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Abstract Linear stability of a plane shock waves in ultra-
relativistic anisotropic hydrodynamics is investigated. The
properties of the amplitudes of perturbations of physical
quantities are studied depending on the components of the
wave vector of a small harmonic perturbation. Analytical cal-
culations for the longitudinal and transverse propagation of
shock wave normal with respect to the anisotropy axis (beam-
axis) and numerical calculations for an arbitrary polar angle
are carried out.

1 Introduction

The hydrodynamic approach is widely used to describe the
evolution of matter created at the early stages of heavy ion
collisions. Attempts to use dissipative hydrodynamic the-
ories are presented in various papers [1-5]. However, the
large pressure anisotropy, which appears at the early stages of
heavy ion collisions due to the rapid longitudinal expansion,
leads to a necessity of studing the effect of high-order gra-
dients. Relativistic anisotropic hydrodynamics has been pro-
posed as a theory where anisotropy is introduced explicitly
as an appropriate parameter [6-9]. Anisotropic hydrodinam-
ics produces solutions that are significally closer to the exact
solutions of the Boltzmann equation than the standard vis-
cous framework. This result was obtained both for longitudi-
nally boost invariant and transversely homogeneous systems
[10] and for Gubser flow [11,12]. It has been also shown that
the anisotropic modeling is a promising approach in describ-
ing experimental data on heavy-ion collisions [13, 14].

The formation of shock waves in a quark-guon medium
during the heavy-ion collisions has been discussed for several
decades [15,16]. Mach cone generated by supersonic partons
moving through the medium was stadied in the context of the
jet-quenching phenomena [17,18]. It has been shown that
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transverse shock waves in hot QCD matter can be produced
by fluctuations of the local energy density (hot spots) and
turbulence [19,20]. Appropriate description of stable shock
waves in dissipative theories in general case is not possible.
For the Israel-Stewart theory the existence of shock waves has
been proved only for small Mach numbers [21,22]. However,
anisotropic relativistic hydrodynamics, even in the leading
order, can give interesting solutions for shock waves.

In the framework of anisotropic hydrodynamics, it was
found that a difference between the longitudinal and trans-
verse pressures considered in the framework of anisotropic
hydrodynamics leads to the anisotropy of sound propagation
and the asymmetry of the Mach cone [23]. Previously, ana-
lytical expressions for the longitudinal and transverse prop-
agation of shock wave normal with respect to the anisotropy
axis (beam-axis) were obtained, and numerical calculations
for an arbitrary polar angle were presented [24]. The cal-
culations were performed in the ultrarelativistic case with
the assumption of constant anisotropy ";“/ ~ &. Such effects
as flow delfection and significant changes in the strength of
shock waves depending on the parameters o = Pl/ P, &
and the polar angle were obtained. Some results lead to the
question of the stability of shock waves against small pertur-
bations of the discontinuity surface.

In present paper, the linear stability of shock waves in rel-
ativistic anisotropic hydrodynamics is investigated following
the approach of [25,26]. The key point of this approach is
the use of the Laplace transform for the amplitude of the per-
turbation of physical quantities. It should be noted that the
result for the ultrarelativistic case was not discussed in the
original work. The final equation is obtained using the law
of conservation of particle number density, which no longer
holds in the case of a massless gas. The plan of the paper is
the following. Section 2 gives a presentation of this approach
for the ultrarelativistic case, which construct the basis for an
anisotropic description. The third chapter is devoted to the
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anisotropic case, where a brief presentation of the founda-
tions of anisotropic relativistic hydrodynamics and a study
of the stability of shock waves for the boundary cases of the
location of the normal to the discontinuity surface is given.
In fourth chapter the case of an arbitrary polar angle is con-
sidered.

2 Isotropic case
2.1 Basic equations

Consider an ultrarelativistic massless gas with the equation of
state ¢ = 3 P. In this case we do not assume the conservation
law of the number of particles and concentrate only on the
energy-momentum conservation law:

9, T =0, @.1)
where

T = (¢ + P)URUY — Pgh, 2.2)
UM = (ug. g, tty, uz), o = m 2.3)

P is pressure and gM”—the metric tensor.

We investigate a plane shock wave one-dimensional flow.
Due to the isotropy, it is possible to fix any direction of the
normal of the shock wave in space, and then, by transforming
the coordinates, move to a system where one of the axes is
directed along the normal. Therefore, without loss of gen-
erality, choose the normal vector N* = (0,0, 0, 1). In this
case, the discontinuity surface divides the space into two half-
spaces A4 forz > Oand A_ for z < 0. Since we are consid-
ering a one-dimensional flow, then one can put vy = vy, =0
and for the components of 4-velocity we have

1 v

Uy = —, U; = ——.
V1 — 2 V1 —v?

With a Lorentz transformation we can move into the rest
frame of the shock wave. It is assumed that the direction of
the flow is such that v > 0.

We consider small harmonic perturbation of the disconti-
nuity surface that lead to the perturbed surface equation of
the form
f(l, Xy, Z) =z ne*i(a)t+kx+ly) — 0’ (24)
where 7 is a small amplitude of the perturbation. We are inter-
ested in the mode of instability for which &, [ are real numbers
and Im o > 0. In this case, disturbance grows exponentially
in time. Also we assume that in general case [ # 0, k # 0.

@ Springer

We expand the physical quantities to the first order

uo(t, x,y,z) = uo + duo(t, x, y, 2), (2.5)
uy(t,x,y,z) =8ux(t,x,y,2), (2.6)
uy(t,x,y,z) =8uy(t,x,y,2), 2.7
u (t,x,y,z) =u; +du;(t,x,y,2), (2.8)
P(t,x,y,z2) =P +6P(t,x,y,2). 2.9

It is assumed that for z —> =00 perturbations of physi-
cal quantities vanish so that dug, duy, duy, uz, 6P — 0.
Under such boundary conditions, exponential growth can-
not be driven by energy transfer from distant boundaries.
The region of the phase space (with the anisotropy parameter
included) where this boundary condition is satisfied, together
with k,] € R, Imw > 0, forms the shock wave instability
condition.

