Eq ′)) for light quarks and
Bose enhancement factor (1+ fg(Eq ′)) for gluons. Here, the
drag force gives the thermal average of the momentum trans-
fer between the initial and final states of the bottom quark,
whereas Bi j denotes the square of the momentum transfer as
the bottom quark diffuses through the medium. Since, both
Ai (p) and Bi j (p) depend explicitly on the initial heavy quark
momentum (p), the drag coefficient (A) is defined as,

Ai = pi A(p2) �⇒ A(p2) = 〈〈1〉〉 − 〈〈p.p′〉〉
p2 . (5)

The diffusion tensor decomposed into its transverse and lon-
gitudinal components give,

Bi j =
[
δi j − pi p j

p2

]
B0(p

2) + pi p j

p2 B1(p
2), (6)

where, the transverse momentum diffusion (B0) and longitu-
dinal momentum diffusion (B1) coefficients are defined as,

B0 = 1

4

[
〈〈p′2〉〉 − 〈〈(p.p′)2〉〉

p2

]
, (7)

B1 = 1

2

[
〈〈(p.p′)2〉〉

p2 − 2〈〈(p.p′)〉〉 + p2〈〈1〉〉
]

. (8)

In the center-of-momentum frame of the colliding system,
the thermal average of a function F(p) for 2 → 2 process,
in general, becomes,

〈〈F(p)〉〉col = 1

(512 π4)EpγHQ

∫ ∞

0
dq

(
s − m2

HQ

s

)
fk(Eq )

×(1 ± fk(Eq ′ ))
∫ π

0
dχ sin χ

∫ π

0
dθcm sin θcm

×
∑

|M2→2|2
∫ 2π

0
dφcm F(p), (9)

where χ is the angle between the heavy quark and medium
particles in the lab frame and s = (Ep + Eq)

2 − |p|2 −
|q|2−2|p||q| cos χ . The zenith θcm and azimuthal φcm angles
are defined in the center-of-momentum frame. The Debye
screening mass (mD) is inserted at leading order for t-channel
gluonic propagator to the in-medium matrix elements,

m2
D = (4παs) T

2
(
Nc

3
+ N f

6

)
. (10)

2.1.2 Radiative (2→3) process

Heavy quarks can also radiate soft gluons while moving
through the QGP medium along with the collisions. The
inelastic (2 → 3) process is,

HQ (p) + lq/ lq̄/g (q) → HQ (p′) + lq/ lq̄/g(q ′) + g (k′),
(11)

where k′ ≡ (Ek′ ,k′⊥, k′
z) is the four-momentum of the final

state soft gluon emitted by the bottom quark (k′ → 0). Com-
pared to the collisional process, for the radiative process, only
the kinematical and the interaction parts are modified in Eqs.
(3) and (4). The general expression for the thermal averaged
F(p) for 2 → 3 process is [52],

〈〈F(p)〉〉rad = 1

2EpγHQ

∫
d3q

(2π)3Eq

∫
d3q′

(2π)3Eq ′

∫
d3p′

(2π)3Ep′

×
∫

d3k′

(2π)3Ek′

∑
|M2→3|2 δ(4)(p + q − p′ − q ′ − k′)

× (2π)4 fk(Eq ) (1 ± fk(Eq ′)) (1 + fk(Ek′))

× θ1(Ep − Ek′) θ2(τ − τF ) F(p), (12)

where the theta function θ1(Ep−Ek′) ensures that the bottom
quark initial energy Ep is always greater than radiated soft
gluon energy Ek′ and θ2(τ − τF ) keep the collision time τ

of the heavy quark with the medium particles always greater
than the gluon formation time τF (Landau–Pomeranchuk–
Migdal Effect) [37,47,72]. (1+ fg(Ek′)) is the Bose enhance-
ment factor for the radiated gluon and |M2→3|2 is the matrix
element squared for the radiative process which can be writ-
ten as [4],

|M2→3|2 = |M2→2|2 × 12g2
s

(k′⊥)2

(
1 + m2

HQ

s
e2yk′

)−2

,

(13)

where yk′ is the rapidity of the emitted gluon and(
1 + m2

HQ
s e2yk′

)−2

is the dead cone factor for the heavy
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quark. The details of the soft gluon 3-momentum integral
are discussed in detail in Appendix B of [63].

