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Abstract Bremsstrahlung spectra will be strongly distorted
due to small lateral beam sizes at future colliders. That in turn
will have large consequences for the electron and positron
beam lifetimes as well as for the luminosity measurements
in the case of electron-hadron colliders. We discuss in detail
such consequences for the future circular collider and large
hadron electron collider cases.

1 Introduction

In collisions of high energy charged particles, the bremsstra
hlung process (“braking radiation”) takes place over macro-
scopic lateral distances, or at extremely large impact parame-
ters. As a result, bremsstrahlung becomes suppressed in high
energy collisions of beams with small lateral sizes, as was
observed at VEPP-4 [1], HERA [2], LEP [3] and KEKB [4].
A very good understanding of bremsstrahlung at colliders is
important as on the one hand it is usually the limiting factor
for the electron and positron beam lifetimes, and on the other
hand, the high energy bremsstrahlung is used for the precise
luminosity measurements, of the electron-hadron collisions
in particular. Below, the relevance of such Beam-Size Effects
(BSE) is discussed in-depth in the context of the future collid-
ers – the electron-positron Future Circular Collider (FCC-ee)
[5], the Large Hadron electron Collider (LHeC) [6] and the
electron-hadron Future Circular Collider (FCC-eh) [7].

Macroscopically large impact parameters in bremsstrahlung
stem from the extremely small virtuality Q2 of the exchanged
photons in this process at high energies (see Fig. 1), as its min-
imal value Q2

min = m2
e y

2/
(
4γeγp(1 − y)

)2, where me is the
electron mass, y = Eγ /Ee, Eγ is the energy of the radiated
photon and Ee the electron beam energy, γe = Ee/me and
γp is the proton Lorentz factor for the electron-proton colli-
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sions or the positron one for the electron-positron case. The
minimal virtuality Q2

min is due to a longitudinal momentum
transfer only, without any lateral contribution – this results
in a typical size of lateral momentum transfers being not
far from |Q|min, as the bremsstrahlung amplitude strongly
decreases with increasing Q2. For example, in case of the
electron-positron collisions at

√
s = 365 GeV, the maximal

impact parameter bmax exceeds 1 m for y ≈ 0.2, assuming
bmax = h̄/|Q|min.

The Bethe–Heitler cross section1 for the electron
bremsstrahlung is:

dσBH

dy
= 16α3

3m2
e

1

y

(
1 − y + 3

4
y2

)
L , (1)

where α is the fine structure constant, and L =
ln (me/|Q|min) − 0.5. For all practical purposes, one can
assume that the energy of the scattered electron is equal to
Ee − Eγ , as in the laboratory frame this equality holds with
a precision of approximately γp|Q|min/Ee.

At asymptotically large energies, with good accuracy, one
can represent the BSE in head-on beam collisions by replac-
ing |Q|min in Eq. (1) with a constant derived from the lateral
beam sizes. This results in an asymptotic independence of the
bremsstrahlung cross section from the beam energies which
is closely related to the asymptotic “full screening” effect
in the electron-gas bremsstrahlung, where a constant bmax

cut-off is effectively set by the size of atom or molecule.
One should note here, that the BSE are present only if

both beams have small transverse sizes, and that it has noth-
ing to do with particle densities – in fact, the BSE are fully
present for collisions of single-particle-beams,2 and are inde-

1 It is accurate to well below 1% at high-energies and for Ee − Eγ �
me, if the BSE are negligible.
2 However, for collisions of single particles instead of formulae valid
for the Gaussian-shaped particle bunches, used below, one should start
from the most general ones – see Eqs. 4.8–4.10 in Ref. [8].
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Fig. 1 Bremsstrahlung diagram for electron-positron or electron-
proton collisions. At high energies, the proton structure can be neglected
thanks to the long-range nature of this process

Table 1 FCC-ee lateral beam-sizes at the interaction points

Ebeam [GeV] 45.6 80 120 182.5

σx [µm] 8 21 14 39

σy [nm] 34 66 36 69

pendent of the number of particles in colliding bunches,
hence might be called “geometrical” effects. However, the
following results are limited to y > 0.001 as for such
bremsstrahlung events their formation or coherence length
(see Ref. [9], for example), lc = 4h̄cγ 2

e /Eγ = 4h̄cγe/(yme),
is much shorter than the length of interaction area, and below
y = 10−3 the coherent effects might become significant and
should be then taken into account.

The results reported below were obtained using the BSE
framework described in Ref. [8], with the additional effects
(as a bremsstrahlung amplification) due to the beam lateral
displacements reported in Ref. [10].