We introduce the vector W = (8P, Suy, duy, du;) for
the perturbed quantities. Linearizing the Eq. (2.1) around a

constant state, we obtain the following system of equations
A9, W = 0. (2.10)

The matrices A* have the form

=1+ (1+c2ub 0 0 2(e + P)ugu,
A0 — 0 (e + Pug 0 0
- 0 0 (e + P)ug 0
(1 + Ayugu; 0 0 (e + P)w} +u?)
(2.11)
0+ Pug00 00+ Pup 0
1 0 00 00 0 0
1_ 2 _
A= 0 0 00|’ AT = 10 0 0
0(+Pu,00 00 (e+ Pu; 0
(2.12)
(1 + cDugu, 0 0 (4 P)uf+ud)
o 0 (¢ + P)u; 0 0
- 0 0 (e + Pu; 0
L+ (14 cHu} 0 0 2(e 4+ P)uou;
(2.13)

whete c? = (0P /de); is the speed of sound.
Since it is expected that the vector W will inherit the per-
turbation of the discontinuity surface, we look for a solution

of the specific form:
W, x, y,z) = Y(z)e @kt (2.14)

where Y (z)—amplitudes of perturbed quantities. By substi-
tuting (2.14) into the Eq. (2.10) we have

(wAg + kA +1A; 4+ i9.A3)Y(2) = 0. (2.15)
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It is assumed that Y(z) admits the Laplace transform in
the half-spaces A_ : z < 0 (behind the shock wave) and
A4 : 7 > 0 (ahead the shock wave):

o0
Y(q):/ e *Y(z)dz for A4,
0

[o/0]
Y(q) =/ e %Y (—z)dz for A_.
0

After the Laplace transform one finds
(on + kA1 + 1Ay £+ iqu)?(q) FiA3Y(0) =0. (2.16)

Definingg = Fim (for Ax)and A = wAg+kA1+[Ar+
mAsz, one can rewrite (2.16) as

AY(m) = +iA3Y(0), in As. (2.17)

Note that for the matrix M = A5 A the equation Det M = 0
is an equation of the fourth degree in m and is solvable in
radicals. In particular,

detM = (m —mg)(m —m)(m —mp)(m —m3). (2.18)

For the system of equations
AF'AY(m) = £iY(0), in A,

with a known vector Y(0), one can use Cramer’s rule by
introducing matrices B; (i = 0, 1, 2, 3), that are constructed
by replacing the i-th column of M matrices, where the i-th
column replaced by the Y (0) column. Denoting det B; = A;,
det M = Ajs we have following expression for the solution

~ A A A A

Yom) = (=2, =L, =2 22,
Av Ay Ay Awm

Using (2.18), we can rewrite the vector ?(m) as a decompo-

sition

Ym) =) C : 2.19
(m) Z s (2.19)
where C; are some constant vectors.
Then for the inverse Laplace transform we have
1 _ i
— | e ————dg ~ T in Ag. (2.20)
2im +ig —m;

Therefore Y(z) is the sum of plane waves €'™iZ_ This means
that the system of differential equations (2.15) generates the
linear system of equations, for which condition Det A = 0
is necessary for their consistency. This condition provides
characteristic equation for m To understand the behavior of
solutions eFi™iZ_ it is necessary to analyze the roots of this
characteristic equation.

2.2 The characteristic equation

The equation A = det A = 0 reads as follows

92(92 —ALEE+ A =P + (m + vw)2]) _o.

Q=w+ vm. (2.21)

Its solutions are the double root for 2 = 0 and the two roots
of the quadratic equation:
w
v

(2.22)

my=m; = —

_ —vo(l - cf) + /1 — vz\/(k2 +12) (12 —c2) + (1 —v?)

v2 — 2

(2.23)

—vo(l = c2) — e/ T =02 /(K2 +12)(v2 — ) + w2 (1 — v?)

ms3 = 5 3 .
Ve —cf

(2.24)

The root mp,; = —w/v corresponds to the entropy-vortex

perturbations propagating with the gas [26]. We assume that
Re w > 0. Then for the double root m¢ 1 we have

Rew >0, Imw > 04 Remp; <0, Immp; <0 (2.25)
behind and ahead the shock wave.

To analyze the next two roots, we introduce the following
definition ¢ = u3(k* + 1?)(v? — ¢?), obtaining

—vudw(l —c2) £eg/q + @?

2
ug(v? —c?)

(2.26)

mz3 =

Letw = wr + iwy, then \/q + w* = y/zg + iz7, where
_ 2 2 _
IR =q+wgr —o], 77 =2wRo;.

It is known that for the square root of a complex number is
calculated one can write

,m%+%%+ZR

2

,M§+ﬁ—%R

2

Vzr+izr ==

+ isign(zy)

Since the choice of the & sign before the brackets only swaps
the roots m, and m3, we can restrict ourselves to considering
the positive sign. We can write expressions for the real and
imaginary parts of my with sign(z;) = sign(wgwy) = 1 as
follows

@ Springer
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u(z)(v2 — cf.) Rem»

Cq ,/z% +z% +zr

2 2
= —or [ vl =) = = [T |
R

u(z)(v2 - c?) Imm,

/.2 2

2 2
N 1— _ 5
wy | vug( cy) p >

2

In the half-space A _ behind the shock wave v? —c? > 0 and

g > 0, so that

1 | Ji+2 -z 1 J,/(wi-&-w%ﬂ—(w%—w%

<
lor |\ 2 loor | 2
1 | Jd+2d+zzr 1 | @+ 0D)? + (0% — 0} |
- < =1,
WR 2 WR 2

for which it follows that

Rew >0, Imw >0« Remy <0, Immy <0 in A_.
2.27)

2

For the half-space A4 we have v — c? <0Oandg < 0,

so one obtains

Jik+23—zr
2
1 ,/Z% +Z% +zZR

— | — > 1.
WR 2

> 1,

Therefore in A4+ we have similar inequalities
Rew >0, Imw > 0 <4 Remy <0, Immy <0 in As.

Expressions for the real and imaginary parts of the root
m3 read

u(z)(v2 - cf) Im m3

,/z% +z% —ZR

2 2y, Cs
=_ 1— = ,
wr | vug(l —c;) + ¥

u%(v2 - cf) Remj

,/z% +z% + zZr

C
= —wp | vud(1 =D + i 5
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Since the sign before the square root is positive here, it is
obvious that

Rew >0, Imw >0« Remsz <0, Immz <0 in A_,
(2.28)

Rew >0, Imw > 04 Remsz >0, Imm3 >0 in A;.
(2.29)

2.3 Solution for Y ()

Now we can specify the behavior of Y(x) in the Ay half-
spaces. For A_ (z < 0) we obtain Immy < 0, Immy <
0, Imm3 < 0, then for z —> oo we have exponential growth
of (2.20) that violates boundary condition, hence we need to
put C;, C,, C3 = 0. For half-space A (z > 0) the inequal-
ities are Immqg < 0, Immy < 0,Imm3 > 0, that leads to
the condition C3 = 0.