2.2 EQPM distribution of quarks and gluons in a viscous
medium

EQPM include the effects of the thermal interactions of the
QGP medium in the analysis via a realistic QCD equation
of state. For the system close to the local equilibrium, the
in-medium particle momentum distribution function has the
form,

fk = f 0
k + δ fk with δ fk/ f

0
k � 1, (14)

where f 0
k is the EQPM equilibrium distribution function and

δ fk is the non-equilibrium component. The EQPM distri-
bution functions of light quarks/antiquarks and gluons are
defined in terms of effective fugacity parameter zk . For zero
baryon chemical potential,

f 0
lq/ lq̄ = zlq/ lq̄ exp[−β(u ·q)]

1 + zlq/ lq̄ exp[−β(u ·q)] , (15)

f 0
g = zg exp[−β (u ·q)]

1 − zg exp[−β (u ·q)] . (16)

The parameters zlq/ lq̄ and zg are effective fugacities that
encode the QCD interactions for quarks/antiquarks and glu-
ons. These temperature-dependent parameters modify the
single-particle dispersion relation as,

q̃k
μ = qμ

k + δωk u
μ, δωk = T 2 ∂T ln(zk), (17)

where q̃μ
k = (ωk,qk) and qμ

k = (Eq ,qk) are the quasipar-
ticle (dressed) and bare particle momenta, respectively. In
the limit, zk → 1, the ideal equation of state is reproduced.
The effective coupling constant (αe f f ) is introduced from the
kinetic theory through EQPM-based Debye mass as [55],

αe f f

αs(T )
=

2Nc
π2 PolyLog [3, zg] − 2N f

π2 PolyLog [3,−zlq ](
Nc
3 + N f

6

) .

(18)

αs(T ) is the 2-loop running coupling constant at finite tem-
perature [31,46].

The evolution of the medium particle distribution function
can be described by the effective Boltzmann equation based
on the EQPM and using the effective covariant kinetic theory
approach. Within the relaxation time approximation (RTA),
it is expressed as follows [54],

q̃μ
k ∂μ fk(x, q̃k) + Fμ

k (u ·q̃k) ∂(q)
μ fk = − (u ·q̃k) δ fk

τR
, (19)

where τR is the thermal relaxation time and Fμ
k =

−∂ν(δωkuνuμ) is the mean field force term. The viscous

corrections to the distribution function are obtained by solv-
ing Eq. (19) using the iterative Chapman–Enskog method
[43] and obtain the first order correction to the distribution
function as,

δ fk = τR

(
q̃γ

k ∂γ β + β q̃γ

k q̃φ
k

u ·q̃k ∂γ uφ − βθ δωk

)
f 0
k f̃ 0

k , (20)

where f̃k
0 ≡ (1−ak f 0

k ) (ag = −1 for bosons and alq = +1
for fermions). The first-order evolution equation for the shear
stress tensor πμν and bulk viscous pressure � within the
effective kinetic theory has the following forms [17],

πμν = 2 τR βπ σμν, � = −τR β� θ, (21)

with θ ≡ ∂μuμ as the scalar expansion parameter and σμν ≡
�

μν
αβ∇αuβ where �

μν
αβ ≡ 1

2 (�
μ
α�ν

β + �
μ
β�ν

α) − 1
3�μν�αβ

denotes traceless symmetric projection operator orthogonal
to the fluid velocity uμ. Here, βπ and β� are the first-order
coefficients and have the form specified in [17]. Using the
evolution equation, the shear and bulk viscous corrections to
the distribution function can be expressed as,

δ fk = δ f shear
k + δ f bulk

k , (22)

δ f shear
k = β f 0

k f̃ 0
k

2βπ(u.q̃k)
q̃α
k q̃

β
k παβ, (23)

