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Abstract In this work we study the effects of rotating stars
on the behavior of bosons close to their surfaces. For this
task, metrics determined by the rotation of these stars will
be taken into account. We will consider the Klein–Gordon
equation in the Hartle–Thorne metric and in the one proposed
by Berti et al. by considering some kinds of stars. Pions and
Higgs bosons will be investigated as examples. By solving the
equations, the main effect that may be observed is a rotational
phase, δR , that depends on the angular momentum of the star,
J , in the wave function of the boson. Corrections of higher
orders in J are also investigated.

1 Introduction

The observation of the effects of the general theory of rel-
ativity in physical systems has always been a challenging
task. Since the first observation of light deflection by the Sun
or the effect of frame dragging due to the rotation of the
earth [1,2], the Lense–Thirring effect, which, after decades
of experiments, was finally observed by the Gravity Probe B
[3], or even the recent detection of gravitational waves [4], we
have witnessed great experimental efforts in order to obtain
reliable results.

A fundamental question in physics is how quantum
mechanics and general relativity are related, or how general
relativity affects quantum systems. At the moment a large
number of such systems have been studied. Since the early
studies from Parker [5], many others have been conducted,
such as for example quantum oscillators [6–11], magnetic
fields in the Melvin metric [12], cosmic strings [13–15], the
Casimir effect [16,17] and many other kinds of systems [18–
22].
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In this work, we will study the effect of the dragging of
the spacetime due to the rotation of stars in quantum sys-
tems, and for this purpose, we will use spin-0 bosons as test
particles. A description of the spacetime of “slowly” rotating
relativistic stars was constructed during the 1960s by Hartle
and Thorne [23,24], for both the exterior and interior regions
of a star. The limits of the approximation, or in other words,
the “slowness” of the stars, are in fact not so narrow when
considering physical stars, such that this criterion is not valid
solely in the slow-rotation realm, yet it seems as if the solu-
tion is accurate for many systems, even for some that would
not have been considered slow then.

Therefore, in this paper, we will use the external Hartle-
Thorne metric as given by [24] and also the corrections pro-
posed in [25], and then write a Klein-Gordon equation. We
will solve the equations and then show numerical results for
some typical systems.

This paper is divided into five sections beyond the intro-
duction. In Sect. 2 we will describe the line elements we will
be using in our calculations and in Sect. 3 we will sketch the
process by which we take the line element and expand it up
to first order in the star’s angular momentum J . Then, we
will write the Klein–Gordon equation and solve it in vari-
ous ways, in terms of several different special functions. In
Sect. 4, we will show an expansion that contains terms up to
second order of the angular momentum J and the resulting
power series solution to the Klein–Gordon equation obtained
in this spacetime. The resulting solution corresponds to the
wave function for a free particle plus additional mass and
angular momentum corrections. We will also compare this
solution with the one obtained in Sect. 3, thereby showing that
they have intrinsic similarities, despite having been obtained
in conceptually different ways. In Sect. 5 the solution will
then be studied for some physical systems with different val-
ues of the mass and angular momentum and in Sect. 6 we
will draw the conclusions of this work.
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2 The two metrics

In this section, we will study the spacetime structure by
means of metrics that take into account the rotation of stars.
For this purpose we will consider the Hartle–Thorne metric
[23,24] and the metric proposed by Berti et al. [25]. Since we
are only interested in studying observable effects of bosons
near rotating stars, we will only consider the solutions of the
equations in an external region.

The Hartle-Thorne metric is a well-known spacetime met-
ric that describes the geometry determined by slowly rotating
stars. It was first obtained in a sequence of papers in the late
1960s and it has been used ever since in a variety of impor-
tant works. The metric was initially constructed out of a very
general canvas, that of an axially symmetric, stationary sys-
tem that rotates uniformly and “slowly”. This “slow” rotation
refers to the fluid’s angular velocity �, which must be slow
enough for the changes in pressure, energy density, and gravi-
tational field due to rotation to be small, much less than unity.
These considerations lead to the criterion presented by the
authors which determines a scale factor

�2 �
( c

R

)2 G M

Rc2 ≡ G M

R3 , (1)

for a star of mass M and radius R that also means R� � c,
non relativistic particles inside the star. We note, however,
that this criterion is actually wide-reaching, and, as opposed
to what may be thought at first glance, it does not necessarily
correspond to a slow rotation when compared with the values
of real stars [26].