Now, we need an expression for the vector Y(0). This
can be obtained using the matching equation for the energy-
momentum tensor at the discontinuity surface [27,28]. Let
N™ be the normal to the discontinuity surface, then

N, T" = N, T, (2.30)

where the prime denotes variables in the half-space A
(behind the shock wave). For the unperturbed case with
N"* = (0,0, 0, 1) we have two equations

(2.31)
(2.32)

(e + Plugu; = (¢ + P ugu,,
(e+Pul—P=( +Pu’-P.

The expression for the normal of the perturbed surface
obtained from the equation

ft,x,y,2) =z — ne {@HH) — ¢

leads to

N, =0, f = (inw, ink,inl, 1). (2.33)

Here and below, we will neglect the exponent, meaning that it
is included in the amplitude 5. Since we found that Y(0) = 0
for the half-space A _, then for the upstream and downstream
4-velocity vectors we have

U’u = (I’t()y Oa Ov Mz)s
U™ = (ug + ug, Suy, Suy, e, + Su).

(2.34)
(2.35)

It follows from U Ul; = 1 that ub&ué) = u;(Su; Substituting
energy-momentum tensor with perturbed vectors (2.34-2.35)
and the normal (2.33) into the Eq. (2.30) and performing
some transformations using the Eqgs. (2.31-2.32), we obtain
the following components of Y (0)
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Y%0) =8P = —2inw(e + P

! !’ ’ ’
o (wou, — uguz)(uonyg —uzu,)

U Up, 2.36
(e = (A = cAuP)uzug @0 (2.36)
’ u M/ bl u/ u
Y'(0) = 8u, = ink——t 0% (2.37)
uo
Y2(0) = ou, = ig1 20 — Motz (2.38)
uo

! !’ ’ ’
(wou, — uguz)(uoy — uzu,)

(2 — (1 = cu)uzug

X (2 + 0+ ul))ug.

Y3(0) = du, = inw

(2.39)

Now it is possible to solve the equation
MY (m) = iY(0)

using Cramer’s rule as described above. Note that A; are a
polynomial of the fourth degree in m, furthermore

Ao = (m — mo)* P (m), (2.40)
Ay = (m —mo) PP (m), (2.41)
Ay = (m — mo) Py” (m), (2.42)
Az = (m — mo) Py” (m), (2.43)

where Pl.(") (m) is a polynomial of the nth degree in m. Since
Ay = (m — mo)*(m — my)(m — m3), we can write the
following decomposition

Y=, © . G
m—mgy m—my

. (2.44)
m — m3

As already mentioned we are interested in the condition C3 =
0. One can find expressions for the components of the vector
Cs, using formulas (2.40-2.43) and decomposition (2.44):

nes(e + P)(v' —v)

Cso = _szv?(v? e Tp—Cer (2.45)
_ nk(v, —v)
1= R A= v 0lco 1 v O] (246)
- nl(v' — v)
C32 = R2UU/(1 — U/2)3/2Q[CSCU + U/Q] ’ (247)
o R n(Qcs + wv) (v —v)
BT T2 = ) (1 - v)20[c0 + v 0]
(2.48)
where
0 =\ + )2 - D)1 —v?) + 02, (2.49)
R=2'c,(1 —v0)w0 + W2+ 21 — )’
+ov (W2 = Ak + 1. (2.50)

Itis seen that the common factor for the components of the
vector C3 is R, hence the obvious requirement for C3 = 0 is
the condition R = 0.

2.4 Unstable mode

We will assume an ideal equation of state ¢ = 3 P which is
appropriate for a massless gas. It is known that the speed of
sound in such a medium is ¢ = 1/3. Moreover, the shock
wave solution leads to the relation vv' = 1/3. Formulae
allow us to work with only one quantity—the downstream
velocity v'. Also one can conclude from the characteristic
Eq. (2.21) and the expression for m3 (2.24) that

(mv/ + a))2 — cf(m + v/a))2

K417 = > , 2.51
c2(1—v?) 2.51)
cz(m + v/a)) — v/(mv/ + w)
0=-=2 =D (2.52)

Therefore, in the ultrarelativistic case the condition R = 0 is
equivalent to the equation

2 / /2 .
- —2vp—(1—-v7) =0, (2.53)

where ¢ = Q/m, Q@ = w + vm. This equation has only real
solutions

pla=v 1. (2.54)

We have Re ¢ > v/, Im ¢ < 0, since we are considering
amode in which Imm3 > 0, Rems > 0. However, this does
not entirely specify the range of the variable ¢. The domain
of ¢ can be determined using Eq. (2.21) (see Appendix A).
For real values of ¢ we find that the following inequalities
should hold

, (1 —v2
v <¢<—C‘S( v,).
(I —c5v)

(2.55)

It is seen that both solutions do not fall into this area.
This means that the mode of instability does not exist for the
ultrarelativistic case.

3 Anisotropic case
3.1 Anisotropic relativistic hydrodynamics

The framework of anisotropic hydrodynamics we use in this
paper is based on the kinetic theory approach [6,29,30],
where one assumes that the distribution function f is a ansatz
of Romatschke—Strickland form
VPP Ew )P )

3.1

f(x,P)=fiso( AG)

@ Springer
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where A(x) is a coordinate-dependent temperature-like
momentum scale and E,, (x) quantifies coordinate-dependent
momentum anisotropy. In what follows we consider one-
dimensional anisotropy such that p* &, p” = p> +E(x) pﬁ
in the local rest frame (LRF).

To construct the energy-momentum tensor as the sec-
ond moment of the distribution function we define a general
orthogonal tensor basis U*, X*, Y#*, Z* which in the LRF
reads

UII‘LRF = (1709 0’ O)’ (3'2)
Y, rp =1(0,0,1,0), (3.4)
Z}pp =1(0,0,0,1). (3.5)

Since we consider one-dimensional (longitudinal) anisotropy,
one can write the energy-momentum tensor 7" in terms of
four-velocity vector U* and space-like longitudinal vector
ZH as follows [31]

T = (e 4+ P)U"U" — P g"" + (P — PL)ZM'Z",
3.6)

where P and P, is longitudinal (towards anisotropy direc-
tion) and transverse pressure respectively. In the LRF the
expression (3.6) takes the form

T = diag(e, Py, Py, Py).