δ f bulk
k = − β f 0

k f̃ 0
k

β�(u.q̃k)

[
(u.q̃k)

2c2
s − | q̃k |2

3
− (u.q̃k)δωk

]
�. (24)

Substituting the modified in-medium particle distribution
functions with the shear and bulk viscous corrections from
Eqs. (23) and (24) into Eqs. (5)–(8), we obtain the modi-
fied heavy quark drag and diffusion coefficients in the vis-
cous medium up to the first order. Considering longitudinal
boost invariant expansion through Bjorken prescription [18]
and using Milne coordinates (τ, x, y, ηs), the Eqs. (23) and
Eqs. (24) simplifies to,

δ f shear
k = f 0

k f̃ 0
k s

βπωkT τ

(η

s

) [ |qk|2
3

− (qk)
2
z

]
, (25)

δ f bulk
k = f 0

k f̃ 0
k s

β�ωkT τ

(
ζ

s

)[
(ωk)

2c2
s − |qk|2

3
− (ωk)δωk

]
,

(26)

where τ = √
t2 − z2 is the proper time and, ηs =

tanh−1(z/t) is the space-time rapidity with uμ = (1, 0, 0, 0)

and gμν = (1,−1,−1,−1/τ 2). Here, θ = 1/τ , � = −ζ/τ

and πμνσμν = 4η/3τ 2. η and ζ denote the shear and bulk
viscosity of the QGP respectively, c2

s is the speed of sound
squared and s is the entropy density of the medium.
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Fig. 1 Bottom quark transport coefficients with first-order shear viscous correction scaled with the corresponding value for the non-viscous case
(η = 0) as a function of its initial momentum (p) at T = 3 Tc

Fig. 2 Bottom quark transport coefficients with first-order shear viscous correction scaled with the corresponding value for the non-viscous case
(η = 0) as a function of QGP temperature (T/Tc) for the initial momentum p = 5 GeV

3 Results and discussions

3.1 Bottom transport coefficients with shear viscous
correction

In this study, we take the bottom quark mass mb = 4.2 GeV,
quark-hadron transition temperature Tc = 170 MeV for three
massless light quark flavors with zero net baryon density and
the proper time τ = 0.25 fm. Figure 1 displays the effects
of shear viscous correction on the momentum dependence of
the bottom quark drag coefficient for collisional and radiative
processes in the QGP. The transport coefficients are scaled
with their respective values for the η = 0 case. The momen-
tum and temperature dependence of the transport coefficients
due to the collisional and radiative processes can be described
using Eqs. (5–9, 12). It is observed that the shear viscosity
substantially reduces the heavy quark drag (A(η)/A(η = 0))
(left panel) at low momenta (p ≈ 1 − 8 GeV for colli-
sion and p ≈ 1 − 14 GeV for radiation). However, in the
high momentum regime (p � 15 GeV), the drag coefficient
increases with an increase in the shear viscosity to entropy
density ratio η/s. This can be understood from the interplay
of two terms in Eq. (5) in different momentum regimes while
incorporating the viscous effects through Eq. (25). The shear
viscous correction is more prominent for the low momenta
of the bottom quark – with an increase in the shear viscosity
resulting in a decrease in the drag coefficient for both colli-
sional and radiative processes. The radiative curves for low
initial momentum are affected more as compared to the col-

lisional ones whereas if we look towards the higher momenta
(p ≈ 30 GeV) the radiative curves show less sensitivity to
the change in η/s. This is because the radiative process is
suppressed for the bottom quark due to the dead-cone effect
for gluon emission angles smaller than θk ∼ mHQ/EHQ .
In the Fig. 1 (middle panel), the scaled transverse diffusion
coefficient B0(η)/B0(η = 0) deviate slightly from the ideal
case (η = 0) near low momentum with considerable suppres-
sion towards higher momentum values. Further, the increase
in shear viscosity leads to more deviation from the equilib-
rium with the radiative curves being more suppressed than
the collisional ones for a given η/s. The longitudinal diffu-
sion coefficient (B1(η)/B1(η = 0)) (right panel) is reduced
due to shear viscous correction at low momenta (p � 2
GeV) affecting both collisional and radiative curves nearly
the same with the variation of η/s. For momenta p � 4
GeV, the behaviour is observed to be quite the opposite to
that for low momenta where the longitudinal diffusion coef-
ficient increase compared to its value in the absence of shear
viscosity and higher η/s showing a larger deviation.

