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Abstract In this paper, Ricci-inverse gravity is investi-
gated. It is an alternative theory of gravity that introduces
into the Einstein–Hilbert action an anti-curvature scalar that
is obtained from the anti-curvature tensor which is the inverse
of the Ricci tensor. An axially symmetric spacetime with
causality violation is studied. Two classes of the model are
discussed. Different sources of matter are considered. Then
a direct relation between the content of matter and causality
violation is shown. Our results confirm that Ricci-inverse
gravity allows the existence of Closed Time-like Curves
(CTCs) that lead to the violation of causality. Furthermore,
a comparison is made between the results of general rela-
tivity and Ricci-inverse gravity. Other spacetimes, such as
Gödel and Gödel-type universes, which are exact solutions
of general relativity and allow for causality violations, are
also explored in Ricci-inverse gravity framework.

1 Introduction

General relativity is an extraordinary gravitational model
that describes physical reality very well and has undergone
numerous tests since its formulation in 1915 [1,2]. Although
the theory and observational data confirm the success of gen-
eral relativity, it is not a complete theory. There are two
fundamental problems that require attention and solution.
The classic version of gravity is complete, but a consistent
quantum version has yet to be built. This fact shows that
the gravitational interaction is different from other funda-
mental interactions described by the standard model of par-
ticle physics, since they have a well-known quantum ver-
sion. Another open question in general relativity is: how to
explain the recent accelerated expansion of the universe? The
current accelerated cosmic expansion is a widely accepted
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fact in the scientific community and confirmed by several
observational sources [3–9]. In an attempt to find solutions
to these problems, two different ways have been proposed in
the literature: (i) introducing an exotic component of energy,
called dark energy, into general relativity or (ii) modifying
the Lagrangian of general relativity without resorting to dark
energy. In this work, the second option is considered.

Alternative theories to general relativity have been a hot
topic since Einstein proposed his model. A historical review
of the first attempts to extend general relativity, for different
motivations, is presented in reference [10]. For an overview
of modified gravity theories, see references [11,12]. Here,
Ricci-inverse gravity [13] is considered the alternative the-
ory of gravity to be investigated. In this model, the modi-
fication consists of adding the anti-curvature tensor Aμν in
the Einstein–Hilbert action. The tensor Aμν is defined as
the inverse of the Ricci tensor Rμν . With this tensor the
anti-curvature scalar A = gμν Aμν is defined. It is impor-
tant to emphasize that A �= R−1. In the reference [14] the
Ricci-inverse theory is generalized and two classes of Ricci-
inverse gravity are defined: Class I and Class II. In Class
I, the Lagrangian is proportional to a function f (R, A) that
depends on the Ricci scalar R and the anti-curvature scalar A,
while in Class II the function takes the form f (R, Aμν Aμν)

which is a function of Ricci scalar and square of anti-
curvature tensor. Ricci-inverse gravity has been investigated
in several contexts, for example, anisotropic compact struc-
tures has been explored [15], the matter–antimatter asym-
metry through baryogenesis in the realm of f (R, A) theory
has been analyzed [16], a non-relativistic static and spheri-
cally symmetric cosmic structure embedded into a de Sitter
cosmology has been investigated [17] and no-go theorem
for inflation in an extended Ricci-inverse gravity model has
been studied [18,19]. Among the various topics investigated
in this theory, an investigation into causality, its violation, and
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the existence of Closed Time-like Curves (CTCs) is missing.
Here such a study is carried out.

To explore causality and the presence of CTCs in Ricci-
inverse gravity, an axially symmetric metric is considered
[20–22]. The main feature of this spacetime is the possi-
bility of CTCs which are trajectories that allows objects to
return to a point in their past. Another important point of
this spacetime is that it satisfies the energy conditions. In
such a study, different matter contents are analyzed. Fur-
thermore, it is interesting to say that the existence of CTCs
is not exclusive to axially symmetric metrics. Other widely
studied solutions that lead to the violation of causality are
the Gödel metric [23] and Gödel-type metric [24], which
are general relativity solutions with rotating matter and cos-
mological constant. These metrics are also analyzed in the
context of Ricci-inverse gravity.

The present paper is organized as follows. In Sect. 2, an
introduction to Ricci-inverse gravity is made. In Sect. 3, an
axially symmetric metric in Ricci-inverse gravity is studied.
The conditions for the existence of CTCs are presented. The
set of field equations is solved in both general relativity and
Ricci-inverse gravity. The results of the two theories are com-
pared. It is shown that this alternative theory allows for the
causality violation. Different matter contents are considered,
such as a scalar field and an electromagnetic field. A discus-
sion about Gödel-type universes in Ricci-inverse gravity is
made. In Sect. 4, remarks and conclusions are presented.

