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Abstract This paper analyzes the characteristic of a non-
static sphere along with anisotropic fluid distribution in the
background of modified f(G) theory. Conformal Killing vec-
tor is a productive constraint for computing reliable results
for modified field equations. The occurrence of conformal
Killing vector indicates the existence of symmetries in space-
time and it permits us to choose the coordinates that reduce
the number of independent variables. Subsequently, for dif-
ferent conformal Killing vector choices, we obtain several
types of precise analytical solutions for both non-dissipative
and dissipative systems. We compute the matching condi-
tions in the context of f(G) gravity. In addition to this, we
apply specific constraints to the matching conditions in an
attempt to determine the significant results. Further, we pro-
ceed our investigation by utilizing quasi-homologous condi-
tion and vanishing complexity factor condition. Finally, we
summarize all the important results which may help to under-
stand the properties of astrophysical objects.

1 Introduction

Several notions introduced to explain the cosmic evolution,
but general theory of relativity (GR) stood out among all of
them. Many investigations and findings, including the bend-
ing of light around massive objects, the precession of Mer-
cury’s orbit, time dilation effects, and the detection of grav-
itational waves, extensively verified and confirmed GR [1].
Gravitational waves are kind of waves that sweep through
spacetime, which are produced by the acceleration of mas-
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sive celestial bodies like black holes or neutron stars. They
transmit energy away from the system in the form of ripples
in spacetime. The Laser Interferometer Gravitational-Wave
Observatory LIGO [2,3] experiment identified the gravita-
tional waves. It is the basis of our understanding of gravity
on cosmological scales, describing the motion of massive
celestial objects such as stars, galaxies, and even the entire
universe.

GR deals with the evolution of the cosmos, beyond the
big-bang, but GR is unable to explain their initial events or
the causes. Understanding the birth of the universe and the
nature of its initial singularity require a theory that includes
gravity and quantum physics. The observable phenomena of
dark matter (DM) and dark energy (DE) were not adequately
explained by GR. These ideas developed to explain gravita-
tional effects on galactic and cosmic scales. The factors and
characteristics of DE along with DM are yet unresolved, and
research into their origin and behavior is still proceeding.

To deal with these issues, modified theories [4—12] were
presented, for instance the Brans-Dicke theory [13-15],
which extends GR by including a scalar field. Brans and
Dicke [16] proposed this theory with the aim of provid-
ing an alternative framework for understanding gravitational
interactions. Numerous applications of the Brans—Dicke the-
ory analyzed, including cosmological objects, the physical
characteristics of BHs etc. This theory is also associated
with other different theories, which might involve higher-
dimensional and scalar-tensor theories (STTs). The STTs
[17-23] examined in cosmology and modified gravity scenar-
ios. These theories analyze the universe’s expansion and the
evolution of cosmic objects. Moreover, STTs explored in the
realm of DE, expressing many possible explanations for the
rapid expansion of cosmos. Modified f(R) theories [24—-30]
presented as an alternative explanation for the phenomena
that include DE and cosmic accelerating expansion. The pre-
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dictions regarding how gravity will behave can be based on
the precise form of f(R) theories. Observational constraints
and instabilities are significant deficiencies for f(R) the-
ories. Bhatti et al. [31-33] worked out to under stand the
dynamical behavior of self-gravitating compact structures
with an anisotropic environment with f (R, T) theory. They
applied radial perturbation scheme studied the effects of extra
curvature terms which appear due to modified f (R, T') grav-
ity model in both the Newtonian and Post Newtonian eras.

Modified Gauss—Bonnet (GB) theory is also familiar as
modified f(G) theory. Noriji and Odintsov [34-37] proposed
this modified theory, in which the gravitational action of GR
is modified by using generalized function f(G) instead of
Ricci scalar R. In this gravity, G is the GB invariant which is
also known to be topologically invariant in four dimensions,
which is written as G = R? — 4R;,R* + Ry RMYE,
where, R, ¢ and R, defined as the Riemann tensor and
Ricci tensor, respectively. In addition to the potential conse-
quences of modified GB theory, higher-order variables that
influence spacetime curvature may cause novel gravitational
effects, such as gravitational lensing. Moreover, this theory
may cause a variety of fascinating cosmological phenomena
in higher-dimensional brane-world methodologies [38—40].

Based on f(G) theory, new sorts of BH solutions, such
as those with scalar hair or non-singular center analyzed.
These solutions might possibly provide fresh perspectives on
the mathematical nature of BHs and the general relativistic
singularity challenges. Solar system tests are a significant
way of evaluating predictions of f(G) theory, which may
help in revealing the information on the nature of gravity and
the history of cosmos. The f(G) theory predicts variations
to the Friedmann equations, which explain the growth of
the universe. Observations of cosmic microwave background
radiation or the large-scale structure of the cosmos might
possibly put them under evaluation [41].

Nojiri et al. [42,43] analyzed the universe’s evolution
whenever it undergoes transition from a phase of decelera-
tion to accelerated expansion, or vice versa. These transitions
retain tremendous interest since they may provide informa-
tion on how the universe behaves within the parameters of
modified theories. Along with this, they demonstrated that
the ACDM, i.e., Lambda cold dark matter, may provide an
explanation for such theories. Felice et al. [44,45] found that
when a wide range of model parameters were considered,
these models satisfied all the constraints of the solar system.
Additionally, to assess the accuracy of the f(G) models, sev-
eral experiments were performed on the solar system, includ-
ing light deflection, Earth perihelion shift, gravitational red-
shift, and light retardation. Paul et al. [46] identified cos-
mic results and studied various phases of growth that are
allowed in higher derivative theories. They used the modi-
fied theories as an exploratory model to examine the past,
present, and forecast future evolution. It turns out that all

@ Springer

of the simulations investigated, are capable of analyzing the
universe’s present rapid phase of expansion. Myrzakulov et
al. [47] evaluated numerous cosmological solutions in the
framework of f(G) theory. To do so, the inhomogeneous
factors in the Equation of State (EoS) of a perfect fluid might
lead to late-time acceleration. Moreover, they established the
distinct solutions in f(G) theory. Bhatti et al. [48] examined
the unstable behavior of compact star in modified GB gravity
by using adiabatic approach. They also studied the standard
representation and scalar tensor representations of f(G, T)
gravitation and introduced a two set of novel matching con-
ditions in both representation to better understand the behav-
ior of this modified theory in the presence of boundaries or
interfaces [49]. Yousaf et al. [50-52] investigated behavior
of gravastar via theoretically and graphically, which is alter-
native compact object to black hole, under the influence of
different modified gravity theories.

