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Abstract The collapsing dynamics of relativistic fluid are
explored in f(R) gravity in detailed systematic manner for
the non-static spherically symmetric spacetime satisfying
the equation of the conformal Killing vector. With quasi-
homologous condition and diminishing complexity factor
condition, exact solutions for dissipative as well as for non-
dissipative system are found and the astrophysical applica-
tions of these exact solutions are discussed. Furthermore, it is
demonstrated that f(R) = R, which is the extensive restric-
tion of f(R) gravity, prior solutions of the collapsing fluid
in general relativity, can be retrieved.

1 Introduction

The evolution of the universe has always been an interesting
topic for scientists. Different models were proposed by dif-
ferent scientists to explain the initial state, evolution, and final
fate of our universe. After a tremendous explosion referred
to as the “Big Bang” [1], our universe began as a incredi-
ble small dot that quickly began to expand due to its extreme
density and heat. Many physicists accepted that the Big Bang
theory, which describes how the universe grew from a denser,
hotter childhood, accurately captured the nature of the uni-
verse [2—4]. The celestial objects, including planets, all shin-
ing matter, and stars, are made of matter (referred to as bary-
onic matter), which constitutes a small part of this dark cos-
mos, and other minor contributor is electromagnetic radia-
tion. Dark energy, which has controlled the current energy
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balance, is more frequent than dark matter, which has not yet
been found in a laboratory.

In the same way, celestial objects (stars, planets, and galax-
ies) also undergo changes in their life cycles. The struc-
ture and formation of celestial objects in the universe are
a result of gravitational collapse [5], which is a marvelous
issue in the theory of gravitation and relativistic astrophysics
and attracted the attention of the researchers. The factor that
balances the star is the equilibrium between the outward-
directed pressure and the gravitational pull that directs it
inward. In gravitational collapse, the celestial object con-
tracts towards its center under the dominant action of its own
gravity. The result of this collapse is the emergence of com-
pact (dense) objects that includes black holes, white dwarfs,
and neutron stars. If the star has a mass that is just a few times
that of the sun, it consumes its nuclear fuel and collapses.
According to the general relativity theory (GR), the result
of this collapse is either a black hole or a naked singularity.
Spherically symmetric spacetime has been taken into consid-
eration by many researchers when discussing the majority of
gravitational collapse-related issues.

Oppenheimer and Snyder [6] studied the collapse of dust.
They found the solutions of Einstein’s field equations (EFEs)
describing this process. Friedman and Schutz [7] looked into
how gravitational radiation and viscosity affected the evo-
lution of stars. In some cases, viscosity keeps rotating stars
stable, whereas gravitational radiation makes them unstable.
Lake and Hellaby [8] confirmed the presence of the naked
singularity after examining the radiating spherical collapse.
Joshi and Singh [9] studied the spherically symmetric dust
collapse encapsulating irregular distribution of energy den-
sity. They came to the conclusion that the energy density
of star and its radius have a significant impact on the out-
come. The inhomogeneity factor that may result in naked
singularities was identified by Herrera et al. [10]. Chan [11]
analyzed the collapse of the relativistic star model and fig-
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ured out that the shear viscosity of the fluid contributes to
the increase in anisotropic pressure. Wang [12] in his inves-
tigation of the cylindrical collapse, discovered a limitation
that may cause a collapse to produce black holes. Herrera
et al. [13] discovered a link between anisotropic pressure,
shear, and Weyl scalars and found a constraint on the density
irregularity of a diffusing star. Sharif and Yousaf [14] inves-
tigated the collapse of perfect fluid. They investigated that
the involvement of the constant curvature terms slows down
the rate of collapse. Cipolletta and Giambé [15] studied the
effects of electromagnetic field on the gravitational collapse
of the spherical relativistic geometries. It turns out that in this
anisotropic scenario, electromagnetic charge entirely altered
the final state of the imploding star.

The GR is a successful theory of cosmology that agrees
with many solar system tests in the presence of a weak gravi-
tational field. At large scales or in strong gravitational fields,
this theory may need some modifications to unveil various
hidden cosmological aspects, like dark energy problem. The
modifications in GR can help to explain the cosmic acceler-
ating expansion. These modifications are referred to as mod-
ified gravity theories (MGTs) [16-26]. The MGTs include
S (R) [27-29], f(G) [30,31], f(R,T) [32,33] (where G
represents Gauss Bonnet-invariant, the symbol R stands for
Ricci-scalar and the quantity 7 symbolizes trace of stress-
energy tensor) etc. Out of these MGTs, the simplest one is
f(R) theory. The idea of f(R) theory has fascinated great
attention because it may provide the simplest description of
DE. This theory is obtained when we have replaced the Ricci
scalar R by a generic function of R i.e., f (R), in the Einstein—
Hilbert action. The f(R) gravity is presented by Nojiri and
Odintsov [34] and they analyzed that this theory can explain
the accelerating expansion of universe in an effective way.

Many researchers investigated the spherical star collaps-
ing phenomenon using various fluid configurations in f(R)
gravity. Yousaf [35] analyzed the collapse of the perfect
fluid. They deduced that current curvature corrections pro-
duce repulsion effects to reduce the collapse rate. Sebas-
tiani et al. [36] used a special f(R) formalism to study
the formulation of Nariai black holes and figured out that
the choice of f(R) model affects the stages at which a col-
lapsing system occurs. Astashenok et al. [37,38] discussed
a few features of stellar systems in various modified grav-
ity models. They described some eras of model parameters
that support the formation of massive stellar structure in a
better way. A set of structure scalars can be used explic-
itly to write all static anisotropic cylindrical solutions [39].
Bhatti and Yousaf [40] studied the collapse of electrically
charged Lemaitre-Tolman—Bondi spacetime and evaluated
the effect of f(R) theory on this geometry. They investi-
gated a group of solutions to the f(R) field equations in the
presence of an electromagnetic field and with a constant cur-
vature scalar. Malik et al. [41] studied the static non-rotating
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stellarmodelsin f (R) gravity. They deduced the correspond-
ing field equations for some specific star models and discov-
ered the connection between the mass variables and radius.
Mustafa et al. [42] derived wormhole solutions by utiliz-
ing the Karmarkar condition [43] and described the possibil-
ity for the formation of traversable wormholes meeting the
energy requirements. Oikonomou [44] described a to under-
stand gravitational waves phenomenon in f(R) gravity and
studied the impact of post-inflationary era. In f(R) gravity,
spherically symmetric static solutions associated with elec-
tromagnetic fields were generated by Nashed and Nojiri [45].
They demonstrated that the curvature singularity in GR is
substantially softer due to the higher-derivative terms than
it is in charged black holes. Recently, Oikonomou [46,47]
performed a powerful numerical simulations to analyze the
existence of neutrons stars corresponding to particular equa-
tions of state and attractors.

We require the analytical solutions of the nonlinear field
equations to investigate the internal geometry of celestial
objects, represented by the equation of state (EoS). The EoS
gives the relationship between the pressure and the matter
density. The degree of nonlinearity of EFEs is one of the
major challenges in connecting the unique characteristics of
GR to actual physical issues. Therefore, it becomes very chal-
lenging to solve these Eq.s without imposing specific sym-
metry constraints on a space-time metric. These isometries
are called Killing vectors (KVs) and give rise to conserva-
tional laws. In spite of nonlinearity of these partial differential
equations, numerous researchers found exact, astrophysical
and cosmological solutions of field equations. The field equa-
tions for an isotropic sphere in vacuum were first solved by
Schwarzschild [48]. Rahaman et al. [49] studies solutions
of compact stars by considering the barotropic equation of
state. Malaver [50] considered the equation of state to deter-
mine the distinct forms for the gravitational potential. Two
solutions of field equations for compact objects like neu-
tron or quark stars were presented by Zubairi et al. [51]. In
order to solve field equations for spherically symmetric mass
configurations (for a limited value of the cosmological con-
stant), they investigated the composition of distorted (non-
spherical) dense objects. For various configurations of con-
formal Killing vectors (CKV), Herrera et al. [52] discovered
a variety of exact analytical solutions, in dissipative as well as
in adiabatic regimes. In order to find particular solutions, they
imposed some restrictions on the system such as diminishing
complexity factor [53—-55] and quasi-homologous evolution
[56].

