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the shear viscosity at leading order saturates the Kovtun—
Son-Starinets (KSS) bound of #. When z = d; — 6, (d;
being the number of spatial dimension in the dual field the-
ory) the first-order correction to shear viscosity exhibits log-
arithmic scaling, signalling the emergence of a scale in the
UV regime for this class of hvLif theories. We further show
that the response function associated to the gauge field per-
turbations diverge near the boundary when z > d; +2 — 6.
This provides a holographic understanding of the origin of
such a constraint and further vindicates results obtained in
previous works that were obtained through near horizon and
quasinormal mode analysis.
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1 Introduction

The framework of gauge/gravity duality [1-4] has been gen-
eralized and applied to understand strongly coupled non-
relativistic field theories. In particular, a certain class of non-
relativistic field theories, dubbed as hyperscaling violating
Lifshitz (hvLif) theories (which are conformal to Lifshitz
theories) has been extensively explored in previous works
[5-37]. In fact, there are concrete examples of realizable
condensed matter systems where certain correlators exhibit
similar scaling behaviour as that of hvLif theories [35]. Inter-
ested readers can see [25,35] for a comprehensive review of
these class of non-relativistic field theories.

The gravity dual of hvLif theories can be realized as solu-
tions to effective Einstein—-Maxwell-dilaton theories [5-19].
hvLif solutions may be embedded in string theory as null
reductions of boosted black branes [38,39] (Lifshitz space-
times which are conformal to hvLif spacetimes also admit
gauge/string realizations [40—45]). For a better understand-
ing of this class of non-relativistic field theories, it is cru-
cial to understand their infrared (IR) behaviour, in particular,
hydrodynamics and various response functions that emerges
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in the low-energy limit. In previous works, the shear diffu-
sion constant and the shear viscosity bound for hvLif theories
were analysed using the membrane paradigm approach [26]
as well as quasi-normal modes of the dual gravity theory [34].
It was found that for a d; + 1-dimensional hvLif theory with
Lifshitz exponent z and hyperscaling violating exponent 6,
one must have z < d; +2 — 0 for a consistent hydrodynamic
expansion. When z = d; + 2 — 0, the shear diffusion con-
stant exhibits a novel logarithmic scaling while the Kovtun—
Starinets—Son (KSS) shear viscosity bound is saturated [46].
For z > d; + 2 — 0, the first order solution diverges at the
boundary presumably hinting towards a breakdown of the
hydrodynamic expansion for this parameter regime.

In this paper, we take the approach as pioneered by Igbal
and Liu [47]. The gauge/gravity duality maps the strongly
coupled field theory on the boundary to the weakly coupled
black hole spacetime in the bulk. However, the membrane
paradigm approach to black holes endows hydrodynamic
properties such as viscosity, entropy, conductivity etc. to a
fictitious stretched horizon which is hovering very close to
the real event horizon. Using the UV/IR point of view, Igbal
and Liu essentially attempted to relate this horizon fluid to
the hydrodynamic regime of the strongly coupled field the-
ory living on the boundary in the context of AdS gravity. It
turned out that in the low-frequency, long wavelength limit
(i.e. hydrodynamic limit) the evolution of retarded Green’s
function of the boundary with respect to energy scale is triv-
ial. To be more precise, one can think of the radial direction
of the bulk gravity theory as the energy scale of the bound-
ary theory. Thus, the perturbed bulk Einstein’s equations at
linearized order can be thought of as a RG flow equation for
a certain generalized response function which turns out to
be independent of the radial direction at leading order. The
triviality of flow of the response function implies that the cor-
responding transport coefficient can be expressed in terms of
geometric quantities over any constant r hypersurface of the
bulk theory and hence can be shown to be universal.

The aim of this work is to adapt the above approach and
study the RG flow of response functions in the context of
hvLif theories. The analysis is significantly more compli-
cated due to nontrivial coupling between the shear perturba-
tive modes with the gauge field perturbations. This is to be
contrasted with previous works such as [22,48] where such
flow equations were studied in the context of anisotropic
gravity duals or the background resulted from higher deriva-
tive corrected action. In such cases, the holographic duals
interpolate between Lifshitz or hvLif in the deep IR while it
asymptotes to pure Ad S near the boundary.

The starting point of our analysis is a (d 4- 1)-dimensional
gravity dual of hvLif theory. Turning on perturbations of the
form e~i®*i4xp ,(r) and e~ 9%, (r) respectively for
the metric and gauge field, we notice the shear sector modes
hyi, h;i and a; (where i runs over all boundary direction
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except t and x) forms a coupled set of differential equations.
We associate a conjugate momenta to each of these perturba-
tion modes and correspondingly define appropriate response
functions. As one would expect, the radial flow equations
for each of these response functions also follow complicated
coupled non-linear differential equations. However, one must
note that our principal aim is to extract the transport coeffi-
cient out of these response function in the hydrodynamic
limit which one does in the language of linear response the-
ory, adapted to the context of gauge/gravity duality. Consider
a generic field theory containing an operator O which is cou-
pled to a source ¢. At the level of linear response they are
related as

(O, 9)) = —GR(w, 9)p(w, q) (1.1)

where w and ¢ are very small frequency and momenta respec-
tively, while G® denotes the retarded correlator for the oper-
ator O. The corresponding transport coefficient is defined
as

. GRw,qg=0)
X = llm - .
w—0 1w

(1.2)

which is known as Kubo’s formula. In particular, when
O = T, the corresponding transport coefficient is the shear
viscosity n while for a charge currenti.e. O = J¥, the analo-
gous transport coefficient is the DC conductivity. Since in the
above we essentially require to find the response function at
zero momenta, we focus on that regime and analyse the flow
equations. Interestingly, we see that indeed for ¢ = 0, the
flow equation for yx,; i.e. the response function correspond-
ingto h,; follows a Riccati equation which leads to a constant
Xxi at leading order for all values of z and 6. This behaviour
is identical to that encountered in pure AdS gravity [47].
However, when z = d; — 0, the first order correction to the
response function has a logarithmic scaling which diverges
at the boundary r — 0. This necessitates the introduction of
a cut-off presumably signifying the UV scale beyond which
the hydrodynamic expansion breaks down.