Bamba et al. [53] explored bounce cosmology in f(G)
theory along with the stability of the solutions in the recon-
structed model. In addition to that, they effectively evaluated
the f(G) gravity model in an analytical manner, in which late-
time cosmos acceleration and early-time bounce are possible.
Abbas et al. [54] focused to determine analytical solutions for
compact objects with anisotropic gravitational static sources.
Moreover, they utilized the Krori and Barua metric for resolv-
ing Einstein field equations (EFEs) with anisotropic fluid
distribution and the power law model of f(G) theory. They
also examined the compact star’s regularity and stability.
Odintsov and Oikonomou [55] studied gravitational baryo-
genesis by developing an analogy between the GB invariant
and the baryonic current. Meanwhile, determined the baryon
to entropy ratio based on the GB terms by considering the
observational constraints. Antoniou et al. [56] looked at the
possible existence of typical BH solutions alongside scalar
hair, which particularly emphasizes the restrictions of the
prior no-hair theorems. They additionally investigated the
solutions of entropy, scalar charge and horizon area.

Munyeshyaka et al. [57] examined cosmic perturbations
in modified GB gravity by utilizing the (1 4 3) covariant for-
malism. They explained scalar and vector gradient functions
and calculated the evolution equations for them. Koussour et
al. [58] analyzed a holographic DE model with an anisotropic
and homogeneous cosmos of Bianchi type / in the context of
f(G) theory. They discovered precise solutions to the field
equations with the assumption that the parameter of decel-
eration fluctuates with cosmic time. Bajardi and Agostino
[59] obtained the theory’s point-like Lagrangian and associ-
ated equations of motion by considering a flat Friedmann—
Lemaitre—Robertson—Walker metric. The Noether symmetry
approach utilized to identify effective functions. In addition,
they studied at the cosmological properties of the f (R, G)
model in the presence of matter fields.
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The Killing vector field (KVF) [60] is a vector field on a
manifold that retains the metric tensor at every point along
the vector field. The KVF is related to spacetime symme-
tries in GR. The curvature of spacetime is intrinsically asso-
ciated with the distribution of matter and energy in space.
The geometrical structure is described by the metric tensor,
which precisely defines the structures that the KVF retain.
The EFEs are differential equations that are associated with
the curvature of spacetime. These are particularly nonlinear
equations that are complex to resolve. The simplest way is
to use spacetime symmetries to simplify the equations. If
spacetime enables a KVF, then this vector field yield a set of
spacetime isometries. It leads to an array of transformations
that preserve the invariance of metric tensor. These isome-
tries may be utilized for simplifying the EFEs, leading to
breakthroughs in the study of spacetime appears in various
physical phenomena.

A conformal Killing vector (CKV) on a manifold is a par-
ticular kind of vector field that keeps the metric structure up
to a scale factor. In a nutshell, it is a vector field that retains
angles and distances between points despite enabling the
manifold’s overall dimension to differ. The CKV have several
major applications in GR, and provide a substantial function
in the study of asymptotically flat spacetime. These functions
are EFEs solutions corresponding to flat Minkowski space at
the point of infinity. The CK'V permit the description of con-
served factors such as mass, angular momentum and electric
charge.

Bohmer et al. [61,62] identified that traversable worm-
holes exhibit precisely defined solutions under specified
circumstances of non-static spherical symmetry in their
structure. They found novel family of simple analytical
approaches corresponding to anisotropic objects alongside
conformal motion. These results can be considered to exam-
ine the physical properties of compact anisotropic objects.
It is essential to study the effects of physical variables such
as energy density, mass, pressure gradient, and force related
to the star in order to find a physically applicable solutions
[63—65]. Manjonjo et al. [66] analyzed the static spherical
metric corresponding to the CKV and obtained analytical
solutions of EFEs admitting conformal symmetries for dif-
ferent fluid distributions. Further, they demonstrated that the
results satisfied the barotropic EoS.

The goal of this manuscript is to extend the work of
Herrera et al. [67] in the framework of f(G) gravity. To
accomplish our objective, we determine specific solutions
that yield one-parameter group of conformal motions in gen-
eral. Depending on the choice of vector field, there will prob-
ably be a pair of different categories of solutions. We will
explore the dissipative and non-dissipative cases for each
of these categories individually. In particular, one of these
categories is related to the facts with vector field parallel to

four-velocity, while the other is related to the case with vector
field perpendicular to four-velocity.

This manuscript is organized as follows: Sect. 2 presents
the basic formulism of f(G) theory and significant properties
of the fluid. In Sect. 3, we discuss kinematical variables for
non-static spherically symmetric spacetime. We also deter-
mine the mass function, structure scalars, and junction condi-
tions. Section 4 deals with the numerous analytical solutions
under the constraint Y7y = 0 along with o = 0 for both
the non-dissipative and dissipative systems. Eventually, we
summarize our findings in Sect. 5.

2 Field equations in f(G) gravity

In this section, we consider the equations of motion for f(G)
gravity. The action integral for f(G) theory [68] is given as

5= / (R+ /@) +zm)¢—_gd4x, (1)

where R, g, [, and k = 8’;—4(; are the Ricci scalar, the deter-

minant of the metric tensor, the Lagrangian density of matter
distribution and the coupling constant. For simplicity, we
consider relativistic units, i.e., c = G = 1. The field equa-
tions for f(G) theory are

1
Row — EgkuR = 81Ty,
where the term T}, is defined as
o= T 10

here, T)f"}") and T)f‘}g ) represent anisotropic matter and the
modified correction terms of theory, respectively. The anisotr
opic fluid distribution can be described by

T = WV, + Phyy + Ty + g N, + NGV, (2)

along with
P +2P;
P = VT, hyw = g + WV,

1
I, = H<NANU - ghkv>v ="~ — Py,

where u, P, P) denote the energy density, radial pressure
and tangential pressure, respectively. The heat flux, the pro-
jection tensor, the anisotropic factor, the anisotropic tensor,
the four-velocity and the unit four-vector along the radial
direction reflected by ¢* = g/N™, hy,, 1, Iy, V* and N'*,

@ Springer



724 Page 4 of 23

Eur. Phys. J. C (2023) 83:724

respectively. We define four-velocity and a unit four-vectors
as

vlze,o,o,o), Nk=<0,%,o,0>. (3)

For comoving coordinates, these vectors satisfy the relation

V'V =—1, NN =1, NV, =0. @)

The expression for energy—momentum tensor in f(G) theory
is formulated by using the variational principle as

79 = —{ fo(4RaRY — 2R Ry,

— ZRAa/Svaﬁy + 4RkauyRay)
1

+ 580 f(G) = 2Rg V2 fg

+2RV,)\V, fg — 472‘,{‘%% fc

— 4ROV, Vy fg + 4RV fg
+ 48AuRaVVaVyfg - 4R)\avyvavyfg}~ (5)