In this paper, we study a spherically symmetric fluid con-
figurations that is enclosed in a surface (X). The source is
an anisotropic fluid with dissipation freedom. We find a few
exact, non-static solutions satisfying a one parameter group
of conformal motions. We take the two cases: either four
velocity is parallel to the Killing vector field (x| V") or four
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velocity is perpendicular to the Killing vector field (x” LV").
Each case is further discussed in both dissipative (¢ # 0) and
non-dissipative (g = 0) regimes. To find particular solutions,
we impose some restrictions, like vanishing complexity fac-
tor conditions, quasi-homologous conditions, etc. In Sect. 2,
the metric, source and kinematical variables are defined and
relevant equations are calculated. The expression of com-
plexity factor in the form of metric coefficients is given. In
Sect. 3, the expression of transport equation is given, which
is useful to analyze the distribution and evolution of tem-
perature. In Sect. 4, the homologous and quasi-homologous
conditions are defined. In Sect. 5, we start by assuming the
line element of interior spacetime satisfying the CKV equa-
tion and we found a number of solutions of the given system.
Section 6 includes findings and a analysis of the physical
applicability of obtained solutions. Finally, Appendices are
given that include helpful formulas.

2 The metric, energy momentum tensor, physical
variables and related equations

The action of f(R) gravity minimally coupled with matter
Lagrangian density L, is described as

R
A= / J—gd“x[% + Lo, g,wﬂ, 1

where « is a coupling constant, the symbol ¢,, specifies the
matter field and the scalar g is the determinant of the metric
tensor g,,. Upon varying Eq. (1) in regard to g,,, fourth-
order partial differential equations are obtained as under

1
fRva - zf(R)gpv - vava —i—gp,,VaVafR

m
=87 GT,), )

where fr = %, R, is the Ricci tensor, the notation of

covariant derivative is V,, and ']I‘g?) is the energy momentum
tensor and is given by

TV = pV,Vy + Phpy + My +q(VoKy + Ko Vo), (3)

with

P.+2P)
PZrT, hpl):gpl)+vpvv’

1
M,, = H(KPKU - ghpv), M=P — Py,

where w is energy density, P and P, are stress components
along radial and tangential directions, respectively. V*, g”,

and K7 are four velocity, the heat flux, and a unit four vec-
tor along radial direction, respectively. Equation (2) can be
rearranged as

8
G = = (T‘p”f” + T‘p?)) @
where
L [f—Rfr
Tp) = g[Tgpv + Vo Vufk — gvafR}, ®)

where [J is d’Alembert operator. We model our system
in such a way that the geometry of the interior region is
described through spherically symmetric line element as

ds®> = —A%di> + B%dr® + C?(d6? + sin® 0d¢?), (6)

where A, B and C depends upon the coordinates ¢ and r and

are positive. Here the coordinates are represented as x* =

t,x! =7 x2 = 0 and x* = ¢. Also, A and B have no
dimension, while dimension of R is length. Since we have
assumed that the observers are co-moving, we have

VP =A"180, q* =qK”, K’ =B"ls]. (7
These terms fulfill the identities
VPV, =—1,

VPg, =0, K’K,=1, K°V,=0. (8

The acceleration, expansion scalar, and shear of the fluid are
given, respectively, as

ap ="V V', ©= V:/;’
1
opv = Vip) +alpVy) — §®hp,,. 9

From the above expressions, we can write

—aK _A o] B+2C (10)
Gop=aBp d="p O=4\BT°C)

here the notations dot and prime show that the derivatives

are evaluated with regard to ¢ and r, respectively. The non
vanishing components of shear are

~-C?0, (11)

U:l(ﬁ_g) (12)
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is the shear scalar. The expression for Misner—Sharp mass
[57]1s

P CT(C\ [CV

The proper time derivative Dy is defined as Dy = %%
Through this operator, we define the velocity V of the fluid,
interpreted as V = D7 C, which is assumed to be negative
here. Thus, the Eq. (13) takes the form

Nf—

C’ 2m
E=—=(14V2-"2) . 14
: <+ C) (14)

Utilizing Eq. (14), (A6) can be written as

arl g (A B,
E[f] —g(.fR—XfR—EfR>}

AC| 1 pr@© — 0y 2 (15)
= — —o — — s

3R C

with

Dp= 2 (16)
rR=Crar

The mass variation with the help of previously defined oper-
ators can be written as

2
2AfR

4 2 C
Drm = —(P.V+qE)C* — —(f — RfR)
SR 2

¢ . . C(.C A\ CA),
=y — = (2= _ = - -
oL B2fR+{A2< c A>+32A}fR

C (A 2c/ C/B , 7
w5 2e) -omn) an

and

4 (V cir1 c .
D — C2 I /A )
R fR(E““) +2fR[B2fR crarlr
1 /(C A 2C+B P
A2\ca “¢cB)E
1 /.C B ¢ B f — Rfr
— (== )+ —— =1 - LR
+{BZ< C B>+C’A23}fR 2

Equation (20) gives

1 /V c'c*l 1
=4 . _ C/c2d /_ . VA
" ”/fR(E”“) ") 2 [Bsz

c'f-, 1/CA 2C+B P
cAZ’R™ p2\¢ca " “c T B)E

(18)
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1 /.C B C B f—Rfr
—(2— - — —— —lfp— T—— |dr.
+{32< c B>+C/A23}R 2 g
which satisfies the condition m(0) = 0.

2.1 The Weyl tensor and the complexity factor

Itis notable [58] that the complexity function is a scalar entity
related to the so-called structural scalars [59] that is used to
find the level of complexity of a particular fluid configura-
tion. The condition of the diminishing complexity factor led
to some of the solutions that will be shown in the next sec-
tion. The magnetic component of the Weyl tensor (Cgﬂ W)
vanishes for spherically symmetric spacetime; as a result, it
is described by its “electric” component E,,, only, given by

Epy = Coapp VIVH, (20)

whose non zero COmpOnentS are
2 2 1 2 s 2
Ei = §B E, Exp= —gc E, Ezz =Epsin 6, 2I)

where

e 1 [C B A+C ¢C B N 1
T 242(C B A cJ)\c B 2B2
C/ A/ B/ C/ A// C// 1
— ) =+= = (22
[(c A)<B+C>+A c] 202 (22)

The Weyl tensor’s electric part can also be written as

1
Eyy = 5<KpKy — §hm’>' (23)
Introduce Weyl tensor Y, in a better way
Ypy = Rpayu VOVH, (24)

which is further written as follows
1 1
Y,oy = gYThpy"‘YTF KpKy —ghpy . (25)

The trace and trace free parts of Eq. (25), i.e., scalar functions
Yr and Y7 g can be written as

Yr =4n(u + 3P —2I1), Yrp =& —4nIl. (26)

The scalar Y7 has been recognized as a complexity factor
by many researchers [60-67]. Finally, the complexity factor
in the form of metric functions reads as

1TA” A'B  AC 1[C B
Yrr=—|———F—5——F—— - =
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27)

2.2 The exterior spacetime and matching conditions

We assume that the fluid is enclosed by the surface X. To deal
with such scenario, we shall compute junction conditions
[68]. We assume that the exterior metric to X is

— 2drdv + r*(d6? + sin® 0d¢?), (28)

where M (v) signifies the total mass and the symbol v is
used to represent retarded time. The continuity of the first
and second fundamental forms across X is necessary for the
matching of the interior spacetime to the exterior metric, on
the surface r = ry = constant [69], which provide us

mt, r) = M©), (29)
and
. 1
qur“l‘F(f_RfR)v (30)
T

= . . .
where = indicates that both sides of the equation are exam-
ined on X.

3 The transport equation

In order to find the temperature distribution and evolution
in the dissipative case, we require a transport equation. The
general expression of transport equation reads

Th?” VeGy.a + q° = —Kh*"(T, + Ta,

1 VvV
— EICT2<W> q°, (31)

where the notation /C is for the thermal conductivity, and
T is for temperature and t simply configures the relaxation
time. If the spacetime is spherically symmetric, then their
exists only one independent component of transport equation,
which is obtained from Eq. (31), when we contract Eq. (31)
with the vector K¢, giving us

1 . ,(TV®
Tvaqa +q = —IC(KC(T:()( + Ta) - E’CT (ICT2>’aq

(32)
When we neglect the last term, Eq. (32) reads as

tV%a +q = —K(K“Ty + Ta). (33)

This equation is called truncated transport equation (which
is comparatively easy to solve).

