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Abstract We have studied the impact of the nonextensiv-
ity on the transport coefficients related to charge and heat
in thermal QCD. For this purpose, the electrical (σel), Hall
(σH), thermal (κ) and Hall-type thermal (κH) conductivities
are determined using the kinetic theory approach in associa-
tion with the nonextensive Tsallis statistical mechanism. The
effect of nonextensivity is encoded in the nonextensive Tsal-
lis distribution function, where the deviation of the parameter
q from 1 signifies the degree of nonextensivity in the con-
cerned system. The thermal and electrical conductivities are
found to increase with the introduction of nonextensivity,
which means that the deviation of the medium from thermal
equilibrium enhances both charge and heat transports. With
the magnetic field, the deviations of σel, σH, κ and κH from
their respective equilibrated values increase, whereas these
deviations decrease with the chemical potential. We have also
studied how the extent of the nonextensivity modulates the
longevity of magnetic field. Present work is further extended
to the study of some observables associated with the afore-
said transport phenomena, such as the Knudsen number and
the elliptic flow within the nonextensive Tsallis framework.

1 Introduction

The collisions of ultrarelativistic heavy ions at Relativis-
tic Heavy Ion Collider (RHIC) and Large Hadron Collider
(LHC) provide strong evidences for the production of a
deconfined state of quarks and gluons, known as quark-gluon
plasma (QGP). This extreme state of matter can be achieved
at high temperature and/or high density. In addition, for non-
central events, strong magnetic fields are produced, whose
strengths can vary between eB = m2

π (� 1018 Gauss) at
RHIC and eB = 15 m2

π at LHC [1,2]. These magnetic fields
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become weak with time, where the energy scale associated
with the temperature prevails over the energy scale related
to the magnetic field. However, the electrically conducting
medium ensures the longevity of such magnetic fields by the
Lenz’s law [3–5]. Some of the phenomena induced due to the
presence of the magnetic field are the chiral magnetic effect
[6,7], the axial magnetic effect [8,9], the nonlinear electro-
magnetic current [10,11], the axial Hall current [12], the chi-
ral vortical effect [13] etc. In recent years, the effects of mag-
netic field on QCD matter have been extensively studied, such
as the thermodynamic and magnetic properties [14–17], the
conductive properties [5,18–24], the viscous properties [25–
32], the photon and dilepton productions from QGP [33–36],
the heavy quark diffusion [37], the magnetohydrodynamics
[38,39] etc. In these studies, the nonextensive approach has
not been followed. In high energy physics community, the
Tsallis nonextensive distribution has recently achieved great
importance as it shows good fits of the transverse momentum
distributions for a wide range of collision energies by STAR
[40], PHENIX [41], ALICE [42] and CMS [43] collabora-
tions. The nonextensive Tsallis statistics is considered as a
generalization of the Boltzmann-Gibbs statistics, where the
parameter q that measures the extent of non-equilibration is
called the nonextensive Tsallis parameter. The theory groups
have also started considering the nonextensive statistics in the
study of thermodynamics, transport processes etc. [44–53].
In Langevin, Fokker-Planck, and/or Boltzmann type equa-
tions, this deviation can be incorporated through a nonexten-
sive parameter or Tsallis parameter, q, where q = 1 repre-
sents the Boltzmann limit [54–57]. The relation between the
parameter q and temperature fluctuations has been studied in
Ref. [58], which observed that the deviation of q from unity
measures the fluctuation in the temperature and there is no
temperature fluctuation in the Boltzmann limit (q = 1).

The fits to the RHIC and LHC spectra suggest that q for
the hadronic matter can deviate up to 1.08–1.2 [59–61] and
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for a quark matter, the value of q deviates up to 1.22 [62].
The value of q should thus be considered as never being
far from 1. Similar result for the parameter q has also been
obtained in an analysis of the composition of final-state par-
ticles [58]. For large pT results of particle production with
q > 1, the freeze-out temperature becomes smaller in order
to keep the particle yields the same, whereas, to compen-
sate the decrease in the particle number, the baryon chemical
potential increases with q > 1 [58]. Some observation shows
that the Tsallis distribution leads to a much better chemical
equilibrium than the Boltzmann distribution with q = 1 [58].
The nonextensivity can be inserted in the underlying dynam-
ical model through the Tsallis nonextensive statistics. It is
very beneficial to use the nonextensive Tsallis distribution
function in the dynamical model itself to describe the char-
acteristics of the medium in both the QGP and the freeze-out
phases in order to study the effects on the bulk observables.
The observables in heavy ion collisions, such as the trans-
verse momentum spectra, the multiplicity fluctuations, the
nuclear modification factor etc. are influenced by the nonex-
tensive parameter q [63–65]. Thus, when the value of the
nonextensive parameter gets deviated from unity, it is highly
expected to leave some noticeable impacts on the properties
of the matter produced in heavy ion collisions. Our present
work attempts to see the possible deviation of the charge
and heat transport properties of the QCD medium when q is
slightly above unity.