The analysis for the response function associated with q;
i.e. xq4 1s more involved due to the complicated nature of
the flow equation. In fact at ¢ = 0, it turns out the vari-
able {;, = wyg4 seems to admit a hydrodynamic expan-
sion. In order to analyse the behaviour of ¢,,, we focus on
the near-horizon region and the near-boundary region sep-
arately which somewhat simplifies the analysis. At lead-
ing order itself, we see the solutions for ¢, are different
for the two different regimes. This is different qualitatively
from the behaviour of y,; which followed a trivial flow
equation allowing one to write the response function at any
point along the radial direction. Interestingly, we see close
to the boundary, the leading piece of x, diverges when
z > d; + 2 — 6 which is identical to results obtained in ear-
lier works [26,28,34]. To further vindicate our result, one can
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look at the Markovianity index of the fluctuating modes in the
spirit of [49]. Interestingly, we observe that forz < d; +2—6,
the fluctuations starts to behave like a non-Markovian probe.

The paper is organized as follows: In Sect. 2, we describe
our setup and define appropriate response functions cor-
responding to the shear gravitational modes. The general
flow equations are worked out which describes the non-
perturbative evolution of response function for arbitrary fre-
quency and momenta. Section 3 focuses on the zero momenta
sector and look at the transport coefficient associated with the
modes hy;, h;; and a;. Finally, keeping some details of the
calculations in three appendices, we end with a discussions
of our main results with possible future directions along with
a simple analysis of the Markovianity index results in Sect. 4.

2 Flow equations of response functions

We are considering a hvLif theory living in d = d; + 1
spacetime dimensions with Lifshitz exponent z and hyper-
scaling violating exponent 6. This field theory has a (d + 1)-
dimensional gravity dual given by

di 2
w( fr), , dr? dx:
ds®> =rd | — dt E —i],
s =r 22 2fe) 2
d=di+1; f(r)=1= (o). @

The above metric is a solution to Einstein-Maxwell-dilaton
theory (details of background solution in Appendix A). The
temperature of the field theory dual to the hvLif theory (2.1)
is the Hawking temperature of the black brane

di+z-0 ,
=7

T 9
4 0

2.2)
where the event horizon is located at r = ri

As per the holographic dictionary, the radial coordinate r
can be thought of as the energy scale in the bulk theory. Our
central goal in this section is to essentially set up the RG flow
equations governing the response functions that we want to
study. In order to obtain the RG flow equations, we turn on
linearized perturbations in the bulk theory, which in general
is given as,

guv:guv"‘huv; AM:A_M+aM; ¢=¢_5+(,0, (2.3)

where quantities g, A n and ¢ denote background fields as
given in Appendix A. We turn on perturbations of the form
e~iertiaxy  (r) and e~'*9%q,, (r) and restrict ourselves
to the radial gauge (h,, = a, = 0). The shear gravitation
modes h,; now couples to 4;; and a; where the index i runs
over all boundary coordinates except ¢ and x. For conve-
nience, we define the following field variables

2-20 ii 920
Ghy; Hy=g"hy=r" %hy.

2.4

Hy = giihix =r

In terms of these modes the equations of motion take the
form

ar(rz+97(di+1)Ht/i) _ kal/

pito—(di+1)
3r(r0_z_di+1fH)éi)
p2H0—(di+1)
+f w(wHy; +qH;) =0, (2.6)
qrz—ZZH;l + ?(Ht/l _ kr(di+l)_z_9ai) = O, (2.7)
a3 papy 4 T
- (r i 4 ai waj
f
—rd"+3’“9q2a,' —kH/, =0, (2.8)

where k = (d; + z — 6)x. The above linearized equations
of motion follow from the perturbed second order action, the
details of which are provided in Appendix B. In terms of the
variables defined in (2.4), the action (B.1) can be recast in a
more ‘canonical’ form as

~1
§@ = —/dr d'k
167Gy

1 1
1—d;—z+0 72 —1—di+z+6 g1 2
X |:—§r i fH,; + =r i Hy;

2
, w2 r—l—d,-+z+9 5
+kH,,-a,- + Tfl‘lxi
2 . —l—di+z+6
r ! w .
+L L g2y Lty

2 f 1 f

L gi3—z0 2
frdl+3 Z Ha/i

2

2 di+1+z—6 2
w-r 9" d+3-z-0\ 2 2
+<TT—77' < )aii|+dey’
2.9)

which yields (2.5)—(2.8) as the equations of motion. For com-
pletion, we state the boundary action i.e. S éf}y is given by

1
) d
s _ 'k
bdy 167Gy /
% [2r17d,—7+9 fH. Hy — 2r—1—di+z+9Ht/l_ H;;
0—d; .
SO i
d;
ri 24042 (02 —d; (O+2—4)—26) f—d; (di—6+2)) 12
2T i |-
(2.10)

+

Motivated by the equations of motion appearing in (2.5)—
(2.8), we observe that the coupling term between H;; and a;

@ Springer
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appearing in the above action (2.9), namely —I—kH,ialf can be
rewritten as —k H/;a; along with a boundary term. Thus, the
effective Lagrangian reads as

1
§@ = —/dr dk
167TGN

1 1
1—d;—z+0 72 —1—di+z+6 g1 2
- |:—§r I JHy™ + o H,;

2
, (,()2 r—l—d,-+z+9 )
2 —l—di+z+0
q-r ! qo __g.
+?th2i + 7}” ! d’+z+6HxiH,,'

1
di+3—z—6 /2
—Efr i a’;

2 .di+1+z—0 2
+ w-r e _ 9 a43-z-0) 2 + 5@
2 f 2 1 bdy"

@2.11)

The conjugate momenta for the modes H,;, H;; and a; are
defined respectively as,

oL oL
167TGNHxi = @, 167TGNHU' = W,
1 t
oL
167Gy = o (2.12)
a;
The above definitions immediately yield
167Gy. My = —fri-di—+0qg’ (2.13)
167Gy. Ty = r~ 40 gl kg, (2.14)
167Gy. T, = — frét3=:704], (2.15)

Corresponding to each of the modes H;;, Hy; and a;, we
associate a response function given by,