Here, fg depicts =5 ar&) (g) , V2 = V*V, is the d’ Alembert oper-

ator and V,_ is the covarlant derivative. The non-static interior
spacetime is given as

ds* = —A%(t,r)dt* + B(t, r)dr*
+ R%(t, r)(d6? + sin® 0d¢?). (6)

The modified field equations for spacetime described in Eq.
(6) is expressed as

L s

) | () B  R\R (A
8Ty + T = (2= + 5 )5 — (5
7 { 00 ) <B+R>

R R 2 B R B 2
(=) 22 (2) | Al
X[R+<R> B R (R)] AD
R BR RA
8r{T" + Ty =2~ -—= -1 , (A2)
R BR RA
B\*[_R A R\R
8 (T + 19} = — 2= (2222
A R A RJR
A" R\R B\?
2 )= (2), A3
+( A+R>R <R> (A3)
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8w(Tys” + Tyy ) = "+ 1)

(R 2 B+ié A B+R +BR

—\A B R A\B R B R

R ZA// R// A/B/ A/ B/ R/

i N i — =)= (A4
+<B>[A+R +< )] A9

A B A BJR
where, dot and prime show the derivative with respect to
time 7 and radius r, respectively. The non-zero component of
energy momentum tensor for usual matter are

T‘”” PLR?,

= —qAB, T\” = P.B?,
T3(3 ™M= sin®0Ty". )

Also, the non-vanishing component of energy momentum
tensor for f(G) theory is defined in Appendix.

3 Kinematical variables and mass function

The four-acceleration, the expansion scalar and shear tensor
of the fluid are given as

a =V, 0=V,

1
Oy = V(A;v) + a(kvv) - §®hkv~ (8)

“ EL)

We derive the four-acceleration and its scalar after sub-
stituting the values in Eq. (8), which can be expressed as

Al
a=——. ©)

a) = alNy, 1B

The expansion scalar is evaluated by using Eqgs. (8) and (6)
as

o LR, B (10)
~A\"R B)

The non-zero components of a;,, from Egs. (6) and (8) along
its scalar value can be expressed as

2 -1 .2
o] = —B g, 02 = TR o, 033 = Szn 90’22, (11)
2
oMoy = 502, (12)
here,
1/B R
oco=—|—-——|. (13)
A\B R
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The mass function introduced by Misner and Sharp [69],
which is used for describing the mass distribution in a spher-
ical spacetime. For the metric mentioned in Eq. (6), it can be
expressed as

3 5\ 2 N\ 2
m(t,r) = R?RBB = g[(g) — (%) + 1}. (14)

Next, Dr and D7 define proper radial derivative and proper
time derivative which is expressed as

10 1 d

Dp = ——. 15
K= Ror (15)

Furthermore, U is referred to the collapsing fluid’s velocity
and can be defined with respect to the proper time derivative
of the areal radius as

U = DrR.

Here, U may be negative when fluid is collapsing. The func-

tion m (¢, r) using the collapsing velocity, which is evaluated
as

1

R’ 2m 2\ 2
F=—=|1—-—+U . 16
a ( "y ) (16)

By using Eq. (16), we can write Eq. (B1) as

1
drg = —m[fggg% + fggZzt}
+E|ipr@—0)- 2| (17)
3 R

Using modified field equations along with proper derivatives
of Eq. (14), the expressions for the function of mass m (¢, r),
which is expressed as

Drm = —471{U|:P, - l((gfg—_f)

K 2

1
+ ﬁ(fgggzs + fggzé))}

1 2
+ (q + m(fgggzz + fggZ4))E}R . (18)

and
DRm
1 /(G fo— 1
=4 |:M + - (sz) - E(fgggzl + fggZz)>
! Z 720\ Y R 19
+(q+m(fggg 3 + fgg 4)>E} - (19)

After the integration of Eq. (19), we get

r 1(Gfg=f) 1
m:/0 471[u+;(#—ﬁ(fgggzl+fggzﬁ>

1 U
S 7 7Z4) | = |R*R'dr. (20
+<c1+KAB(fggg 3 + fgg 4)>E} r.. (20

Performing certain computations, we find the expression for
m(t,r) as

3m 47 r 3
—=47‘[/,L—F A R°{Dru

R3
3[1/Gfg—1) 1
- E[;(—fgz / - ﬁ(fgggzl + fggZ2)>
U 1 ,
+ E(q + g (foggZs + fggZzt))}}R dr. (21)

The additional terms that resulted from f(G) theory in the
aforementioned mass function formulation are correspond-
ing to the basic characteristic of the spherically symmetric
distribution of fluid, that include heat dissipation as well as
change in energy density.

3.1 Structure scalars

In this subsection, we determine the structure scalar Y7
[70-73], which are chosen to define the complexity of the sys-
tem. Before computing the structure scalar, we calculate the
Weyl scalar by use of the Weyl tensor that can be expressed
as

Ey = (C)L;wyvﬂvys (22)

where C;,,,, denotes the Weyl tensor. In spherically sym-
metric spacetime, the magnetic part must vanishes but its
electric part reveals the importance of the Weyl tensor. The
non-zero components of Eq. (22) are

2

E;, = = B2¢,
11 3
Ey = 1R2€
22 - 3 b
E33 = Ep; sin’ 6, (23)

where Weyl scalar is indicated by £ and is calculated for
spacetime (6) as

g_ L[R_B (R BY(A R
T 242|R B \R BJ\A R

1 A// R// B/ R/ R/ A/ 1
+m[7‘7+<§+ﬁ)(i‘xﬂ‘m

(24)
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It is interesting to note that the electric component of the
Weyl tensor could also be expressed as

E,, — 5<Nm _ %hk> 25)

In order to illustrate the key characteristics of the matter
distribution, Herrera and his collaborators [70] constructed
structure scalars on the basis of splitting of Riemann tensor
[74]. Because of these structure scalars, we can analyze the
complexity of the self-gravitating systems. To determine the
complexity factor, let us express the tensor Y, [75] as

Yo = RigupV*VE. (26)

The tensor Y, may be expressed in terms of Y7 and Y7,
which describe the trace and the trace-free component of the
Riemann tensor as

1 1
Yy = §YTh)»v +Yrr (NANV - ghxv>- @7

By using Eq. (26), we calculated trace and trace-free parts of
the electric part of Riemann tensor [76], which is expressed
as

Yr =4x 3PP — 2P + 1P Yyp =& —4nn1P),
(28)

Further, by using the modified field equations with the com-
bination of Egs. (14) and (24), we have

3m
7= 4P —nPy —¢. (29)

Equation (28) along with Egs. (21) and (28), yield
YTF = —8m H(D)

(9]
% S 3 [ Ty U (D) ,
+FOR{D”‘_E[T+E‘I kedr.