In this paper, the transport coefficients related to charge
conduction and heat conduction are calculated for the first
time using a nonextensive relativistic Boltzmann transport
equation in the relaxation time approximation, where the
nonextensive Tsallis formalism has been incorporated. In
addition, the thermal masses of particles and the weak mag-
netic field limit (T 2 � |q f B|, where |q f | is the absolute
electronic charge of the quark with flavor f ) are considered
in the calculations. This study is relevant to understand the
effect of the nonextensivity on the transport coefficients in
hot QCD matter. The effect on the lifetime of magnetic field
is also studied by varying the value of parameter q up to 1.2.
The aforesaid transport coefficients are important to under-
stand the local equilibrium property, elliptic flow, hydrody-
namic evolution of the strongly interacting matter etc. Thus,
the deviation if any, of these transport coefficients due to the
nonextensivity could also leave significant imprints on the
observables used at heavy ion collisions.

The present paper is organized as follows. Section 2 is
dedicated to the study of different charge and heat conduc-
tivities of a weakly magnetized QCD medium assuming a
nonextensive scenario within the kinetic theory approach and
its effect on the lifetime of magnetic field. The results on dif-
ferent conductivities are discussed in Sect. 3. In Sect. 4, some
observables related to the aforesaid transport phenomena are
studied. Section 5 presents the conclusions of this work.

2 Charge and heat conductivities in the nonextensive
Tsallis framework

This section is devoted to the calculation of different charge
and heat conductivities by using the relativistic Boltzmann
transport equation in the relaxation time approximation,
where the effect of nonextensivity is incorporated through
the Tsallis distribution function. In particular, Sect. 2.1 con-
tains the calculation of the conductivities at zero magnetic
field, Sect. 2.2 shows the effect of nonextensivity on the life-
time of magnetic field and in Sect. 2.3, the conductivities are
determined in a weak magnetic field.

2.1 Hot and dense QCD matter in the absence of magnetic
field

In this subsection, we study the response of the nonextensiv-
ity to the charge and heat flow by calculating the electrical
and thermal conductivities in the nonextensive Tsallis frame-
work in the absence of magnetic field.

2.1.1 Response of the nonextensivity to the charge flow in a
QCD medium

In the nonextensive Tsallis framework, the fermion distribu-
tion function is represented [66–68] as

fq = 1

[1 + (q − 1)βω]
1

q−1 + 1
, with βω > 0, (1)

where ω = ω f − μ f for quarks and ω̄ = ω f + μ f for anti-
quarks, and q represents the nonextensive parameter. Here,

ω f =
√
p2 + m2

f and μ f is the chemical potential of quark

with flavor f . The deviation of q from unity signifies the
nonextensivity of the system. At high temperatures, Fermi–
Dirac statistics (for fermions) and Bose–Einstein statistics
(for bosons) behave like Boltzmann statistics, so, the above
distribution function can be approximated to

fq ≈ [1 + (q − 1)βω]
1

1−q , (2)

which is also the exponential factor in the usual Fermi–Dirac
distribution function. Expansion of Eq. (2) around q = 1
gives

fq = e−βω + 1

2
(q − 1)β2ω2e−βω

+ 1

24
(q − 1)2(3βω − 8)β3ω3e−βω + · · · , (3)

where the first term in the right hand side represents the
Boltzmann distribution function. One can see that at q = 1,
only leading term remains, i.e. fq = e−βω. Thus, the limit
q → 1 yields the Boltzmann distribution and the deviation
of q from unity explains how much the medium drives away
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from the equilibrated thermal distribution of particles. Let us
consider a nonextensive QCD medium having three flavors
( f = u, d, s). When this medium comes under the effect of
an external electric field, an electric current density is induced
whose spatial component can be written as

J i =
∑
f

g f

∫
d3p

(2π)3ω f
pi [q f δ fq + q̄ f δ f̄q ], (4)

where g f , q f (q̄ f ) and δ fq (δ f̄q ) are the degeneracy factor,
electric charge and infinitesimal change in the nonextensive
Tsallis distribution function for the quark (antiquark) of f th
flavor, respectively. The Ohm’s law states that the spatial
current density is proportional to the electric field, with the
proportionality factor being the electrical conductivity, i.e.,

J i = σelE
i . (5)

In order to determine the infinitesimal shift δ fq , we use
the relativistic Boltzmann transport equation (RBTE) in the
relaxation time approximation (RTA) within the nonexten-
sive Tsallis mechanism, i.e.,

pμ
∂ f ′

q

∂xμ
+ q f F

ρσ pσ

∂ f ′
q

∂pρ
= − pνuν

τ f
δ fq , (6)

where f ′
q = δ fq + fq , Fρσ denotes the electromagnetic

field strength tensor whose components are associated with
the electric and magnetic fields. In the above equation, the
relaxation time for quarks (antiquarks), τ f (τ f̄ ) is given [69]
by

τ f ( f̄ ) = 1

5.1Tα2
s log (1/αs)

[
1 + 0.12(2N f + 1)

] . (7)

In the absence of magnetic field, in order to see the response
of electric field, we use the components of Fρσ related to
only electric field. In addition, for a spatially homogeneous
distribution function with the steady-state condition, one can

use
∂ f ′

q
∂r = 0 and

∂ f ′
q

∂t = 0. Thus, RBTE (6) takes the following
form,

q f E · p ∂ f ′
q

∂p0
+ q f p0E · ∂ f ′

q

∂p
= − p0

τ f
δ fq . (8)

