
Eur. Phys. J. C (2023) 83:748
https://doi.org/10.1140/epjc/s10052-023-11918-9

Regular Article - Theoretical Physics

Holographic superfluid with gauge–axion coupling

Yan Liu1, Xi-Jing Wang2, Jian-Pin Wu2,a, Xin Zhang1,3,4,b

1 Key Laboratory of Cosmology and Astrophysics (Liaoning Province) and Department of Physics, College of Sciences, Northeastern University,
Shenyang 110819, China

2 Center for Gravitation and Cosmology, College of Physical Science and Technology, Yangzhou University, Yangzhou 225009, China
3 National Frontiers Science Center for Industrial Intelligence and Systems Optimization, Northeastern University, Shenyang 110819, China
4 Key Laboratory of Data Analytics and Optimization for Smart Industry (Northeastern University), Ministry of Education, Shenyang 110819,

China

Received: 8 June 2023 / Accepted: 9 August 2023 / Published online: 24 August 2023
© The Author(s) 2023

Abstract We have constructed a holographic superfluid
with gauge–axion coupling. Depending on whether the cou-
pling is positive or negative, the system displays metallic
or insulating behavior in its normal state. A significant fea-
ture of the system is the appearance of a mid-IR peak in
the alternating current (AC) conductivity in a certain range
of parameters. This peak arises due to competition between
explicit symmetry breaking (ESB) and spontaneous sym-
metry breaking (SSB), which results in the presence of a
pseudo-Goldstone mode. Moreover, a dip in low-frequency
AC conductivity is observed, stemming from the excitation
of the SSB Goldstone mode. In the superfluid phase, the
effect of gauge–axion coupling on the condensation or super-
fluid energy gap is only amplified in the presence of strong
momentum dissipation. Notably, for the case with negative
gauge–axion coupling, a hard-gap-like behavior at low fre-
quency and a pronounced peak at intermediate frequency are
observed, indicating that the evolution of the superfluid com-
ponent is distinct from that of positive coupling.
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1 Introduction

The AdS/CFT correspondence serves as a link between the
weakly coupled classical gravitational theory and strongly
coupled quantum field theory (QFT) [1–4]. This correspon-
dence has revealed some universal properties in strongly
coupled quantum many-body systems and has provided
important insights into phenomena such as transport proper-
ties without quasiparticle excitations, novel mechanisms for
superconductivity, and quantum phase transitions (QPTs).
Such achievements represent significant landmarks in the
field.

Transport properties are important characteristics of strongly
coupled quantum many-body systems. In the holographic
framework, extensive studies have been conducted on trans-
port properties, as reviewed in [5–9] and elsewhere. Notably,
the introduction of momentum dissipation as a mechanism
has led to significant progress in modeling more realistic
systems. This mechanism removes the δ-function in the elec-
tric conductivity at zero frequency in the holographic system
without momentum dissipation. It has been applied to study
the behavior of strange metals [10–14], the mechanism for
coherent and incoherent metals [15,16], and the implemen-
tation of QPTs [17–19].

Spatially linear dependent scalar fields, known as axionic
fields, provide a simple yet significant mechanism for
momentum dissipation [20]. In this holographic framework,
when the momentum dissipation is weak, a standard Drude
metal can be implemented using this axion model. As the
momentum dissipation increases, the system transitions to
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an incoherent phase [15,16]. Notably, when we measure in
terms of the chemical potential of the dual field theory, i.e.,
the system is in the grand canonical ensemble, the direct cur-
rent (DC) conductivity of the simplest 4-dimensional holo-
graphic axions model without higher-derivative terms, as
studied in [20], is a non-vanishing constant, independent of
temperature. Moreover, there exists a lower bound for the DC
conductivity in this holographic dual system [21]. Hence, the
metal-insulator transition (MIT) is absent in the holographic
axion model.

In the spirit of effective holographic low energy theories,
it is natural and intriguing to investigate the impact of higher-
derivative terms of axion fields [22–26]. Recent studies have
revealed that the holographic effective theory with higher-
derivative terms can break the lower bound of DC conductiv-
ity in the usual axion model [20]. This provides a framework
to model insulating states with vanishing DC conductivity
at zero temperature, which is more consistent with realis-
tic systems. Furthermore, the higher-derivative terms have
a significant effect on the lower bound of charge diffusion
[24], while leaving its upper bound and the bound of energy
diffusion unaffected [26].