In the case of massless gas the condition of the tracelessness
of the energy-momentum tensor leads to the relation ¢ =
2P, + Py.
It is convenient to rewrite the four-vector U (x) in terms
of the longitudinal rapidity 9 (x), the time-like velocity ug =
/1 + u? + u? and transverse velocities u, uy [32]

U" = (ug cosh ¥, uy, uy, ug sinh ). 3.7
Then vector Z* takes the form
Z" = (sinh ¥, 0, 0, cosh ). (3.8)

It is important to note that the dependence on the
anisotropy parameter & can be factorized [6]:

oo [ L0 op, (VT B i = R(®)eiso(A)
= (271_)3]7 iso Ax) = iso s
(3.9)

[t (VPP )
1 = (27_[)3 2P0 is0 A(x) =Nl S0 s
(3.10)

@ Springer
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271)3 po’™*° A(x)

P = =R} (§) Piso (M),
(3.11)

where the anisotropy-dependent factors R (§) and R (§) are
(6]

1+(E-DR
RL(E) = %< £ (5))’

Ry(§) = §<—‘E“ff§)‘l>, (3.12)
where, in turn,
1 1 arctan /£
R() = — . 3.13
é) 5 (1 ny: + NG ) (3.13)

The ultrarelativistic condition gjo = 3 Piso leads to the fol-
lowing relation between the anisotropic functions:

2R1(8) + R(§) = 3R(8).

In the preceding paper [23] we have derived the follow-
ing equation describing propagation of sound in relativistic
anisotropic hydrodynamics with longitudinal anisotropy:

(3.14)

82 n = (ch 83+ af) n®, (3.15)
where nV) is a (small) density fluctuation and ¢y and ¢y
stand for anisotropy-dependent transverse and longitudinal
speed of sound respectively. The explicit expressions for cf |
and Cfll read

2 o=f 2 R
sl 3R s s|| 3R

Before introducing a perturbation on the discontinuity sur-
face, we consider the process of linearization of the equation
9, T"". We assume that the anisotropy is constant § = & /,
so we perturb the isotropic quantities. The isotropic pressure
Piso, longitudinal rapidity ¢ and four-velocity components
uy, uy are linearized around constant state as

(3.16)

Piso(t, x,y,2) = P+ 68P(t,x,y,2), (3.17)
v, x,y,2) =0 +380(t, x, y, 2), (3.13)
uy(t,x,y,2) =uy +0uy(t,x,y,z), (3.19)
uy(t,x,y,z) =uy+ouy(t, x,y,z). (3.20)
From the equations 9, 7"” = 0 we obtain

Agnisoau,waniso =0, (3.21)

where

Waniso = (8P, duy, ‘Suy’ 81), (3.22)

n

and the matrices A, ;

are
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R, + Rlu(z) cosh? # + Rj sinh? ¢

2PRu; cosh? ¥

P(2R; + Ryu}) sinh(209)

Agniso Ryu;ugcoshd PRl(u(z)Sij + uju ) cosh ¥ /ug P Rujug sinh % , (3.23)
PQ2R> + Ryu}) sinh(219)/2 PRyu; sinh(2%) P(2R> + Ryu}) cosh(20)
Riurugcoshd PRy (u%(?kj + uguj)cosh/ug PRyugugsinh ¢
Abniso = | RL8ix + Ruugu; PRy (uidij + uidjk) 0 , (3.24)
PRiujugsinhd PRy (u%&kj + ugu ) sinh ¥ /ug P Ryugug cosh
P(2R; + Ryu}) sinh(28%)/2 PRyu; sinh(29) PQ2R> + Ryu}) cosh(20)
Ao = Ryu;ug sinh 9 PRy (u38;; + u;u ;) sinh &/ug P Ryujug cosh 9 : (3.25)
R| + Ry cosh(29) + Ryud sinh® » 2PRju; sinh? 9 P(2R> + Ryu3) sinh(29)
where, in turn,
where
— R
Ry = (R +3R.), (3.26) cs = 3_12 (3.33)
Ry = (R + R1), (3.27)
Rs = (R — RL). (3.28) is the lqngitudinal sPeed of sound. .
Solving the equation for m, we obtain four roots
The indices i, j correspond to rows and columns and k = o
1, 2. For velocities we have uj = uy, up = u,. mo1 = ——, (3.34)
v
3.2 Stability of the longitudinal normal shock wave 1 —?
y g m = s —dvo(l —c}) +2v2
V2 —c
The normal to the undisturbed discontinuity surface is 5
directed along the anisotropy direction,i.e. N* = (0, 0, 0, 1). (1— Cszn)(kz + 122 — cf\l)
We will assume that u, = u, = 0 and define the same small 2c},0? + 2 . (335
harmonic perturbation of the discontinuity surface as in the
isotropic case: | — 2
) my=————| —dvw(l — ) —2v2
Ftox, y,2) =z — pe i@k — g, (3.29) 42— ) !l
In terms of velocities one finds 2 5 (r— C3|‘)(k2 +12)(v? - Cgu)
2c5 07 + 2 (3.36)

1
V1-v?

It is assumed that a solution for the vector Wypiso = W
in Eq. (3.22) has the form

sinh 9 = = cosh® =

1—v

W, x,y,2) = Y| (z)e @Hhxtly), (3.30)

We denote matrices Agmso at uy = uy = 0 as the matrices
A" . Laplace transformation for the amplitude vector Y| gives
the following equation

A Y (m) = i Aj3Y(0), (3.31)

in half-spaces A4 respectively, where A = wA o +kAj1 +
[Ajp +mAj3.

Substitution of the ansatz (2.14) into the Eq. (3.21) leads
to a characteristic equation Det A = 0, which reads

@ (22— ((1=cZ (R +2) (1) +2¢3 (m + v)?]) =0,
(3.32)

QL=w+vm,

Root analysis is carried out in a similar way to the isotopic
case and leads to the same relations:

Rew >0, Imw >0<«< Remp1 <0, Immp,1 <0 in Ay,
(3.37)

Immy; <0 in A_,
(3.38)

Immy <0 in Ay,
(3.39)

Rew >0, Imw >0« Remsz <0, Immz <0 in A_,
(3.40)

Rew >0, Imw > 04 Remsz >0, Imm3 >0 in A;.
(3.41)

Rew >0, Imw >0« Remy <0,

Rew >0, Imw >0« Remy <0,

Since the longitudinal case is technically the same as the
above-considered isotropic case, we have the same decom-
position (2.44) for the vector Y| (z). To satisfy the boundary
condition Suy, Suy, 9, 8P — 0 at z — oo we should
putagainC; =0,i =1,2,3in A_and C3 =0in A,.
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The matching equation for the energy-momentum tensor
on the discontinuity surface N,T#" = N, T *¥ in the unper-
turbed case leads to the equations

(RL — R)(Psinh(29) — P'sinh(28)) =0, (3.42)
(P — PRy — P(R, + Ry) cosh(29)
+ P'(RL + Ry) cosh(2®') = 0. (3.43)

from which in terms of velocities one obtains (see [24])

R

= . 3.44
v o= (3.44)

Since we found that Y|;(0) = 0 in half-space A _ then for
the velocities we obtain