Solving Eq. (8) with the nonextensive distribution function,
we get δ fq as

δ fq = 2τ f q f βE · p
ω f

[
1 + (q − 1)β(ω f − μ f )

] q
1−q . (9)

Similarly, δ f̄q is calculated as

δ f̄q = 2τ f̄ q̄ f βE · p
ω f

[
1 + (q − 1)β(ω f + μ f )

] q
1−q . (10)

Using the values of δ fq and δ f̄q in Eq. (4) and then comparing
with Eq. (5), we get the electrical conductivity as

σel = β

3π2

∑
f

g f q
2
f

∫
dp

p4

ω2
f

[
τ f {1 + (q − 1)

×β(ω f − μ f )}
q

1−q + τ f̄ {1 + (q − 1)

×β(ω f + μ f )}
q

1−q

]
. (11)

2.1.2 Response of the nonextensivity to the heat flow in a
QCD medium

The flow of heat in a medium is regulated by the temperature
and pressure gradients and the corresponding heat flow four-
vector is defined as

Qμ = 
μαT
αβuβ − h
μαN

α, (12)

where the first and second terms in the right hand side are
distinguished as the energy diffusion and the enthalpy diffu-
sion, respectively. Here,T αβ is the energy-momentum tensor,
Nα is the particle flow four-vector, the projection operator

μα = gμα −uμuα , the enthalpy per particle h = (ε+P)/n
with ε, P and n denoting the energy density, the pressure and
the particle number density, respectively. Nα and T αβ are the
first and second moments of the nonextensive distribution
function, respectively.

Nα =
∑
f

g f

∫
d3p

(2π)3ω f
pα

[
fq + f̄q

]
, (13)

T αβ =
∑
f

g f

∫
d3p

(2π)3ω f
pα pβ

[
fq + f̄q

]
. (14)

From Nα and T αβ , one can get n = Nαuα , ε = uαT αβuβ

and P = −
αβT αβ/3. In the rest frame of the heat bath,
the heat flow is purely spatial, because it is orthogonal to the
fluid four-velocity. Thus, the spatial component of heat flow
is written as

Qi =
∑
f

g f

∫
d3p

(2π)3

pi

ω f

[
(ω f − h f )δ fq + (ω f − h̄ f )δ f̄q

]
.

(15)

Through the Navier–Stokes equation, the heat flow is asso-
ciated with the gradients of temperature and pressure as

Qi = −κδi j
[
∂ j T − T

ε + P
∂ j P

]
, (16)

where κ represents the thermal conductivity. For the cal-
culation of thermal conductivity, the electromagnetic field
strength part can be dropped from the relativistic Boltzmann
transport equation (6) and then expanding the gradient of the
nonextensive distribution function in terms of the gradients
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of flow velocity and temperature, we have

−pμ [1 + (q − 1)βω]
q

1−q
[(
uα p

α
)
∂μβ

+β∂μ

(
uα p

α
) − ∂μ (βμ)

] = −uν pν

τ f
δ fq . (17)

After solving Eq. (17), we get δ fq as

δ fq = −βτ f [1 + (q − 1)βω]
q

1−q

×
[(

ω f − h f
)

T
v j

(
∂ j T − T

nh f
∂ j P

)

+p0
DT

T
− pμ pα

p0
∇μuα + T D

(μ f

T

) ]
. (18)

Similarly, δ f̄q is determined as

δ f̄q = −βτ f̄ [1 + (q − 1)βω̄]
q

1−q

×
[(

ω f − h̄ f
)

T
v j

(
∂ j T − T

nh̄ f
∂ j P

)

+p0
DT

T
− pμ pα

p0
∇μuα − T D

(μ f

T

)]
. (19)

Substituting δ fq and δ f̄q in Eq. (15) and comparing with
Eq. (16), we get the thermal conductivity as

κ = β2

6π2

∑
f

g f

∫
dp

p4

ω2
f

[
τ f (ω f − h f )

2{1 + (q − 1)

×β(ω f − μ f )}
q

1−q + τ f̄ (ω f − h̄ f )
2{1 + (q − 1)

×β(ω f + μ f )}
q

1−q

]
. (20)

2.2 Effect of the nonextensivity on the lifetime of magnetic
field

This subsection is dedicated to see how the nonextensivity
affects the lifetime of magnetic field produced in the initial
stages of the noncentral ultrarelativistic heavy ion collisions.
Although this magnetic field is transient, but finite electri-
cal conductivity elongates its lifetime significantly. This was
discerned previously for a thermal distribution, where the
nonextensive Tsallis parameter, q = 1. Now, it is interesting
to observe how the longevity of magnetic field gets influenced
when the nonextensive Tsallis parameter becomes deviated
from unity.

Let a charged particle moves along x-direction, then there
will be a production of magnetic field transverse to the tra-
jectory of particle, which can be expressed [3] as

eBmedium = e2bσel

8π(t − x)2 e
− b2σel

4(t−x) ẑ, (21)

where b is the impact parameter. In Eq. (21), the electri-
cal conductivity depends on the time through the cooling

law, T 3 ∝ t−1. By taking the initial time 0.2 fm and initial
temperature at 390 MeV, Fig. 1 is plotted which shows the
variations of magnetic field with time (left panel) for x = 0,
b = 4 fm and with impact parameter (right panel) for x = 0,
t = 1 fm in an electrically conducting medium at different q
values.