Higher-derivative axion models can be classified into two
important classes [22,24]:

• J model:

SJ =
∫

d4x
√−g

(
R + 6 − X − 1

4
F2 − J

4
Tr[XF2]

)
.

(1)

It is found that the J coupling has no effect on the
background such that one has an analytical background,
which is just the Reissner–Nordström-AdS (RN-AdS)
black hole solution with axions [20]. But it enters into
the perturbative equations and significantly influences the
transport properties of this model.

• K model:

SK =
∫

d4x
√−g

(
R + 6 − X − 1

4
F2 − K

4
XF2

)
. (2)

Compared to the J model, the K coupling term affects
both the background solution and the perturbative equa-
tions. However, an analytical black hole solution still
exists for this theory [22].

In both actions mentioned above, the gauge field Aμ is
associated with the field strength Fμν = ∇μAν − ∇ν Aμ

in both actions mentioned above. Additionally, we define
X ≡ Tr[Xμ

ν], where

Xμ
ν = 1

2
∂μφ I ∂νφ

I , (3)

with I taking the values of x and y. Here, φ I represents a
pair of spatial linear axionic fields, specifically φ I = αδ Ii x

i

(i = 1, 2). J and K are the coupling constants, respectively.
Further studies manifest that in the aforementioned mod-

els, both the explicit symmetry breaking (ESB) and the spon-
taneous symmetry breaking (SSB) can emerge simultane-
ously [25,27–31]. The SSB is associated with the gapless
excitations known as Goldstone modes in the low energy
description. In cases where the dominance of SSB surpasses
that of ESB, a novel mode referred to as a pseudo-Goldstone
mode emerges. For the pseudo-Goldstone physics in holog-
raphy, please refer to the recent review [32], provides a thor-
ough summary of the significant advancements made in this
field over the last decade.

Then, the holographic superfluid model withJ coupling is
constructed and its superfluid properties are explored [33]. In
the superfluid phase, theJ coupling plays a key role, leading
to a more pronounced gap in the low frequency conductivity.
Additionally, we extensively explore the combined effects of
broken translations and various couplings among the gauge
field, axion fields, and the complex scalar field. In this paper,
we shall study the properties of electric conductivity of K
model. Based on this, we construct a holographic superfluid
model with K coupling and further explore its superfluid
properties.

The structure of this work is outlined as follows. In Sect. 2,
we construct a holographic model that incorporates higher
derivative terms of axion fields to enable momentum relax-
ation. The numerical calculations of the DC and frequency-
dependent conductivity (alternating current conductivity, AC
conductivity) in the normal state, along with an analysis of
the gauge–axion coupling’s impact, are presented in Sect. 3.
Section 4 is dedicated to exploring the influence of the higher
derivative terms on the condensation and the conductivity of
the superfluid phase. Finally, we provide a summary and dis-
cuss the obtained results in Sect. 5, concluding the paper.

2 Holographic framework

We propose an effective holographic superfluid model with
a generalized K coupling, whose action is given by

S =
∫

d4x
√−g

(
R + 6 + LM + Lχ + LX

)
. (4)

Here, LM , Lχ , and LX represent the Lagrangian densities
for the Maxwell field, the charged complex scalar field that
supports the superfluid phase, and the axionic fields, respec-
tively:

LM = − Z(χ)

4
F2, (5)

Lχ = −1

2
(∂μχ)2 − H(χ)(∂μθ − q Aμ)2 − M2χ2

2
, (6)
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LX = −1

4
K(χ)XF2 − X. (7)

In the above action, we decompose the charged scalar field ψ

into a real scalar field χ and a Stückelberg field θ , represented
as ψ = χeiθ . The parameter M corresponds to the mass of
the scalar field ψ . For simplicity, we adopt the gauge θ = 0
in the subsequent analysis.

We assume that the coupling functions in the action take
the form as: Z(χ) = 1 + βχ2/2, H(χ) = nχ2/2 and
K(χ) = K1+K2χ

2/2. Here, β, n,K1, andK2 denote the cor-
responding parameters for the higher derivative couplings. It
is important to note that K(χ) represents the generalization
of the K coupling in the K model (Eq. (2)).