2 Ricci-inverse gravity

In this section, a brief introduction to Ricci-inverse gravity is
presented. This is a new way to modify the Einstein–Hilbert
action proposed in [13]. This modification in Einstein’s the-
ory consists of the introduction of the anti-curvature ten-
sor (Aμν) defined as AμνRνσ = δ

μ
σ . In the reference [14]

two classes of Ricci-inverse gravity are introduced: Class
I: the gravitational action is characterized by the function
f (R, A) which depends on Ricci (R) and anti-curvature (A)
scalars. Class II: the theory is described by the function
f (R, Aμν Aμν) which is a function of Ricci scalar and square
of anti-curvature tensor. Here, Class I is considered. Then the
action describing Ricci-inverse gravity is given as

S =
∫

d4x
√−g [ f (R, A) − 2� + Lm] . (1)

Taking f (R, A) = R + κA, Eq. (1) becomes

S =
∫

d4x
√−g [(R + κA − 2�) + Lm] , (2)

where g is the metric determinant, κ is the coupling constant,
R is the Ricci scalar, A = gμν Aμν is anti-curvature scalar, �

is the cosmological constant andLm is the matter Lagrangian.
This action can be written as

S =
∫

d4x
√−g

[
(gμνR

μν + κgμν A
μν − 2�) + Lm

]
.

(3)

Varying the action with respect to the metric leads to the field
equations given by

Rμν − 1

2
Rgμν + �gμν − κAμν − κ

2
Agμν

+κ

2

[
2gρμ∇α∇ρ(AσαAν

σ )

−∇2(AσμAν
σ ) − gμν∇α∇β(AσαAβ

σ )
]
= Tμν, (4)

where ∇μ denotes the covariant derivative and Tμν is the
energy-momentum tensor defined as

Tμν = 1√−g

δ(
√−gLm)

δgμν

. (5)

Using that Aα
σ A

νσ = Aατ gτσ Aσν = Aατ Aν
τ = Aασ Aν

σ =
Aν

σ A
ασ , the field equations become

Rμν − 1

2
Rgμν + �gμν − κAμν − κ

2
Agμν

+κ

2

[
2gρμ∇α∇ρ(Aα

σ A
νσ )

−∇2(Aμ
σ A

νσ ) − gμν∇α∇ρ(Aα
σ A

ρσ )
]
= Tμν. (6)

For simplicity, the Ricci-inverse gravity equations are written
as

Rμν − 1

2
Rgμν + �gμν + Mμν = Tμν, (7)

where Mμν contain the terms that modify the equations
of general relativity due to the anti-curvature tensor and is
defined as

Mμν = κ

[
Aμν + A

2
gμν − 1

2

(
2gρμ∇α∇ρ(Aα

σ A
νσ )

−∇2(Aμ
σ A

νσ ) − gμν∇α∇ρ(Aα
σ A

ρσ )
) ]

. (8)

Our aim is to investigate cosmological solutions associ-
ated with causality violation. However, it is important to note
that the Ricci-inverse gravity is constructed assuming that
there is an anti-curvature tensor, i.e., Aμν = R−1

μν . There-
fore, such a study is possible only in spacetime where there
exists this quantity which is defined as

Aμν = 1

det[Rμν]ad j[Rμν]. (9)

Note that, if the determinant of the Ricci tensor is null, there is
no way to invert Rμν . Therefore,det (Rμν) �= 0 is a necessary
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condition to investigate a metric as a possible solution to
Ricci-inverse gravity.

In the next section, an axially symmetric spacetime is
studied in Ricci-inverse gravity. The main objective is to
investigate whether this gravitational model allows solu-
tions that leads to causality violation. In addition to the axi-
ally symmetric metric, other solutions of general relativity,
such as Gödel and Gödel-type solutions, are discussed in the
approach described by Ricci-inverse gravity.

3 Axially symmetric metric in Ricci-inverse gravity

Here, an axially symmetric metric is investigated in Ricci-
inverse gravity. The main feature of this solution is the pres-
ence of Closed Timelike Curves (CTCs), as discussed in ref-
erences [20–22]. The line element that describes this space-
time at (t, r, φ, z) coordinates is given as

ds2 = dr2

α2r2 + r2dz2 +
(

−2r2dt + βzdr

r2 − tr2dφ

)
dφ,

(10)

where α and β are non-zero constants, with β > 0. It should
be noted from Eq. (10) that this spacetime has a coordinate
singularity at r = 0.