It is well known that the magnetic field decays very
fast in vacuum, whereas the electrically conducting thermal
medium helps in delaying the decay of magnetic field, where
the parameter q has always been set to unity. The left panel
of Fig. 1 displays that the decay of magnetic field gets further
slowed down as the value of q increases slightly above unity.
Thus, the nonextensivity of the thermal medium extends the
lifetime of a nearly stable magnetic field. So, it is pertinent
to study how the nonextensivity modifies the properties of
the hot QCD matter in the absence as well as in the presence
of magnetic field. It is also observed that, at initial time, the
effect of the nonextensivity on the magnetic field is meagre
and the effect becomes more conspicuous with the increase
of the time. The right panel of Fig. 1 shows the effect of
the nonextensivity on the magnetic field with the increase of
impact parameter. It shows peak at some specific combina-
tion of magnetic field and impact parameter, and the height
of the peak increases with the increase of deviation of q from
unity, which occurs at a lower impact parameter. Thus, with
the increase of the nonextensivity, the peak value of magnetic
field increases.

2.3 Hot and dense QCD matter in a weak magnetic field

In this subsection, we study the response of the nonexten-
sivity to the charge and heat flow by calculating the electri-
cal, Hall, thermal and Hall-type thermal conductivities in the
nonextensive Tsallis framework in the presence of a weak
magnetic field.

2.3.1 Response of the nonextensivity to the charge flow in a
weakly magnetized QCD medium

At finite magnetic field, the spatial component of electric
current density is written as

J i = σ0δ
i j E j + σ1ε

i jkbk E j + σ2b
ib j E j , (22)

where σ0, σ1 and σ2 are various components of charge trans-
port and b = B

B is the direction of magnetic field. For E ⊥ B,
the third term in the right hand side vanishes and thus, Eq. (22)
becomes

J i = σ i j E j =
(
σelδ

i j + σHεi j
)
E j , (23)

where εi j is the antisymmetric 2 × 2 unit matrix, σ0 = σel

denotes the electrical conductivity and σ1 = σH represents
the Hall conductivity. To determine the infinitesimal change
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Fig. 1 Variation of magnetic
field with time (left panel) and
with impact parameter (right
panel) at different values of the
nonextensive parameter
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in the nonextensive distribution function at finite magnetic
field, let us rewrite RBTE (6) as

pμ
∂ f ′

q

∂xμ
+ Fμ

∂ f ′
q

∂pμ
= − pνuν

τ f
δ fq , (24)

where Fμ = q f Fμν pν = (p0v · F, p0F) and the Lorentz
force is defined as F = q f (E+v×B). For a spatially homo-
geneous distribution function with the steady-state condition,
Eq. (24) gets simplified into

v · F ∂ f ′
q

∂p0
+ F · ∂ f ′

q

∂p
= − ( f ′

q − fq)

τ f
. (25)

For E = Ex̂ and B = Bẑ, we have

τ f q f Evx
∂ f ′

q

∂p0
+ τ f q f Bvy

∂ f ′
q

∂px
− τ f q f Bvx

∂ f ′
q

∂py

= fq − f ′
q − τ f q f E

∂ fq
∂px

. (26)

To solve the above equation, we have followed an ansatz
which is given [18] by

f ′
q = fq − τ f q f E · ∂ fq

∂p
− � · ∂ fq

∂p
, (27)

where the quantity � needs to be evaluated. Using ansatz (27)
in Eq. (26) within the nonextensive framework, we get

τ f q f Evx
∂ f ′

q

∂p0
+ β [1 + (q − 1)βω]

q
1−q

× (
�xvx + �yvy + �zvz

)

−q f Bτ f

(
vx

∂ f ′
q

∂py
− vy

∂ f ′
q

∂px

)
= 0. (28)

The partial derivatives in the above equation are determined
as follows,

∂ f ′
q

∂p0
= −β [1 + (q − 1)βω]

q
1−q − q f τ f

×E
βvx

ω f
[1 + (q − 1)βω]

q
1−q

−q f τ f Evxβ
2q [1 + (q − 1)βω]

2q−1
1−q

− β

ω f
[1 + (q − 1)βω]

q
1−q

(
�xvx + �yvy + �zvz

)

−β2q [1 + (q − 1)βω]
2q−1
1−q

(
�xvx + �yvy + �zvz

)
,

(29)
∂ f ′

q

∂px
= −βvx [1 + (q − 1)βω]

q
1−q + q f τ f

×E
β

ω f
[1 + (q − 1)βω]

q
1−q

−q f τ f E
βv2

x

ω f
[1 + (q − 1)βω]

q
1−q − q f τ f

× Eβ2v2
xq [1 + (q − 1)βω]

2q−1
1−q

+β�x

ω f
[1 + (q − 1)βω]

q
1−q

−βv2
x�x

ω f
[1 + (q − 1)βω]

q
1−q

−β2v2
xq�x [1 + (q − 1)βω]

2q−1
1−q

−βv2
x�y

ω f
[1 + (q − 1)βω]

q
1−q

−β2vxvyq�y [1 + (q − 1)βω]
2q−1
1−q

−βvxvz�z

ω f
[1 + (q − 1)βω]

q
1−q

−β2vxvzq�z [1 + (q − 1)βω]
2q−1
1−q , (30)