A general line element may then be proposed in order to
study a rotating object by considering it as an axially sym-
metric stationary system in terms of spherical coordinates

ds2 = −H2dt2 + E2dr2 + r2 K 2

×[dθ2 + sin2 θ(dφ − Ldt)2], (2)

where H , E , K , and L are functions of r and θ . Rotational
effects are introduced as perturbations in these functions, and
they become [24]
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(
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L = 2J

r3 (7)

where Q is the star’s mass quadrupole moment, J its angular
momentum, and

Q2
1(ζ ) =

√
ζ 2 − 1

[
3ζ 2 − 2

ζ 2 − 1
− 3

2
ζ ln

ζ + 1

ζ − 1

]

Q2
2(ζ ) = −3ζ 3 − 5ζ
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2
(ζ 2 − 1) ln

ζ + 1

ζ − 1
,

(8)

are associated Legendre functions of the second kind. In [27]
it was pointed out that this metric is not consistently trun-
cated, and for this reason, it presents some errors. A cor-
rected metric was then proposed, but Berti et al. [25] studied
that new metric and found some minor sign errors. They pro-
posed the solution that will be the second metric we will
be using in this paper, which may be considered a corrected
version of the original Hartle-Thorne metric. From [25], the
corresponding line element is given by

grr =
(

1 − 2M

r

)−1

[1 + j2G1 + q F2] + O(ε3)

gtt = −
(

1 − 2M

r

)
[1 + j2 F1 + q F2] + O(ε3)

gθθ = r2[1 + j2 H1 − q H2] + O(ε3)

gφφ = gθθ sin2 θ + O(ε3)

gtφ =
(

2 j M2

r

)
sin2 θ + O(ε3)

(9)

where

F1 = −pW + A1

F2 = 5r3 p(3u2 − 1)(r − M)(2M2 + 6Mr − 3r2) − A1

A1 = 15r(r − 2M)(1 − 3u2)

16M2 ln
r

r − 2M

A2 = 15r(r − 2M2)(3u2 − 1)

16M2 ln
r

r − 2M

G1 = p[(L − 72M5r) − 3u2(L − 56M5r)] − A1

H1 = A2

+ (1−3u2)(16M5+8M4r −10M2r3+15Mr4+15r5)

8Mr4
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H2 = −A2 + 5(1 − 3u2)(2M2 − 3Mr − 3r2)

8Mr
L = 80M6 + 8M4r2 + 10M3r3

+ 20M2r4 − 45Mr5 + 15r6

p = 1

8Mr4(r − 2M)

W = (r −M)(16M5+8M4r −10M2r3−30Mr4+15r5)

+ u2(48M6 − 8M5r − 24M4r2 − 30M3r3

− 60M2r4 + 135Mr5 − 45r6)

j = J

M2

q = Q

M3

u = cos θ (10)

and ε = �/�∗ with �∗ = √
M/R3. Observing these results,

it seems reasonable to consider both metrics in the study of
quantum systems, and since the corrections proposed in [25]
are very small, we will check whether they are important in
the behavior of spin-0 bosons near some kinds of stars.

3 Klein–Gordon equation in the Hartle–Thorne metric

In this section we will study the Klein–Gordon equation in the
metrics presented in Sect. 2 up to first order in the angular
momentum ratio j1 = J/r2. We must remark that it is a
suitable quantity for the analysis that we intend to do in this
work since it presents small numerical values for the stars.
For the sun, taking r = R for example, j1 = 9.7×10−13; for
a typical white dwarf, j1 ∼ 10−10; and for a typical neutron
star, j1 ∼ 10−5. As we can see, in a first approximation
we may neglect terms of the order j2

1 since they become
numerically very small in the region outside of the star. In
this section, we will work out the solutions up to first order
in j1, and in the next section, we will study the corrections
up to j2

1 .
In [24] the line element (2) was expanded in powers of

M/r , which, for the external region of the Sun, for example,
is smaller than M/R ∼ 2×10−6, and when using numerical
data relative to the Sun, an approximate form of this line
element with an accuracy of the order of 1 part in 1015 has
been proposed

ds2 = −
[

1 − 2M

r
+ 2Q

r3 P2(cos θ)