[(r,q, )

. = {H,;, H;,a;}.
iw0p(r, q, ) ¢ {Hyi 1is A}

x(r, g, o) = (2.16)

In terms of the response functions, the constraint equation
(2.7) takes the form

X _ 48 2.17)
Xxi  @Hy

Using the Egs. (2.12)—(2.17), we can eventually write down
the generalized flow equations for the response functions

Xxi» Xri and x,, which takes the form
W= Xri

167Gy x7 — rit0—di-!
O Xxi = iw|: NXai T (1

frl—d,-—z+(9 167Gy f
(2.18)
. 16JTGN 2 kai
I xri = _lw|:r—1—a'i+z+9 Xii + ior—1—di+ 40 Xti

=) o 2
(X ) 2.19
l6nGn f (Xxi a)2>] @19
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rz+9—d,-—3
f
+ k? pdit1—2-0
1671 G y w?
qZ rdi+3—z—0 q k fr2—2z H)Ez:|
w

@? 167Gy o 167Gy a;

pditl+z—0

2
Xa

arxal. =iw |:167TGN ;T m

(2.20)

Note that the above set of coupled differential equations are
exact i.e. they describe the flow of response functions for
generic values of frequency and momentum. Although, they
are complicated and analytically intractable, we are however
interested in the hydrodynamic regime which is essentially
the limit where the frequency and momenta w and g are much
smaller than the temperature scale i.e. ¢ < T/ ~ rq and
w <K T ~ r§. Further, it is evident from (1.2) that the ¢ = 0
sector is relevant for evaluating shear transport coefficient.
Thus, we will focus exclusively on the ¢ = 0 sector of the
flow equations (2.18)—(2.20).

3 Zero momentum response functions

Before we proceed to study the ¢ — 0 limit of the flow
equations we derived in the preceding section, it is imperative
to talk about solutions of the field equations in the ¢ —
0 limit. An earlier work [34] analysed the field equations
assuming a hydrodynamic expansion in the dimensionless
parameters Q@ = 527 and Q = W One can however
reabsorb the constant temperature factor in each term of the
hydrodynamic expansion and simply write the fields as an
expansion in w and gq.

Starting with the equations of motion (2.5)—(2.8), a gauge
invariant combination H; was defined as

.
’Hi:a)Hxi—i—thi—kq/ s4T1=270 4. (s) ds. (3.1

re

The fields H; and a; formed a system of coupled differential
equations which were solved up to first order in the hydrody-
namic expansion. For the redefined field H, it was observed
that for z < d; +2 — 6 the terms in the hydrodynamic expan-
sion of the field variables can be solved order-by-order. When
z = d; + 2 — 0, the first order correction to H; scales loga-
rithmically and seems to diverge close to the boundary. The
logarithmic scaling is suggestive of the emergence of a new
scale in the UV limit. In the regime when z > d; +2 — 6,
the first order correction to H; diverges suggesting a break-
down of the methodology for parameters in this regime. The
solution to the combination H; up to first order in the hydro-
dynamic expansion is given by
P2
+ &l r&?
di+2—-z-0)w

Hi = Cof(r)~ T [1
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(1 - (ror)df”—z—‘))}. (3.2)
The gauge field fluctuations, a; satisfy a second order non-
homogeneous differential equation. Upon imposing regular-
ity on a;, the leading solution takes the form

g r&—@
= —jCok L. 0
T iz —0)?

X f(r) 17T (rgr) i), 3.3)

where Cy is an arbitrary non-zero constant. The first order
piece does not have a closed form solution but can be writ-
ten as an integral and thus cannot give us further insight into
its behaviour. The reader can find details and methodology
of solving for a; up to first order in [34]. Since in the cur-
rent context, our interest is to explore the flow equations, we
will not further concern ourselves with solutions to the fields
H,;, H;;. We will however make certain assumptions about
them which will help us in dealing with the complicated flow
equations we derived in the preceding section.

Motivated from the form of H; and a; as given in (3.2)
and (3.3), we will assume that the perturbations Hy;, H;; and
a; for w # 0 and g # 0 admit a hydrodynamic expansion of
the form

o, 0,q) ="V 0, 9)+ ¢V 0,9
+o D, 0, q) + - -

= "9,

n=—1

(34)

where ¢ (r, w, q) represents any one of the perturbative
modes H,;, Hy; ora;. Theleading term q)(_ D (r, w, q)is para-
metrically an O(%) quantity while ¢ (r, w, g) ~ O(") ~
O(g™). The first term in the above expression can be generi-
cally of the form

a
(15(7])(7', w, Q) ~ Z #ba(}’)

a>0

(3.5)

while the O(1) term and the n-th order term in the hydrody-
namic expansion will take the general schematic form

a
6O 0.9)~ Y Z7ga (r) and

a>0

k
q
670, 9) ~ Y a0 b (), (3.6)
a,b

k>0

respectively. In (3.5) and (3.6), all the exponents a,b
and k are strictly positive. The functions b, (r), g,(r) and
B(a,b,k) () are all regular in the interval 0 < r < % The sum
in the n-th order term has a ‘prime’ to denote that it is a con-
strained sum such that a +b = n > 1. The above schematic

forms of each term in the hydrodynamic expansion of the
field variables is well behaved in the limit g — 0.

A comparison of (3.3) with the schematic forms as given
in (3.5) and (3.6) tells us that for a;, the (9(%) term is iden-
tically zero; the O(1) term consists of a single term with
a = 1 while g;(r) ~ f(r)’g. A comparison of the above
schematic expansion with H; as given in (3.2) is difficult,
since it appears as a linear combination of H,;, H;; and
an integral over ;. We can still comment on the heuristic
behaviour of the response functions that follows from the
above assumptions regarding the hydrodynamic expansion
of the field variables.