4 Homologous and the quasi-homologous condition

We will impose the diminishing complexity factor constraint
in order to evaluate models. It is also necessary to clarify what
is the most basic technique that defines the collapse of the
system. The notion of homologous evolution was presented
in Ref. [70]. Thus, Eq. (A3) takes the form

(V) 4T 1 (., A. B, o
C<E>—F(f]"i‘g(fR_ZfR—EfR)])-FE,
(34

whose integration gives
% ”(t)C+C/r P
= d _— _ — _—
o | E\T  gr \UrT 4R

B / /
—EfR>D+%}C dr, (35)

where a(t) is an integration function, or
Vyx T (4r 1 /. A,
V=—C+C — - [A—
e /0 {E(q 8n<fR 4l

B / o /
- 5i)|)+ 2 (36)

If the integral terms of Egs. (35) and (36) disappear, then we
obtain

V=a@C. 37)

The homologous evolution may take place if the integral
terms of above equations cancel each other. Later, the homol-
ogous condition was relaxed resulting in what was termed
quasi-homologous evolution. The condition in Eq. (37) sug-
gests

4r 1., A. B, o
FB<q_8_n[fR_XfR_§fR])+E_O' (38)

This equation informs us about the simplest evolution of the
fluid in metric f(R) gravity.
5 Exact solutions

We explore a spherically symmetric metric that satisfy the
conformal Killing vector, i.e., satisfying the equation

Lxgpv =208 — £xgpv = —20pg"", (39)

@ Springer
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where ¢ is a function of coordinates ¢ and r and £, sym-
bolizes the Lie derivative with regard to the vector field y,
whose general expression is

x =8, r)d; + A, r)or,

where ¢ and A are functions of independent variables ¢ and r.
The case ¢ = constant corresponds to a homothetic Killing
vector. Our aim is to find exact solutions that admit a one-
parameter group of conformal motions. We define it in terms
of fundamental functions and initiate it by examining the case
x U orthogonal to V¥ and g = 0.

5.1 Caseof x,VV =g =0

In this context, Eq. (39) provides

Exgpv = 2908,01/ = Xaa(xgpv + gpotavxa + gvotaan9 (40)

which further implies

g = x]i/, 1)
A
B/

<p=x]§+(xl)’, (42)

Q= Xlg, (43)
C

and

xh=xl=xl, =0 (44)

From Egs. (41) and (43), we obtain
A=n()C, (45)

here n is integration function. We can take it 1, if we repa-
rameterize t. Therefore, we can write

A =wC, (46)

where w is unit constant. The time derivatives of (42) and
(43) along with (44) produce

B
m = wN()C, 47)

where N (r) is arbitrary integration function which can be

taken equal to 1 and N;(¢) is an integration function which
is dimensionless. Thus, we get

B = wN(1)C, (48)

@ Springer

and
(x"' =0= x' = constant. (49)

Using the above values in Eq. (A3) with ¢ = 0, we obtain

c_ F(1)

k() +gr)+ It
B— 1

kM + g+ It

A=

(50)

where k, g and I are arbitrary functions of coordinates ¢ and
r and

1
F(t)= ) (51)

Thus, any model can be determined by specifying the four
arbitrary functions F(t), k(t), g(r) and I(r,t). The field
equations in the form of arbitrary functions F(¢), g(r), k(t),
and I (r, t) can be written as

_fze[(k+g+1)2{F2_ ade+1) | 3k+1)?
87 F? F2 k+g+1 (k+g+1)?
2(g//+1//) 3(g/+1/)2}-
2 2
+ +k+g+1 -
w} k+e ){k+g+1 ktg+1 |

1
_[Q{(k—l—g—i-l)zfl’é—(k—l—g—l—l)(g’—l—[’)fl’e

(k+g+1)2(2F 3(1%+1')>. [ —Rfr ]

T F2 \F k+g+1)'R 2
(52)

b _ Ik k+g+D%(2F 3F% 20(+1)?

" 8x F2 F  F2 k4+g+1

3+ D)2
(k+g+1)?
[ Y[ —RfR
8 2 F?
F o G+
+(F_k+g+1

+w2} +3(¢'+ 1’)2}

k+g+D%( .
(k+g )<fR
)fR)+3(g’+1’)(k+g+1)f1’3}],
(53)
_[_<k+g+1)2{ﬁ_F2_2<12+i)2
k+g+1
4(k + 1)? } 2{
AR A (- I
T +k+g+1)
3 z(g// + I//) }]
k+g+1
L [f=Rfr  (k+g+D?* .
_[Q{ @ IR
41y .
Fz.ﬁ

3(g + 1)
(k+g+1)>2

—k+g+ D R+ Kk+g+1)

Sk g+ 1>f,;H. (54)
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Imposing the junction conditions on the surface r = ry =
constant, we obtain from Egs. (29) and (30), respectively

Ci + 0’ (CE —2MCx —aC$) =0, (55)
and
2C5Cy — C% — w*(3aCy, — C%) =0, (56)

where o = g/z(rz). Equation (55) can also be written as

Ci = 0’Cila — W(Cx), (57)
where
W(Cx) ! M (58)
)= "5 T 3>
cy Gy

which can further be written as

12
M*W(Cs) = = — 5. (59)
Z Z

with z = Cﬁz Equation (57) can be manipulated as under

dCs
— =+ _—_
ol = / C2Ja —W(Cy)

The integration of Eq. (60) gives the following two solutions
(with @ =

(60)

1
27M2)

6M tanh?[2(t — 19)] @  6M coth’[£(t — 1)]

C(l) — — )
¥ U3 —anh?[20—10)] 7 3—coth’[2(r —19)]
(61)

The first solution shows that the areal radius Cg ) expands

from O to 3M as t — oo. It represents a white whole struc-
ture. However, in the second solution, the areal radius C(22 )
contracts from oo to 3M as t — oo. The entity k(¢) can
be calculated from the expression Cy. While we impose
quasi-homologous conditions and vanishing complexity fac-
tor conditions in order to determine other arbitrary functions.
In the case ¢ = 0, the quasi-homologous condition implies
(o = 0), which further implies

3 C
== F(t) = Constant = Fy. (62)

o

In this case, the metric functions take the form

A= Fo B= !
k() + g+ I 1) T k() + g+ I 1)’
C = Fo (63)

k@) +g(r) +1(r, 1))

Now, instead of four arbitrary functions, we have to evaluate
only three functions. One of these arbitrary functions can be
fixed by imposing the vanishing complexity factor condition.

A// A/ B/ C/
7_X<E+E)=0' (64)

Using Eq. (63) in Eq. (64), we obtain
gr) +1(r, 1) = ci(Dr + c2(1).
From Eq. (61) and, we obtain

Fo(3 — tanh?[4(t — 10)])

(e9) — _ _
k(1) = 60oM tanh[2 (1 — )] citry — (1),
(65)
and
L@ ) = Fo(3 — coth 2[7(2‘ — 1))  elOrs — er0).

6wM coth*[% (1 — 19)]
(66)

The physical variables corresponding to Cg) are mentioned
in Appendix B. The expansion scalar for this model is found
as under

_ i cosh[5 (t — )]
 2M sinh’[2(t — 19)]

)

+3Fyc1 () (rs — 1), (67)

thereby showing its homogenous and positive nature. The
physical variables corresponding to Cg ) are described in
Appendix B. Now, we consider « = 0. For this case, the
expression of Cy takes the form

3 _ 2@
€ = 2M cos [2 (t to)], (68)
also
a=g?rs)=clr)=0. (69)

Thus, the metric coefficients take the form

Fy 1
A=————— B=————,
k(t) + ca(r) k(t) + ca(t)
Fo

=— (70)
w k(1) + c2(1)

@ Springer
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where f(t) = fP(1) is

Fo

() =
= 20M cos?[ (1 — 19)]

— o (1). (71)

The physical variables for this model are

e fr [3 —2cos?[4 (1 —zo)]} B [ 1

87 [ 4M2 cosS[4(t —19)] 8
F? Fosin[2(t —f9)] .
0 ” 0 2 0
x 4’ M?cos*[§ (t — zo)]fR * 4oM? cos’[4 (t — 1)] Tk
f—RfR
- T}] (72)
_ _L f — RfR _ 1 ..
Fr= _871{ 2 42 M2 cos*[ 4 (1 — zo)]fR
sin[% (1 — 19)] .
T 4oMZ oSS [5 (1 — 19)] fR”’ (73)
e g [
7 8 [4M2cos* Gt —1)1]  8n 2
1 i 2 o1
t o2 cos* (2 — 19)] (fR +F fR)

sin[§ (1 — 19)]
4wM? cosd (5@ —

o | 74
— fR] (74)

Now we presume that the outside metric is Minkowski,
implying that M = 0. Thus, the solutions of Eq. (55) are
as

Jacoslol 1 T Jasinlwl o)l
(75)