]
dt2

+
[

1 − 2M

r
+ 2Q

r3 P2(cos θ)

]−1

dr2

+ r2
[

1 − 2Q

r3 P2(cos θ)

]

×
[

dθ2 + sin2 θ

(
dφ − 2J

r3 dt

)2
]

. (11)

We will study stars with nearly symmetric mass distributions
by taking Q = 0, and since J 2/r6 � M/r for the external
line element, we may write

ds2 = −
(

1 − 2M

r

)
dt2 − 4J

r
sin2 θdtdφ

+
(

1 − 2M

r

)−1

dr2 + r2
(

dθ2 + sin2 θdφ2
)

,

(12)

which is the metric that will be considered in the calculations.
The Klein–Gordon equation for an arbitrary spacetime

may be obtained by replacing the regular derivatives in the
usual Klein–Gordon equation with covariant derivatives [28],
[29]. In so doing, we arrive at the following:

[
− 1√−g

∂μ

(
gμν√−g∂ν

) + μ2
]

ψ = 0. (13)

Because the components of our metric are not functions of t
or φ, we can apply the method of separation of variables in
the equation and obtain

ψ(t, r, θ, φ) = eimφe−iωt�(θ)R(r), (14)

where m = 0,±1,±2..., but we still need to solve the equa-
tions for R(r) and �(θ). The equation for �(θ) is

[
d2

dθ2 + cos θ

sin θ

d

dθ
+ λ′ − m2

sin2 θ

]
�(θ) = 0, (15)

whose solution is simply the set of associated Legendre func-
tions Pm

l (θ) with λ′ = l(l + 1), where l is an integer. The
radial equation is

(
μ2 − ω2 A + l(l + 1)

r2 + 4mωJ A

r3

)
R

− 1

r2

d

dr

(
r2

A

d R

dr

)
= 0, (16)

where A = (
1 − 2M

r

)−1
. By substituting R(r) =

√
A

r u(r),
making the change of variables x = r

2M , and rearranging
fractions, we arrive at the following equation

d2u

dx2 +
[

a + b

x2 + c

x
+ d

(x − 1)2 + e

x − 1

]
u = 0, (17)
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where

a = 4M2(ω2 − μ2)

b = 1

4

c = 1

2
+ l(l + 1) − 4mωJ

M

d = 1

4
+ 4M2ω2 − 4mωJ

M

e = −1

2
− 4M2μ2 − l(l + 1) + 8M2ω2 + 4mωJ

M
.

(18)

This equation is the normal form of the confluent Heun equa-
tion, the canonical form of which is given by

d2 H

dx2 +
(

α + β + 1

x
+ γ + 1

x − 1

)
d H

dx

+
(

σ

x
+ τ

x − 1

)
H = 0, (19)

where H(x) = HeunC(α, β, γ, δ, η, x) are the so-called
confluent Heun functions with

σ = 1
2 (α − β − γ − αβ − βγ ) − η

τ = 1
2 (α + β + γ + αγ + βγ ) + δ + η. (20)

By means of an integrating factor, it is possible to relate the
Eqs. (17) and (19), and thus each of their coefficients,

α = ±4M
√

μ2 − ω2

β = 0

γ = ±4

√
mωJ

M
− M2ω2

δ = 8M2(2ω2 − μ2)

η = 4mωJ

M
− l(l + 1).

(21)

Having obtained these expressions, we have thus determined
the exact analytical solution of the Klein–Gordon equation
in the Hartle-Thorne metric given by Eq. (12). It is possible
to find a solution directly for Eq. (19) as a power series. We
will use the asymptotic expansion for large x found in [30],
which was based, among others, on [31], a book specialized
in Heun’s differential equations. In the vicinity of the irreg-
ular singularity at infinity, the two solutions of Eq. (19) can
be written as

H1(α, β, γ, δ, η, x) ∼ x
−

(
β+γ+2

2 + δ
α

) ∞∑
n=0

an(α)

xn
(22)

H2(α, β, γ, δ, η, x) ∼ x
−

(
β+γ+2

2 − δ
α

)
e−αx

∞∑
n=0

an(−α)

xn
,

(23)

valid in the domain −π − arg(α + η) ≤ arg(x) ≤ π − arg
(α − η). The series coefficient an is given by the following

three-term recurrence relation:

A2an+2 + A1an+1 + A0an = 0, (24)

where

A2 = −α(n + 2) (25)

A1 = m(α) + (n + 1)

(
n + 2 + α + 2δ

α

)
(26)

A0 = β2

4
−

(
γ + 2

2
+ δ

α

)2

+ n(n + 1)

− n

(
2δ

α
+ γ + 1

)
, (27)

assuming a0 = 1, and

− αa1 + m(α)a0 = 0 (28)

m(α) = η − γ 2

4
− β2

4
+ a

2
(γ + 1) + δ

α

(
δ

α
+ 1 + α

)

(29)

The negative power series given by (22) do not necessarily
converge, and so we are required to truncate them at an appro-
priate spot. To choose said spot, we assume an+1 = 0, for
some n, and then take A0 = 0, which guarantees that, start-
ing from a certain n′, an+2 will be 0 for any n > n′. Doing
this procedure allows us to discover a relation that places a
constraint on the coefficients of the confluent Heun equation
(19).

β2

4
−

(
γ + 2

2
+ δ

α

)2

+ n(n + 1) − n

(
2δ

α
+ γ + 1

)
= 0

(30)

By calling to mind how these coefficients relate to the physi-
cal quantities defined in the Hartle–Thorne metric (12) and in
the wave function ansatz (14), it is clear that Eq. (30) defines
an energy spectrum, ω(n), that may be solved numerically.

We may notice that some terms in Eq. (16) are still very
small, which makes it possible to obtain a simpler solution
with the purpose of acquiring a better understanding of this
system’s physics by writing the solution in terms of more
common special functions. With this purpose in mind, we
can write Eq. (17) as

d2u

dr2 +
[

k2 + a′

r2 + b′

r
+ c′

(r − 2M)2 + d ′

r − 2M

]
u = 0,

(31)
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where

a′ = 1

4

b′ = 1

4M
+ l(l + 1)

2M
− Jmω

M2

c′ = 1

4
+ 4M2ω2 − 2Jmω

M

d ′ = − 1

4M
− 2Mμ2 − l(l + 1)

2M
+ 4Mω2 + Jmω

M2

k2 = ω2 − μ2.

(32)

By observing that a′/r2 and b′/r are, numerically, several
orders of magnitude smaller than c′/(r − 2M)2 or d ′/(r −
2M), for fixed parameters and r values (outside the stars),
a reasonable approximation to be made is to neglect these
terms in Eq. (31). If we also perform a change of variables
z = 2ik(r − 2M), the equation becomes

u′′(z) +
[
−1

4
+ 1/4 − λ2

z2 + ε

z

]
u(z) = 0, (33)

where ε = d ′/(2ik) e λ = √
1/4 − c′ and it is still rela-

tive to the line element (12), but with the approximations
shown previously. The equation above is the so-called Whit-
taker equation, a modified version of the confluent hyperge-
ometric equation, and it can be written in the form of Kum-
mer’s equation through a transformation of the function. This
equation has two solutions, the Whittaker functions Mε,λ(z)
and Wε,λ(z), which can be written, respectively, in terms
of a Kummer function M(A, B, z) and a Tricomi function
U (A, B, z), which are themselves solutions to the confluent
hypergeometric equation [32],

Mε,λ(z) = e− 1
2 z z

1
2 +λM

(
1

2
+ λ − ε, 1 + 2λ, z

)
, (34)

Wε,λ(z) = e− 1
2 z z

1
2 +λU

(
1

2
+ λ − ε, 1 + 2λ, z

)
. (35)

Since the term proportional to c′ is still much smaller than the
remaining terms of Eq. (31), and since in the region exterior
to the stars r 
 2M , we have r � r − 2m, whereby the
equation becomes, with good accuracy,

d2u

dr2 +
[

k2 + d ′

r

]
u = 0. (36)

Supposing a solution with the form

u(r) = reikrw(r) (37)

and a change of variables z = 2ikr , we obtain the equation

zw′′(z) + (2 − z)w′(z) −
(

1 − d ′

2ik

)
w(z) = 0, (38)

which has the solution

w(z) = c1 M

(
1 − d ′

2ik
, 2, z

)
+ c2 U

(
1 − d ′

2ik
, 2, z

)
.