The structure of (2.13)-(2.16) along with (3.5)—(3.6)
implies that the response function can be written schemati-
cally as

~ FO

i (X(O)(r,w,q)+x“)(r,w,q)+x(2)(r,w,q)+"')

(3.7)

where x ™ (r, w, q) denotes a term which is O(¢g") ~ O(w")
in the hydrodynamic expansion but is determined by the
explicit forms of b, (r), g,(r) and h(a p k) (r) while F(r) is
some specific function depending on which mode is under
consideration. More specifically,

Zazo wz_fluar by (r)

(0) _
X (r7 w’ ‘Z) - a £l
Zazo wZH by (r)
L WIba (). g ()]
XD, g = 20 T VB, 8 (3.8)

a+b
2 a.b0 Q,Z+—:+zf’a(r)bb(r)

where W[ f, g] = fg' — f'g denotes the Wronskian for the
pair of functions f and g. In the case, neither of these are
linear combinations of various powers of the ratio %, we

simply recover

xOr @, q) =8, Inb,(r),

WIb, (1), gy (r)]
by (r)bp(r)

Armed with the above heuristic analysis, we further closely

look at the following terms appearing in (2.18)—(2.20).

x Vo9 =0 (3.9)

e The last term appearing in (2.18) can be written as

2.,
Hn T2
W Xii

(3.10)

where H (r) is a function of r whose details we are not
concerned with for the purpose of this analysis. For the
sake of simplicity, if we assume (3.5) is notin fact a linear
combination of various powers of the ratio %, the leading

@ Springer



771 Page 6 of 15

Eur. Phys. J. C (2023) 83:771

behavior of this term for non-zero g and w is given by

2
HOTL = (Fie) 4o +). G
W Xti w
where the ““---” represents terms that are higher order

in ¢ or w while H, (r) represents various functions of r.
Now, every expression I:In (r) involve ratios of derivatives
of the family of functions b, (r), g.(r) and b p k) ()
that appear in the hydrodynamic expansion of the field
variables. To be more explicit,

3,65 (r)

Hi(r) ~ 7
3,64" (r)

(3.12)

At this point, we further make the assumption that for
non-zero g and w, each of these functionsi.e. b, (r), g, (r)
and b, p k) (r) appearing in the field expansion of H;; and
H,; are non-constant, non-trivial functions of r. Clearly,
under the above assumption, this term vanishes when
q — 0. We will subsequently infer from the equations of
motion at ¢ = 0 that x;; = 0 for this sector however, the
term that we just discussed does not have any singular-
ity or does not go to any constant as ¢ — 0. Physically
speaking, x;; presumably contains a leading O (g) piece
which ensures that the ratio X% — 0 as ¢ — 0 while
presence of higher powers of the momenta ¢ in subse-
quent higher order terms ensure it vanishes identically as
qg — 0.

e In (2.19), we see the last two terms can be schematically
written as

2
wG(r )(X” "—2> 28 WG L (3.13)

Xxi Xxi

Although this term will indeed vanish at ¢ = 0, since
xri = 0 in this sector, our assumptions up to this point
dictates a possible O (w) contribution as to the flow equa-
tions as ¢ — 0. Hence, we keep this term in the limit of
vanishing momenta.

e Finally, we need to study the final term in (2.20) which
we schematically write as

(3.14)

Note that from (3.3) and comparing with the expansion
(3.4), it follows that for the field a;, the family of func-
tions b, (r) = 0 identically. Again, for simplicity, assum-
ing H,; does not have a linear combination of terms at

@ Springer

O(1/w), we get the leading behaviour of the last term as

/ a

H
L pery—=i~ 1
w a;

' 0" (r) -0
wat2

g™ ()

0. (@3.15)

Thus, in the ¢ — 0 limit, we recover the simplified flow
equations as

| 16nGy xfl- peto—di=1
O Yxi = LW |:fr1di1+9 — 67Gn 7 | (3.16)
O x1i = —iw i—ditee Xii
. ka; o pHOD 5,
ior a0l KT 165Gy £ o
(3.17)
r2+9*d,'73
O Xa; = 1l |:1671GN 7 Xc?i
di+14+z—-0 2
r k di+1—-2—0
— + . 3.18
167Gy f 161G yw? 3.18)

The above equations can also be derived by turning on per-
turbations of the form e~*“'h wv(r) and choosing the radial
gauge h;, = 0. Before we proceed with the detailed analysis
of the flow of response functions, the equations of motion in
the ¢ = 0 sector simplifies significantly to give

3r(rz+9_(d’+l)H;i — ka;) =0, (3.19)
8 ( H*Z*di‘Fl H/ rz+97(di+]) 2 Jp—
rr f xi) + " Hy =0, (3.20)
I diD==0, ) 3.21)
di+1+z—-0
Br(rdi+3_z_9fa,{) + rTa)zai —kHj; =0. (3.22)

Thus, in the ¢ = 0 sector, the mode H,; further decou-
ples from H;; and a;. The constraint equation (3.21) clearly
implies
[yily=0 = 0. (3.23)
By the assumptions we made in (3.4)—(3.6), we see that

Iy

hm xi = lim (3.24)

q—0 iwH, ti
This indeed is consistent with (3.17) and renders the equation
trivial. Thus the ¢ = 0 sector requires us to analyse two
independent equations governing the flow of H,; and a; given
by (3.16) and (3.18) respectively.

3.1 Response function x,; atg =0

As argued in the previous section, in the ¢ = 0 sector, the
Xxxi flow equation decouples from the x;; flow equation and
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(2.18) simplifies to

iw 167TGN
7 pl=di—z+0 Xxi =

If we demand regularity of x,; at the horizon, we clearly see

rz+97d,~71 ]

3.25
167TGN ( )

O Xxi =

the RHS of the above is singular at » = —. This forces us to
ro
choose
167Gy pitf—di=1
|:r1—d,'—z+0 XXi - 167TGN e ! = 0’ (326)

leading to the boundary condition

di—6
1 To
i — o) = .
X (r() ) 167Gy
In the hydrodynamic regime, we are allowed to write a per-
turbative expansion for y,; (r, w) as

(3.27)

Xei (@) = x 0 0) + 0x V() + O, (3.28)

where O(w?) represents higher order terms beyond the linear
one. Plugging in the above expansion, in (3.25), the leading
order piece follows

3 xV ) =o. (3.29)