(30)

where (P, Pr(D), 1P and ¢P) are defined in Appendix.
Equations (A4)—(A2) and the formula for &, transform Eq.
(27) as

Y_lié B'+AI'3 R
TF="A2|R B aA\B R

1 A// A/ B/ R/
—|l=+=(=+=)]| 31
+B2[A+A(B+R)] (31)

The complexity of matter distribution has been measured by
using the scalar function Y7 £. It has been explained by the
notion that it reveals the most significant detail regarding the
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distribution of matter by observing the pressure anisotropy
as well as energy density inhomogeneity. A number of the
solutions will be discussed in the coming sections using the
condition Y7z = 0.

3.2 Junction conditions

In this subsection, we consider the Vaidya-metric as exterior
spacetime which is described as

oM
ds? = _[1 - (”)}duz —2drdv + r*(d6? + sin*0d¢?),
r
(32)

where M (v) and v denote the total mass and retarded
time, respectively. The general interior spacetime and exte-
rior Vaidya spacetime matching on the boundary surface,
r = ry =constant. Next, we have to satisfy the Darmois
matching condition [77], so the continuity of the first and
second fundamental forms, across the boundary, give

mt,r) = M©), (33)

21&/ BR RA
R BR RAJ|s
B[_R A R\R
=l 2= (22 -2 )=
il (1R

+A 2A/+R/ R BY? (34)
B A R/ R R 5
In Eq. (34), both sides are equal on the boundary surface, and
then using Eqgs. (A2) and (A3) in Eq. (34), we have

1
gz = <Pr—§(gfg—f)>z- (35)

Finally, the matching across boundary of Egs. (6) and (32)
formulates the Eq. (33) as well as Eq. (35). So, Eq. (33)
represent that the function m (¢, r) and the total mass M (v)
are equal to each other across X. Subsequently, Eq. (35)
express that the heat flux is equal to radial pressure and
higher-curvature terms at the X.

3.3 Quasi-homologous evolution

Here, we identify the constraint that has been chosen to fulfil
the requirement for the most basic form of evolution. To do
so, we rewrite the Eq. (A3) as

U 4 1 o
DR<_> = —[q + KITB(fgggZ3 + fggZ4)} +

R E
(36)
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After integration of Eq. (36), we obtain

U=a(t)R

(e

4 1 )
+R/0 [fn<q+m(fgggz3+fggz4))+R}R dr.
(37)

Putting the value of the integration function a(¢), the Eq. (37)
produces

Us,

U= —R
Ry

R/rE pil + : (fogaZs+ f Z)+a R'd
| E\I T cap /9993 TIGGR) JT R | Ar

(38)

Consequently, Egs. (37) and (38) provide U = R, which is
a common characteristic of homologous evolution [78-80].
If two integral terms cancel one another or when the fluid is
adiabatic with 0 = 0, we achieve

U=a()R. (39)

The “homologous evolution” terminology is accomplished to
describe the relativistic structures which satisfy the expres-
sion as

Ry
— = constant. 40)
Ry

Equation (40) illustrates that the evolution structure of mat-
ter distribution corresponds with the homologous condi-
tion throughout its evolution. Here, R; and R, denote the
areal radii of two concentric shells described by r = r| =
constant, and r = rp = constant, respectively. We can
write the quasi-homologous condition by using the Eq. (38)
in Eq. (B1) which implies

4

1
—|:Bq +

o
R 1 (JoggZs + fggZU} tx=0 (41)

3.4 The transport equation

When the gravitational collapse of a dissipative system in
thermodynamics happens, the transport equation (TE) will be
used in the diffusion approximation [81,82]. The TE yields
the temperature of the dynamically collapsing fluid and it
is a generalized differential equation that deals with several
aspects of transportation, such as fluid dynamics, heat trans-
mission, and mass transfer. The heat flux for the transport
equation becomes

th"Vique + ¢* = —kh™ (T, + Tay)

—le2<TV > 7" (42)

where k represents the thermal conductivity, T and 7T repre-
sent the relaxation time and temperature, respectively. The
TE contains one independent factor. This factor can be
extracted from Eq. (42) by reducing it with the vector, which
seems unit-space like N, as

1 %
rVAq,;\ ~|—q=—/<(J\/AT.;L+Ta)__KT2 - q.
’ 2 kT? 2

(43)
We may obtain TE’s truncated version as
Vs +q = —kWN*T, + Ta). (44)

where t describes ephemeral processes that take place earlier
in relaxation. While their accomplishments are applicable at
all time scales, they are notably crucial for time scales in the
range of 7 or < t. The TE’s truncated version is helpful to
provide the formulation of 7 for some peculiar models.

4 Conformal motions: exact solutions

Despite the fact that the major goal of this work is to examine
dissipative and adiabatic systems. In an attempt to balance
out overall perspective, we deal with the metric described in
Eq. (6), acknowledge the CKV, and satisfy the equation

Lxgw =2Ygw — Lxg" = —2¢g", (45)

here Ly represents Lie derivative of X, also ¥ treated as
function of  and . When 1/ is constant equivalent to a homo-
thetic Killing vector. The most inclusive formulation of Eq.
(45)is

X =¢(t,r)o, +v(t,r)o,. (46)
where ¢ and v are the functions of  and r. Next, we discuss
dissipative and non-dissipative cases under some restrictions

one by one.

4.1 Non-dissipation with vector field orthogonal to
four-velocity

Let us, consider the scenario where the vector field A
orthogonal to the four-velocity V? and ¢ = 0. From

Eq. (45), we have

Lxgu =2Ugn = X058 + 6500 X° + 2050, X°. (47)

@ Springer
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Using Eq. (47), we evaluate the following equations as

A,
=—x!, 48
14 " (48)
_ 1y/ 5/ 1
xlf—(X)JrBX, (49)
R/
=Xl 50
14 R (50)
and
xXl=xl=xl=o0 (51)
g0 T T T

From Egs. (48) and (50), we obtain

A =k(1)R, (52)

here k(¢) is function of integration. Through re-parametrization

t, we might set k to be equivalent to 1. Then, we can express
A =R, (53)
where o is a unit constant. The derivative with respect to time

of Eq. (49) along with Eq. (50) and further using Eq. (51),
can formulated as

B
W o em(n)R, (54)

where W (r) is function of integration, we may set W equiv-

alent to 1 by re-parametrizing r, while n;(¢) is an arbitrary
function. Thus, we have

B =oni1(®)R. (55)

Putting back Eqgs. (53) and (55) in Eq. (A2) with ¢ = 0, we
obtain

B’ 2BB 1
5~ g = 5feggls + faga). (56)

After integrating the Eq. (56), the solution reads

1
b= torio+nan
_ n(t)
CEO I+ L)

A=0R (57)

here, J(r), &(t), and [;(t,r) are integration functions
of their arguments. Further, n(t) = ﬁ and I} =
— [ [ 55(fagaZs + fggZs)dtdr. We may see that these
arbitrary functions 7n(z), £(¢), J(r) and I (¢, r) may exist in

@ Springer

the further discussed models. Then, the modified field equa-
tions become

1 J+1))?
8nu=—§(gfg_f)+(é+n—2+1)
.2 . g :
n anE + 1)
7 o4 —= — ——>— 2
X[fggg A A W
3¢+ 1))? ﬂ
(E+J+1)?
420"+ INE+T+ D) =3 +1)>  (58)

1 J+ 1)?
wa=5@m—ﬁ+§i7;ﬁ—

)
n
x [nz(fgggzs + fogZe) + 5

2!E+1)  3E+N0)?

nE+J+0n) E+J+0L)?