(39)

Note that, for the physical problem we are studying, c2 = 0.
The Kummer function may be defined as

M

(
1 − d ′

2ik
, 2, z

)
=

∞∑
s=0

(
1 − d ′

2ik

)
s

(2)s s! zs, (40)

which asymptotically behaves like a Bessel function. Thus,
for large values of the variable z, which is precisely the region
about which we are concerned, the solution may be written
in the form

R(r) = e
i
[
kr+ d′

2k ln r
]

r
, (41)

or

R(r) = �(r)ei jmω
2k ln r = �(r)eiδR , (42)

which explicitly shows the phase originated by the effect of
the rotation of the star in the lowest order, δR , which may be
interpreted as a rotational phase. In the next section, we will
investigate the solution for higher orders of j1.

4 Expansion of the Hartle–Thorne metric to second
order in J

Become some mistakes were discovered in the Hartle-Thorne
metric given by Eq. (2), since we are interested in studying
terms of the order of j2

1 and higher in the solution we have
to use the Berti et al. metric (9) in our calculations. It is
interesting to note that, if we keep the terms up to first order
in j1 and Q = 0, Eq. (11) is recovered, which means that
the results presented in the last section are correct and the
differences occur for higher terms in j1. So, in this section,
we will derive an equation taking into account the terms that
appear in the corrected metric and write down a solution
based upon an infinite series ansatz. In order to observe the
behavior of the corrections in the solution an easier way to
do that is to solve the equations for fixed values of the angle
θ . Taking these assumptions into account, the resulting radial
equation becomes
[
grr∂2

r + g̃∂r

(
−ω2gtt − m2gφφ + mωgtφ − μ2

)]

f (r) = 0, (43)

where

g̃ = ∂r grr + 1

2g
grr∂r g. (44)
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After some manipulations, the equation may be written in
the form
(

M0 + M1

r
+ M2

r2 + M3

r3 + M4

r4

)
g′′(r)

+
(

N0 + N1

r
+ N2

r2 + N3

r3 + N4

r4

)
g(r) = 0 (45)

where

f (r) = A

r − 2M
g(r) (46)

and

M0 = 1

M1 = −6M

M2 = 12M2

M3 = −8M3

M4 = 2J 2(5 − 12u2)

N0 = ω2 − μ2

N1 = 4Mμ2 − 2Mω2

N2 = m2/(u2 − 1) − 4M2μ2

N3 = 4m2 M/(u2 − 1) + 2Jmω + 2M

N4 = −4M2 + 4m2 M2/(u2 − 1)

− 4Jm Mω + 2J 2ω2(3u2 − 2).

(47)

This equation may be solved by the method presented in [33],
where the solution has the form

g(r) = αe±i F(r) (48)

F(r) = kr + a0 ln
r

2M
+

∞∑
n=1

an

(
2M

r

)n

. (49)

and the exponent F(r) is a sum of functions and a power
series of M/r where the an coefficients must eventually be
determined. It is possible to find the first few coefficients by
simply substituting this ansatz back into Eq. (45), however,
as n increases the expressions for the coefficients become
increasingly larger. The first five coefficients are given by

k =
√

N0

M0

a0 = −k2 M1 + N1

2k M0

a1 = 1

4Mk M0

(
a2

0 + 2a0k M1 + k2 M2 − N2 ± ia0 M0

)

a2 = 1

4(2M)2k M0

(
a2

0 M1 + 2a0k M2

+ k2 M3 − N3 − 4Ma0 M0a1

− 4Mk M1a1 ± ia0 M1 ∓ i4M M0a1

)

a3 = 1

6(2M)3k M0

(
a2

0 M2 + 2a0k M3 + k2 M4

− N4 − 4Ma0 M1a1

− 4Mk M2a1 + 4M2 M0a2
1 − 16M2a0 M0a2

− 16M2k M1a2+
± ia0 M2 ∓ i4M M1a1 ∓ i24M2 M0a2

)
. (50)

For large values of r we have

R(r) ∼ ei[kr+a0 ln r ]

r
, (51)

which is the same result obtained in Sect. 3, in a very different
way, shown in Eq. (41).