From the action (4), we obtain the equations of motion as
follows:

∇μ

[
(Z + KX)Fμν

]
− 2Hq2Aμ = 0, (8)

∇μ∇μχ − ∂χ Hq2A2 − ∂χ Z

4

F2 − ∂χK
4

XF2 − M2χ = 0, (9)

∇μ

[
∇μφ I − K

4
(∇μφ I )F2

]
= 0, (10)

and

Rμν − 1

2
gμνR − 3gμν − 1

2
∇μχ∇νχ

−Hq2AμAν − 1

2
(Z + KX)FμρFν

ρ

−1

2

(
1 + K

4
F2

)
∇μφ I∇νφ

I

+1

8
(Z + KX)gμνF

2 + 1

2
gμνX

+1

4
gμν∇μχ∇μχ + 1

2
gμνHq2A2

+1

4
gμνM

2χ2 = 0. (11)

To numerically solve the above equations, it is advanta-
geous to adopt the following ansatz:

ds2 = 1

u2

[
−(1 − u)p(u)U1dt

2 + du2

(1 − z)p(u)U1

+U2dx
2 +U2dy

2
]
, (12)

At = μ(1 − u)a(u), χ = u3−�φ, (13)

φx = αx, φy = αy, (14)

where p(u) = 1 + u + u2 − μ2u3/4 and � = 3/2 ±
(9/4 + M2)1/2. Throughout this paper, we set M2 = −2 to
ensure compliance with the AdS2 Breitenlohner-Freedman
(BF) bound. Notably, the functionsU1 andU2 solely depend
on the radial coordinate u. Additionally, we interpret μ as the
chemical potential and α as the strength of momentum dis-

sipation. By imposing the boundary condition U (1) = 1 at
the horizon, the Hawking temperature of the system can be
expressed as follows:

T = 3

4π
− μ2

16π
. (15)

For given coupling parameters, the system can be character-
ized by the dimensionless quantities T/μ and α/μ. To sim-
plify notation, we will continue using the shorthand T, α to
represent the dimensionless quantities T/μ, α/μ throughout
the rest of the paper.

3 Conductivity in normal phase

The properties of DC conductivity in the normal phase have
been extensively explored in [22]. However, the investigation
of AC conductivity in this context is still lacking. Therefore,
in this section, our primary focus will be on studying the
properties of AC conductivity in the normal phase. To provide
a comprehensive analysis, we will also provide a concise
review of DC conductivity.

Before proceeding, we will analyze the asymptotic behav-
ior of the scalar field φ I near the AdS boundary to explain the
role of the two terms in the Lagrangian densityLX . This anal-
ysis closely follows similar approaches in previous works
such as [25,30,31,34–39]. When we focus solely on the sec-
ond term, X , in LX , the asymptotic expansion of φ I at the
UV boundary can be described as [30]

φ I = φ I
(0)(t, x

i ) + φ I
(3)(t, x

i )u3 + · · · . (16)

In accordance with standard quantization, the leading order
term is identified as the external source for the dual scalar
operator O I and follows the behavior of the special solution
(14), specifically φ I

(0)(t, x
i ) = αx I . It plays the role of ESB,

responsible for momentum relaxation on the field theory side.
When only the first term KXF2 of LX survives, at the UV

boundary, the scalar field φ I can be expressed as [30]:

φ I = φ I
(−1)(t, x

i )u−1 + φ I
(0)(t, x

i ) + · · · . (17)

In this case, the subleading order φ I (0)(t, xi ) corresponds to
the non-zero expectation value 〈O I 〉, where the source term
vanishes [25]. It follows the behavior of the special solution
(14), i.e., 〈O I 〉 ∼ φ I

(0)(t, x
i ) = αx I . This term plays the

role of the spontaneous breaking of translations, leading to
the emergence of gapless excitations known as Goldstone
modes in the low energy description.

By manipulating the couplings in this model, we can read-
ily achieve diverse forms of symmetry breaking. When the
first term in LX dominates over the second term, translations
are explicitly but weakly broken in the system. In other words,
the breaking of translations is predominantly explicitly but
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not entirely. In the field theory perspective, when a sponta-
neously broken symmetry is only approximate, a slight gap
emerges in the system, leading to the presence of a pseudo-
Goldstone mode. It is worth noting that K1 controls the SSB,
while α controls both the ESB and SSB in our setup.