“4) _
Cy' =

From the above solutions, we obtain

k90 = 22 Yz cosiol — )] - e1(t)rs — e20),
w

k(s) _ FO .
(1) = —Jasin[fw(t —ty)] — c1(H)rs — ca(1t). (76)
w

The physical variables corresponding to C®(¢) read as

w= g—j’j[— 2a cos*[w(t — 19)] + c1 (1) (rs — )

.2 N2
x [Cl(l)(rz —r) = 2/ coslo(t - lo)]] + 3“(2(2%’)

D)

+ Lx/&c'l (t)(rg —r)sinfw(t — ty)] + 3a — 3c%(t):|

2
H Fove cos[w(t — tg)] — c1(t)(rs — ")} Iz
T 87 w
_{ FoJa
®

coslw(t —10)] — c1 () (rz — r)}Cl(l)f}e
1 [ Fo/a
] B

cos[w(t — tg)] — c1(t)(rg — ")}
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x { — FoyJasin[o(t — 19)] — ¢1(1)(rs, — r)}f'R

_f—RfR ] 77)
2
Sr
P. = 8—[—(@ —r){4fcl(t)00§ w(t —1g)]
- *Cl(t)(rz r)} - — COS[w(t — 1)1 () (rs — 1)

2 . 3 22 2
+ F—Ozcl(t)cl(t)(rz —r)? - FT)ZC] @)(rs —7)

- 3\/561 O — r)sinfo(t — 10)] + 3o + 3c%<z>]

[f RfR_L{FwE
T 87 2 F w

cos[w(t — 19)]

cos[w(t — tg)] — c1(¢)

2
F,
— ey —r>} fr+ { = ( /e
0
3 FoJasin[o(t — t0)] — c1()(rg — 1)
(}’2 - r)) F \/*
W2 cos[w(r —10)] — c1 (1) (rs — 1)

f

+ 3cl<z>{ cosloo(t — 10)] — 1 (1) (rs — r>}f,;], (78)

P, =

Jr [a cos [ (t — t9)] + Zwﬁci(t)(rz —r)
8 Fy

x cos[w(t — tp)] — i:l/;();é.l (t)(rg —r)cos[w(t — tp)]

2 . 2 3 .2 2
+ FCI(I)CI(I)(rE —r) — F2¢1 ®)(rs —7)

0 0
—3a 43¢ (1) + i\/&d (") (rs —r)cos[w(r — t(’)]]
2
[f Rfr { Ofsm w(tflo)]*cl(t)(rzfr)}
" 8n 2

o n " n
Fng fR}

F()\/a
w

&

cos[w(t —10)] —c1(D)(rs — r)}

x 1 Fo/Ja cos[o(t — 19)] — ¢1 () (rs — r)}fR

F
- OTﬁCOS[w(t—t())]—Cl(f)(VE—V)}Cl(t)fR]~ (79)

The physical variables corresponding to C®(¢) read as

w= @[— 2asin’[w(t — 10)] + €1 (1) (rz — 1)
8
2 2
[ =)~ 2vasinto -] + 22T

s

+ L\/&c'l ®)(rs — r)cos[w(t — 19)] + 3o — 3c%(l)i|

2
H Fove sin[w(t — t9)] — c1 (1) (rs — r)} 17
T 87 w
{ Fo/a

sinfw (t — 19)] — c1 () (rs — r)}cl(l)fR

+ —{ Fovet sin[w(t — 19)] — c1 () (rg — r)}
Fy w
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X { — Foa/Jacos[w(t — 19)] — c1(H) (rs — r)}fR

S —Rfr
St (80)

4&{—Oz—kalmnmwa—m]

"8
2/a

sm[a)(t — 1)1 () (rs — 1)

- Fﬁoc%(t)(rz r)}
2 . 3 22 2

+ F—Ozcl(t)cl(t)(rz —r)? - FT)ZC] @)(rs —1)

- i\/&c'l (t)(rg — r)coslo(t — t9)] + 3a + 36%(1)]

[f RfR_L{FwE
T 87 w

> FO2 sin[w (t — 1p)]

t{kmma—mn—qm

2
—c1()(rs —r)} fR+{F0 <

(s — r)>3 3 Fo/a cos[o(t — tg)] — 1) (rg —r) }fR
BN infw (1 — 10)] — c1 (D) (rs — 1)

R

+3cl<z>{ sinfo (¢t — )] — 1 (1) (s — r>}f,;], (81)

Py ﬁ61(t)(rz —r)sinfw(r — )]

prmﬁmg—mn+2w
8

2\/&5] () (rs —r) sin[w(t — 19)]
Fo

2 . 2 3 .2 2
+ F—Ozcl(t)cl(t)(rz —-r) - FT)ZC] ®)(rs —7)
—3a 43¢ (1) + i\/&c'l ) (rs —r)sinfw(t — to)]]

Sﬂ[f 2RfR {of

2
sinfw(t — 19)] — c1 () (rg — V)}

« B n " i
Fng fR}

F()\/a
w

72
F

cos[w(t —10)] —c1 (D) (rs — r)}

x 1 Fo/a cos[o(t — 19)] — ¢1 () (rs — r)}fR
Fo/a
10)

coslw(t — 19)] —c1()(rg — V)}Cl(f)fR]~ (82)

In model 4 and model 5, we have used the relation Fy = wry.
The symmetry assumed in Sect. 5.1 lowers the metric vari-
ables (two functions of t, one function of r, and one function
of t and r) to four functions. The matching requirements (33)
and (34) are then reduced to a single differential equation
(62), the solution of which gives one of the four functions
characterizing the metric. We made assumptions about the
values of the equation’s parameters to arrive at a solution
defined in respect of fundamental functions. The remaining
functions are determined by imposing other restrictions on
the system. In these models, the extra dark source terms that
come from theory are represented as the last terms on the
right side of the equations wrapped in square brackets.

5.2 Caseof x,VV=0;9 #0

In this subsection, we investigate a dissipative case when
xv V"V = 0. From Eq. (40), we acquire

A =wC, (83)
where w is a unit constant whose dimension is Toneih . And
F(t)B = wC, (84)

where F(¢) is an function appeared in integration process
and

X,ll =0= xl = constant. (85)

Using the above equations in (A3) with (g # 0), we get

B 2BB 4z . 1 P A/f. Bf/
B~ B ! gz \/R~ A/RTBIR]|

(86)
The integration of the above equation produces
. 1 A oC
k() +g(r) —4n [ [ L(r,t)drdt  F(t) F@)’
(87)

where k(t), g(r) and I>(r, t) are functions of integration.
To find an exact solution, we impose vanishing complexity
factor condition (Y7 = 0), which implies

1 FB+F' F? +B” 23/2_0 55)
F2\FB F F? B B)
For simplification, we consider
FB + — F_E =0, (89)
FB ' F F2?
and
B’ B’ 2
LA 2<_> 0. 90)
B B
The integration of Eq. (90) leads to
1
B=——— (C2))

sMr +n@)’

where 6(¢) and 7(¢) are arbitrary integration functions. The
dimension of §(¢) is @ and n(¢) is dimensionless. The
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differentiation of Eq. (89) gives n =
write Eq. (91) as

%. Therefore, we can

B—__— “ (92)
8(t) + (wr + 1)

From Eqgs. (89) and (92), we obtain
F(t) = c3ec/ 80, (93)

where c3 and ¢4 are constants of integration. From the above
Eq. (93), we can write

F
— = c48(t).

7 94)
The comparison of Egs. (87) and (92) gives
47 / / Ldrdt = n()é(t), 8(t) = —wk(t). (95)

In the form of arbitrary function §(¢), the field equations
(A1)-(A4) take the form as
+ c§32> - 352}

_LR[
T 87

1 [52(wr+1)2 82(wr + 1)2

82(wr + 1)? ( 5

degb + 32
_oTtrt D7 (2 aesd 4 2
e T (0ydr 40T 2

w2 R w fR

82 1)2 5\ . —R
_ &(2645 — 3*)fR _J—RIR
wZC%eZC4f8(t)dl § 2

/R 88(wr + 1)
9= 4 wc3eaf5(z)dz
X {fl/? +

P — fR|:
8w

o
], (96)

82 (wr 4+ 1)?
8rwczett J syt

i) +8f/
T/ RTSIR)
8% (wr + 1)? ) 28 352
22 poa\” T8 T

1 [f—Rfg 82(wr + 1)2 F
2 wlcyets [ 30 R

5\ . 38%(wr + 1)
- <C45 - g)fR} + Tf]’g]
52 1)2 .25 382
P (T )]
w2c3e cs [(n)dt 8 5

A [f=Rfr | *r+1)? F §f.
87 2 w203ec4f5(’)d’ R S R

62(wr+1)2 ” w ,
w? (fR r+1fR>i|.