2 Beam-size effects at the FCC-ee

Electron-positron collisions at the Future Circular Collider
will be made at four centre-of-mass energies – 91.2 GeV
(at the Z -pole), 160 GeV (at the WW production thresh-
old), 240 GeV (for the WH production) and 365 GeV (at
the t t̄ threshold). The colliding beams will be very flat with
an aspect ratio larger than 200 : 1, see Table 1 [5]. The
expected observed bremsstrahlung cross-sections are calcu-
lated by subtracting from the nominal Bethe-Heitler cross-
section a correction due to the BSE: σobs = σBH − σcorr.

Bremsstrahlung in high energy electron-positron colli-
sions, also called the radiative Bhabha scattering, is identical
for electrons and positrons.

2.1 Bremsstrahlung spectra

The bremsstrahlung spectra at the FCC-ee will be very
strongly distorted by the BSE, even at the highest photon

Fig. 2 Bremsstrahlung spectra at the
√
s = 91.2 GeV, 160 GeV, 240

GeV and 365 GeV FCC-ee – solid lines y dσ/dy are for the Bethe-
Heitler nominal case and dashed ones y dσobs/dy when the BSE is
included. Note that the spectra with the BSE included overlap due to
similar σy : those at

√
s = 160 GeV and 365 GeV, as well as those at√

s = 91.2 GeV and 240 GeV

energies, for y close to 1, as shown in Fig. 2. The observed
bremsstrahlung cross-sections are very weakly dependent on
beam energy and vary significantly only with a change of ver-
tical beam sizes, as expected for the BSE asymptotic regime.3

At low photon energies, the bremsstrahlung suppression
exceeds 50% – see Fig. 3, and a four-fold increase of the
beam aspect ratios, while keeping the transverse beam area
constant, would increase the BSE suppression only by about
3%.

The size of BSE varies also with the relative lateral beam
displacements – at large displacements, it is even leading
to the effective bremsstrahlung amplification, manifested by
negative σcorr. In Fig. 4 the relative BSE corrections due to
the horizontal and vertical beam displacements are shown
for the 240 GeV FCC-ee case. These effects are very simi-
lar at all four centre-of-mass energies – significant horizon-
tal displacements do not result in a significant change of the
bremsstrahlung cross-section, in contrast to vertical displace-
ments leading to a visible decrease of the suppression even
for relatively small (wrt. the corresponding beam size) beam
lateral shifts. This overall behaviour does not change much
with a significant variation of the beam aspect ratio, and the
weak sensitivity of the BSE at the FCC-ee to the horizontal
beam offsets implies a small sensitivity also to the horizontal
beam crossing angles.

At high energy e+e− colliders the non-radiative Bhabha
scattering is used for precise absolute luminosity measure-
ments. Since the scattering angles of the detected electrons
and positrons are not negligible therefore the exchanged pho-

3 In Appendix A a simple function is described which provides precise
predictions, for a given σy , of the BSE cross-sections at the FCC-ee.
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Fig. 3 Relative size of bremsstrahlung suppression at the
√
s = 91.2,

160, 240 and 365 GeV FCC-ee. Dashed lines represent the BSE for the
nominal beam sizes and the dotted ones correspond to the BSE case
with σx × 2, σy/2

ton virtuality is significant. As a result, the event rates are not
affected by the BSE in this case.

2.2 Lifetime limits of electron and positron beams

The beam lifetime τ is one of the crucial parameters of high
energy colliders – the bigger is τ the higher is the average
collider luminosity for a given initial luminosity. In addition,
shorter beam lifetimes require more frequent beam refilling,
which might be particularly challenging in the case of the
positron beams.

There are many sources of beam particle losses which are
affecting the beam lifetime, but its ultimate, irreducible limit
is due to particle scattering at the collider interaction points.
Such a loss may occur due to either a significant energy
reduction of the beam particle, its annihilation or due to a
large scattering angle, as a result of a single e+e− interaction.
At the FCC-ee the largely dominant particle loss mechanism
proceeds via the energy decrease due to the emission of high-
energy photons at very small angles, in the bremsstrahlung
process.

These particle losses are well modelled by introducing
the energy aperture a which is simply the maximal fractional
energy decrease of beam particles which is still accommo-
dated by the collider beam optics.4 At the FCC-ee this aper-
ture varies, from below 0.01 to almost 0.02 for low and high-
energy beams, respectively.