Figure 2 shows the effect of variation of the scaled trans-
port coefficients of the bottom quark as a function of the
scaled QGP temperature (T/Tc). Introducing the shear vis-
cous correction considerably reduces the bottom quark drag
coefficient near Tc. This behaviour can be explained by

the negative contribution from the factor
[ |qk|2

3 − (qk)2
z

]
in

Eq. (25) for δ f sheark . The shear viscosity effect is more pro-
nounced near the transition temperature due to the temper-
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ature dependence of βπ (βπ ∝ T 4) such that s
βπ T

∝ 1
T 2 in

Eq. (25). Qualitatively similar behaviour is observed for the
temperature dependence of the transverse diffusion coeffi-
cient B0(η)/B0(η = 0) (middle panel) of the bottom quark
with relatively large suppression of the ratio near 1.5Tc. There
is also an overall suppression observed with increasing η/s

for both collisional and radiative curves, with the latter being
affected more over the entire temperature range considered
here. Contrary to the drag and transverse diffusion coeffi-
cients, the bottom quark longitudinal diffusion coefficient
B1(η)/B1(η = 0) (right panel) seems to increase with an
increase in η/s for both collisional and radiative processes
for T < 4 Tc. Following the same argument as before for
the drag coefficient, the effect of shear viscous correction
(entering through Eq. (25) with s

βπ T
∝ 1

T 2 ) to the diffusion
coefficients is more visible for low temperatures.

The fluctuation–dissipation theorem (FDT) gives the rela-
tion between the drag and diffusion coefficients of heavy
quarks. In our study, where non-equilibrated degrees of free-
dom (heavy quarks) evolve in the background of an equi-
librated plasma, we check the validity of this theorem in
the momentum regime considered in our study. In the non-
relativistic limit, B/A = E T , where E is the energy of
the heavy quark and T is the temperature. This relation
ensures that in the long-time limit, the phase-space distribu-
tion function aptly describes the equilibration of the heavy
quark with the medium [38,68]. For small momentum, both
transverse and longitudinal momentum diffusion coefficients
become approximately equal, B0 = B1 ≡ B. Additionally,
in this study, we have combined the collisional and radiative
processes. Note that for low momentum, this sum is domi-
nated by the contribution from the collisional process. From
Fig. 3, we observe that without the shear viscous correction
(η/s = 0), within EQPM, the FDT is almost satisfied for
low momentum (3 GeV � p � 6 GeV) and is violated for
high momentum. As we include the non-equilibrium (shear
viscosity) corrections to the transport coefficients, the FDT
is not valid for η/s = 0.08, 0.16, even for low momentum.
Recently, the effect of initial state fluctuations on the heavy
quark transport coefficients is studied in the viscous hydro-
dynamic model and its role in the experimental observables
(RAA and v2) of open charm mesons in heavy-ion collision
experiments [65].

3.2 Bottom transport coefficients with bulk viscous
correction

In Fig. 4 (left panel), the effect of bulk viscous correction
on the momentum dependence of the bottom quark drag
coefficient (A(ζ )/A(ζ = 0)) is shown. The bulk viscosity
reduce the heavy quark drag with almost constant depen-
dence throughout the momentum range considered here. For
both collisional and radiative energy loss, the drag coeffi-