The arbitrary function §(¢) can be found by imposing the
quasi-homologous condition (41) and the junction condition
(30). By utilizing the quasi-homologous condition (38), we

(98)

99)

@ Springer

get

F 47 AB 1
F  B'fr

i Z i B3] aoo
T gma\r T IR glr) |
Thus, the function §(¢) can be written as

1

s = ,
c4qt + c5

(101)

where ¢5 is an integration constant whose dimension is
length. Resultantly, the function B is formulated as

t
B — M. (102)
wr +1

To solve set of equations we consider shear free case under
which o = 0. Now, the shear-free condition (o = 0) implies
that F = O which further implies that ¢4 = 0. Thus, the
metric coefficients are calculated as

—wC3
S(wr + 1)’

-3

A=c3B = =
S(wr +1)

(103)

The physical variables in the form of arbitrary function §(¢)
take the form

fr[8*@r+ 12 , 382 5
R ) —3s
P wa e

Flr+?( , o
[ -

a)

B f_RfR]

36 .
c328fR>
5 (104)

_ fr —88(wr + 1) N 1 [8%(wr 4+ 1)2 f w
T 8w wcs 8 R wor+1

5 .
+§fR ,
—82(wr +1)2 25 382
Przﬁ[%Goz —+—>+352}
3

8
[f Rfg  8%(wr + 1)2
+
87r

2 c%a)2
N o
X <fR - ng+3C%7+ lfz/e)}
fr[=82(wr + )2 [ =25 382 5
p =22 T (2T ) 435
+ a)202 8 + 82 +

87
f — Rfr 82(wr+ 1?2
Sn[ (fR * fR)
= )]

Ir

2c30?

(105)

(106)

2

2 2
+ M( (107)
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To specify the function §(¢), we impose junction condition
(31). Using the Egs. (104)-(107) in Eq. (30), we obtain

§ N\ 2w8
25 —3(5> + - =’ — 3w}, (108)

withw; = w;‘;‘ﬁrl . To find the solution of Eq. (108), let u = %
In this case, the above Eq. (108) becomes Riccati equation,

formulated as

20— u® + 2wiu =a)2—3a)%. (109)
The solution of this equation is found as under
w? — 4w%
U = w + /0 — 4o tan T(r —1) |, (110
from which we can find § as
Jo? — 4ot
8(1) = wre® sec? | ———(t — 1) 111)

2 3

where w» an is integration constant, whose dimension is the
same as of §. The expression of temperature is found by
utilizing the transport Eq. (36) as

wr + 1 (82 +88) bw
T(r,t) = — d
. 1) 47163’Ca)/|: c3 wr+1:|fR d
S(wr +1)
——— | Zi(r,)dr +To(1), (112)
wC3

where c¢3 and 7y(t) are arbitrary entities appeared due to
integration process. In this instance, we discovered a model
that evolves quasi-homologously (38), the diminishing com-
plexity factor (Y7r = 0), and the matching conditions (29)
and (30), which together formulate all of the metric coeffi-
cients. Expressions (104)—(107) and expression (112), which
calculates temperature using the truncated transport equation
(36), define this model (model 6). The additional dark source
terms resulting from theory are shown as the last terms on the
right side of the equations enclosed in square brackets in this
model. This model does not meet the regularity requirements
at the center.

5.3 Caseof x"||VY;q =0

In this subsection, we study the non-dissipative case with
xVIVV. In this respect, Eq. (40) gives

B
A=BIr), C=Br, x"=1, V=2 (113)

where [(r) is an integration function. Resultantly, we can
write the line element ,mentioned in Eq. (6), as

ds® = B’ [—12(r)dt* + dr? + r?(d6?* + sin® 0dp?)].

(114)
Again utilizing (113), Eq. (A3) takes the form
¢ cc oc/r o1
— —2—— ——(===]=0, (115)
C cc c\!l r
whose solution is found as under
r
C = , (116)
L()k(t) + g(r) + L(r, 1)]
which implies
B— 1
k@) + g(r) + L, D]
1
(117)

A=
k() +8(r) + L(r. 1)’

here g(r) and k(¢) are arbitrary integration functions. To find
the solution, we have to specify four arbitrary functions k(¢),
g(r), I(r) and I>(r, t). The function k(¢) shall be evaluated
by using the matching conditions Egs. (29) and (30). The first
condition reads

C% = > Chle — W(Cx)], (118)
2
where w? = %’ e = (g)%I%, and
2./€ a 2M
Wes) = Y20 —an + SQ—ap—- 5. (119
Cs Cs, Cs,
with ) = 372
=
265 Cy — C — 360 Ch — 40 /eCl(ar — 1)
— w*Ciaj(a; —2) =0. (120)

Now, we have to find the solution of Eq. (120) in order to
specify the arbitrary function k(¢). We consider a particular
case a; = 0, which implies

(121)

: 1 2M
C% =w2c§[a_ ]

— 4+ —
2 3
CE CE

which is same as Eq. (57), so have the same solutions. The
Eq. (30) produces

265 Cy — C2 — 360*Ch + 02CL =0, (122)
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here Eq. (122) is just the derivative of Eq. (121). Thus, we will
just consider Eq. (122) for further calculation. Now, we will
imply vanishing complexity factor condition (27) to specify
the other arbitrary functions g(r) and /(r), which implies

21/ g// + Iél 1

——=0, 123
l g+ r (123)
or
200 w1
—+——=-=0, (124)
l u r

where u = g’ 4+ I’. The solution of Eq. (124) is

ba(t)r
= 12 N

(125)

givingus g+ 1 = bs(t) [ jzdr+bs(t), with b4(t) and bs (1)
as integration functions. On selecting [(r) = bgr, we get
a; = land g+ I = b7(t) In(r) + bs5(t), where bg and b7(¢)
are integration entities. The function k(¢) can be determined
by imposing junction condition (29), whose solution is given
by

a _ 6M tanh?[% (1 — 1)]

= : 126
¥ 73— anh’[2(r —10)] (120

The physical variables that corresponds to this model are

e 2
- &[3{—60@30 OV o <L>}
8 2M sinh [%(t —19)] ry
2
+b7(t) In <L> } - 3b§b$(z)]
rs

+bg{3coth2[%(1 —1)]—1
,
+c¢7(t) In <—>}
ry

6be M
2
3 L[bérz{ 3coth”[$(r —10)] — 1
T

6be M
" 1
A G
6beb7(t)M

)i
r{’j coth?[4(t — 10)] — 1 + 6bsh7(t)M In (é)}

—wcoth[F (1 — 19)] , < r >}
3 br()In ( —
{ZhéMsinhz[%(t—to)] o

2re g — _ —
5 {BCoth (¢ —1)]—1 b (;)}fR f RfR:|’
z

6be M 2

(127)
P = @[bﬁbm) In (L)
8 ry

[(3 coth?[2(t — 19)] — DB coth?[£ (1 — 19)] — 5)
X
6M

r 1 5
— beb7 (1) In <E>i| — W + 3b, b7([)

by 7\ cothl 2t —10)] . < r )
+2m () = ok
M <r2>sinh2[%<r7m>1 Oy
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(eoth?[4(t —19)] —
X
{ 6bg M

1
) b (L>”
rs
f—Rfg [3coth’[$(r—19)] — 1 r\)?
b7(t)In | —
87T|: 2 + Gb()M + 7() 1 ry
—wcoth[ 2 (t—19)] P
. {2b6Msinh22[%(t—ro)] +b7(0)In (T)}
x {fR_ 3coth?[ £ (1—10)]—1
coth“[§ (r—19)]— r
{ B +”7(’)ln(6)}

3coth’[£(t —1p)] — 1
6b6 M

i)

+ 3rb§b%(z){

+b7<r>1n( )}fR]

fR[(3c0th2[ S —10)]1+1)
87 | 12M2sinh?[2 (1 — 10)]

(Beoth’ [t — )1+ 1) 2,2
In 3b¢b
i ( )6[M2 smh2[ (t —10)] + 3t

(D (2
M ry /) | sinh*[£(t — 19)] ry

(Beoth’[%(t — 1)1 — 1)
+2b7(t)ln(r2>{ Sho M

r 1 [f—Rfr 3coth’[(4(t — )] — 1
+b7(t)ln<g>”—g[ . +{ s
2
o) (=)