∂ f ′
q

∂py
= −βvy [1 + (q − 1)βω]

q
1−q − q f τ f

×E
βvxvy

ω f
[1 + (q − 1)βω]

q
1−q

−q f τ f Eβ2vxvyq [1 + (q − 1)βω]
2q−1
1−q

−βvxvy�x

ω f
[1 + (q − 1)βω]

q
1−q

−β2vxvyq�x [1 + (q − 1)βω]
2q−1
1−q

+β�y

ω f
[1 + (q − 1)βω]

q
1−q
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−βv2
y�y

ω f
[1 + (q − 1)βω]

q
1−q

−β2v2
yq�y [1 + (q − 1)βω]

2q−1
1−q

−βvyvz�z

ω f
[1 + (q − 1)βω]

q
1−q

−β2vyvzq�z [1 + (q − 1)βω]
2q−1
1−q . (31)

Now, substituting the expressions of the above partial deriva-
tives in Eq. (28) and then simplifying by dropping the higher
order velocity terms, we get

−q f Eτ f vx + (
�xvx + �yvy + �zvz

)

−ωcτ f
(
vx�y − vy�x

) + τ 2
f ωcq f Evy = 0, (32)

where ωc = q f B
ω f

is known as cyclotron frequency. Equating
the coefficients of vx , vy and vz on both sides of Eq. (32) and
then solving, we obtain

�x =
q f Eτ f

(
1 − ω2

cτ
2
f

)

1 + ω2
cτ

2
f

, (33)

�y = −2q f Eωcτ
2
f

1 + ω2
cτ

2
f

, (34)

�z = 0. (35)

Using the above values in the ansatz (27), δ fq is obtained as

δ fq =
[

2q f Evxβ

(
τ f

1 + ω2
cτ

2
f

)
− 2q f Evyβ

(
ωcτ

2
f

1 + ω2
cτ

2
f

)]

× [
1 + (q − 1)β(ω f − μ f )

] q
1−q . (36)

Similarly, δ f̄q is found out to be

δ f̄q =
⎡
⎣2q̄ f Evxβ

⎛
⎝ τ f̄

1 + ω2
cτ

2
f̄

⎞
⎠ − 2q̄ f Evyβ

⎛
⎝ ωcτ

2
f̄

1 + ω2
cτ

2
f̄

⎞
⎠

⎤
⎦

× [
1 + (q − 1)β(ω f + μ f )

] q
1−q . (37)

Substituting the expressions of δ fq and δ f̄q in Eq. (4) and
then comparing with Eq. (23), the electrical and Hall con-
ductivities are calculated as

σel = β

3π2

∑
f

g f q
2
f

∫
dp

p4

ω2
f

×
[

τ f

1 + ω2
cτ

2
f

[
1 + (q − 1)β(ω f − μ f )

] q
1−q

+ τ f̄

1 + ω2
cτ

2
f̄

[
1 + (q − 1)β(ω f + μ f )

] q
1−q

⎤
⎦ , (38)

σH = β

3π2

∑
f

g f q
2
f

∫
dp

p4

ω2
f

[
ωcτ

2
f

1 + ω2
cτ

2
f

× [
1 + (q − 1)β(ω f − μ f )

] q
1−q

+
ωcτ

2
f̄

1 + ω2
cτ

2
f̄

[
1 + (q − 1)β(ω f + μ f )

] q
1−q

⎤
⎦ . (39)

2.3.2 Response of the nonextensivity to the heat flow in a
weakly magnetized QCD medium

At finite magnetic field, the Navier–Stokes equation for heat
flow takes the following form,

Qi = −
(
κ0δ

i j + κ1ε
i jkbk + κ2b

ib j
) [

∂ j T − T

ε + P
∂ j P

]
,

(40)

where κ0, κ1 and κ2 represent different components of heat
transport andb = B

B . If gradients of temperature and pressure
are orthogonal to the magnetic field, then the third term in
the right hand side vanishes and thus, Eq. (40) becomes

Qi = −
(
κδi j + κHεi j

) [
∂ j T − T

ε + P
∂ j P

]
. (41)

Hereκ0 = κ represents the thermal conductivity andκ1 = κH

denotes the Hall-type thermal conductivity. To determine
these conductivities within the nonextensive Tsallis mech-
anism, we rewrite Eq. (24) using the ansatz (27) as

L + β [1 + (q − 1)βω]
q

1−q
(
�xvx + �yvy + �zvz

)

−q f Bτ f

(
vx

∂ f ′
q

∂py
− vy

∂ f ′
q

∂px

)
= 0, (42)

where L = τ f
p0
pμ ∂ fq

∂xμ . We note that, for the calculation
of heat transport coefficients, we have dropped the electric
field part from the relativistic Boltzmann transport equation.
Since magnetic field is taken along z-direction and the gradi-
ents of temperature and pressure are orthogonal to the mag-
netic field, no explicit dependence of magnetic field on the
temperature and pressure gradients along z-direction can be
observed. Now, L is calculated as

L = τ f β
2 [1 + (q − 1)βω]

q
1−q

(
ω f − h f

)

×vx

(
∂x T − T

nh f
∂x P

)

+τ f β
2 [1 + (q − 1)βω]

q
1−q

× (
ω f − h f

)
vy

(
∂ yT − T

nh f
∂ y P

)