Fig. 3 Ratio of diffusion to drag (B/A) for the bottom quark with first-
order shear viscous correction as a function of its initial momentum (p)
at T = 3 Tc = 510 MeV. A solid line indicates the product of bottom
quark energy (E) and medium temperature (T )

cient ratio decreases with an increase in the bulk viscos-
ity to entropy density ratio (ζ/s). This can be understood
by the suppression of δ f bulk

k due to the negative terms in
Eq. (26) with an increase in ζ/s. Figure 4 (right panel) shows
the effect of the variation of the scaled drag coefficient as
a function of the scaled QGP temperature T/Tc. The bulk
viscosity effect is prominent near the transition temperature
T ≈ 1.5 Tc and the drag coefficient approaches the conformal
limit (c2

s ≈ 1
3 ) at high temperatures T � 4 Tc. This behaviour

can be explained from Eq. (26) wherein for T >> Tc, we
have zk → 1 (ideal equation of state) and the medium modi-
fied part of the dispersion relation vanishes, i.e., δωk → 0 in
Eq. (17). The first and second terms in Eq. (26) cancel each
other for the case of massless quasiparticles, leading to effec-
tively zero contribution from δ f bulk

k at high temperatures. We
also notice that both collisional and radiative processes show
identical behaviour with the variation in bulk viscosity; con-
sistent with our previous study for the charm quark [62].
The transverse and longitudinal diffusion coefficients plots
including the bulk viscous corrections show similar trends as
for the drag coefficient shown in fig. 4.

3.3 Collisional and radiative energy loss of charm and
bottom quarks

The drag coefficient gives the measure of the resistance to
the motion of the heavy quark due to the thermal QGP con-
stituents. The differential energy loss of the heavy quark is
related to its drag coefficient as [34],

− dE

dx
= p A(p). (27)

Fig. 5 (left panel) shows the ratio (R) of the differential
energy loss for the radiative (inelastic) process to the col-
lisional (elastic) energy loss for charm (mc = 1.3 GeV)
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Fig. 4 Bottom quark drag coefficient with first-order bulk vis-
cous correction and scaled with the corresponding value for
the non-viscous case (ζ = 0) as a function of its initial

momentum (p) at T = 3 Tc (left panel), and as a func-
tion of scaled QGP temperature (T/Tc) at p = 5 GeV (right
panel)

Fig. 5 (Left panel) Ratio of the radiative to collisional differential
energy loss for the charm quark (red curves) and the bottom quark (blue
curves) at 3 Tc. (Right panel) Ratio of charm to bottom quarks energy

loss due to collision (orange curves) and radiation (purple curves) at
3 Tc

and bottom (mb = 4.2 GeV) at different values of shear
viscosity to entropy density ratio (η/s). For both the heavy
quarks, increasing shear viscosity decreases the radiative to
collisional energy loss ratio, especially near low momen-
tum (p ∼ mHQ). However, the viscous corrections have a
negligible effect at high momentum (p >> mHQ). The sup-
pression in the radiative energy loss of the bottom quark is
significantly more compared to the charm quark. The radia-
tive dominance for the bottom quark occurs at around 30 GeV
which is almost ten times larger than that for the charm quark
where the ratio exceeds one at around 3 GeV. This behaviour
can be attributed to the dead-cone effect which suppresses the
soft-gluon radiation by a heavy quark at angles smaller than
θk ∼ mHQ/EHQ . The bottom quark is roughly three times
more massive compared to the charm quark. Hence, its dead
cone angle, where there is the absence of gluon radiation, is
larger and the probability of energy loss due to radiation is

lesser compared to the charm. Also, notice that the slope of
the ratio where the radiative dominance occurs is larger for
charm compared to the bottom. This suggest that the transi-
tion from collisional to radiative dominance of energy loss
is rather more sensitive for charm with respect to the change
in its initial momentum.

Figure 5 (right panel) shows the ratio (H) of the differ-
ential energy loss for the charm quark (mc = 1.3 GeV) to
the bottom quark (mb = 4.2 GeV) for collision and radia-
tive processes at different values of specific shear viscosity
(η/s). This ratio is equivalent to the ratio of the drag coeffi-
cients of the two heavy quarks as evident from Eq. (27). Two
interesting features can be observed in this plot. First, this
ratio (H) is greater for the radiative process implying that
the charm quark suffers more energy loss due to radiation
than the bottom quark. Also, the ratio for the collisional case
is more closer to H = 1 compared to radiation, implying the
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difference in energy loss between charm and bottom owing
to their dissimilar mass, can be attributed significantly to the
soft gluon radiation. Secondly, the effect of the change in η/s

over the range 0–0.16 seems to be prominent for the radiative
process for initial momentum between 2 to 15 GeV com-
pared to collision. This suggests that the medium-induced
bremsstrahlung of heavy quarks is affected more due to the
dissipative effects generated through shear viscosity of the
medium and it is larger for the charm quark in comparison
to the bottom.