Physically, the above equation tells us that the RG flow of
the y,; is trivial at leading order remaining unchanged as
we go along the radial direction. Along with the boundary
condition (3.27) that we just derived, we have

di—0
() o
X = 3.30
Xei (1) 167Gy (3.30)
The O(w) equation which gives the flow of X;}), is given by,
—di—1+4z46
m_ _.r ( 2(d,-—0))
O )y, =—1—— (1 — . 3.31
r X xi 116nGN 10 (ror) (3.31)
The solution to the above equation is
. di—z—0 —d:
X(})(r) _ _zro z (ror) di+z+0 P
xi 167Gy | z+60—di
2 P
[l 240
di+z-0
2(d; — 0) d»+z—9]
——; (ror)"“
di+z—g ")
log f(r)
——" 4+ C| wh di — 0,
+dl~+z—9+ when z # d;
i r
= —m log 5 when z = d,' — 9, (332)

where C and C’ are integration constants for the two cases of
the Lifshitz exponent z while > Fi[a, b, c; r] represents the
hypergeometric function. We then come across the following
two cases,

CaseI e 7 # d; — 0 : Using the boundary condition (3.27),
we can fix the constant of integration to be

(v + ¥ (25
- ditz-0

where y is the Euler—Mascheroni constant and ¥ (x) is the
polygamma function which is singular over the set non-
positive definite integers. Taking into account the null energy
condition (A.5), we focus whend; —6 > 0 and z > 1. Since,
this solution is true when z # d; — 6, the argument in the
polygamma function cannot be 0. However, Z,_fétz = —1
gives z = 0 which violates our the assumption of z > 1. For
all other parameter values of (z, ) the null energy condition

ensures that W(%) is non-singular.
i+z

(3.33)

CaselIl e 7 =d; — 6 : In this case too, plugging in the
boundary condition (3.27), we get,

, 1
C = (3.34)
ro
which then gives the full solution
di—1 ;
VO Lw
Xxi (r) = log(ror). (3.35)

167Gy 167Gy

Clearly the divergent nature of the solutions as » — 0, hints
at a possible breakdown of the analysis when z = d; — 6 near
the boundary.

Earlier works [28,34] used perturbative techniques to eval-
uate 2-point correlator of the stress-energy tensor which
seemingly broke down when z > d; + 2 — 6. However,
an analysis of the response function corresponding to Hy;
i.e. xxi seems to carry through for all values of the Lifshitz
exponent. As mentioned earlier in (1.2), shear viscosity up
to leading order is thus given by

di—6
= i = 0 (3.36)
n Xxi 167TGN .
which inturn saturates the KSS bound of g = #. Also,

note that the first order correction for either cases, namely
z =d; — 0 and 7z # d; — 6 is positive since ror < 1 thus
following the bound. However, when z = d; — 6, we see
the first order correction to be logarithmic and is actually
divergent at the boundary when » — 0. This enforces us to
put a cut-off suggesting the emergence of a new scale.
Interestingly, earlier works [40,41] constructed families
of Lifshitz geometries as dimensional reduction of AdS null
deformations. Specifically, starting with Ad S5 null deforma-
tion, one can perform a reduction along one of the light-cone
coordinates, namely xt which results in a 4-dimensional
metric of the form (2.1) with z = d; = 2 and 6 = 0.
Thus, dimensional reduction of null deformed Ad S5 results
in a metric which falls in the family of hvLif solutions con-
strained by z = d; — 6. In light of this observation, it will
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be interesting to understand the logarithmic scaling of the
first order contribution to x,; from the perspective of the
deformed higher dimensional theory.

3.2 Response function x,, atg =0

Recall from our earlier definition (2.16), that the response
function x,, associated to a; is defined as
g,

iwa;

Yo = (3.37)

To reiterate, the flow equation for the response function yx,,
decouples from that of x,; and x;; in the limit ¢ — O to
yield,
r1+9—di—3
O Koy = i <16nGNTX§i
pdit1+z—06 k2

167Gy f t lonGrw?

rdi+1_z_0> . (3.38)

The structure of (3.38) is significantly different from the flow
equation of x,;. Assuming a Laurent expansion in w for the
function x,, (r, @), we see that in general it must have a term
which goes as é along with regular terms. Thus, like the
earlier case of y,;, it does not make sense to naively perform a
hydrodynamic expansion of containing only positive powers
of w. However, we define the new field

Ca; = WXa; (3.39)
in terms of which (3.38) becomes
pito—di—3 )
arga; (ra CL)) =i [167TGNT§% (ra (1))
erd,-fzf(-)Jrl pditz—0+1
S — (3.40)
167Gy 167Gy f

Imposing regularity for ¢,, along the radial direction demands
us to write the boundary condition as

+O—di—3 .2 w*rditited
16w GyriT7 4™ W) — ————— =0,
|: TGNF é‘ai (r 0)) 167TGN ]r_ .
(3.41)
which eventually yields,
6—d;—2
! "o (3.42)
| —o)=w . .
ba ro 167Gy

One must note that (3.40) is exact in w and consistent with a

hydrodynamic expansion of the form
ta (o) = 0 + otV () + 0P+ (343)

Also, the demand of regularity gives us the ¢,, at the horizon
which depends explicitly on the frequency w. Thus, regularity
in the context of the above hydrodynamic expansion implies

@ Springer

0—d;j—2
-

" (1/rg) = 0 for all m # 1 while 3 (1/rg) = T
Unlike the earlier case of x.;, we see here that at leading
order 9, ¢, follows a nontrivial flow equation given by

0 rZ+9—d[—3 0 2 k2rd,‘—z—9+1
0, e N (J JE ey
f 167Gy

(3.44)

D(r) =i |:1671GN

Thus, we see for this response function, the RG flow is not
trivial and it actually changes along the radial direction. Solv-
ing the above equation yields complicated solutions which
one cannot use easily to construct further subleading contri-
butions that are higher order in w.

To circumvent the issue, we follow a different strategy.
We will analyse the flow equation successively in the near
horizon and the near boundary region.

Near horizon region : In order to analyse the flow near the
horizon, we define a new radial coordinate p given by

1

p=——r (3.45)
ro

In turn, the blackening factor can be written as

f=(di +z=60)rop + O(p?). (3.46)

Thus in the near horizon region, the flow equation can be
approximated as

di+2—z—0
9 o) = —i | 161Gy 21—
o&nh (0, ®) l[ 7T Ndi+z_9
14+ +3—z—0)rgp)
x ’ Can(p, )?