Next, we will study the DC and AC conductivities on the
normal state, respectively.

3.1 DC conductivity

We can utilize the widely employed “membrane paradigm”
[40–43] to analytically derive the expression for the DC con-
ductivity, which relies on the data of the IR geometry. The
central idea of this approach involves establishing a radially
conserved current that connects the data at the horizon and
the boundary. Based on this point, we can calculate the DC
conductivity of the corresponding dual boundary system by
leveraging the horizon data, yielding the following result:

σDC = − (α2μ2K1 +U2(1))(α2μ2(2 + K1μ
2a2(1)) + 2μ2a2(1)U2(1))

α2μ2(−2 + K1μ2a2(1))U2(1)
. (18)

Equipped with equation (18), we investigate the impact of
higher-derivative axion terms on the DC conductivity. It is
worth noting that the gauge–axion coupling must satisfy the
constraints −1/6 ≤ K1 ≤ 1/6, as dictated by the null energy
condition (NEC) and particle-vortex duality [22,24].

In the left plot of Fig. 1, we present the temperature
dependencies of the DC conductivity for various gauge–
axion coupling parameters, while maintaining a constant
momentum dissipation strength. In the case where the gauge–
axion coupling parameter K1 = 0, the system simplifies to
the axions model [20], and the DC conductivity becomes
temperature-independent. However, when we introduce a
non-zero gauge–axion coupling (K1 	= 0), the DC conduc-
tivity becomes temperature-dependent, as observed in [22].

Specifically, for K1 > 0, the DC conductivity increases with
decreasing temperature, indicating a metallic behavior in the
dual system. Conversely, for K1 < 0, the DC conductiv-
ity exhibits the opposite temperature dependence, suggest-
ing an insulating behavior. It is important to note that the
strength of the momentum dissipation cannot induce a MIT
for given K1. This pattern bears strong resemblance to that
observed in the holographic axions model with non-linear
Maxwell field [44,45] or the holographic Horndeski theory
with axions [46–48]. However, it differs from the case of the
holographic EMAW (Einstein-Maxwell-axion-Weyl) theory
[18,49], where the strength of momentum dissipation can
induce a MIT for given Weyl coupling parameter.

In the right plot of Fig. 1, we present the DC conductivity
as a function of the momentum dissipation strength α at zero
temperature for various K1 values. Notably, it is evident that,
for a given K1, the DC conductivity decreases as α increases.
Furthermore, an interesting observation is that in the limit of

large momentum dissipation, specifically at K1 = −1/6, the
DC conductivity tends to zero.

3.2 AC conductivity

To compute the AC conductivity, the following forms of the
time-dependent linearized perturbations would be turned on

δAx (t, u, xi ) =
∫ +∞

−∞
dω

(2π)3 e
−iωtδax (u),

δgtx (t, u, xi ) =
∫ +∞

−∞
dω

(2π)3 e
−iωt u−2htx (u),

Fig. 1 The behaviors of DC conductivity for various coupling param-
eters. The left plot showcases the temperature behaviors of the DC
conductivity for different gauge–axion coupling parameters K1, while

keeping the momentum dissipation strength α = 0.5. The right plot
displays the DC conductivity as a function of α for different K1 values
at a fixed temperature of T = 0

123



Eur. Phys. J. C (2023) 83 :748 Page 5 of 11 748

Fig. 2 The AC conductivity behavior in the normal state at T = 0.015 with various K1 and α. The red dots represent the corresponding values
of the DC conductivity calculated using formula (18)

δXx (t, u, xi ) =
∫ +∞

−∞
dω

(2π)3 e
−iωtδφx (u). (19)

This implies that there are three linearized equations of
motion: one for the metric field htx , another for the gauge
field δax , and the third for the scalar field δφx . The asymptotic
behavior of the Maxwell field near the boundary (u → 0)

can be expressed in the following form:

δax = a(0) + a(1)u + · · ·. (20)

According to holographic dictionary, the conductivity can be
expressed as:

σ(ω) = − ia(1)

ωa(0)
. (21)

Subsequently, we can solve the perturbative equations numer-
ically, employing ingoing boundary conditions at the hori-
zon. By doing so, we can extract the conductivity from Eq.
(21).