+τ f β [1 + (q − 1)βω]
q

1−q

×
[
p0

DT

T
− pμ pα

p0
∇μuα + T D

(μ f

T

)]
, (43)
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where D = uμ∂μ and ∇μ = ∂μ − uμuν∂
ν . Substituting the

values of L ,
∂ f ′

q
∂px

and
∂ f ′

q
∂py

in Eq. (42), and then simplifying
by dropping the higher order velocity terms, we have

β
(
ω f − h f

)
vx

(
∂x T − T

nh f
∂x P

)
+ �xvx

τ f
− ωc�yvx

+β
(
ω f − h f

)
vy

(
∂ yT − T

nh f
∂ y P

)
+ �yvy

τ f
+ ωc�xvy

+�zvz

τ f
+ p0

DT

T
− pμ pα

p0
∇μuα + T D

(μ f

T

)
= 0. (44)

Equating the coefficients of vx , vy and vz on both sides of
Eq. (44) and then solving, we get

�x = −βτ f
(
ω f − h f

)
(

1 + ω2
cτ

2
f

)
(

∂ x T − T

nh f
∂x P

)

−βωcτ
2
f

(
ω f − h f

)
(

1 + ω2
cτ

2
f

)
(

∂ yT − T

nh f
∂ y P

)
, (45)

�y = −βτ f
(
ω f − h f

)
(

1 + ω2
cτ

2
f

)
(

∂ yT − T

nh f
∂ y P

)

+βωcτ
2
f

(
ω f − h f

)
(

1 + ω2
cτ

2
f

)
(

∂x T − T

nh f
∂x P

)
, (46)

�z = 0. (47)

Substituting the above values in ansatz (27), δ fq is calculated
as

δ fq = −β2 [
1 + (q − 1)β(ω f − μ f )

] q
1−q

×τ f (ω f − h f )(
1 + ω2

cτ
2
f

)
[
vx

(
∂x T − T

nh f
∂x P

)

+vy

(
∂ yT − T

nh f
∂ y P

)]

−β2 [
1 + (q − 1)β(ω f − μ f )

] q
1−q

×ωcτ
2
f (ω f − h f )(

1 + ω2
cτ

2
f

)
[
vx

(
∂ yT − T

nh f
∂ y P

)

−vy

(
∂x T − T

nh f
∂x P

)]
. (48)

Similarly, δ f̄q is obtained as

δ f̄q = −β2 [
1 + (q − 1)β(ω f + μ f )

] q
1−q

×τ f̄ (ω f − h̄ f )(
1 + ω2

cτ
2
f̄

)
[
vx

(
∂x T − T

nh̄ f
∂x P

)

+vy

(
∂ yT − T

nh̄ f
∂ y P

)]

−β2 [
1 + (q − 1)β(ω f + μ f )

] q
1−q

×
ωcτ

2
f̄
(ω f − h̄ f )(

1 + ω2
cτ

2
f̄

)
[
vx

(
∂ yT − T

nh̄ f
∂ y P

)

−vy

(
∂x T − T

nh̄ f
∂x P

)]
. (49)

Using the values of δ fq and δ f̄q in Eq. (15) and then com-
paring with Eq. (41), the thermal and Hall-type thermal con-
ductivities are determined as

κ = β2

6π2

∑
f

g f

∫
dp

p4

ω2
f

[
τ f

1 + ω2
cτ

2
f

(
ω f − h f

)2

× [
1 + (q − 1)β(ω f − μ f )

] q
1−q + τ f̄

1 + ω2
cτ

2
f̄

× (
ω f − h̄ f

)2 [
1 + (q − 1)β(ω f + μ f )

] q
1−q

⎤
⎦ , (50)

κH = β2

6π2

∑
f

g f

∫
dp

p4

ω2
f

[
ωcτ

2
f

1 + ω2
cτ

2
f

(
ω f − h f

)2

× [
1 + (q − 1)β(ω f − μ f )

] q
1−q +

ωcτ
2
f̄

1 + ω2
cτ

2
f̄

× (
ω f − h̄ f

)2 [
1 + (q − 1)β(ω f + μ f )

] q
1−q

]
. (51)

The above analysis on the charge and heat conductivities
is studied by considering the quasiparticle or thermal masses
of particles within the quasiparticle model. Partons acquire
thermal masses due to their interactions with the surround-
ing thermal medium. In a hot and dense QCD medium, the
quasiparticle mass (squared) of quark up to one-loop is given
[70,71] by

m2
f T = g2T 2

6

(
1 + μ2

f

π2T 2

)
. (52)

We note that, all flavors are assigned with the same chemical
potential, i.e. μ f = μ.