2(54‘]1) _2_ﬁ_ 2 / /N2
Y EY Q]+3(J +1)% (59)

1 +J+ 1)’
wm=5@m—ﬂ+§—7rﬁ-
22 - av
U 3¢ +1)
x [Qz(fggg% IOt s T T e

2¢ + 1) _q

E+J+10) 7
43 +I)D? =20 +I)E+ T +1). (60

Using the results of Eq. (57) in the junction conditions which

are described in Eqgs. (33) and (35) on hypersurface, we have
the solutions as

R% + 0°(R%L —2MRx —wR%) =0, (61)
2Rs Ry — R% — 0*Gw Ry — R%) =0, (62)
wherew = J' (r);)z. Basically, Eq. (62) is the time derivative

of Eq. (61), so we only consider the Eq. (61). Thus, we could
express Eq. (61) as

R} = 0*R3[w — V(Ry)]. (63)

with

V(Ry) = — — 2o (64)
R: Ry

From the integration of the Eq. (63), we obtain

ot —ty) = i/ V27 dz
2(z +6)(z — 3)?
V3z
vz 6

= +2tanh~!

(65)
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with z = RWZ. We evaluate the solutions from Eq. (65) which
is expressed as

6M tanh?[2(r — ¢
R(zl) _ 2[5( O)]7 (66)
3 — tanh“[5 (t — 10)]
and
an  6M coth*[§(r — 19)]
R = (67)

¥ T3 coth’[4(r — 1))

The quasi-homologous condition in adiabatic system illus-
trates that ¢ = 0 in the fluid, from which Eq. (13) demon-
strates that

B—R (1) = tant = (68)
B_R=>)7 = constant = .

Using Eq. (68), we can write metric functions as

70 1

TEO IO L T EO IO+ L)
(69)

R = no
olé() +J(r)+ Li(t,r)]

Then putting back Eq. (69) in Eq. (30) in addition to the
condition Y77 = 0, we get

A// R/ B/ A/
——(—+—>—=0. (70)

A R BJA
Again, using Eq. (69) in Eq. (70), we accomplish
J(r)+ It r) =Pi(t)r + Pa2(2), (71)

here, P and PP, are the arbitrary functions of ¢. After substi-
tuting Eq. (69) in Eq. (66), we obtain an arbitrary function
eD (1) as

no{3 — tanh?[4 (t — 10)]}

)y —
0 60M tanh?[§(t — 19)]

—]P’ll"z —Pz. (72)

Using Eqgs. (71) and (72) with Eq. (69), the modified field
equations for f(G) theory is expressed as

1
8t =—--Gfg— 1)

. 8o coth?[§ (1 — 19)] — ng — 60 MP; (rs — r)}?
3602M%1}

x [(fgggzl + fggZs) + 92]

[ cosh[§ (1 — 10)] Pi(rs — r)i|2 _a3p?
2M sinh3[4( — 10)] o ’

(73)

1
$nbr=-Gfg— 1)

N [{3'70 coth?[§ (t — 19)] — no — 6@ MP; (r5, — r>}2]
3602 M?
+ 2
x (fgggZs + fggZe) — W
0
3cosh[§(t — )P (rg — ) 4M%P)(rs; — 1)
C Mngsinb3[%G—1)] oo
1 20MP(ry —1)
3 T}
1 o°Pi%(rg —r)? 3P (ry — 1)
T om? n?2 ~ 25oM sinh* (1 — 19)]
20P(rg —r)
3noM

x [3 cothz[%(t — )] —

+3P2 4 (74)

1
8PL =G fg— /)

N [{3f70 coth?[§ (t — 19)] — no — 6@ MP; (ry, — r>}2]
36n3 M2

3B (rg — r)?

x (fgggZy + fggZg) — -
0
B 3COSh[%(l‘ - l())]]Psl (ry —r) B 4M2]Ii>'l s —r)
Mg sinh?[§ (1 — 19)] om0
«[reonttla - § - 2MEarz =]
2 3 no

no —6oMPi(rs —r)
4M2yg sinh*(§ (t — 19)]

no —30MP(rg —r)
3M2nq sinh?[§ (1 — t0)]

+3P% 4+

(75)

In order to calculate the expansion scalar, we utilize the met-
ric functions of model I, which can be expressed as

B 3cosh[§ (1 — 10)] 3P (rs — 1)
2M sinh3[4(t —10)] n o

(76)

With the help of the Eqgs. (67) and (69), we get

no{3 — coth’ [ (t — 10)1}

an . _
S0 60M coth’[§(t — 19)]

— ]P)ll”z — ]Pz. (77)

Moreover, we derive the modified field equations with addi-
tional curvature terms by using Egs. (69), (71) and (77) that
can be expressed as
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1
87 =—2(Gfg ~ f)

, B tanh?[§(t — 10)] — no — 6oMPy (rs. — r)}?
2172,,2
360~ M=n;

X [(fgggzl + fggZ») + 92}

sinh[§ (1 — 19)] Pitrs =07 2
3 —3P2,
2M cosh3[%(t —10)] 1no

(78)
1
8 Pr = E(Qfg -
N [{3770 tanh?[§ (t — 19)] — no — 6@ MP; (r5; — r)}2]
3602 M2
) 2
3P -
x (fgggZs + fggZe) — 1(:}+r)
0
_ 3sinh[§¢ —1)Pi(rs =) 4M*Pi(rs — 1)
Mno cosh3[%(t —19)] Qno
_ 20MP(rs — r)}
no

200, 1
><|:3tanh[2(t 10)] 3

1 0’P 2 (rg —1)?
o 2 2
oM U
__ 3oPirs —1)
2noM cosh*[§ (t — 19)]

p2 20Pi(rg — 1)
"t =
3noM

(79)
1
8r P = E(gfg -0

N [{3:70 tanh?[§ (t — 10)] — no — 6@ MP1 (r5, — r>}2}
3603 M2

3B (g — r)?