2ro — _
_{3coth[2(z 10)] 1+b7(z)ln<L)}
rs

6beM
—weoth[ 2t — 10)] ( )}
by (1)1
{ZbGMsinhz[%(z—to)] oo x
3coth?[2(t

()]

(129)

(128)

Py =

—rb(1 + b7<t>>{

Here, we have used the relation w? = cg. Now, we consider

another case ¢ = 0 and a; = % which implies

2M 3
c2 = 2c4[ —} 130
> C3  4C% (130
The integration of Eq. (130) gives
c® ML sint 131
x = — (L+sinT), (131)

@(r — 1p). To determine other arbitrary func-
tions, we shall vanish the complexity factor (31). Fora; = %,
we obtain

where T =

[(r) =biNr, g(r)+ L(r, 1) = ba(t)r + b3(1). (132)

Since ¢ = 0 = by(t) = 0, therefore g(r) + I>(r, t) = b3(t).
For this case, the physical variables are
]
-

IR 27
=8| 6am®(1 +sinT)2

3cos? T
(1 +sinT)2
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1 Orry, f// 3 f/ 4 3by ()
87 | 16M2(1 +sinT)2 |"R ~ 277k 2
3 . —R
w2V N T RIRLC (33
AMb1(1 + sinT) 2
fR 27 ry
P =— - 1— =
8w 64M2(1 4 sin T)? r
1 |:f — Rfr 9rs.
87 2 AM?bi(1 +sinT)?
.. V32(rs)cosT
x +
{fR 221 +sinT)2" "
9}’2 /
- , 134
32M2(1 + sin T)2fR” (134)
SR 27 1 [f—Rfr
P =25 - — |
8w 64M2%(1 +sinT)? 8xm 2
Ors, //>
+ +rb?
16M2b2(1 + sin 7)°* <fR rbi/
9./3rs cos T . Ors 7
32M2b (1 +sinT)3 '8 7 T6M2(1 +sin )3 /R |
(135)

Now, we examine the case M = 0, then Eq. (118) becomes

cgzw%ﬁg[g_zﬁ“‘“” ‘”(2_‘”)]. (136)

o 2
Cx Cs,
By considering the case a; = 0, the two solutions of above

Eq. in the form of elementary functions are expressed as

1 10y _ 1

VecosloG —1 F T~ Jesinlat — )]
(137)

O _
Cy' =

The physical variables corresponding to C (29 ) are calculated
as

W= fR[ 2¢ cos [w(t—to)]+b6b7(t)ln< >
8 rs

{b6b7(t) In ( ) +2/e cos[w(t — to)]} + 38 — 3b2b3(1)

2
+ 3572@){ In (L>} — 6/2b7 (1) sin[w (7 — 1p)] In <L>}
ry ry,

2
— L |:{r2 <\/Ecos[a)(l — 10)] + beb7(t) In (L)> }
87 ry

beb7 (1) fr 3
{ﬁcos[w(t—to)]+b6b7(t) In (rL)} e

X { — Jesin[o(t — 1y)]

+b7(t)In (%) } {ﬁcos[w(t — 10)] + beb7 (1)
X

xm(L)}f'R _ S Rfe RfR] (138)
rs 2
P = g;[ b6b7(z)1n< ){4ﬁcos[w(t —10)]

+ beb7(t) In (—)} —3e +3c2c3(n)
ry

+ 2/l < ){bz( ) cos[w(t — tp)]

2
4 3b7(t) sinfw (7 — zo)]} + { In <L)}
ry

X {2b7(t)l;7(l) - 3572(1)}]
[f Rfr {ﬁcos[a}(t 10)] b In (L)}z
rs

—Jesin[w(t — to)] + b7(t) In <é)
i)

+ 3rb6b7(t){«/§cos[a)(z — 10)] + beb7(t) In <7> }fR]
(139)

T 87

x {f}e b
Ve cos[w(t — 19)] + beb7(1) In (E)

p, = 1% [s cos[@(t — 10)] — 2/Ebgby (1) In (L>
87 rs
x cos[w(t —tg)] — 3¢ + 3b%b%(l) — %57(t)ln (L)
bg rs
2
x cos[(r — 10)] + <1n <rL)> {2b7(z)z'57(z) - 31;%0)}
x
+6/2b7 (1) In (L) sinw (7 — zo)]] b [f;RfR
rs 8 2
2
n {7‘/&03[’”“ —1 ) (i)}
be ry
] [ (1)
x
{ Vesin[w(t — 1)1 + b7(t) In ( )}fR
— bsr{ﬁcos[w(t — 10)] + beb7(t) In (r—) }
X
(140)

x (1 +b7(t))f1§].

The physical variables corresponding to C. 19 are given as

W= Jr [ 2e sin?[w(t — 10)] + beb7(t) In ( )
81 rs

{b(,b7(t) In ( ) + 24/esinf[w(t — to)]}
2
+ 38 — 3b2b2(1) + 3672(1){ In (%)}
X

+ 6:/2b7(t) cos[w(t — 10)] In <L)} b
ry 8

2
x “ﬂ (ﬁsin[w(t — 10)] + bbr (1) In (%)) }
P

@ Springer



739 Page 14 of 20

Eur. Phys. J. C (2023) 83:739

s ] beb7 (1) ,
x 3 fr+| —— Ir
roy {ﬁ sin[w (1 — 10)]+bsb7(1) In <;)}

= Jecos[o(t — 19)] + b7(t) In (%)}
p)

f—RfR

X \/Eqm[w(t—to)]—l—b@h(t)ln( >}fR— >

(141)

P, = ;’;[ bebr (1) ln( ){4fsm[w(r—to)]

+ beb7(1) In <—> } —3e+3c23()
rs

+22In ( ){b;(t) sin[w(t — 10)] — 357 (1) cos[w(t — to)]}

2
(D)) oo -se0]]
rs

) 2
_7[f Rfr {\/Esm[w(tfto)]+b7(t)1n<L>}
8 be =

2

Jecoslo(t —19)] + b7() In (é)

x 1 fr — be fr

Jesin[w(t — 1)] + beb7(t) In (é)

+ 3rb6b7(t){\/551n[w(t —t0)] + beb7(t) In ( )}fR]
(142)

Py

Jr [e sin?[(t — 19)] — 2/Ebeh7 (1) In (L>
8 ry

x sinfor(t — 10)] — 3¢ + 362620) + 22 n <L)
be rs

2
 sin[w(t — 10)] + <ln (%)) {2b7(z)137(t) - 313%(:)}
X

—6/eb7(t) In <L> cos[w(t — fo)]] _ L[f — Rfr
rs 8

2
4 :«/Esin[w(t —10)]
be

+b7(f)1n( )}
7iw+m(r)ln< )}
be =

X {ﬁcos[w(t —10)] + b7t In ( d

e oir i)

.
- ber{ﬁSln[w(t —10)] + beb7(t) In (LZ) }(1 + bm))f,@].
(143)

Here, we have used the relation @? = cé. These solutions

corresponds to the situation where the CKV is parallel to the
four-velocity and the heat flux ¢ = 0. The function k(¢) is
formulated when the matching conditions (29) and (30) are
satisfied. The differential Eq. (121), which is obtained by
the fulfilment of junction conditions, is integrated by intro-
ducing the different values of the parameters into it. The
function & (r) is assumed and the other functions are speci-
fied by imposing the diminishing complexity factor condition
(27). In this subsection, we have constructed four models.
These models show the additional dark source terms as the

@ Springer

last terms on the right side of the Equations, surrounded in
square brackets.