5 Analyzing the solutions

In this section, we will investigate the solution (48) for several
physical configurations and observe how it changes depend-
ing on the mass, angular velocity, and energy of the star or of
the particle whose motion the Klein–Gordon equation pur-
ports to describe. We will also study high-energy and low-
energy test particles. We will start by listing all physical con-
figurations we chose in order to verify the size of the mass
and angular momentum corrections. We selected three celes-
tial bodies: the Sun [34], the neutron star PSR B1257+12
[35,36], and the white dwarf PG 2131+066 [37]. All numer-
ical values used in this section are given in Planck units,
where c = G = h̄ = 1. For the sun we have

M = 9.136 × 1037

J = 1.82 × 1075

R = 4.30835481 × 1043,

(52)

for the neutron star,

Mns = 1.4M
Jns = 0.00297J
Rns = 0.000015R,

(53)

and for the white dwarf, the corresponding values are

Mwd = 0.608M
Jwd = 0.1432J
Rwd = 0.0186R.

(54)

We also chose two test particles with very different masses,
the pion with mass μπ =0.139 GeV [34], and the Higgs boson
with mass μHiggs= 125.1 GeV, which in Planck units are
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given by

μπ = 1.1056 × 10−20

μHiggs = 1.0245 × 10−17
(55)

We separate Eq. (49) into four different parts: A is the real
part of F containing only mass terms; B is the imaginary
part of F containing only mass terms; � is the real part of
F containing the angular momentum corrections, i.e., terms
that are proportional to the angular momentum J or to its
square J 2;� is the imaginary part of F containing the angular
momentum contributions.

F(r) = A(r) + B(r) + �(r) + �(r) (56)

These functions have the same structure as F(r), given by Eq.
(49), and may be calculated by the sum of five terms deter-
mined by different dependencies on the variable r . Together,
as they should, they completely make up (49). Then, by sep-
arating each type of contribution (mass and angular momen-
tum) and also the real and imaginary parts of (49), we can
see that these newly defined functions are written as

A(r) = kr +a0 ln
r

2M
+α1

2M

r
+α2

(
2M

r

)2

+α3

(
2M

r

)3

B(r) = β1
2M

r
+ β2

(
2M

r

)2

+ β3

(
2M

r

)3

�(r) = γ2

(
2M

r

)2

+ γ3

(
2M

r

)3

�(r) = δ3

(
2M

r

)3

, (57)

and the coefficients inside of it can be found by separating the
coefficients (50) in their real and imaginary parts and high-
lighting the ones with an angular momentum dependence,
appearing in γ2, γ3, and δ3.

We will show the results for the six combinations of stars
and particles given by Eqs. (52)–(55) for particles with ener-
gies ω = 2μ, r = R (particles near the surface), m = 1, and
θ = π/4. These results are displayed in Tables 1, 2, 3, 4, 5
and 6.

In the tables, each column is related to one kind of depen-
dence on the variable r . Each line in each table below corre-
sponds to one of the four functions previously defined: A(r),
B(r), �(r) e �(r). Each column corresponds to the respec-
tive function’s dependence on r , such that the first column
corresponds to the contributions of F(r) which are propor-
tional to r , then to ln r , and so on. For example, if we look at
Table 1, the number 8.25031 × 1023 found in the very first
cell of the table, corresponds exactly to the term kr .

The tables above show the expected result that contribu-
tions diminish as the series goes and that the angular momen-
tum contributions (corresponding to the functions �(r) and
�(r)) are present, albeit very small. As we can see, the star

for which the corrections are more significant is the neutron
star. However, even the largest angular momentum correc-
tions are small if compared with the other terms. For this
reason, we will continue this analysis considering neutron
stars. By varying the physical quantities in question (such as
the energy of the particle, and the angular momentum of the
star) we will further explore our solution to the radial equa-
tion (45). We begin by defining three functions related to the
solution which we will plot and which might give us some
information on its status as a solution. These functions are

f1(r) = i F(r) (58)

f2(r) = ei F(r)

r − 2M
(59)

f3(r) = �(r) + �(r)

|F(r)| (60)

The function f1 is precisely the exponent in the solution
(48). The function f2 is Eq. (48), along with the integrating
factor defined in (46); the end result is that f2 represents
the radial solution of the wave function. The function f3 is
defined as the difference between the exponent (49) and the
mass contributions as defined in (56), divided by the absolute
value of F . Since all that is left in the numerator of f3 is the
sum of angular momentum contributions �(r) + �(r) as
defined in (56), this function tells us the approximate order
of magnitude of the angular momentum contributions when
compared to the mass contributions.