U" = (cosh ¥, 0, 0, sinh ), (3.45)
Z" = (sinh 9, 0, 0, cosh ), (3.46)
U™ = (cosh® + 89 sinh®’, su,

Su,,, sinh 9 + 89 cosh ), (3.47)
Z'" = (sinh® + 89 cosh® 0,

0, cosh® + 80 sinh ®). (3.48)

Substituting the perturbed vectors (3.45-3.48) into the
energy-momentum tensor and perturbed normal vector N,, =
(inw, ink, inl, 1) into the matching condition one finds

/R, R, sinh &' cosh®’

Y0(0) = 8P = 8inwP SRR L (349
, R R2(R) — 2R sinh? ¥’
Y(0) = b, = ik BEREZ ZRLIND) 5 5
3RR| R} sinh 9
, R Ry(Ry — 2R sinh? v’
YR(0) = bt = i BRI ZRLIND) 5y
Y 3RR)R; sinh ¥
, Ry + 2R, sinh? ¢’
Y} (0) = 60 — 2iye R 2R sinh7 Y ] (3.52)

3RR

Solving the Eq. (3.31) using Cramer’s rule, we find the
following expressions for the components of the vector C3

4
1— |
22, (1=v)Q’
(=i = =)
33 =2 (1 —v?)320[2¢2 0 +v' 01
(3.54)

C30 = —RnP’

(3.53)

C31 = —Rnk

a- C?H)(l - C?\|)(U/2 — C%\I)
B = v’ (1 —v32 002} 0 +v' Q1
(3.55)

C3p = —Rnl

@ Springer

(1—c2)(Q +2v' w)

s||

C33 = Rn—; ; ;
202¢} (1= v?)Q[2c 0 + ' Q]

, (3.56)

where

0= \/2(k2 + 122 = (1 —2)/(1—v2) +dw??),
(3.57)

R=20w0+20W? + o’ + W — K> +17).
(3.58)

Together with (3.32), (3.36) one finds that the condition

R = 0 is equivalent to the equation
2 ’ ) _

" —=2vp—(1—-v°)=0, (3.59)

where ¢ = Q/m, Q2 = w + vm. The Eq. (3.59) is identical

with the on eobtained in the isotropic case. Therefore, we

have the same roots v’ = 1. We also obtain from their charac-

teristic equation that for the real ¢ the following inequalities
must be satisfied

, 1 -2
U<¢<CS( V)

< m, (3.60)

which leads to the conclusion that of the mode of instability
that we looked for is absent.

3.3 Stability of the transverse normal shock wave

The normal to the undisturbed discontinuity surface orthog-
onal to the anisotropy direction, i.e. N* = (0, 1, 0, 0). Now,
we assume that u, = ¥ = 0 and introduce the small har-
monic perturbation
f(t,x,y,2) = x —ge H@Hy4ma — g (3.61)

In the matrices (3.23-3.25) we putu, = ¢ = 0 and denote
Alpisoluy=0=0 = A'|. We consider a solution of Eq. (3.21)
in the following form

W1, x,y,2) =Y (x)e  @tly+ma), (3.62)

After Laplace transformation for the amplitude vector Y|

we have
AJ_?J_(m) =3iA11Y1(0) (3.63)

in half-spaces A 1 respectively, where A} = wA 19+kA11+
[A1> +mA 3.

Equation (3.63) leads to a characteristic equation Det A | =
0, which reads

Q[((l + 2 kv + (Fi — Fo) (22 — ¢, (k + v0)?)
+ (1 =2¢2)(A = vH)((5c2, — kv — (Fi + F)w)
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— 2 (1= v)((1+ 2 kv + (F — Fz)a))lz] —o,

(3.64)
where
Q=w+kv, (3.65)
Fi=2(1-¢2)), (3.66)
P =v*(1-3c2)) (3.67)
and transverse speed of sound is

R

2 1
Ci1 = 3_R (368)

It can be seen that the only one solution 2 = 0 remains
compared to the isotropic and the longitudinal cases. The
second one has been transformed into the root of a cubic
equation. This feature arises because the anisotropy direc-
tion is distinguished, even though the unperturbed problem
contains only the Ox axis.

Unfortunately, the cubic equation for k cannot be factor-
ized in a simple way. Using the Cardano formula, one can
find the roots of the equation. The roots were studied graph-
ically. For a better interpretation, we move from velocities
to the parameter 0 = P / P. For the velocities v, v’ in the
regions A, respectively, we have [24]:

) — R i BocR+R)) v,— Ri(cR| +3R)
" V3R(R. +3R)’ " V3RBoR+R))’
(3.69)

Then we can separately investigate the roots for the half-
spaces A 1. It was found that the imaginary parts of the roots
have the same signs as in the longitudinal case. The value of
the variables /, m does not affect the final sign of the root in
any way, nor does the value of the of the real and imaginary
parts of w. Thus, for the root k) = —v/w and the roots of the
cubic equation kj 2 3 one finds

Rew >0, Imw >0« Reky <0, Imkg <0 in A4,
(3.70)

Rew >0, Imw >0« Rek; <0, Imk; <0 inA_,
(3.71)

Rew >0, Imw > 04 Rek; <0, Imk; <0 in Ay,
(3.72)

Rew >0, Imw >0« Reky <0, Imkp <0 in A_,
(3.73)

Rew >0, Imw >0 < Reky <0, Imky <0 in A,
(3.74)

Rew >0, Imw >0« Rek; <0, Imkz <0 in A_,
(3.75)

Rew >0, Imw > 0«4 Rekz >0, Imkz > 0 in A,.
(3.76)

Since we now have four different roots k; of the Eq. (3.64),

the following decomposition for the vector Y (z) is valid:
Co Cy Cy Cs
+ + + . 3.77

k—ko k—k —k—ky k—k; .77)

Using the inverse Laplace transform and inequalities
(3.76), one can conclude that in order to satisfy the boundary
condition duy, Suy, 80, § P — 0 with x — 400 we must
putC; =0,i =1,2,3in A_and C3 =0in A4.