5.4 Caseof x"||[VV; g #0

Ultimately, we explore the system which is dissipative and
for which 4-velocity is || to CKV. For this case, the metric
coefficients take the form as given in Egs. (83)—(85). Utilizing
these results in Eq. A(3), we find

A AN Al o A/f Bf/
A2 T Rl SnAR R=BIR)|

(144)
The integration of the Eq. (144) produces
= : 145
~g(r)+k(t) —4x [ [ L(r,t)drdt’ (145)
1

= 14
I(r)g(r) + k@) —4n [ [ L(r,t)drdt]’ (146)
r (147)

T I8 + k() — 4 [ [ L dydrdi]’

where k() and g(r) are integration entities. Here, the expres-
sion of I>(r, t) is mentioned in Appendix A. To find these
arbitrary functions, we apply vanishing complexity fac-
tor condition (Y7r = 0). By utilizing Eqgs. (145)—(147),
Eq. (144) takes the form

/ A(D)r

g —471/14(r ndt = 5 (148)
which produces

g—47t//14(r, ndrdr =,\(t)/%, (149)

with A(¢) as an arbitrary function. The differentiation of
Eq. (148) with regard to time gives

—i()r

A ls(r,t) = 2y

(150)

Using this result, the metric coefficients may be formulated
as

B = ! , A= ! ,
z(r)[k(z) + 1) [ ,2‘(’,’)} [k(r) +20) [ ,5‘(’:)]
C = : .
z(r)[ka) +1(0) [ ,2‘{:)}
(151)
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In order to specify other functions k(¢), A(¢) we will impose
junction condition (¢ = P, + f R Jx )z, which produces

pp (L Hp\(1 L Hy
=i rs Iz Hs Is Hy

H ( zHE +3 4— ) 2 (152)
> Hy, H2 n’
where
k0)+k0)/’ _ (153)
- 2y T
To find the solution of Eq. (152), we suppose
Hs  H2 2, H,
—2—E+3—§ 2o = —bl—rz =0,
Hy, Hs Hyn x
(154)
which gives
A(t)Hs At
Ozzzll. (155)
H3 Hs
Equation (154) can be written as
HZ 2pHs(1—by)
2— —3 xR 2=, 156
Hs, H2 + Hy, 7 ( )

To find the solution of Eq. (156), we propose v = Z—g Thus,
the Eq. (156) reads

2

b= 2 e — b= =0, (157)
2 2

This equation is known as Riccati equation. A particular solu-
tion of this equation is

vo = n(1 — by) £ ny/b? — 2by.

And the general solution of this Riccati equation can be found
by substituting y = v — vg in Eq. (157), giving us

(158)

X 1
¥ — =y*+n(l —by) —voly = 0.

159
> (159)
The solution of Eq. (159) is
2v
= 160
Y= T pent (160)

here b is integration constant and v = u(1 — b1) — vg. The
final expression Hy is

ae(2u+vo)t

(I +be)?’ (1oh)

Yy =

where a is integration constant. The physical variables in the
form of functions 4 (r), and H (¢, r) read as

. 21" 31/2 H
SMZfR[MLIZHZ{ CtTE Tty

H
+3H’2+21’H’ 41 4 H
H? I H rl rH
I H 2
11 2H2 2H2 - !
{f IPH +1 T )R
.. — Rf
C3HE - %} (162)
. s (2 H
Smq = ~2HH' fr+1H| fz— (7 fr+— fR (163)
1 3H’2
8T P = fR|:2HH—3H2 +12H2{ TR

A H' 2 4H’”

- H Ly

2 !
+ ;)fR}»

_" 12
T
2H” 3H? I 2H/”

_{f_RfR
2

4"  3H'
—_PHA = -
( l H

8P = fR[ZHH —3H2 +12H2{

TH THT T H
_{f_RfR

+H? fr —
21 H 1

2152 e B,

v (- 5= D))

To find a particular model, we suppose that b = 2, which
gives vo = —nandv =0, thus Xy read Xy = ce"”,where
c= Further, we assume that h(r) = cor?, with ¢; is

PH?f{ —2HH fr

(164)

(1+b)2

a constant having dimension giving us n = cary.

) - [_length]2 ’
Using these relations, we obtain

rdr r% 5
— == , A =-— . 165
/ 20 222 () n-ce (165)
Thus, the function k(¢) is formulated as k(t) = # The
final expression for H (t, r) is
—nt 2
HO () = < [1 + (’—E) } (166)
r

The physical variables in the form of HD (¢, r)read
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8mp = %(5"4 + 2r2r)2: +r§)fR
_[Q&j%%ﬂ+¢@+{ﬂ+(f+Méfi@>ﬁ}
- 437;7&%(,2 e _ZRf R], (167)
8mq = —c*n*e MM (2 + r%)%fR + Czci%zm(ﬂ 42y
x {f:é— (f+r(r22fr%))fze—nf}§}, (168)
8 P = #(%zr% —9r* 1) fr
,{f*ZRfR+%(r2+r%)f'k
ncjlerjm (r* +7r3)° fr — Cgczf;zm (r* +r$)?
x (1,6+r(rfrfr%))f§}, (169)
8n P, = %(hzr% — 9t — 1) fr — { f _2RfR
Czi;jm (r? +rg) fr — c%ci‘ﬂ(rz +rE)2 R
S s S 2 g
x (; + r(rfrf‘r%))f}e}. (170)

The corresponding total matter quantity (m) and temperature
turn out to be

(0 (171)
my = ———,
en(r)
ce™1® tergnie 10
T.1) = 2, 2 / Tergnre” 1
r.2) 2r2 (r +r2)|: 2 er K3 Tr
7]2

2n e Kr(r? + r%)
(172)

The metric coefficients for this case as mentioned in
Eqgs. (162)—(164), which, after implying the diminishing
complexity factor condition (Y7 = 0), transforms as given
in Egs. (167)—(170). Thus, the spacetime is determined up to
four functions (two functions of 7, one function of r and one
function of ¢ and r). The function of ¢ is acquired from the
integration of the matching conditions (33) and (34), whereas
the function g(r) is presumed along-with the choice a; = 2.
This produces the model 11. The additional dark source terms
resulting from theory are shown as the last terms on the right
side of the resulted field equations enclosed in square brack-
ets in this model.
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fR}dr + / Zo(r, t)dr + ’16(1):|.

6 Conclusions

The field equations for general spherically symmetric fluid
configuration can be solved in many ways as a result of the
acceptance of CKV, as we have seen earlier. The present
study is recognized as a kind of the generalization of Her-
rera’s work [52]. We have found a number of solutions of
field equations in f(R) gravity. These solutions can be used
to solve a wide range of astrophysical issues or as test the-
oretical models for the study of hypothetical concepts like
white holes and wormholes. We added more restrictions to
the fluid distribution in order to identify solutions that could
be stated in regard of elementary functions. Some of these
were imposed solely to create models represented by simple
functions, while others (such as the diminishing complexity
factor or the quasi-homologous condition) are implied with
a clear physical meaning.

In Sect. 5.1, we found five models. The first two models

are obtained by choosing o = ﬁ giving us the values

of areal radius C (El ) and C (22 ), describing the expansion and
contraction of the fluid from 0 to 3M and from infinity to 3M,
respectively. These models show that the energy densities
of the system are positive and the first model has only one
singularity atr = f¢. The third model is obtained by choosing
o = 0, representing that the areal radius fluctuates between 0
and 2M . This model’s radial pressure only depends on f(R)
curvature terms. In addition, we considered the case M =
0, showing that the fluid distribution has no gravitational
effect outside the boundary surface. These models represent
a kind of “ghost stars” but they demonstrate pathologies,
both topological and physical. Hence their physical uses are
unclear. These types of distributions have been studied in the
past [71].

In Sect. 5.2 for the dissipative case, we have obtained the
model 6. The corresponding equations of motion modify in
f(R) gravity analysis. The symmetry assumed in Sect. 5.3,
again lowers the metric variables (two functions of ¢, one
function of r, and one function of ¢ and r) to four functions.
The model 7 is obtained by taking the particular value of
constant a; (a; = 1) and taking h(r) = cer. The expression
of Cg ) shows that the areal radius expands from 0 to 3M.
For this model, the valve of energy density is positive and
is non-singular at + = 7. The model 8 is obtained by taking
the particular value of constants a; (a; = %) and ¢ (¢ = 0).

The expression of Cg ) shows that the areal radius oscillates
between 0O to STM The value of w is positive but the fluid
configuration has a singularity at = 0. Models 9 and 10 are
obtained for M = 0 and a; = 1. They represent the type of
“ghost stars” that was previously discussed.