Figure 2 illustrates the behaviors of the real and imagi-
nary parts of the AC conductivity as α and K1 change at a

temperature of T = 0.015. In the high-frequency regime,
the real parts approach unity, while the imaginary parts tend
towards zero, representing universal behavior associated with
the UV fixed point. However, in the low-frequency region,
we observe intriguing and novel characteristics, which will
be the primary focus of our subsequent analysis.

When the gauge–axion coupling K1 is turned off, i.e.,
K1 = 0, our model simplifies to the simple holographic
axions model [20]. From Fig. 2 (green dashed curves rep-
resenting K1 = 0), it is evident that a typical Drude peak
emerges at low frequencies for small α. However, as α

increases, this Drude peak gradually diminishes and nearly
vanishes for large α. This behavior indicates that the strength
of momentum dissipation induces a transition from a coher-
ent metallic phase to an incoherent one. This observation
aligns with expectations since, for small momentum dissi-
pation, the total momentum of the system is approximately
conserved, giving rise to the characteristic Drude behavior
[50–53]. With the increase in the strength of momentum dis-
sipation, the approximate conservation of the total momen-
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tum is disrupted, leading to the breakdown of the Drude
behavior [15,16]. These characteristics have been convinc-
ingly demonstrated in previous studies [15,16,20,33,45].

When we take into account the gauge–axion coupling,
the AC conductivity exhibits intriguing behaviors. Recalling
that in our model, the strength of momentum dissipation α

governs both the ESB and SSB, while K1 solely controls the
SSB. In light of this observation, we note that the role of
the coupling K1 is analogous to that of the coupling α1 in
[33]. Figure 2 depicts the frequency-dependent behavior of
the AC conductivity for various combinations of K1 and α.
Notably, a distinct peak emerges in the mid-infrared (mid-
IR) range for certain values of α and K1 (as observed in
the blue curves of the second row in Fig. 2). This mid-IR
peak is attributed to the interplay between SSB and ESB,
giving rise to the emergence of a pseudo-Goldstone mode
[25,31,33], which contributes to the intriguing nature of this
behavior. Furthermore, in the case where K1 is positive, we
observe that as K1 or α increases, the low-frequency peak
degrades, but it does not transform into a dip. However, when
K1 becomes negative, a dip emerges in the low-frequency AC
conductivity for large values of α or the absolute value ofK1,
which governs the SSB. Phenomenologically, this dip can be
interpreted as indicative of vortex-like behavior [7,54–64].
Theoretically, such vortex-like behavior can be attributed to
excitations arising from the Goldstone mode of SSB [31].

4 The superfluid phase

In this section, we will investigate the characteristics of the
superfluid state within our holographic effective theory. Pre-
vious studies [65–70] have explored the impact of momen-
tum dissipation. Therefore, our focus will primarily be on
understanding how the interactions between the Maxwell
field, axionic field, and complex scalar field influence the
formation of condensation and the properties of the AC con-
ductivity in the superfluid state.

4.1 Condensation

We begin by investigating the properties of condensation
through numerically solving the equations of motion (8)–
(11), using the ansatz (12). In this system, there are six
parameters that influence the condensation: the strength of
momentum dissipation α, the gauge–axion coupling parame-
ter K1 and K2, gauge parameter β, coupling parameter n and
the charge q. The effects of the gauge coupling β, coupling
parameter n, and charge q have been extensively studied in
previous works (e.g., [33,71,72]). For the sake of simplicity,
we set β = 0, n = 1, and q = 2 in this study. Consequently,
we will systematically explore the effects of the remaining
three parameters on the condensation.

We illustrate the behavior of the condensation < O2 >

as a function of temperature, with temperature normalized to
the critical temperature. The corresponding results are pre-
sented in Figs. 3, 4 and 5. First, we explore the combined
influence of momentum dissipation α and gauge–axion cou-
pling K1 on the condensation while keeping the parameter
K2 turned off. In Fig. 3, we observe that the values of con-
densation decrease as K1 increases. For weak momentum
dissipation, the change in condensation is relatively small.
Even with momentum dissipation increasing to 1, the effect
of K1 remains modest. However, as momentum dissipation
becomes stronger, the influence of K1 becomes more pro-
nounced. In other words, the effect of K1 on condensation is
suppressed at weak momentum dissipation, while at strong
momentum dissipation, the effect of K1 dominates over that
of momentum dissipation.