3 Results and discussions

In kinetic theory, the particle distribution functions embody
most of the information on the transport coefficients and thus
a study of the effect of nonextensivity on distribution func-
tion is first carried out before discussing its effect on the
transport coefficients. Figure 2 shows the u quark distribu-
tion function in terms of temperature and momentum at a
fixed chemical potential for different values of the nonexten-
sive parameter and magnetic field. In particular, the left panel
of Fig. 2 depicts the quark distribution function in terms of
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Fig. 2 Variation of quark
distribution function with
temperature (left panel) and
with momentum (right panel)
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temperature at a fixed momentum and the right panel of Fig. 2
shows the same in terms of momentum at a fixed tempera-
ture. It is observed that the values are higher for the Tsallis
distribution (q = 1.1) when compared with the Fermi–Dirac
distribution (q = 1) over the shown range of temperature
and the difference is not significant at low temperatures (left
panel). On the other hand, the difference between the Tsallis
distribution and the Fermi–Dirac distribution is exiguous at
low momenta (right panel). Although the two types of dis-
tribution functions get slightly reduced in the presence of
weak magnetic field as compared to zero magnetic field, the
strength of Tsallis distribution function is always higher than
that of the Fermi–Dirac distribution function.

We note that, in this work, the temperature and chemi-
cal potential are treated independent of q, i.e. T 
= T (q)

and μ 
= μ(q). Thus, we plot the transport coefficients as
functions of temperature at different q values, which gives
the information on how the transport coefficients get affected
by the nonextensivity when the temperature of the thermal
medium changes. On the other hand, the thermal distribution
functions of particles depend on all the aforesaid parameters,
i.e. T , μ and q. How the distribution function depends on q
is described above. Similarly, the energy-momentum tensor
(T αβ ) and the particle flow four-vector (Nα) depend on q
through the particle distribution function, thus the energy
density (ε = uαT αβuβ ) as well as the particle number den-
sity (n = Nαuα) also depend on q parameter, in addition to
their dependence on T and μ.

If one keeps the energy density or the particle number
density at the same value in nonextensive Tsallis distribution
(q > 1) and in Boltzmann type distribution (q = 1), then
the Tsallis distribution, as compared to the Boltzmann one,
leads to smaller values of T , i.e. with increasing q value, T
decreases. For example, the references [50,58] had shown
that, in order to keep the hadron yields (in high energy heavy
ion collisions) the same in both nonextensive Tsallis and
Boltzmann distributions, T is adjusted to lower values for
increasing q value. Since the aim of the present paper is to
see how the nonextensivity (q > 1) affects the transport coef-

ficients of the hot and dense QCD matter in kinetic theory
approach for a range of temperature and chemical potential,
we have not considered the correlation between q, T and μ.

3.1 Response functions of charge flow: electrical and Hall
conductivities

Figure 3 depicts the variations of electrical (σel) and Hall
(σH) conductivities of the hot QCD matter with temperature
for different values of q. In particular, the upper panels of
Fig. 3a, b show an enhancement in their magnitudes when
q is slightly above unity and this increase is almost uniform
over the entire range of temperature, thus it indicates that the
nonextensivity facilitates the charge transport in hot QCD
matter. The lower panels of Fig. 3a, b show the variations
of the ratios of σel and σH at q = 1.1 and at q = 1 with
T for different conditions of magnetic field and chemical
potential. The nonextensive σel as well as σH get deviated
from the corresponding thermally equilibrated values with
the increase of magnetic field, whereas, the emergence of
finite chemical potential brings σel and σH a bit closer to their
equilibrated values. As compared to the Hall conductivity, the
effect of the nonextensivity is more evident on the electrical
conductivity in the weak magnetic field regime as σel is the
dominant contribution and σH is a weak contribution of the
charge transport in the said regime.

3.2 Response functions of heat flow: thermal and Hall-type
thermal conductivities

The thermal (κ) and Hall-type thermal (κH) conductivities of
the hot QCD matter are shown as functions of temperature
for different values of q in Fig. 4. From the upper panels
of Fig. 4a, b, one can see that both κ and κH increase with
an increase of q. Thus, the nonextensivity amplifies the heat
transport in hot QCD matter. Further, from the lower panels of
Fig. 4a, b, it is observed that the presence of magnetic field
increases the deviation of non-equilibrium κ and κH from
their respective thermally equilibrated values, unlike the case
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Fig. 3 Variations of a electrical
conductivity and b Hall
conductivity with temperature
for different values of the
nonextensive parameter at weak
magnetic field and finite
chemical potential
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Fig. 4 Variations of a thermal
conductivity and b Hall-type
thermal conductivity with
temperature for different values
of the nonextensive parameter at
weak magnetic field and finite
chemical potential
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of finite chemical potential which decreases the deviation.
Just like the charge transport case, the effect of nonextensivity
is less pronounced for κH, because in the weak magnetic field
regime, thermal conductivity is the dominant contribution of
the heat transport. At high temperatures, the extra deviation
occurred due to the magnetic field gets waned.

4 Observables

In this section, a detailed study on the Knudsen number and
its association with elliptic flow coefficient is carried out.
These quantities decipher the local equilibrium property of
the medium and the extent of interactions among the pro-
duced particles in heavy ion collisions.
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Fig. 5 Variations of a the
Knudsen number and b the
elliptic flow with temperature
for different values of the
nonextensive parameter
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The Knudsen number is defined as the ratio of the mean
free path (λ) to the characteristic length scale (l) of the
medium, i.e. � = λ/ l. For an equilibrium system, l should
be larger than λ. Since λ = 3κ/(vCV ), the Knudsen number
can be rewritten as

� = 3κ

lvCV
, (53)

where v and CV denote the relative speed and the specific
heat at constant volume, respectively. The Knudsen number
quantifies the degree of separation between the microscopic
and macroscopic length scales of the system. For the applica-
bility of equilibrium hydrodynamics, these two length scales
require to be sufficiently separated, i.e.� must be very small
or less than unity. In this analysis, we have used v � 1 and
l = 4 fm, and determined CV from the energy-momentum
tensor through the relation, CV = ∂(uμTμνuν)/∂T .