P

a)z r—d,-—z+6—2
0

167Gy di +7—0
o (1—(di+Z—9+l)r0,0)i|
. .

(3.47)

An ansatz consistent with a hydrodynamics description may
be written as

tan(p, ) = £ (p) + 0V (0) + 0?2 P + O0?).

(3.48)

It is clear from (3.47) that the second term on the RHS
affects only at O(w?). Also, the boundary condition (3.42)
implies that ;rfg) 0) = Ifﬁ) (0) = 0. The resulting equation
for ;Ifg) (p) is given by,
© rd,'+27179
3 - —16i7tGny2—
o&on (P) in A ra—
(1 + (d, +3—-—z— 9)7‘()[)) 0)
X 0 é‘nh

(p)?. (3.49)
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Which on solving naively yields a solution of the form
—mm where A and B are constants depending on
ro, di, z and 6 while ¢ is an arbitrary constant which remains
unfixed even after imposing the relevant boundary condi-
tion for {n(l?) (p). This is because the very boundary condition
(3.42) is specified at a singular point of the equation. We can
however choose a cutoff surface at p = ¢ (which can be
thought of as a stretched membrane) hovering at a distance €
outside the real horizon at % where g“rfg) (¢) = 0 which then
implies

Lo (P) =0,

identically in the near horizon region. This in turn leads to
the simple equation at O(w) i.e.

(3.50)

3,¢8 () = 0. (3.51)
The above along with (3.42) implies

N o
tan (0) = G (3.52)
Eventually, the equation at O(w?) is given by
9,00 (p) = - 220 deson (3.53)

o
8tGn(di +7—0)

The solution to the above equation consistent with the bound-
ary condition (3.42) is

i(di +2—10)

) —di—z+6—1
= — 3.54

Can (P) Gy d 12— P (3.54)
Thus in the near horizon region, we have,

o i i (di +2—0) g _iyo-1
Gnn(p, 0) ® @ - 0

167Gy 8tGN(di +z—0)

(3.55)

Using (3.39) and (3.45), we see that in the near horizon
region, we can write,

rg—d,-—2

Hai(r o) N e
__lodi+2-0) _g-zr6-1 (i B r>
8STGN(di +7—6) ° ro '

(3.56)

Clearly, x,, being a constant at leading order exhibits trivial
RG flow and is thus qualitatively similar to x,;. However, one
must note that this is true only in the near horizon region.

Near boundary region : In this regime, we can approximate
the blackening factor f(r) ~ 1 which simplifies (3.40) to

8r§ai r,w) = i|:16nGNrZ+9_di_3 azi(r’ )
erdi—Z—e-i-l
16w Gy

rdi+z—9+1
2 } (3.57)

167Gy

Assuming a series expansion in w of the form
r—0 0 1 2

Lar (1, ) 5 Gy (1) + 08 (1) + 0?65 (1) + O(@),
(3.58)

we see that the leading order satisfies an equation of the form

0
353 (r)
kr

167TGN

2.,.di—z—0+1
=i [16nGNrZ+9_d"_3§tfg;(r)2 + }

(3.59)

whose solution is given by

of — p—di+32-0-2)
(dl + 3Z —0- 2) Ccl —+ r_(di+32—9—2)

(3.60)

O
Sy ") = "0y

—di +2—-z-0)].

ipdit2—z—0 |:

Assuming reality of the gauge field (A.3) i.e. z > 1 the
null energy condition (A.5) implies d; + z — 6 > 0 which in
turn implies d; +3z —0 —2 = (dj +z—60)+2(z—1) > 0.
Thus, near the boundary,

) — r—(i+3—6-2)
1 + r—+3—0-2)

—di+2—-2—-0)=-2(d; +z—10).

lim(d; +3z —60 —2)
r—0
(3.61)

Clearly, when d; +2 —z -6 > 0, {égi(r) — Qasr —
0, however for d; +2 — z — 6 < 0, we see a divergent
solution as » — 0 while it goes to a constant as r — 0 when
z = d; + 2 — 6. In fact, due to the functional form of the
solution (3.60), its limit as r — 0 will be independent of
the constant ¢; which will remain unfixed for any Dirichlet
condition imposed at the boundary. Hence, forz > d; +2—6
it seems such a hydrodynamic description for the gauge field
response function will simply breakdown near the boundary.
Starting with a Ad Sy, +-3 dimensional boosted black brane,
performing a boost and taking an appropriate double scaling
limit involving the boost parameter and horizon radius yields
the so-called AdSy 13 plane wave. Subsequently reducing
along xT and identifying x~ = ¢ yields (2.1) where the
Lifshitz exponent z and hyperscaling violating exponent 6
are related by [38]
7= M and 6 = é
2
Clearly, from the above expressions it follows that z =
d; + 2 — 0. This is precisely the point in the (z, ) parame-
ter space where we see the leading behaviour of ¢,, near the
boundary is a constant. From the viewpoint of the Ad Sy, 13
boosted black brane, this is suggestive that the hydrodynamic
analysis for such effective theories obtained as null reduc-
tions break down. However, a concrete understanding of this

(3.62)
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breakdown would require further detailed analysis concern-
ing the stability of such spacetimes which we plan to carry
out in subsequent works.

It is interesting to notice that this condition was recovered
in earlier works [28,34]. In particular, [34] studied QNM
modes in the black brane background given by (2.1). As
described earlier in Sect. 3, the gauge invariant combina-
tion (3.1) has a solution given by (3.2) up to first order
in the hydrodynamic expansion for z < d; + 2 — 6. For
7z = d;i+2—0, the first order term develops a logarithmic scal-
ing while it diverges near the boundary when z > d; +2 — 6.
Our current analysis suggests it is the behaviour of the pertur-
bations in the background gauge field i.e. a; near the bound-
ary which is presumably the cause of this divergence. Thus,
the RG analysis seems to be suggestive of the fact that it
is the hydrodynamic expansion of @; which breaks down
causing its response function to yield an unphysical answer
when z > d; + 2 — 6. Further, we should contrast this with
[26,28] which were near-horizon analysis, also led to the
same restriction on the Lifshitz exponent z. In our current
analysis, the divergence seem to occur in the boundary the-
ory as r — 0. Earlier work [22] studied hvLif solutions as
solutions to theories with higher derivative corrections. Null
energy conditions and stability criteria led to certain regions
inthe (z, #) parameter space that were identified as physically
allowed. The criteria that we obtain abovei.e.z < d; +2—6
seems to be an independent bound which cannot be obtained
by NEC:s or stability criteria.