x (fggg?7 + fggZs) — 2
0
- 3sinh[§(t — 10)IP1 (rz — 1) ~ AMB (g — 1)
Mg cosh®[§ (1 — 10)] o
[t § - 2= =]
2 3 10

no — 6oMP(rg —r)

+3P? +
U am2pg cosh 14 — 10)]
no —3oMP(rs —r) (80)
3M2nq cosh?[§ (t — 10)]
We assume @ = 0 in Eq. (61) and get
RUID —om cosz[g(t — 1)l (81)

When @ = 0, we have J'(r5)* = 0, and we determine
}P’% = 0. Therefore, we may write the functions as

1m0 1 1m0

TEO+P,  EO+P, o)+ Pl

(82)
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The function £ /71 (1), using Eqgs. (81) and (82), transforms
into
10

U1 5y — _
: (Z)_ZQMCOSZ[%(I‘—Z‘())] = (83)

The equations of motion in terms of f(G) for the functions
which is mentioned in Eqgs. (82) and (83) are produced as

1
8 = —E(gfg -+ 402 M? cos4[%(f —10)]

3 —2cos?[§(t — 10)]
4M? cos®[§ (1 — 19)]

x (fgggZh + fggZs) +

(84)
1
%
i cos*[2(1 — 19)] (faggZs + fogls),
(85)
1
1
+ fogZs) + (86)

4M? cos*[5 (1 — 10)]

Furthermore, if we assume M = 0, the solution of Eq. (61)
can be evaluated as

1
RUY) = , 87
z V@ coslo(t — ty)] ®7)
and
1
Ry = (88)

V@ sinfo(t — 19)]

We determine the £V (¢) and £V)(¢) from the areal radius
at ¥ which is mentioned in Eqs. (87) and (88) as

(1) =1 o coslo(t — 10)] — Vars — Py (89)
%
and

£V (1) = %ﬁ sinfo(t — 10)] — v@rs — Py, (90)

Case: £V (1)
The modified field equations for the function & UV) (1) are

1
$rp=—-Glg— 1)

2
+ [@ cos[o(t — 1g) — B<1 - L)]
0 0 rs
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x (fgggZ1 + fggZa) + 3w — 3P%

— 2w COS2[Q(I —1)]—P <1 — L)
ry

X [Zﬁcos[g(t —t9)] =P (1 — L)]
s

+

6Plf 1)

sin[o(t — t())]<1 — L>,
ry
1
8TPr = (GG~ )

2
+ [«/Erz coslo(t —19)] — Piry (1 _ rL)]
x
x (fgggZs + fggZe) — 3w +3P]

- —(1 - L) [zﬁsin[g(t 1)l + B(1 -
rs 0

3l

x | /@ cos[o(t — 19)] — Py (1 — L)] + P (1 — L)
ry ry

x |4/ cos[o(t — 19)] — Py (1 — L>j|, (92)
ry

1
8r P = E(Qfg -0

2
+ | V@ coslo(t — 1)) — Py (1 - L)}
ry

x (fgggZ1 + fggLs) — 3w + w cos*[o(r — 19)]
- &(1 - L) [A/Esin[g(r — 1) - @(1 _ L)]
z e

Q rs

p
- @(1 - i) [ﬁces[g(t —10)]
ry

—1P>1<1—L>]+3]P%
ry

+ 2@ P coslo(r — to)](l - %) (93)
)

Case: £V) (1)
For the function £(Y)(¢), we have the following physical
parameters

1
8 = —E(Qfg -

2
+ [@ sinfo(t — fo) — &<1 - L)}
) 0 rs

x (fggZ1 + fogZa) — 3P + 3w

+ 6plﬁc08[g(t - to)]<1 - L)
Q ry

_]pl(l_L)
ry

x [2J5sin[g(t —10)] —Pl(l - L)}

rs

) 2
— 2 sin’[o(t — 19)] + %(1 — L) , (94)

rs

1
87 Pr = E(Qfg -

2
+ [«/wrz sin[o(t — t9)] — Piry <1 — L)}
rs

x (fg66Zs + fogZe) — 3w + 3P

- %<1 - L) [2ﬁcos[g(z —10)]+ %(1 - é)]

o ry
- 2#12‘(1 - L) [JE sinlo(t — 10)]
o ry

w(g)]on)

x [4J5sin[g(t —1)] - P (1 - rL)} 95)
P}

1
8w P = E(Qfg -

2
+ [ﬁsin[g(z — )] P, (1 - L)]

rs
x (fggg?7 + fggZs) — 3w +w Sil’lz[Q(l‘ —19)]

- ﬁ(1 —_ i) [chos[g(z — )] — &(1 - L)]
o ry 0 ry

- 2#121(1 - L) [JE sinlo(t — 10)]
ry

r 2
—Pi(1——)|+3P
rs

+2/@ P sinfo(r — zo)]<1 - %) (96)
>

In the Egs. (91)—(96), we choose the relation between the
constants 7, ry, and o such that ;’—;’ = 0. In this case, we
examined the non-dissipation system using Eq. (47) and then
determined the metric functions. We utilized Eq. (57) in junc-
tion conditions which are mentioned in Egs. (33) and (35) to
simplify it into a single differential equation. Next, to find
models I and II, we use some approaches such as ¢ = 0 and
Y7 = 0. To determine further models, consider two scenar-
ios, @ = 0 and M = 0, with the same approaches as men-
tioned before. Due to extra curvature terms, the radial pres-
sure at the boundary surface does not equal to zero in model
II1, but it does in GR [67]. It is noteworthy that the expansion
scalar is homogeneous and positive, which is expressed in
Eq. (76).

4.2 Dissipation with vector field orthogonal to four-velocity

In this subsection, we assume the dissipation case when X 8
orthogonal to V¢ Hence, from Eq. (47), we formulate

A=0R, n()B =0R. o7
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Thus, implying Eq. (97) in Eq. (A2) with dissipative case,
we produce

B B' B
5~ 2_E =47 |gAB + —(fgggZ3 + fggZa)|. (98)

The solution of Eq. (98) is given as

1

N E@)+ J(r) —4m f f(qA + #(fggng + fggZ4)dtdr’
99)
thus
A =0R
_ n(t)
EO)+J(r)—4n [ [(qA+ K%(fgggZ3 + fggZ4)dtdr’

(100)
here there are two integration functions, &£(¢) and J (7). Using

Eq. (97) in Eq. (30) along with the condition Yrr = 0, we
have

1 /i #»B 72 B B'\?
—2(E+"——"—2>+——2(—> =0.
n“\n nB 1 B B

In aiming to solve Eq. (101), we could take into account

(101)

and
B B’ 2
7 —2(§> =0. (103)