4 Conclusion

The bottom quark transport coefficients have been inves-
tigated in the viscous QGP by considering its Brownian
motion in the medium using the Fokker–Planck dynamics.
The energy loss in the inelastic process of soft gluon radiation
by the bottom quark is studied along with the elastic collision
with the medium constituents. The thermal medium interac-
tions are included through EQPM in the analysis through
the temperature-dependent effective fugacity parameter for
the in-medium particles. The shear and bulk viscous correc-
tions at leading order are incorporated into the quarks, anti-
quarks, and gluon momentum distribution functions which
are obtained by solving the effective Boltzmann equation
within the EQPM framework.

The shear and bulk viscous corrections to the bottom quark
drag and momentum diffusion coefficients have been esti-
mated as a function of its initial momentum and the QGP
temperature. We observe that the shear viscous correction to
the bottom quark transport coefficients is prominent at the
low initial momentum of the bottom quark and near the tran-
sition temperature Tc. Similar results for the charm quark
have been observed in an earlier study [63]. The radiative
curves seem to be affected slightly more due to a change in
η/s compared to the collision case. Furthermore, we find that
the fluctuation–dissipation theorem holds valid for the bot-
tom quark within the EQPM framework for low momentum
and in the absence of shear viscous correction.

Results obtained by including the first-order bulk vis-
cous correction are also presented here for the bottom quark
drag coefficient. At 3 Tc, the bulk viscous correction tends
to decrease the heavy quark transport coefficients consis-
tently throughout the entire momentum regime considered
here with further suppression due to increasing ζ/s. The tem-
perature dependence of the bottom transport coefficient for
initial momentum of p = 5 GeV due to bulk viscous correc-
tion shows a considerable modification of the transport coef-
ficient ratio near Tc which at the high temperature approaches
the conformal limit (ε = 3P). The effect of including bulk
viscous correction is almost identical for the collisional and

radiative processes, suggesting its minimal effect on the two
processes as compared to the shear viscous correction.

The differential energy loss ratios for the radiative to col-
lisional process and the charm to bottom quark energy loss
have been investigated and comparatively studied. We con-
clude that radiation is the dominant process of energy loss for
charm quark with momentum p � 4 GeV. However, for the
bottom quark, the radiative energy loss becomes significant
at a much higher value of its initial momentum, indicating the
importance of considering the radiative process for momenta
p � 30 GeV.
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A Appendix: Thermodynamic integrals

The thermodynamic integrals J̃ (r)
k nm and L̃(r)

k nm are respec-
tively defined as follows,

J̃ (r)
k nm = γk

2π2

(−1)m

(2m + 1)!!
∫ ∞

0
d | p̃k | (

u · p̃k
)n−2m−r−1

× ( | p̃k | )2m+2
f 0
k f̃ 0

k , (28)

L̃(r)
k nm = γk

2π2

(−1)m

(2m + 1)!!
∫ ∞

0
d | p̃k |

(
u. p̃k

)n−2m−r−1

| p̃k |
× ( | p̃k | )2m+2

f 0
k f̃ 0

k . (29)

For the massless limit of the light quark, the thermodynamic
integrals can be expressed in terms of the PolyLog function
as follows,
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J̃ (1)
k 42 = −2 akγkT 5

5π2

[
2 PolyLog [4,−akzk]

− δωk

T
PolyLog [3,−akzk]

]
, (30)

L̃(1)
k 42 = −akγkT 4

5π2 PolyLog [3,−akzk]. (31)
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