Finally, in Sect. 5.4, we studied the dissipative case for
the CKV parallel to the four-velocity. The model 11 is found
by taking a; = 2. In this model, the value of areal radius
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compensates for the decline in energy density and heat flux
by rising exponentially. In general, all the obtained solutions
(or some of them) may be helpful to mark out the evolu-
tion of some phases of the collapsing fluid in the framework
of metric f(R) gravity theory. The pertinent parameters are
given particular values according to each particular case. It is
important to remember that in any actual scenario involving a
collapse, we cannot anticipate that the same equation of state
would hold true throughout the evolution and for the entire
fluid configuration. Secondly, the regularity conditions are
not fulfilled at the center of the fluid configuration. Thirdly,
if we take f(R) = R, all the obtained results are reduced to
GR.
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Appendix A: Field equations

For interior line element, the field equations in metric f(R)
gravity are as

8
Gpv = ”<T<9">+T(©>>, (AD)
Ir
and its non zero components of field equations are
IR B C\C 1 (.c" [C\*
224 2 )= 4 (=
C 87 A2 B + c)c B2l C + C
B C' ” 2 /
_27£_L R B +L 22
B C 8« c B\ C
B\ ., 1 C B\ . f—Rfr
- — -—=l2=+= - A2
B)fR A2<C+B>fR : ] (A2)
_ L[w(C _BC ccC
1= aBlax\Cc BC CC
1 A’ B
+ o (f- G- 50) | (A3)

_ ¢ f/
A A B2\ A c )R
(A4)
p _Je[-1[B & Agb C\ BC
L=8x|a2|B ¢ a\B " ¢c) " BC
l A// C// A/B/ A/ B/ C/
+ﬁ{7+?‘X§+<X‘E)EH
L[ f—Rfr 1 L,
87'([ 2 TalrT
+1 C A+Bf.+1 A’+B’ C’f
a2\c a"B)RTB\AT B )Ry
(AS)

Using expansion and shear scalars, the component (A3) is
written as

1 , c’
4mgB = fR|:§(®—0) —UE]

1. A. B, A6
+ﬁ[fR—XfR—§fR} (A6)

The arbitrary function appearing in the value of metric coef-
ficients A and B of Eq. (50) is found as under

1 : B .
I(r,t) =— // 2B x [fR — —fR — —fR]drdt (A7)

The value of the temperature function 7 (r, ¢) under the con-
ditions x, V¥ = 0and g # 0 as shown in Eq. (112). Its value
is found as under

Zy(r,t) =

Tw 28(1)8(1) (wr + 1)?
[ 8rw?cs

4 K8 (1) (wr + 1)
7 o, 80
o s s+

8(t)

|t et o g

82 8(t) ) c3w?
RO ”_[4n/ca(r><wr+1>2

82(t) (wr + 1)? .8,
X { 87 cr0? (fR ])fR + ng>}:|.
(A8)

82(t) (wr + 1)2

8rw?c3

The metric coefficients A under the conditions x,VV = 0
and ¢ # 0 contains /5 as an arbitrary function as shown in
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Eq. (87). Its value is found as under

1 [, A . A
IZ(F,I)Z—//m[fR—XfR—ZfR]drdt. (A9)

The temperature function within the background of x V|| V"
and g # 0 contains Z;(r, t) as shown in Eq. (172). Its value
is found as under

nce 1D (2 4+ r%)

Zo(r,t) =
2(r:1) 87 Kr?
. 4 252 .
[ + —):} _ /:|
_fR {r r(r2+r%) fR 77fR
2,=2n(t)
crce 2 2
32 TR
_f/ 4 N 2r Fo ot 1
| 7R r r(r2+r2) R |81
. 4 272 .
P — —+—Z} - ’] A10
_fR {r r(rz—i—r%) frR—nfg ( )
Appendix B

The physical variables corresponding to C(Zl ) described in
Eq. (66) are found as under

IR w* [ Fo 2 _ _
M_Sn[ 1(t)+ {6 M<3coth [Z(t to)] 1)

2 [y
—cl(r:—r)} +i{ Fy cosh[3(t — )]

2M sinh®[4(t — 1))

1] R
— AWy — r)} ] - g[{m‘;‘/[ (300th2 [%(r - t())] - 1)
2
—a®(rs — r)} 1z
Fy
{6 M(3coth2 |:2(t —to):| - 1) —c1(t)(rs —r)}

LI P (5 eom |2 1
XCl(t)fR+—{6 M( cotl [E(tfto)]f )

—F cosh[%(z —10)] . .
—ci(ry —V)}{Wm —c1()(ry —r)}fR

_ f_zRfR]’ (174)
P Q[chl(z‘)(rz -1 o 23 () (rs — 1r)?
"7 8n 3FM P2

_ Bwer(rz—r) 3 e
2Ry M sinh*[2(t — 1)) F} {Cl t)(rs —r)

Foc1(t)(rg —r) _ cosh[Z(t —19)] }
+ X
M sinh3[%(t —10)]

Fy 2@ _
X{6a) (3coth [E(t zo)] 1)
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2@y — 1)
Fy

1 —R
—ci()(ry —r)}:| - g[%

L[ Fo ?
{6 M(3coth2[2(t—to)] - l) —c1(t)(rs —V)}

X fr — ! {6FM <3coth2 |:2(t—to)] - 1> —c1()(rs —r)}

{—7170 cosh[j(t —1p)]
2M sinh®[4(t — 19)]

(3 coth? [ 5= zo)] - 1)

—c1 (s — r)}f,é],

Jr —3wciM(rg —r)]
87 [ i )+ 3F0M2 sinh?[2 (7 — 10)]
[Fo — 6wci M (ry —r)]
4FyM? sinh*[4(t — 1))

Foci(t)(rs —r)

— (s — r)}f'R
Fy

+ 301(0{

(175)

Py

3 .
- Fg{c%(f)(rz -+ m

cosh[%(tfto)]}_i F§ cosh’[$(t —10)]

sinh[ % (1 — 10)] 3 14M? sinh®[%(t — 19)]

Foc1 (t)(rs —r) cosh[$ (1 —19)] ”
M sinh3 [ (t — 19)]

f—Rfr Fy 2| @
8]‘[ |: ) + im(:iCOth [5([ — to)] — 1)

1 ..
—c1()(rs _r)}:?fR +f1'é}

Fo_ (5 com?
+{6 M( cotl [—(t—to)] )—q(t)(r:—r)}

{ ] (_Focosh[(g(t—to)]
il (Zfo__ L= J
F3 \ 2M sinh®[4(r — 19)]

—c (0f§}:|~

The above mentioned results are obtained in the background
of x, V¥ = 0 constraint for the adiabatic spherical structure.

The physical variables corresponding to C(Z2 ) described in
Eq. (67) are

2
= fR[ 3c1(t)+—{6F(1)w(3tanh2[ (t—to)]—1>

2 h —
~ars =) +%{F0 sinh{$ (¢ — 10)]

2
— (s, —r)} ] - é[{%(hanhz [ (t —zo)] - 1)

2
—ci(t)(rg — r)} 1%

— {6::701‘/1(3 tanh® [%(t - to)} - 1) ey = r)}

x c1(t) fr + L{6[7—M(3tanhz [%(z - zo)} - 1)
B B —Fy smh[%(l‘—to)] . a } .
c1lrs r)}{ M o5 —10)] s =rfr

+ s =+

- (rs — r)) fr

(176)

2M cosh3[ (r — 19)]
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_ w}’ (177)
b _ IR [chl(zxrz -r _ @GO =)’
"7 8x 3FgM F2

_ 3wey () (ry — 1) 3 ) o
2FgM Cosh4[%(t — )l F2 {Cl ) (rg —r)

Foc1(1)(ry —r) sinh[5 (7 —19)] 261 (rs — 1)
+ M 3rw - 2
cosh” [7(t —19)] FO

F
x {ﬁ@ tanh? [g(z - tg)] - 1) — Oy — r)”

1 [f—Rfr 1 Fy S [w
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6wM

. 1
—c1)(ry —r)} fr— ﬁ{
0

x (3 tanh? B(t - t()):| - 1>

—Fy cosh[§(t —10)]
—c1()(rg — ”}{W 7sinh3[%(t — ol

<3tamh2 [%(t —to)] — 1) —c1()(ry —r)}f;e]s
(

178)

-0y — r)}fR
Fy
+ 3L1(Z){

—3wciM(ry —r)]
3F0M2 cosh?[§(t — 19)]

[Fo — 6wciM(ry —r)] _i 2
4AFgMZcosh*(§(t —10)]  F2 {cl(z)(rz &

n Foc1(t)(rz —r) cosh[5(t — 19)] }
M cosh3[%(t —19)]
- i{Lg sinh?[$ (t — 1)}
FZ 14M? cosh®[% (t — 19)]

S Foci (s — 1) sinh[%(t —10)] ”
+ Ll 20y — 1) + i cosh3[%(t PRy

R F{
Sn[f 5 Ik +{6 L(%tanhz [%(z—to)]—l)

1 .
—c1()(rs *r)}{ﬁfk + f,’é}

{e (0[5 0] 1)
+ 3tanh (t —19)
6wM

Fy sinh[5( —19)]
—ants - ”H <2M cosh*[ -l

—c1rg — r))fR —cl (t)fl/e”~

PJ_—f;_:[ A+

179)

The above mentioned model described the matter variables
of the non-radiating spherical anisotropic objects in an envi-
ronment of x, V¥ = 0.
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