The beam lifetime τb due to bremsstrahlung can be then
calculated as τb = Nb/(L totσa), where Nb is the nominal
number of particles in the “radiating beam”, L tot is the nomi-
nal FCC-ee luminosity (summed over four interaction points)
and σa = ∫ 1

a dσobs, where a = ymin.

4 Or, a is the minimal fractional energy decrease for the lost particles.

Fig. 4 Variations of the bremsstrahlung cross-sections at the
√
s =

240 GeV FCC-ee for the horizontal (upper plots) and vertical (bottom
plots) beam displacements or offsets. The blue lines correspond to the
nominal beam sizes and the red ones to the case with a 4 times bigger
beam aspect ratio. Results at different values of y = Eγ /Ee are shown
with different line styles

The BSE are very beneficial at the FCC-ee as the ulti-
mate beam lifetimes are about two times bigger thanks to
the effective bremsstrahlung suppression due to small lateral
beam sizes, see Table 2. One should note that these are instan-
taneous beam lifetimes, assuming perfectly Gaussian particle
bunches of given sizes, and colliding head-on exactly. The
suppression is weakly dependent on the energy aperture as
well as on the beam offsets (see Fig. 4). Beams will not col-
lide head-on at the FCC-ee – a full horizontal beam crossing
angle of 30 mrad is foreseen [5], but that should not affect
the bremsstrahlung suppression since its sensitivity to sig-
nificant horizontal offsets is negligible, as demonstrated by
upper plots in Fig. 4.

The FCC-ee beams will be very strongly focused in the
vertical plane leading to the hour-glass effect – a significant
change of vertical beam size during the bunch crossing. Using
RHG , the luminosity correction factors for the hour-glass
effect (see Table 2.1 in Ref. [5]), the effective vertical beam-
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Table 2 FCC-ee beam lifetimes
due to bremsstrahlung,
assuming the most recent beam
parameters as given in Table 1 in
Ref. [11]

Ebeam [GeV] 45.6 80 120 182.5

Nb [1013] 242 25.5 5.05 0.945

L tot [1035 cm−2s−1] 74.8 7.64 2.92 0.5

σa [mb] for a = 0.01(0.02) 166 (137) 174 (144) 167 (138) 175 (145)

σBH [mb] for a = 0.01(0.02) 319 (260) 333 (271) 343 (280) 353 (288)

τb [min] for a = 0.01(0.02) 32 (39) 32 (39) 17 (21) 18 (22)

size σy,eff = σy/RHG is evaluated. The significance of the
hour-glass effect to the BSE at the FCC-ee can be then esti-
mated by replacing σy with σy,eff what leads to an increase
of the observed cross-sections reported above in Table 2 by
0.35% at the lowest beam energy and up to 1.3% at the high-
est one. The corresponding beam lifetimes will then decrease
accordingly.

3 Beam-size effects at the LHeC and FCC-eh

At electron-hadron colliders bremsstrahlung plays a very
important role also because of its use for precise measure-
ments of absolute luminosity [12,13]. However, in this case,
the beam size effects become a problem as they need to
be accurately corrected for. At HERA I, the BSE were
small and the theoretical predictions could be verified only
with a precision of about 30% [2], but the BSE calcula-
tions can be profoundly verified at the planned Electron-Ion
Collider at Brookhaven, including the surprising effect of
bremsstrahlung amplification for large beam offsets [10].

3.1 Bremsstrahlung spectra and luminosity measurement

At future electron-hadron colliders, as the Large Hadron elec-
tron Collider (LHeC) [6] and the FCC-eh [7], the BSE are
large over the whole bremsstrahlung spectra, see Fig. 5. This
gives rise to a challenge for precise luminosity measure-
ments, as the BSE corrections should be known with accuracy
at a couple of per mille levels.

In particular, a 1% luminosity precision will require fre-
quent verifications of Gaussianity of the lateral distribution
of bunch particles and continuous measurements of lateral
beam sizes with a 5% precision at least, see Fig. 6. The con-
trol of beam offsets is less critical, as for small lateral beam
displacements, smaller than the lateral beam sizes, the cor-
responding modifications of BSE are negligible, see Fig. 7.

In any case, the experiments at the LHeC and FCC-eh
should profit a lot from the experience acquired with the
luminosity measurements planned at the EIC, both in the

Fig. 5 Bremsstrahlung spectra ydσ/dy at the LHeC (blue lines) and
at the FCC-eh (red lines) – solid lines are for the Bethe–Heitler nominal
case and the dashed when the BSE are included

Fig. 6 Relative size of bremsstrahlung suppression at the LHeC (blue
lines) and at the FCC-eh (red lines). Dashed lines are for the nominal
beam sizes, and the dotted lines are for the increased beams’ lateral
sizes as shown in the legend

context of proper detector solutions [13] as well as the precise
verification of the BSE predictions [10].