Furthermore, we investigate the impact of the couplingK2

while setting K1 to zero at different strengths of momentum
dissipation, as shown in Fig. 4. Similar toK1, the effect ofK2

exhibits a similar trend. At strong momentum dissipation,K2

dominates over the momentum dissipation, whereas at weak
momentum dissipation, its effect is suppressed.

Additionally, we explore the combined influence of the
couplings K1 and K2 in Fig. 5, while setting α = 5 to isolate
the effect of momentum dissipation. When fixing the values
of K1, we observe that as K2 increases, the condensation
values decrease. Notably, the running range of condensation

Fig. 3 The condensation < O2 > as a function of temperature with varying values of K1 for given α (from left to right α = 0.5, α = 1 and
α = 5). Here we set K2 = 0
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Fig. 4 The condensation < O2 > as a function of temperature with varying values of K2 for given α (from left to right α = 0.5, α = 1 and
α = 5). Here we set K1 = 0

Fig. 5 The condensation < O2 > as a function of temperature with varying values of K2 for given K1. Here we set α = 5

exhibits a wider variation with increasing K2 for positive K1

compared to negative K1.

4.2 The conductivity in the superfluid phase

We follow the procedure illustrated in the normal state out-
lined in Sect. 3.2 to calculate the conductivity in the super-
fluid phase. In this case, we focus on the influence of the
three coupling parameters (α, K1, K2) on the AC conductiv-
ity, analogous to the analysis of condensation in the previous
subsection.

First, we examine the combined impact of momentum dis-
sipation (α) and gauge coupling (K1) on the AC conductivity
at a temperature of T/T c ≈ 0.2. Figure 6 displays the real
and imaginary parts of the AC conductivity as functions of
frequency.

When evaluating the gauge coupling K1 at a moderate
level of momentum dissipation (α = 0.5), the presence
of a gap becomes increasingly noticeable as K1 decreases,
although the impact remains minimal. As we increase α to
1, the influence of K1 becomes stronger, yet still relatively
minor. However, as momentum dissipation grows stronger,
the influence of K1 becomes more pronounced. For negative
values of K1, a hard-gap-like behavior at low frequencies
and a prominent peak at intermediate frequencies emerge,
indicating a distinct development of the superfluid compo-
nent compared to positiveK1. Notably, these features, includ-
ing the hard-gap-like behavior and pronounced peak, are not
observed in the J model explored in [33]. Quantitatively,

under weak momentum dissipation (α = 0.5 or 1), the super-
fluid energy gap exhibits a slight increase as K1 increases.
However, for strong momentum dissipation (α = 5), the
superfluid energy gap significantly widens as K1 decreases
(refer to Fig. 6 and Table 1). Hence, we observe that the cou-
pling K1 has a more substantial effect in the case of strong
momentum dissipation. This finding aligns with the obser-
vations made for condensation in Fig. 4. In summary, the
effect of K1 depends on whether momentum dissipation is
trong or weak. This effect can be ascribed to the first term
in the Lagrangian density LX , where the interplay between
K1 and α leads to a mutually reinforcing outcome. Further-
more, we particularly observe that as K1 approaches −1/6
for a fixed α, coinciding with the point where the dual field
theory becomes an insulator in the normal phase, the energy
gap reaches its maximum value. This intriguingly implies
that the gap, and consequently the coupling of the interac-
tions responsible for it, become significantly stronger in the
insulating state. Such a finding strongly suggests that the
insulating state is a consequence of the dominance of strong-
interactions. In addition, we would like to highlight that the
well-defined mid-IR peak observed in the bottom-left panel
of Fig. 6 lacks a known mechanism. Conducting a quasinor-
mal modes analysis of this model could provide valuable
insights into understanding these mid-IR features better. We
plan to employ this analysis in our future investigations.