The most notable characteristic of this metric is its ability
to display CTCs. These curves can be obtained considering
r = r0, z = z0 and t = t0, with r0, z0, t0 = const. in Eq.
(10). Then

ds2 = −tr2dφ2. (11)

This leads to three different curves: (i) null-like curve for
t = 0; (ii) space-like curve for t0 < 0 and (iii) time-like
curve for t0 > 0. Therefore, in this spacetime, CTCs appear
in an instant of time t = t0 > 0.

In order to study this axially symmetric metric in Ricci-
inverse gravity and compare this result with those obtained
in general relativity, let’s first review this solution in Ein-
stein’s theory. For this proposal, some geometric elements
associated with the metric are necessary. Explicitly, the met-
ric components are given as

g02 = g20 = −r2,

g11 = 1

α2r2 ,

g12 = g21 = βz

2r2 ,

g22 = −r2t,

g33 = r2, (12)

and their inverses are

g00 = α2β2z2

4r6 + t

r2 ,

g01 = g10 = α2βz

2r2 ,

g02 = g20 = − 1

r2 ,

g11 = α2r2,

g33 = 1

r2 . (13)

These metric components lead to the non-zero Christoffel
symbols

�0
01 = 1

r
, �0

02 = α2βz + r

2r
, �0

11 = βz

2r5
,

�0
12 = −α2β2z2

4r5
, �0

13 = − β

4r4 ,

�0
22 = α2β2z2 + 4α2βr3t z + 4r4t

8r4 , �0
23 = α2β2z

8r4 ,

�0
33 = −α2βz

2r
, �1

02 = α2r3, �1
11 = −1

r
,

�1
12 = −α2βz

2r
, �1

22 = 1

4
α2

(
βz + 4r3t

)
,

�1
23 = α2β

4
, �1

33 = −α2r3, �2
12 = 1

r
,

�2
22 = −1

2
, �3

12 = − β

4r4 , �3
13 = 1

r
.

Thus, the non-zero components of the Ricci tensor are

R02 = 3α2r2,

R11 = − 3

r2 ,

R12 = −3α2βz

2r2 ,

R22 = α2
(
β2 + 24r6t

)
8r4 ,

R33 = −3α2r2. (14)

and in the contravariant form become

R00 = α2
[
β2

(
1 − 6α2r2z2

) − 24r6t
]

8r8 ,

R01 = −3α4βz

2r2 ,

R02 = 3α2

r2 ,

R11 = −3α4r2

R33 = −3α2

r2 . (15)

The Ricci scalar is given as

R = gμνR
μν = −12α2.
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With these ingredients, the field equations of general rel-
ativity,

Rμν − 1

2
Rgμν + �gμν = Tμν, (16)

can be solved. For such an analysis, pure radiation is cho-
sen as the matter content whose energy-momentum tensor is
defined as

Tμν = ρζμζ ν, (17)

with ζμ = (1, 0, 0, 0) being a null vector. Then the field
equations of general relativity are given as

ρ = 6α4β2r2z2+α2
[
β2

(
2�r2z2+1

) +24r6t
]+8�r6t

8r8 ,

(18)

0 = α2βz
(
3α2 + �

)
2r2 , (19)

0 = −3α2 + �

r2 , (20)

0 = α2r2
(

3α2 + �
)

, (21)

0 = 3α2 + �

r2 . (22)

This set of equations leads to the solution

ρ = α2β2

8r8 ,

� = −3α2. (23)

Therefore, the axially symmetric metric is a solution of gen-
eral relativity with a negative cosmological constant and an
energy density that decreases with r [20,21].

Now the goal is to study this cosmological solution in
Ricci-inverse gravity and discuss whether CTCs are present
in this gravitational theory. To calculate the anti-curvature
tensor using Eq. (9), it is first necessary to analyze the deter-
minant of the Ricci tensor. For the axially symmetric metric
one finds that

det[Rμν] = −81α6r4. (24)

Then, as the determinant of the Ricci tensor is not zero, it
is possible to determine all components of the anti-curvature
tensor. The non-zero components are

A00 = −6α2β2r2z2 + β2 + 24r6t

72α2r8 ,

A01 = − βz

6r2 ,

A02 = 1

3α2r2 ,

A11 = −r2

3
,

A33 = − 1

3α2r2 , (25)

and in the covariant form become

A02 = r2

3α2 ,

A11 = − 1

3α4r2 ,

A12 = − βz

6α2r2 ,

A22 = −β2 − 24r6t

72α2r4 ,

A33 = − r2

3α2 . (26)

And the anti-curvature scalar is given as

A = gμν A
μν = − 4

3α2 . (27)

With these quantities and considering pure radiation given
in the energy-momentum tensor (17) as the source of matter,
the Ricci-inverse gravity field equations, Eq. (7), become

ρ = 1

216α2r8

{
162α6β2r2z2 + 27α4

[
β2

(
2�r2z2 + 1

)