Frome the matching condition u7#*V = N ,LT,‘“’ he have
the following unperturbed equations

Y, (m) =

(Ry — R)(Psinh(29) — P'sinh(28)) =0, (3.78)
(P — PRy — P(R, + Ry) cosh(29)
+ P' (R, + Ry) cosh(29') = 0. (3.79)
from which one obtains
’ RJ_
= 3.80
VU IR ( )

Since we found Y (0) = 0 in half-space A _ then for the
velocities we have

U* = (ug, uy, 0, 0), (3.81)
Z" = (0,0,0, 1), (3.82)
Ur = (ué), u;éu;, (Su/y, 619/14;)), (3.83)
Z'" = (50,0,0,1). (3.84)

Substituting the perturbed vectors (3.81-3.84) to the
energy-momentum tensor and the perturbed normal vector

N, = (inw, 1,inl,inm) into the matching equation one
obtains
’ /Rleu/ M/
Y00) =8P =2inwP ——>2, 3.85
10 inw 3RR, (3.85)
, Ra(Ry + Ry
1 . 0
YL (0) = du, = —ink R 20 (3.86)
’ R, — R2u/2
Y2(0) = 8u, = —inl ————*, 3.87
Q) y n 3Ru. (3.87)
, Ry(R. — Rou'?
Y3(0) = 80 = —inm JIRL = Roug) (3.88)
3R Ru u,

We have all the inputs to solve the Eq. (3.63) using
Cramer’s rule. One can obtain formulae for all determinants
A;.However, in the transverse case, we will not substitute the
roots of the characteristic Eq. (3.64) into the vector decom-
position (3.77), since the roots are solutions of the cubic
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equation. Therefore, we will not obtain expressions for con-
stant vectors C;, which do not depend on k, and the equation
C;3 = 0 itself. However, instead of it, it is sufficient for us if
all the equations A; = 0, where we consider k = k3, which
obeys the conditions (3.76).

Denote M| = Al_lA 1, then the characteristic equation
is equivalent to det M) = 0. It can be verified that that the
equation Ap = 0 can be obtained as a linear combination of
equations A, = 0 and M . Moreover it can be shown that the
equation A3 = 0 is contained in AT = 0and A, = 0, where
AT the combination of A and (cf | k + @wv)M . Therefore
we should consider the equation A3 = 0 which is

Qw? —k*) =0, (3.89)
that in terms of ¢ reads

2 / &) _
p°—2vp—(1—v°)=0. (3.90)

We have obtained the expression which is identical to the
Egs. (2.53) and (3.59).

It should be noted that the equations det M| = 0, A ji=
0, j = 1, 2, 3 are not reducible to each other only by linear
transformations, but it can be shown that their combinations
with factors depending on w, k, m transform the equations
into each other, thereby highlighting the common part. Thus
equations contain not only the common part (3.90). In par-
ticular, the equation A3z = 0 (and therefore Ag = 0) has the
solution

V' (32, — (1 —v?)
2(1—c2) +v2@3c2, - 1)’

0= (3.91)

which is correct for all equation only if cszj_ = 1/2,1. e.
& — oo.

The last step is to determine the domain of ¢ from the
characteristic equation with conditions (3.76). In the trans-
verse case, the analysis is carried out differently from in the
isotropic case (as well as longitudinal case) and is presented
in the Appendix B. It was found that the roots of Eq. (3.90)
do not satisfy characteristic equation. Thus, the shock wave
in the transverse case is stable.

3.4 Stability of the shock wave insident at an arbitrary
polar angle

For an arbitrary polar angle « the normal vector takes the form
N" = (0, sina, 0 cos «). Itis assumed that the upstream flow
moves with the velocity v, where v, = vsina, v, = vcosca.
Behind the shock wave, the downstream flow moves with the
velocity v/, where v; — v sin o/, v; = cosa’ (Fig. 1).
Previously, the properties of such a class of shock waves
with constant anisotropy (§ = ‘;“/) were considered [24]. The

@ Springer

z (beam-axis)

Fig. 1 Transformation of flow velocity by the shock wave front.
Upstream flow moves with velocity v at an angle « to the direction
of anisotropy (beam-axis) and downstream flow moves with velocity v
at an angle o' to the same direction

solutions of the equations N, T*” = N, T'*” were obtained
by numerical methods due to their analytical unsolvability in
the general case. Under certain conditions, for example, for
o = m/4, one can obtain an polynomial of the fifth degree
in v, and in the case of & = 0, the system of equations is
solved analytically. However, we will not consider particular
solutions and will carry out the study numerically.

By introducing a harmonic perturbation to the discontinu-
ity surface, we must now take into account the polar angle «.
The equation of the perturbed surface reads

ft,x,y,z) =xsina+ zcosa

_e—i[wt+k(xcosa—z sina)+ly] —0. (3'92)
It is convenient to move to the coordinate system X, z, where
the Oz axis is directed along the normal N#. The matrix
defining such a transformation has the form

0 0 0 O
0cosa 0 —sina
0 = 000 0 (3.93)

0 sina 0 cosa
Coordinate transformations x, z — X, 7 are
cosa — zsina,
sin o + z cos .

In this coordinate system one finds for the Eq. (3.92)

f(t,%,y,5) =7 — e l@HHY) — ¢, (3.94)
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The equations for the energy-momentum tensor in the
transformed coordinates are

3, T"" =0, (3.95)

where THY = OWO;”,TV}‘ and 9* = 0,,07.

The isotropic pressure Piso, components of 4-velocity vec-
tor uy, uy and longitudinal rapidity are linearized according
to the formulae (3.17-3.20). The linearization of the equa-
tions (3.95) can be represented as

Ar§,W =0, (3.96)

where the vector W contains the expansion gradients of the
quantities defined in (3.17-3.20) and have the form

W(t, %, y,2) = Y(E)e @ttty

(3.97)

The further sequence of steps is similar to that in the lon-
gitudinal case. Applying the Laplace transform to the ampli-
tude vector Y and introducing the variable m gives

AY(m) = £iA3Y(0), in Ay. (3.98)

The corresponding characteristic equation det A = 0 can be
solved with respect to m. To avoid loss of accuracy and speed
of the solution, we pass from the anisotropy parameter £ to
the ratio ¥ = R (§)/R)(§). The roots of this characteristic
equation are

w— kv sin(a — o/)

my = — (3.99)

mv’ cos(a — o)
and the three roots of the cubic equation, which we will con-
sider graphically (Figs. 2, 3).

For the half-space A_ one can obtain that for all roots
Imm < 0, therefore we will not consider this case in detail.
As can be seen from the graphs for A, the imaginary part of
m is negative for the two roots. Moreover, these solutions are
deformed in such a way that the existence of a solution with
Imm > 0 is possible in the entire phase space. The root m
shows the same behavior as in longitudinal and transverse
cases. The real part of the root m, repeats the contours of the
graphs of the imaginary parts. For this root we again have
Rem > 0if Imm > 0, Rew > 0. However, for the root
m3 this pattern is violated - here one can see an appearance
of a region where Rem < O for Imm > 0, Rew > 0. We
denote this region as ©. The size of this region also depends
on w, k, [, but the region ® does not completely vanish.