The elliptic flow (v2) reflects the anisotropy which orig-
inates from the overlapping region of nuclei and measures
the extent of interactions/reinteractions between the particles
produced in the noncentral heavy ion collisions. The initial
asymmetry in the geometry of the matter distribution mani-
fests the azimuthal anisotropy, which gets converted into the
momentum anisotropy, thus contributing towards the emer-
gence of elliptic flow [72]. The deviation from equilibrium
can decrease the magnitude of this flow and if the collisions
are frequent enough, then the system drives towards local
equilibrium. Thus, the elliptic flow provides the information
about the onset of thermalization in heavy ion collisions. The
elliptic flow can be defined in terms of the Knudsen number
[73–75] as

v2 = vh2

1 + �
�0

, (54)

where vh2 denotes the elliptic flow in the hydrodynamic limit
(� → 0 limit) and �0 is the value of the Knudsen number
obtained by observing the transition between the hydrody-
namic regime and the free streaming particle regime. Accord-
ing to the transport calculation in Ref. [75], �0 ≈ 0.7 and

vh2 ≈ 0.1. Experimentally observed values of v2 at RHIC
[76,77] are found to be larger than the theoretical estimates
due to the strongly interacting nature of quark gluon plasma.
As per the Cu-Cu PHOBOS collaboration [78], the reason for
this large magnitude is mainly attributed to the fluctuations
in the nucleon positions, which get transmitted into the fluc-
tuations in the almond shape, thus stemming larger values
of v2 [79]. The presence of external fields could also influ-
ence the elliptic flow, e.g. an enhancement in the elliptic flow
due to the presence of magnetic fields had been observed in
references [19,80].

Figure 5a, b show how the nonextensivity affects the
Knudsen number and the elliptic flow, respectively. With
the increase of q, the Knudsen number is found to increase,
whereas the elliptic flow gets decreased as compared to their
counterparts at q = 1. The increasing behavior of � with
q is corroborated by the increase of both κ (upper panel of
Fig. 4a) and CV (Fig. 7), with the increase of the former one
being larger than that of the latter one. The opposite behaviors
of � and v2 can be elucidated from Eq. (54), which shows
that both � and v2 are almost inversely proportional to each
other. The increase of � with q describes that the mean free
path approaches towards the characteristic length scale of
the medium, thus taking the system a bit away from the local
equilibrium state. This agrees with the fact that the deviation
of q from unity drives the system towards its nonequilib-
rium state. As q increases, there is a decrease of the number
of collisions, which results into a smaller anisotropic flow,
hence v2 gets waned. The reduction of elliptic flow with the
enhancement of the nonextensivity can also be realized from
the enhancement of thermal conductivity (through its depen-
dence on mean free path) in the similar environment (Fig. 4a).

Figure 6a, b respectively depict the effects of magnetic
field and chemical potential on the Knudsen number and the
elliptic flow for a thermal medium with finite nonextensivity.
From the above discussion (see Figs. 4a, 5a, 5b and 7), it is
evident that the Knudsen number gets enhanced and the ellip-
tic flow becomes reduced as q changes from 1 to 1.1. Now
from Fig. 6a, it can be seen that the presence of magnetic
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Fig. 6 Variations of a the
Knudsen number and b the
elliptic flow with temperature
for different values of the
nonextensive parameter at finite
magnetic field and chemical
potential
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Fig. 7 Variation of the specific heat with temperature for different val-
ues of the nonextensive parameter

field pushes the Knudsen number towards its value at q = 1
(black solid line), contrary to the chemical potential which
takes it further away from the said value. From Fig. 6b, it is
inferred that the emergence of magnetic field shifts the ellip-
tic flow towards its value at q = 1 (black solid line), whereas
chemical potential further deviates it away from this value.
The main reason behind the opposite effects of magnetic field
and chemical potential on aforesaid observables is attributed
to their opposite effects on the thermal conductivity (lower
panel of Fig. 4a).

5 Conclusions

In this work, we focused on the effects of the nonextensivity
on the conduction of charge and heat in hot and dense QCD
matter at finite magnetic field. The electrical conductivity
(σel) and the thermal conductivity (κ) were calculated using
the relativistic Boltzmann transport equation in the kinetic
theory approach within the nonextensive Tsallis formalism.
The effect of the finite magnetic field was also studied. The
presence of magnetic field additionally introduced two trans-
port coefficients, namely, the Hall conductivity (σH) and the

Hall-type thermal conductivity (κH), which were also studied
using the nonextensive framework. The lifetime of magnetic
field was observed to increase with an increase of the nonex-
tensive parameter. The transport coefficients (σel, σH, κ and
κH) were observed to increase with the increase of the nonex-
tensivity of the medium. This could have an observable effect
on some observables associated with the aforesaid transport
coefficients, such as the Knudsen number, the elliptic flow
etc. Since these observables carry the information about the
local equilibrium property of the matter, interactions between
produced particles in heavy ion collisions etc., one can com-
prehend how the nonextensivity influences them.
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