+24r6t
]
+

}
(28)

+ 1

216α2r8

{
54α2

(
β2κr2z2 + 4�r6t

)

−35b2κ + 216κr6t
}

,

0 = βz
(
3α4 + α2� + κ

)
2r2 , (29)

0 = −3α4 + α2� + κ

α2r2 , (30)

0 = r2
(

3α4 + α2� + κ
)

, (31)

0 = 3α4 + α2� + κ

α2r2 . (32)

Solving this set of equations for the energy density ρ and the
cosmological constant �, we get

ρ = β2
(
27α4 − 35κ

)
216α2r8 ,

� = −3α4 + κ

α2 . (33)

With the above results, it can be stated that the axially sym-
metric metric is a solution to the Ricci-inverse gravity field
equations. Therefore, this gravitational theory presents CTCs
as defined in Eq. (11), and as a consequence, causality is vio-
lated. Comparing with the results of general relativity, Eq.
(23), it is noted that in both cases the cosmological constant
assumes a negative value. With regard to energy density,
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some observations must be made. In general relativity, the
energy density satisfies the energy condition and is always
positive [20,21]. In Ricci-inverse gravity, to obtain a positive
energy density, a relation arises between the constant α and
the coupling constant κ , i.e., κ < 27α4

35 . Also, it is impor-
tant to note that the results of general relativity are recovered
when the coupling constant κ becomes zero.

In addition to these results that lead to a non-causal
universe in Ricci-inverse gravity, other analyzes have been
developed considering different sources of matter. Two mat-
ter contents have been chosen: (i) a scalar field whose energy-
momentum tensor is given as

Tμν(S) = ∂μφ∂νφ − 1

2
gμνgρλ∂

ρφ∂λφ, (34)

and (ii) an electromagnetic field described by energy-
momentum tensor

Tμν(EM) = −FμαFν
α + 1

4
gμνFβαF

αβ. (35)

Using Eqs. (34) and (35) in Eq. (7), two sets of field equations
are obtained. However, there are no solutions to these sets of
equations. Therefore, these matter sources prevent the axially
symmetric metric given in Eq. (10) from being a solution of
Ricci-inverse gravity. This implies that the causality violation
generated by this metric is avoided for proper matter content.

Although the main objective has been to study the axi-
ally symmetric metric with causality violation, other metrics
that present CTCs have also been investigated in the context
of Ricci-inverse gravity. The Gödel metric [23] is an exact
solution of general relativity, but it is not a solution in Ricci-
inverse gravity. The same result occurs for the Gödel-type
metric [24]. In fact, these metrics have that the determinant
of the Ricci tensor is zero, i.e., the inverse of the Ricci tensor
is not determined. This means that the anti-curvature ten-
sor for both metrics can not be calculated. Therefore, these
metrics fail the first test to be studied in Ricci-inverse gravity.

4 Conclusion

An alternative theory of gravity has been considered. An anti-
curvature tensor that is defined as the inverse of the Ricci
tensor is used to construct the Ricci-inverse gravity. In this
theory an axially symmetric spacetime is studied. This met-
ric allows the existence of CTCs, closed curves in time that
permit travel to the past. As a consequence, the violation of
causality arises. Considering pure radiation as matter con-
tent, our results show that the axially symmetric metric is
a solution in Ricci-inverse gravity. Then this gravitational
model allows for the violation of causality. It is found that
the cosmological constant has a negative value as obtained in

general relativity. But, a positive energy density, which satis-
fies the energy conditions, requires a condition involving the
Ricci-inverse gravity coupling constant and the constant α, a
free parameter of the metric. These results are consistent with
the class I of the model which is defined as a function of the
form f (R, A). Class II, which is characterized by a function
of Ricci scalar and square of the anti-curvature tensor, is also
analyzed. But the axially symmetric metric is not a solution
for this set of equations. For different sources of matter, such
as scalar field and electromagnetic field, it is shown that this
spacetime is not a solution for the gravitational model. There-
fore, our results indicate that there is a relation between the
matter content of the universe and the existence of CTCs or
causality violation. Furthermore, the Gödel and Gödel-type
universes were also investigated in Ricci-inverse gravity. Our
analysis shows that these metrics lead to a det (Rμν) = 0,
then there is no Ricci tensor inverse. Thus, it is impossible to
construct an anti-curvature tensor associated with the Gödel-
types universes. Therefore, these exact solutions of general
relativity do not satisfy the mandatory condition to be investi-
gated in Ricci-inverse gravity. Here a natural question arises:
how to investigate metrics that display det (Rμν) = 0 in
Ricci-inverse gravity? Are they simply excluded? or are they
a problem of this alternative theory of gravity? These are
open questions and are under investigation.
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