Further, numerically solving the matching equation N,
T = N, T’V we can find the solution for the vector Y(0).
By Cramer’s rule one finds a solution to the Eq. (3.98) of the
form

Y(m) = < (3.100)

Ao Al A2 Ag
Ay’ A~ A~ Ao )’

M

where M = A; 1 A. We are interested in the mode for which
Imw > 0andImm > 0. Thereal parts of Re @, Re m, as can

be seen from the graphs, can take different signs depending
on the different regions of the phase space and the variables
k,l.

It can be found that the equation Ag = 0 is a linear com-
bination of the characteristic equation A ; =0 (or A; = 0)
and the equation A, = 0. It can be shown numerically that
the solution of the system of equations

:AM(a),k,m,l) =0, G101

Ay(w, k,m,l) =0.
is also a solution of the equations A; = 0, Az = 0. There-
fore, it is possible to confine ourselves to considering only
the system (3.101).

We introduce the following variables

—_@Wr __ O mg
X=—, y= r=—, h=

, — (3.102)
mg mp’ mp mjp

SinceImw > 0andImm > Owehavey > 0,and forXx, r, h
there exist four cases depending on the signs of mg and k.
The system of Eq. (3.101) is divided into four equations (for
real and imaginary parts) with unknown x, y, r, i, [. We can
write it as

ReG\) (X, 7,r,h) =Re G &, 3, r, D)2,
mGY &, y,r,n)=mG) & 7,02,
Re G (®, 7, r, )l =0,
Im GEVI)(x, y,r,h)l =0.

(3.103)

where in the characteristic equation Gg&,) is the coefficient

for 12 and A, can be represented as GESI) (w, k,m)l. Since [
is a real number, we have

ReG\)®, 7, r,n)ImG )&, 5, h)

=ImG\)® 5, rh)Re G X, 7,1 h). (3.104)

This equation is the condition for zeroing the imaginary part
of the coefficient for /2 in the characteristic equation. Since
[ is a real number one has the following inequalities:

ImG\) &, 7, r,h)
Im G )(x y,r, h)

ReG(®, 3,1, h)

5 > 0.
ReG,/(x,y,r, h)

(3.105)

Thus for [ # 0 we have a system of three equations and

inequality

ReG\)®, 7, r,m)ImG )&, 5, h)
=ImG'\) & 7, nRe G &, 5,1, h),

ReG ) (x, ¥, h) =0,

ImG$) &, 7,r,h) =0,

Re G (x5,
Re G (x,3.r.h)

(3.106)

> 0.
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10 20 30 40 SO 10 20 30 40 SO 10 20 30 40 S0
0 0 0 0 0 0
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2 8477/2 2 e re re re 8472 2 - re e e 8477/2
10 20 30 40 50 10 20 30 40 SO
K K K
10 20 30 40 50 10 20 30 40 SO
0 0 0 0 0
/12 2 w12 2 2
/e /e e /e /e
Tl4 S /4 T4 S /4 4
/3 /3 n3 n/3 n/3
/2 2 2 /2 /2
10 20 30 40 SO 10 20 30 40 50
K K K

Fig. 2 Graphs of the imaginary parts of the roots of the charac-
teristic equation in half-space A4 as a function of the polar angle
a and the anisotropy ratio ¥ for k = 2, [ = 2, v = 2+ 2i.

Since y > 0, we have to solve three equations for each value
of y and real X, r, h, and then see if the inequality is satisfied.
If at least one value of y satisfies the given system, then the
mode of instability exists.

It was found that three equations of the system (3.106)
have solutions only for ¥ < 0. Negative values of ¥ is valid
because the signs of Re w and Re m can be different, as dis-
cussed above and shown in the Fig. 3.

However, numerical calculations did not lead to any results
on the detection of the y region where the inequalities (3.105)

@ Springer

Blue means negative area, orange means positive. The rows corre-
spond to the roots m, my, m3 and columns correspond to the cases
o =2, o =10, o = 20 respectively

hold. Thus it was obtained that for the shock wave incident at
an arbitrary polar angle there are no solutions corresponding
to the instability mode.

4 Conclusion
The linear stability of plane shock waves in ultrarelativistic

anisotropic hydrodynamics has been studied. We considered
a small harmonic perturbation of the discontinuity surface,
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0 0 0 0
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Fig. 3 Graphs of the real parts of the roots of the characteristic equation
in half-space A as a function of the polar angle « and the anisotropy
ratio ¥ for k = 2, | = 2, w = 2 + 2i. Blue means negative area,

which grows exponentially with time. If solutions for per-
turbed physical quantities vanish at spatial boundaries (at
infinity), then an instability mode exists.

The absence of an instability regime was obtained for the
solutions of longitudinal and transverse shock waves derived
in [24]. In the transverse case the influence of the direction
of anisotropy was noticed in the solution of the characteristic
equation. This effect is expressed in the form of a transforma-
tion of a quadratic equation into a cubic one. For both cases,
the sign of Re w and Im w uniquely determined the signs of

orange means positive. The rows correspond to the roots my, my, m3
and columns correspond to the cases 0 = 2, o = 10, o = 20 respec-
tively

the real and imaginary parts of m (for the longitudinal case)
and k (for the transverse case).

The case of a shock wave incident at an arbitrary polar
angle o was considered. Two of the three roots of the char-
acteristic equation are mirrored with respect to the sign of
Im m. For one of these “mirrored roots”, the appearance of
a region ® of the phase space was found, where Rem < 0
withRew > 0 and Imw > 0.

The system of equations and inequalities (3.106) was con-
structed for the input parameters &, o, «, 7V, the solution of
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which leads to the existence of an instability mode. However,
numerical calculations have shown a violation of inequalities
(3.105), which indicates the absence of an instability mode.
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Appendix A: Derivation of the domain for ¢ in isotropic

case

The first step is to write the Eq. (2.21) in terms of m and Q:

W=02—c2m—v?m+vQ)?=c2k>+ 151 —v?).
(A.1)

Define the real and imaginary parts as Q2 = Qg +iQ2;. m =
mpg + imj. Since the right side (A.1) is real and greater than
zero, we have

ImW = v/z(l — cfvlz)xy — cf.v/z(l — v/z)(x +y)

— 21 —vH2 =0, (A2)
ReW = rz(xzv,2 — cf(vlzx +1-— v’z)z)
— 2220y +1-0v2HY) >0, (A3)
where
Q Q
x:/R’ =/1’ r:@' (A.4)
Vmg vmy mp

We are interested in the case of a root m = m3 for which
Rew >0, Imw > 0< Rem3z >0, Imm3z >0 in A,.

Therefore we obtain the following conditions on the intro-
duced variables: x > 1, y > 1, r € [0, 00).