As for the FCC-ee case, in Appendix A a simple formula
is provided for quick calculations of the observed cross-
sections of bremsstrahlung at the LHeC and FCC-eh.
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Fig. 7 Effects of the beam offset B at the FCC-eh (red lines) and LHeC
(blue lines) for the nominal beam sizes. Results at different values of
y = Eγ /Ee are shown with different line styles

Table 3 The relative electron beam losses due to bremsstrahlung at the
LHeC and FCC-eh, for the energy aperture a = 0.01

Ebeam[GeV] for electrons (protons) 50 (7000) 60 (50000)

Nb [109] per electron bunch 3 3

L [1026cm−2] per bunch crossing 3 5

σ
e,p
x,y [µm] 5 2

σa [mb] 219 208

σBH [mb] 290 317

Electron beam fractional loss 2.2 × 10−8 3.5 × 10−8

3.2 Electron beam losses

If the LHeC and FCC-eh would be ring-ring colliders then the
BSE would be less beneficial for the electron beam lifetimes
than at the FCC-ee, as the BSE would be weaker there. How-
ever, for both future electron-hadron colliders the linac-ring
configurations are being proposed. Hence, as the electron
bunches collide only once with the proton ones, the role of
bremsstrahlung in the electron beam losses is minimal, see
Table 3.

4 Summary

Bremsstrahlung rates at future high-energy colliders will be
strongly affected by small lateral beam sizes, and that will
have important consequences. At the FCC-ee, the strong sup-
pression of bremsstrahlung (or radiative Bhabha scattering)
will result in a very beneficial phenomenon of doubling the
ultimate beam lifetime limits. This is especially relevant for
the positron beams at FCC-ee, and potentially also at other
colliders under study, as the rate of positron beam refilling,
required for high luminosity operations, is one of the major

technological problems. On the other hand, at the LHeC and
FCC-eh, the bremsstrahlung sensitivity to the beam sizes
will pose a big challenge to precise luminosity measurements
using this process. Finally, the planned studies of the beam
size effects at the EIC will allow to thoroughly verify the
theoretical framework used for the BSE calculations.
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Appendix A

At the FCC-ee energies, the observed bremsstrahlung cross-
sections approach the asymptotic form, for y not too close to
1. This allows for a simple parameterization:

dσobs,p

dy
= σ0

(
1 − y + 3

4
y2

)
L

y
C(r), (A1)

where σ0 = 3.093 mb, L = ln (me/|Q|cut) − 0.5 = 13.505,

with |Q|cut = 0.4227 eV being the effective “geomet-
rical” cutoff of lateral momentum transfer, and C(r) =
(1 + 0.074 ln r) is the correction coefficient for a given ratio
r of a vertical beam size to a “reference” beam size of 36 nm,
assuming equal bunch sizes for electrons and positrons. For
y � 1 one can simplify to y dσobs,p/dy � σ0LC(r) =
41.77 × C(r) [mb].

In Fig. 8 this parameterization is compared with a number
of full calculations, and an excellent agreement is observed,
within ±0.04% for y < 0.3. One should note, however, that
the precision of Eq. (A1) will deteriorate for the lateral beam
sizes largely different from those considered for the FCC-ee
at the moment.

The integrated cross-section σa,p = ∫ 1
a dσobs,p = 41.77×

C(r)(a − 5/8 − 3a2/8 − ln a) [mb], where a = ymin. For
a = 0.01 and C(r) = 1, one obtains σobs,p = 166.67 mb, to
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Fig. 8 Ratios of the FCC-ee cross-sections dσobs/dy, as shown in
Figs. 2 and 3, to the cross-sections dσobs,p/dy, according to Eq. (A1)

Fig. 9 Ratios of the FCC-eh and LHeC cross-sections dσobs/dy, as
shown in Figs. 5 and 6, to the cross-sections dσobs,p/dy, according to
Eq. (A1)

be compared with 166.59 (166.61) mb from full calculations
for σy = 36 nm and σx = 14 (28) µm at

√
s = 240 GeV.

For the cases of LHeC and FCC-eh, σ0LC(r) = 54.90 ×
(1 + 0.0564 ln r) [mb], where r = σ/(5 mm) and σ = σx =

σy for both beams. The agreement between full calculations
and the parameterization of BSE cross-sections is very good,
as can be seen in Fig. 9.
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