Similar conclusions can be drawn when analyzing the
combined effect of momentum dissipation (α) and the cou-
pling (K2) (see Fig. 7 and Table 2). However, it is worth not-
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Fig. 6 The real and imaginary parts of the conductivity, denoted as σ , are plotted as a function of frequency with different values of K1 for fixed
K2 = 0 and varying α. The left panels display the real part of the conductivity, while the right panels show the imaginary part of the conductivity

Table 1 The superfluid energy gap ωg/Tc with different α and K1 at
K2 = 0

ωg/Tc K1 = −1/6 K1 = 0 K1 = 1/6

α = 0.5 8.8733 8.8796 8.8847

α = 1 8.8418 8.9287 8.9479

α = 5 11.2072 9.9984 9.7693

ing that since we have constrained K2 to the region K2 > 0,
we do not observe a pronounced peak as seen with the K1

coupling.

5 Conclusions and discussions

We have extended the investigation of an effective holo-
graphic superfluid model with gauge–axion coupling by
incorporating generalized K coupling. The system exhibits
metallic or insulating behavior in the normal state, depending

on whether the coupling parameter K1 is positive or nega-
tive. Notably, in the limit of high momentum dissipation at
K1 = −1/6, the DC conductivity tends towards zero, dis-
playing ideal insulating behavior.

Then, we analyze the characteristics of the AC conductiv-
ity in the normal state, where the introduction of gauge–axion
coupling unveils several intriguing phenomena. For certain
values of α andK1, similar to theJ model studied in [33], an
intriguing mid-IR peak emerges. The formation of this mid-
IR peak can be attributed to the interplay between SSB and
ESB, giving rise to a pseudo-Goldstone mode. Furthermore,
in the case of positive K1, we observe that as either K1 or α

increases, the low-frequency peak diminishes without form-
ing a dip. However, whenK1 becomes negative, a dip appears
in the low-frequency AC conductivity if either α or the abso-
lute value of K1, which governs the SSB, is large. This dip
can be phenomenologically interpreted as a vortex-like phe-
nomenon, previously noted in [7,54–64]. Theoretically, such
vortex-like patterns can be attributed to excitations arising
from the Goldstone mode of SSB [31].
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Fig. 7 The real and imaginary parts of the conductivity, denoted as σ , are plotted as a function of frequency with different values of K2 for fixed
K1 = 0 and varying α. The left panels display the real part of the conductivity, while the right panels show the imaginary part of the conductivity

Table 2 The superfluid energy gap ωg/Tc with different α and K2 at
K1 = 0

ωg/Tc K2 = 0 K2 = 5 K2 = 10

α = 0.5 8.8959 8.9774 8.9932

α = 1 9.0191 9.1974 9.4672

α = 5 12.7968 12.3933 11.8455

We further explore the influence of generalized gauge
couplings on superfluid behavior. In the case of moder-
ate momentum dissipation, the condensation only changes
slightly in response to the gauge couplings. However, when
momentum dissipation becomes stronger, the impact of the
gauge couplings becomes significantly more pronounced. As
a result, we observe that the gauge couplings exert a more
substantial influence under conditions of heightened momen-
tum dissipation.

The AC conductivity in the superfluid phase is also inves-
tigated. With mild momentum dissipation, the superfluid

energy gap experiences a slight expansion as the gauge cou-
plings increase. However, under strong momentum dissipa-
tion, the gap widens significantly as the gauge couplings
decrease. This observation aligns well with the phenomenon
of condensation. It is important to emphasize that in the case
of negativeK1, distinct characteristics emerge in the form of a
hard-gap-like behavior at low frequencies and a pronounced
peak at intermediate frequencies. This suggests that the evo-
lution of the superfluid component for negative K1 differs
from that of positive K1. However, due to our constraint on
K2 within the region of K2 > 0, we are unable to replicate
the pronounced peak observed in the K1 coupling.

The coexistence and competition of ESB and SSB are the
common characteristics shared by the J and K couplings,
resulting in comparable phenomena in the normal state, such
as a mid-IR peak and a dip in low-frequency AC conductiv-
ity. In the superfluid phase, the energy gap running with the
gauge–axion coupling is another common feature shared by
the J and K couplings. However, we have discovered a dis-
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tinct behavior in the K coupling model during the superfluid
phase. Specifically, a pronounced had-gap-like behavior at
low frequency is observed, which differs from that observed
in the J coupling model. This disparity can be attributed
to the differences in their coupling mechanisms. A natural
next step would be to extend our investigation to the sys-
tem with gauge–axion coupling at finite momentum, which
would allow us to further investigate the difference between
the J and K couplings. We will come back this topic in the
future studies.
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