After integration, the Eq. (103) can express, in the form

B—___ ' (104)
c@Or+c()

where both ¢ and ¢ are the functions of ¢. Thus, computing
the r-derivative of Eq. (102), the solution becomes ¢ = 2—7.
So, we can write Eq. (104) as

B—__ 9 (105)

¢mer+1)

After substituting Eq. (105) in Eq. (102), the solution of Eq.
(102) is determined as

n(t) = Pyl edr, (106)
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here P3 and P, are integration constants. Next, from Eq.
(106), we have

1 _pye. (107)
n
After using the Egs. (100), (105), and (106), we evaluate the

modified field equations under the influence of f(G) theory
that can be written as

1 or+1)?
8 = *E(gfg -+ Q2p3262774f4“dz
3
X [fgggzl + fggZo +0* — 4Pal + {i +Pi¢ ]
_ 3;2, (108)
_ gter+)  Per+1)?
= _step“ffdf B 29277367>4f4“dl (f6g973 + JGgZ4).
(109)
1 r+1)2
&dﬁ=5@%@—f)+£lg——)fﬁawzs+ﬂmzw
or+ D [, 20 32 P22 2
— 792P:§262P4f§dt [Q - ? + {T + 4§ + 3; )
(110)
1 t2or+1)?
SJTPJ_: E(Qfg_f)'FW
2 Cz 2% 2
x | 0" (fgggZa + fggZs) — + 3 Pat | +3¢%
a11)

Next, we assume the quasi-homologous condition which is
described in Eq. (41), then feeding back Eq. (109) in Eq. (41),
we obtain

Bz
4nqA? +

B
(foggZs + fggZa) = — (112)

2B’

If we impose the shear-free condition (¢ = 0), then p = 0,
which further implies that P4 = 0. Thus, from the Eq. (106),
it seems obvious that the function 7(¢) may be expressed as
P3. Next, the metric functions can be determined as

e ,___Pe
tlor+1)’ tlor+1)’
Re__ I3 (113)
tor+1)

With regard to the f(G) theory, the equations of motion can
be interpreted as

t2or+1)7

1
871,u=—§(gfg—f)+ Q2P2
3
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3¢2
x [fgggzl + f672 + @ + giz} —3¢%, (114)

Cfler+D  ler+1)

dng =

oP3 20°Ps
(115)
1 2 +1 2
8wh=5Gfg— )+ g(QQr—z)(fggng + fg62Ze)
§2(Qr+1)2|:2 27 3;’2} 5
S BT 2 2 32 (116
2P |° R R
or+1)?

1
StPL=35Gfo =N+ o
3

32 af
X [Qz(fggg% + fegZs) — giz + %} +3¢2.
(117)

Next, from the matching condition that is mentioned in Eq.
(34), we evaluate the function ¢ as

25 (§>2 2Q1§: 2 2
R I R v (118)
¢ 3 3 !
with g1 = gifil' For integration, first we assume u = g;,

which reduce Eq. (118) into the Ricatti equation as

2i — u® 4+ 201 u = 0> — 307 (119)
The solution of Eq. (119) turns out

: 0% — 4ot
u =01+ /0> — 4o7 tan T(l—to) (120)

Thus, from the Eq. (120), the function ¢(¢) is given as

0% —4of
(r —10)

2 )

2

£(t) = 02e°" sec (121)

here o7 is an integration constant. Furthermore, we need to
find the temperature, so we will use the transport equation.
Then, the notion of T (¢, r) becomes

_er+DJer@+¢d) .
T(t,r) = 4rko Py |: P ¢In(or + 1)i|
flor+b |:‘L'M _ N} + To(h). (122)
o0 KkP3
Where

0 2or+1)2
M = / ter D [ 87 2P (fgggZs + fggZO}d"v

(fggZs + fggZa),

1
N= / g(fgggz3 + fggZs)dr.

Further, P5 is the constant and Ty (¢) is the function of inte-
gration.

In the aforementioned case, we utilized the condition
(Y7 r = 0) to specify our solutions. Next, the function ¢ (¢)
is implemented to represent the physical parameters, as one
can observe in Eqgs. (114)—(117). Further, the function ¢ (¢)
is evaluated from the junction condition that is described in
Eq. (35). Moreover, we implemented some additional limits
to reduce the complexity of our models. Finally, from the
transport equation, we compute the expression for tempera-
ture 7' (¢, r) in the presence of additional curvature terms in
Eq. (122).

4.3 Non-dissipation with vector field parallel to
four-velocity

In this subsection, we discuss the non-dissipative system in
the framework of A% that is parallel to the four-velocity 1.
Taking into account the aforementioned condition, we con-
sider Eq. (47), so that

B
A=BD(), R=rB, w:E, x0 =1, (123)
here, D(r) is function of integration. Also, by using Eq.
(123), we get

ds* = BX(t, r)[—D*(r)dt> + dr* + r*(d6® + sin® 0d¢?)].
(124)

Using Eq. (123) in Eq. (A2) along with the condition ¢ = 0,
we achieve

A 2AA/—l(f 73 + fggZa) (125)
A AA 2 GGgg43 GGg&4)-
The integration of Eq. (125) yields
1
A= , (126)
@)+ J(r)+ Ixt,r)

also, we get
B 1

EIGTHOE GRS AT

" (127)

R = ,
D(r)&() + J(r) + Ia(t, )]
here I = — [ [ 5% (fgggZ3+ fggZ4)dtdr. Hence, we can

conclude that the arbitrary functions of their arguments are
represented by &, D, J, and I>. Next, the matching of the mass
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functions of inner and outer spacetime, which is mentioned
in Eq. (33) along with Eq. (127), can be expressed as

R = *RY[9 = V(Ry)], (128)
where
DZ
o' =—. ¥ =0"§Ds,
s
2V0 a
V(Ry) = ——(—a)+ —5Q—a)— ==, (129
Ry R% Rs.
with o) = DL%;Z . Next, using the Eqgs. (35) and (127), we get

2Rs Ry — R% —300%Ry — 40°VIORY (a1 — 1)

— 0’°R:ai(a; —2) =0. (130)
In order to find the specific models, we take oy = 1, and then
Eq. (128) can be expressed as

1 2M
} (131)

P2 — 2R4{19——+— )
z @ KRy R% R%
After applying the case 1 = 1 in Eq. (130), we obtain the
same solution as Eq. (63), which is expressed as
2Rs Rx — R% — 300%RS. + 0°Ry, = 0. (132)
Feeding back Eq. (127) in Eq. (30) along with condition

Y7r = 0, we accomplish
J"+n 1 n 2D’
J+1, r D

0. (133)