The first order equation is given by

8,60 (r) = 32im Gy r =430 (D ), (3.63)

which has a solution of the form

(D)= e (3.64)
bdy " = O i 3—0-2y2 .

Owing to the null energy condition (A.5) and reality of the
gauge fields, which implies z > 1, we see that

: () _
lim g34)() =0, (3.65)

which leaves the constant ¢, which remains unfixed. Finally,
the equation governing the second order contribution is given
by

2[2(z — Deyrdit37072 — (d; + 2 — 0)] o
r(c rdit3=0-2 4 1) gbd)’(r)

r2z—1 ) r3di+5:—36—3
i —161GNey —————5—7 | =0,
+ 167Gy N i 3=0=2 1)

O Gy (1) +

(3.66)

whose solutions are listed in Appendix C. From (3.39), it
follows that the response function associated to a; near the

@ Springer

boundary is given by
( ) ird,‘+2—z—9
(r,0) X —
Xai 327Gy
¢ — p—@di+3i=0-2)
1 +r7(di+317972)

x[(d,-+3z—9—2)

_(di+2—Z—9)]

r2(d,-+z—(9)

+ + OW). (3.67)

QA T oyrditi—0-2)2
The response function x, at leading order exhibits non-
trivial dependence on the radial coordinate and thus shows
a very distinct behaviour compared to the response function

Xxi-

4 Discussion and conclusion

In this paper, we have studied and analysed the RG flow equa-
tions governing the shear response in hvLif theories from the
holographic viewpoint. The presence of U(1) gauge fields
along with a dilaton complicate the analysis significantly
since certain gauge field perturbations i.e. @; couples to the
shear tensor modes %,; and ;. Focusing on the ¢ = 0 sector,
our central observations are:

e The shear viscosity at the leading order seems to sat-
urate the KSS bound for all values of z and 6. Earlier
works failed to make any statement about shear vis-
cosity for z > d; + 2 — 6. This analysis gets around
that issue of breakdown of hydrodynamic expansion for
z > d; + 2 — 6. However, for the special value of
z =d; — 6, we see a very interesting logarithmic correc-
tion at the first order. This does not violate the KSS bound
but, necessitates the introduction of a UV cutoff to con-
trol potential divergences at the boundary. This particu-
lar logarithmic behaviour of the subleading correction to
shear viscosity for z = d; — 6 seems to be a novel feature.
Further, as discussed in previous works [40,41], dimen-
sional reduction of null deformed Ad S5 results in z = 2
Lifshitz theories (they have & = 0) and is consistent with
z = d; — 6 = 2. Given this observation, it is natural to
ask if such logarithmic correction for z = d; — 6 can be
explained from the perspective of the higher dimensional
null deformed AdSs theory. It will be interesting to fur-
ther explore the hydrodynamics of theories dual to such
null deformed background.

e In the response function for a;, we observe non-trivial
flow even at leading order in x,, . We have performed the
analysis in the near horizon and the near boundary region
with appropriate approximations. In the near horizon
region, the qualitative behaviour of y,, seems to mimic
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that of ;. However, the near boundary analysis reveals
a leading behaviour which scales as x,, ~ réi+2-270,
The response function happens to be convergent provided
z < d; +2 — 6. Thus, it seems this bound obtained in
earlier works [26,28,34] can be interpreted as a regu-
larity condition on the response function of the gauge
field perturbations a;. Earlier works constructed a linear
combination involving all the perturbation modes which
obfuscated the source of this constraint. Our present anal-
ysis seems to suggest that it is the gauge field perturba-
tions exclusively which are responsible for the constraint
z<di+2-90.

An aside on Markovianity index: At this point one can
ask for a more physical origin for the constraints observed in
this paper. In other words, we want to understand if the break-
down of the hydrodynamic expansion for a certain parameter
range, namely z > d; + 2 — 6 has a more deeper origin or is
simply a bug of these non-relativistic gravity duals. Towards
that vein one perform a Markovianity index analysis of the
perturbations in the probe limit in the spirit of [49]. To be
more elaborate, [49] studied probes couples to conserved
currents in an AdS-Schwarzschild background. The effec-
tive coupling of the probe field is characterized by a single
parameter, namely the Markovianity index M. Probe fields
with M > —1 exhibits short-lived memory and behave anal-
ogous to the massive scalar probes. Probes with M < —1,
however, retain long-term memory. In the current context,
the metric perturbations we study are coupled to conserved
current i.e. the stress tensor.

More precisely, [49] starts from the effective action of a
probe scalar of the form

1 1
Seff = —z/.ddﬂx«/—grd ! MVA¢MVA¢M + Shdy,

“4.n

describing a massless Klein-Gordon field minimally ¢ a4
minimally coupled to gravity with metric being same as
(2.1) and M € R being some designer parameter modu-
lating the coupling. To reiterate more concretely, With this
designer scalar the central observation of [49] is that the
scalar probe field ¢ o is Markovian if M > —1 or else its
non-Markovian. Written in terms of the usual Fourier modes
the scalar field equation takes the form in the zero momentum
limit!

” M 20\ oM
R G R L

! With ¢ # 0 the equation becomes

" M 20N, qz oM _
¢M+(_7+7+7>¢M_ (7“7)””‘

b =0. (4.2)

Comparing (4.2) with (2.6) in the limit @ — 0 one can check
that in this case the designer parameter turns out to be

M=di+z—-0-1.

Interestingly, this implies that constraining the perturbations
to be Markovian also forces the probe to obey the null energy
condition (A.5). In other words

M>—-1 = di+z—-6=>0.