@ Springer

The expression (A.2) represents a hyperbola, which is
symmetric in the variables x, y. For the function x(y) one
finds

c?v/z(l — v/z)y + 632(1 — v/z)2
V2(1 = cZv'?)y — 2 (1 —v'?)’

x(y) = (A.5)

It can be seen that x(y) decreases as x increases, and for
y > 1 we obtain

2 2
c:(1—v
x <x(1) = %
ve(l —cp)

One can define a parametric form x(s), y(s), where
x = x(s) = ao + ais, s € [so, sx] such that x(sg) =
2(1-0"2)
v2(1=c2)’
is proportional to s, i.e.

1, x(s4) = We require that the denominator (A.5)

v,2(1 — cszvlz)ao — c?v,2(1 — vlz) =0, (A.6)
which gives
2 ”
c;(I—v7)
== A7
a = 207 (A7)

The corresponding parameterization for x(s), y(s) is

x =agp+as, (A.8)

as
y =ag+ e (A9)

It is natural to require that a; = a», which leads to a system
of equations for the boundaries sp, s, and ay:

ag+ap xso =1, (A.10)
2 b)
cc(1—v7)
ap+ap/s) = “———=, A1l
0+ ai/so A=) (A.1T)
ap+ar/sx =1, (A.12)
having the following solution
cs(1—v?)
= =K, =1/K,
a V(1 —c2v'?) %0 se=1/
’ 1 - 2
k== (A.13)
cs(1 —v'2)

Substitution of the parametric expressions for x and y into
the inequality (A.3) gives

Re W = r’[a}(s> — 1)] — [a%(sl2 —D]>0. (A.14)
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It can be seen that the inequality (A.14) isequivalenttos > 1.
Thus, for s we have the range s € [1, 1/K]. For ¢ = Q/m
in terms of s we obtain

2
’ / r S+1/S
Regp = _ A.15
ep=vay+va 52 ( )
(/s =)
I = —_— A.16
me =vra 172 ( )

with r € [0, 00), s € [1, 1/K] These conditions determine
the domain of the complex plane 2l for possible values of ¢
that correspond to the instability regime.

For real values of ¢, it is necessary to put r = 0, from
which one can find the segment of the real line

, _ ol - v'2)

S U= an) (A.17)

Appendix B: Proof of stability for the transverse anisotropic
case

Let us define the real and imaginary partsw = wr+iw;. k =
kg + ikj, and introduce the following variables

Qr Q kR
X = = =

TR =L ==k B.18
U/kR Y Uk[ " k] ( )

We are looking for a specific value of k that satisfies the
inequalities

Rew >0, Imw > 04 Reky >0, Imkz > 0 in Ay,

therefore x > 1, y > 1, r € [0, 00).
In the Eq. (3.64) we denote part that does not depend on
m, [ as W, then we have
ReW =r(—-3L; —2Lyy — L3y2 — Lox —2Lsxy
+3L4xy?) + (L1 4 Lox + L3x® — Lax®)r?

_ ki%(l - v’%(e@[@e@ — D1 —v?)

F (2402230

+ (=22 =GB - —v?)

T2 02402+ 3v’2))x]m2) (B.19)
ImW = (3L1 +2Lox + L3x® + Loy + 2Loxy

—3L4x?y)r? — Ly — Loy — L3y* + Lyy®

= é(l — vlz)(C%L[(3C%L _ 1)(1 _ v’2)

F (24022 =3y
+ (=22~ G2 D —v?)
(222 3v’2))y]m2), (B.20)

where

=
[

2, (3c2, — (1 —v?)?, (B.21)
Ly=c2,(1—v? 2=302+c2 w?-2),  (B22)

Ly =021 — o)1 +c2 (1302 +¢f (v - ),
(B.23)

Ly=v2(1 -2 vH2—v2 -2, 2-3v))]. (B24)

Since [, m are arbitrary real numbers, it is convenient to
include 1/ k% in the definition of /, m.
Consider the imaginary and real parts of ¢ = (w+ kv') /k

2
reX +y
Regp = , B.25
o=V (B.25)
ry=x)
I =Vr—s. B.26
mg vrl_i_r2 ( )

One should write r = 0 or y = x, since ¢ takes real values
Y12 = v % 1. We will consider both cases.

Instead of obtaining the domain of all possible values of ¢
from the characteristic equation, we will substitute the solu-
tion ¢ 2 into the characteristic equation. From the roots of
¢ we obtain conditions on r, y, which are then applied to the
characteristic equation. If in this case the Eqs. (B.19) and
(B.20) are valid, then the roots v’ + 1 lie in the proper region.

Consider the case of the solution » = 0. From (B.26) one
can finds that the roots v' % 1 lead to condition y = W +

1)/v,. Since y > 1, we must choose only y = W + 1)/v/.
Substituting the found solutions into the Eqgs. (B.19-B.20)
gives

Re W =0, (B.27)
ImW=—L; — L2$ — L3 + D22 + Ly + 1%
_ %(1 - v’z)(ch[(sch — DA =V
+ (2402 4+ 2 -3 + D]
+ =22 =GB - D=
T (=202 424300 + 1)]m2). (B.28)

The last equation provides the following solution for m>

o la— ADA+V) 2 (=PI —v +2 (3v? —2)]
B (1=232)(1 =) (=2 =" +¢c2 (3v2+2))
(B.29)

The first factor in the numerator is greater than zero and
1 — 2cf = 0 because for the transverse speed of sound
we have 1/3 < cf . < 1/2. For the second factor in the

@ Springer
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numerator one can write

2—v +c2 3v?-2) _4
st 2 =13 3
/ ’ U/+2
2— 2 (3v?-2 = )
[ v +CAJ_( v )C%L=l/2 2

Similarly, for the third factor in the denominator we have

[—2—v + ch_(3v/2 +2)

2 =173 3’
v —2
=12 2

[—2—v +c2, (3v? +2)

One can observe that the entire expression (B.29) is less than
zero, and since m is a real number, we have a contradiction.

Consider the second case y = x, then for x we obtain
x = (v/ + 1)/v’. It can be seen that the Egs. (B.19-B.20) for
r # 0 can be represented as

Re W = —Gi(x,y) + Go(x)r? = G3(x,l,m),  (B.30)
ImW = Gi(y, x)r* — G2(y) = G3(y, 1, m), (B.31)
whereas y = x gives

[—G1(x,x) + G2(0)](r? + 1) =0. (B.32)

The substitution x = (v/ +1)/ v will not give zero, therefore

we have the only solution r2 = —1, which is not in the

domain of real r.
Thus, we have proved that the instability mode is not
observed in the transverse case.
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