Figures 1 and 2 represent the function f1 in two regions, in
Fig. 2 we show the results to the higher values of the energy.
As we can see, the major difference between Figs. 1 and 2 is
that the value of the function stabilizes as the energy increases
and even big differences in energy account for little changes
in f1. For lower energies, even with small changes, the value
of f1 changes considerably.

In Figs. 3 and 4 we represent the function f2, the radial
wave function, in two regions according to the values of the
energies of the pions. As we can see in Fig. 3, for large dis-
tances, far away from the surface of the star, the curves seem
to coalesce, and this effect is especially visible for higher
energies.

The last two graphs, Figs. 5 and 6, represent the function
f3, which shows the size of the angular momentum contri-
bution as a variation in its value is done while maintaining
the star’s original mass and radius fixed. We observe that the
largest angular momentum selected, J6 = 10, 000Jns , where
Jns is the angular momentum of the neutron star as given in
(53), most likely cannot be reached for a real star as it exceeds
the maximum possible value given in the literature [26] for
the angular velocity (and therefore angular momentum) of
a neutron star. We used it regardless in order to show what
happens to the solution for extreme rotations.

123



745 Page 8 of 12 Eur. Phys. J. C (2023) 83 :745

Table 1 Celestial object: sun. particle: pion—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 8.25031 × 1023 5.04993 × 1019 −1.71066 × 1013 −3.6348 × 107 −1.02727 × 102

B(r = R) 0 0 2.47395 × 10−6 4.24684 × 10−12 1.29492 × 10−17

�(r = R) 0 0 0 −5.66093 × 10−13 −8.81302 × 10−2

�(r = R) 0 0 0 0 6.86148 × 10−37

Table 2 Celestial object: neutron star. particle: pion—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 1.23755 × 1019 5.2965 × 1018 −2.23527 × 1018 −4.43284 × 1017 −1.16929 × 1017

B(r = R) 0 0 2.30902 × 10−1 3.69947 × 10−2 1.05281 × 10−2

�(r = R) 0 0 0 −7.48238 × 10−6 −2.30951 × 108

�(r = R) 0 0 0 0 6.04614 × 10−25

Table 3 Celestial object: white dwarf. particle: pion—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 1.53456 × 1022 2.2049 × 1019 −3.39985 × 1014 −2.36138 × 1010 −2.18152 × 106

B(r = R) 0 0 8.0869 × 10−5 4.53782 × 10−9 4.52286 × 10−13

�(r = R) 0 0 0 −2.34386 × 10−10 −2.81012 × 102

�(r = R) 0 0 0 0 1.52739 × 10−32

Table 4 Celestial object: sun. particle: Higgs boson—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 7.64512 × 1026 4.6795 × 1022 −1.58518 × 1016 −3.36818 × 1010 −9.51912 × 104

B(r = R) 0 0 2.47395 × 10−6 4.24684 × 10−12 1.29492 × 10−17

�(r = R) 0 0 0 −5.66093 × 10−13 −8.16655 × 10

�(r = R) 0 0 0 0 7.40464 × 10−40

Table 5 Celestial object: neutron star. particle: Higgs boson—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 1.14677 × 1022 4.90798 × 1021 −2.0713 × 1021 −4.10768 × 1020 −1.08352 × 1020

B(r = R) 0 0 2.30902 × 10−1 3.69947 × 10−2 1.05281 × 10−2

�(r = R) 0 0 0 −7.48238 × 10−6 −2.1401 × 1011

�(r = R) 0 0 0 0 6.52476 × 10−28

Table 6 Celestial object: white dwarf. particle: Higgs boson—contribution for each function according to the power of r

r ln r 1/r 1/r2 1/r3

A(r = R) 1.42199 × 1025 2.04316 ×1022 −3.15 − 45 × 1017 −2.18816 × 1013 −2.02149 × 109

B(r = R) 0 0 8.0869 × 10−5 4.53782 × 10−9 4.52286 × 10−13

�(r = R) 0 0 0 −2.34386 × 10−10 −2.60399 × 102

�(r = R) 0 0 0 0 1.64829 × 10−35
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Fig. 1 Absolute value of the
real part of f1 for some values
of the energy. For even small
changes to the energy, the value
of f1 changes substantially