The situation with (2.5) or (2.8) is much more complicated
due to the coupling between the fields. One can simplify the
situation by considering the near boundary region for (2.5)
where f(r) ~ 1. In this regime, a comparison between (4.2)
and (2.5) in the limit w — 0 reveals?

M=di—z—-6+1.

Again imposing the Markovianity condition M > —1, we
interestingly have

z<di+2-0,

which is exactly the limit that we have obtained through the
gauge field perturbations. Therefore the regularity condition
of z < d; +2 —6., analysed explicitly in the present analysis
and observed earlier in [26,28,34] can also be attributed to
the fact of the probes being Markovian. The above calcu-
lations although rudimentary seems to be hinting towards a
connection between Markovianity index of the fluctuations
and the breakdown of hydrodynamic expansion. An elabo-
rate investigation of this issue is beyond the scope of this
paper, which we hope to address in future works.

Our strategy of analysing the near horizon and near bound-
ary regions separately opens up some possible new direc-
tions in the hydrodynamics of hvLif theories. Our analysis
is restrictive in the sense that we analysed the ¢ = 0 sector
only. A natural extension will be to understand the ¢ 7# 0
sector and check if one recovers any new transport coeffi-
cient at linear order in ¢g. Another interesting question will
be to explore if regularity conditions imposed on response
functions of higher order transport coefficients leads to any
further constraint on the Lifshitz exponent z. We are look-
ing forward to analysing the flow equations both analytically
and numerically to comment on higher order transport coef-
ficients which are yet unexplored in the literature. We subse-
quently plan on studying the RG flow of response functions
that arise in the sound channel and scalar channel.

2 Near the boundary with @ — 0 and ¢ — 0 Eq. (2.5) becomes

0—d—1
H/ + H%H[i =0,

where the term containing a; gets dropped due to (3.3).
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Appendix A: Reviewing hyperscaling violating Lifshitz
spacetimes

The metric (2.1) is a solution to the Einstein—-Maxwell-
dilaton action

1
S=——— oy [ @ VG
167G
1 Z(9)
X [R — 58,@8“(/) — 4¢ FF* + V(d))] (A.1)
where the various fields and parameters appearing in the
action are listed as follows:

¢ = V2(di —0)(z — 0/d; — 1) logr, (A2)
_af(r) 2(z—1) o
A= e Tiise A=0 @Ay
V@) = (i +7—0)d+7—6—T)yr
Z(p) = rii 2T _ o, (A4)

The null energy conditions following from (2.1) give con-
straints on the Lifshitz z and hyperscaling violating 6 expo-
nents

(=D +z2-0)=0, (di—-0)di(z—1)—0)=0.

(A.5)

@ Springer

Varying with g, A w and $, we obtain the following equa-
tions of motion,

. Z(P) - = zp
FppFoy — -y Fop PP, (A.6)
V. (Z@)F") =0,

1 = 7 OV(D)
7_8 - Hl)av + -
Na k(=88 9) 3

(A7)

_ %@ Fop 07 0.
o¢

(A.8)

Note that from (A.6) it follows that:

a1
R =R,,g"" = §8p¢8p¢ - ﬁv(@

Z($)d + D 72

4d - 1) &.9)

VAC) I
+—(2¢) 8POF )} Fyy —

Alternatively, we can write (A.6) as:

= 1 5 V(¢)
Ry — Eg,uvR = aud’av‘l’ guvd ]

2@y = Z@) . - -
UF Fov_— vF UFPG
T8 o ad—n)Smr

1_ 1. - - d+1_ -
I —_ Py —
zglw |:23p¢3 ¢ d_ V(¢)

Z@) pyzrn  Z@E+D) -,
+ ) gp FpFU)» 4(d—1) Fi|

8uv u¢8v¢

Z( ) -
+TF/)MF'O - T‘/’ngz

guvap‘f’a ¢

Vi
%glw. (A.10)

Appendix B: Perturbations to hvLif spacetimes

The perturbed action up to second order terms is given by

—1
s@ — TG / dr dk [A(r)h”hn + A(r)hll;hy

+B)hE + Bk + C(r)hh),;
+C(r)hyih; + D(rh2 + D(r)h?,
—g(Nhiia] +H(r, @)hy; + H(r, w)h3,
+27 (. g, @hiihsi + MO + N q, 0)a? ],
(B.1)
where the various functions appearing in the action is given
by:

3—ditzt+ 5 (di—4) S_d"_z"'di,-(d" -4

A(r) = =2r ; A0 =257
3 —d; 0 (g _ - 3 g 0 g
B(r):_§r3 ditetg di=d), B(r):Ef,S di=2 4 (A=)
126 di+z-0
C =|3d; —8—-3 7_30_17
() [ ; 7+ 7 ; ]
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2—di+z+ 5 (di—4)
Xr i
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The modes h;; (t,r, x), hyi(t,r, x) and a; (¢, r, x) form a
decoupled set of equations along with a constraint equa-
tion which can be solved perturbatively for every x; €
{xz,...,xdi} and x = X1.

Appendix C: Solution of {,; at second order near bound-
ary

As demonstrated earlier, the equation governing the second
order correction to ¢, near the boundary is given by (3.66).
The generic solution to this equation is given by

(2) —
Soay (1) = At oyrditicb-2y2 ~

2(d+22 6)(((1 +51—9—2)+clzrd+37 —0— 2)

! 167G N(di +27 —60 —2)(1 + ¢yrdit3z—0-2)2
p2di+z-0)
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di+2—042 240-di—z . 2
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which is valid when d; + z — 0 # 2.
When d; + z — 6 = 2 and z # 2, we have the

solution
2
G ()
a2 e 1
af 2seinGyd 7 (‘1’ (3;72+rj)+z72>
4 ( Ar¥terz TGN + 32k
- 32 (clr2 + 1)’ '
(C.2)
When z = 2 and d; = 6, we recover the solution
202 2 2 8
,<‘""2’ P2 A ar +log<r>)
| 16k, — A
2 JTGN
2
ibd (r) =
Y 16 (clr4 + 1)2
(C.3)

All of them vanish in the limit » — 0 (near boundary) thus
leaving the constants c3, «1 and k7 unfixed.
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