Fig. 2 Absolute value of the
real part of f1 for higher values
of the energy. It seems like for,
high values of the energy, even
large changes to its value do not
change the function f1
considerably

Fig. 3 Real part of f2 as
function of r . Note that the
effect for the lower energy may
be a numerical oddity only.
Nevertheless, the two curves
start to coalesce for large r
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Fig. 4 Real part of f2 as
function of r . The function f2
seems to be independent of the
energy for larger values of r

Fig. 5 Imaginary part of f3 as
a function of r for the actual
angular momentum Jns of the
neutron star and for variations of
J . As previously stated, f3 gives
an estimate of the size of the
angular momentum corrections,
and this graph shows the shape
of the curves is independent of
the value of the angular
momentum, but its value
changes as expected

Fig. 6 Imaginary part of f3 as
a function of r . The same as
Fig. 5, but for larger angular
momenta

Figures 5 and 6 show that the shape of the curves does
not change considerably when varying the angular momen-
tum, however, the absolute value of the function does. This
is the expected result: the larger the angular momentum of
the neutron star, the larger will be its contribution to the
solution. We can also investigate what happens to variations
of the energy ω in the case where the angular momentum

used was the neutron star’s own. The results are shown in
Fig. 7.

As we can see in Fig. 7, the angular momentum contribu-
tion is larger for higher energies. Indeed, our solution seems
to take the angular momentum into account more signifi-
cantly when the star is rotating quickly (though still under
the “slow” rotation regime as dictated by the original paper)
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Fig. 7 Absolute value of the
imaginary part of f3 as a
function of r for the different
energies ω and fixed angular
momentum J = Jns . For small
energies, the effect seems to be
quite small, but it is possible
that more terms in (49) may be
needed to discover the full size
of the low-energy contributions

and the particle is a high-energy zero-spin boson. We must
remark that in the results presented in this section, the veloc-
ity of the particle vp 
 vR , where vR is the rotation velocity
of the star for r = R. If we have small energies, vp ∼ vR ,
more terms will be needed in Eq. (49).

6 Conclusions

In this work, we studied the behavior of spin-0 bosons near
rotating stars. For this purpose, we considered the Klein-
Gordon equation in the region external to the star with the
spacetime structure determined by the Hartle-Thorne metric
(12) up to first order in j1, which is a very good approxima-
tion. The corrections for the metric proposed in [25] appear
for terms of order j2

1 and in general are very small. By solv-
ing the Klein–Gordon equation derived in the metric (12), a
general solution has been found, with the radial part given in
terms of a confluent Heun function. By analyzing the terms
of the radial equation for r > R it is possible to neglect some
of them and still have an accurate result as long as they are
small. With this procedure, we obtained a simpler solution
that shows explicitly the main effect of the rotation of the
star in the wave function that is given by the rotational phase
defined from Eq. (42)

δR = jmω

2k
ln r. (61)

Then an analysis for higher powers of j1 has been performed
considering the Klein–Gordon equation in the Berti metric,
Eq. (9) and solving it by the method presented in [33]. We
presented the calculations up to a3 in Eq. (49), and the numer-
ical calculations have shown that for bosons with relativistic
energies, the solutions converge easily and the effect of the
rotation of the stars is very small. Among the considered
physical systems, the contribution of the terms depending on
j1 is more important for the neutron stars. For lower values

of the energies (vp ∼ vR) this effect increases and more
terms are needed in the solution. So, from the results we
can observe that an important aspect of this effect is that it
increases as the rotation velocity of the star increases rela-
tive to the velocity of the test particle. Because of this, for
stars, this effect must always be small due to the fact that vR

cannot reach high values. We expect that, near black holes
or galaxies, this effect becomes more important. This kind
of behavior is similar both for pions and Higgs bosons, that
is, for light and heavy bosons.

The inclusion of mass asymmetries of the stars is straight-
forward, we just have to take Q �= 0 in Eq. (11) and follow
the procedure presented in this work, and then, this effect
may be found in the wave function.

If we think in terms of experimental results, the best way
to study this effect is to look for observables for which the
rotational phase (61) is important, such as in the analysis
of the final state interactions of decaying particles or in the
study of interacting particles. We must also remark that even
if this kind of effect is small, an experimental verification
would be proof of the frame-dragging by rotating objects and,
consequently, of the theory of general relativity’s influence
on quantum systems.
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