Equation (133) can be written as

2D’
=0,
D

e 1
— - (134)

with € = J" + I]. The integration of Eq. (134) yields

P4(t)r
€= D (135)
The solution of Eq. (135) is evaluated as
J+ 1L =Py1) / #dr +Ps (), (136)

here P4 and IP5 are arbitrary functions of ¢. Further, we assume

D(r) = Per, (137)
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here, Pg is treated as a constant. Next, using Eq. (136), we
get
J+ 15, =Ps5(0)+P;(t)Inr, (138)

where, P5s and P; are the integration functions of 7. If we
solve Eq. (131), we obtain R(EV”) as

> 3 — tanh?(4(1 — 10)]

(139)

Using the Eqgs. (127) and (139), we can find the function
eVID (1), which is expressed as

gVID (1) = no{3 — tanh?[ (t — 10)]} p
60M tanh?[§ (t — 9)]

5 — IP7 In ry.
(140)
We utilized the functions that are expressed in Eqs. (138) and

(140) with Egs. (127) and (128). Further, We calculate the
physical variables, which can be read as

1
$mp=—5Gfg -1

3coth?[4(t — 19)] — 1
+
6oM

r

=l

3coth’[§(t — 19)]
4M?sinh*[4(t — 1)]
{3coth’[§(t — 1)] — 1}
36M2
[ coth[%(t —19)]
o |2 TR
M sinh?[§ (1 — 19)]

+ P71In

x (fgggZi + fggZa) +

r

rs

P7ln‘LH—3Q2P%
ry,

—3P;1n

r |[3coth’[4(r — 19)] — 1 r
P7ln|— 2 Pyln|—
+ P71In |: M +1P7 n"‘zH’
141)
1
87P = 5(Gfg— )+
3coth’[(r —19)] — 1 r |7
P;1n|—
X|: oM telrin ry i|

x (fggZs + fogle) + 30°PF —

M2
. 3coth[2(r — ¢
| [M_ i ]
rs |L M sinh*[§ (1 — 19)] ry
. 3coth?[£(t —19)] — 1
P r [5@ —10)]
rs 3oM
2P| = ]+Q]P>71n L’
rs rs

[(3 coth’[4(t — 10)] — DB coth*[§(t — 19)] — 5)
X

oM
— oP;1n L‘ ] (142)
rs
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1
8nPL=5Gfg~ )
N [3coth2[§(z—z0)]—1

2
.
Pyln|—
oM +Q 7 ry ]
2coth?[§(r — 10)] + 1
12M2 sinh?[4 (t — 19)]

x (fgggZr + fggZg) +

r

+]P;7 In|—
rs
[ 3coth[§(t — 10)]
N e 28 7ln
L M sinh”[5 (7 — 19)] ry
. r
+PyIn|—
ry
[3coth?[£(r —19)] — 1
o [5# —10)] 2P In T ]
3oM rs

oP7(3coth’(§(t —19)] — 1)
2M sinh?[§(t — 19)]

+ 3Q2P% +In r
,

(143)

We used o2 = 7362 in Egs. (141)—(143). Next, if we consider
9 =0and o = % in Eq. (128), then the Eq. (128) can be
written as

. 2M 3
R2 = 02R? |:___:| 144
z 0 Ry RSZ 4R22 ( )
The integration of Eq. (144) gives
4M .~
RYMD — — (L +sind). (145)

With & = ¥32(1 — 19). If we further choose D(r) = P)/r
with P} = constant. After integration, Eq. (133) may be
expressed as

J(@r)+ L(t,r) =Pr(t)r +P3(t), (146)

where, P> and IP3 are the functions of ¢. Assume that ¢+ = 0,
we have J/(r5)?> = 0. The function ’, must vanish. Next,
the physical variables with modified correction terms yield

9
1602M?2(sin X + 1)2
27
64M2(sin % + 1)2

1
8 = —E(gfg - N+

x (fgggZh + fggZ) +

3cos? ¥ rs
x [m + 7}, (147)
1 Orry
8nPr =500 = DY feomZnz £ 102
x (fgggZs + fggZe)
n 27 [1 - r—E} (148)
64M2(sin X + 1)2 r |

9}’2
16roM2(sinx + 1)2

1
$mPL=-Gfg— )+

27
64M2(sin ¥ + 1)2°
(149)

x (fgggZ7 + fogZs) +

Moreover, we consider M = 0 and «; = 1, then Eq. (128)
is evaluated as

. 1
R% = 0°R%: [19 — R_2j| (150)
b
The integration of Eq. (150) gives
¢ = : (151)
> U coslolt — 1)
1
RYY = (152)

VP sin[o(t — 19)]

Using Egs. (151) and (152), we may find the functions
X (1) and € (1) as

101 = Ps — P7Inry,

ﬁcos[z(l —1f)] (153)

3

—Ps —P7lnry. (154)

(X) (1) = \/ESiH[Q(l‘ —10)]
o

Afterusing Egs. (146), (153), and (154) along with Egs. (127)

and (128), the corresponding set of modified field equations

read as

Case: £X) (1)

The physical parameters for the function £ /%) (¢) yield

1
87 = —3(Gfg — f)

+ |V coslo(t — 19)] + P71n

]2
r
s

L‘ — 29 sinfo(r — ro)]]
ry

rs

x (fgggZi + fggZ2) + 3P 1n

X ]P;7 In

+ 39 — 20 cos?[o(t — to)] + oP7 In é’

-
al
8 P = %(gfg — ) +r? [ﬁcos[g(r —19)]1+¢P71n

r
rs

X [Zﬁcos[g(t —19)] + oP71n

—30°P3 — 2v/9 cos[o(r — 19)], (155)

r]z
x

x (fgggZs + fggZe) — 3P71n

X |:]P’7 In L‘ —2ﬁsin[g(t —to)]:|
ry
.. 4 t— 1
426 In L‘[wwm’LH
ry o ry
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—oP71n

LH:Q]PH In L‘
ry r

+ 49 cos[o(r — to)]] — 30 4 30%P3, (156)

1
§nPL=-Gfg— 1)

r]z
p)

+ [ﬁcos[g(r —1t0)]+oP71In ;

x (fg677 + fgGTs) — 39 + ¥ cos’[o(t — 1p)]

r
rs

r

+30°P3 +3F71n
s

X [2«/5 sinfo(t — )] — P71n

+ 2]?7 In r [ﬁCOS[Q(I —10)]
ry o
+ P71n L :| - 2Q]P7\/5COS[Q(1‘ —19)]1n L’
r ry
(157)

Case: £ X (1)
The equations of motion in the context f(G) gravity can
be read as

1
8 = —E(gfg -

2
r
VE‘]

r

rs

— 29 coslo(r — to)]]

+ [ﬁsin[g(t —19)] +P71n

x (fgggZn + fggZs) + 3PF; In

X |:P7 In

.
ry
+ 39 — 29 sin’[o(r — to)]

+ oP71n L [Zﬁ sin[o(t — t9)] + oP71n L‘ ]
r ry
— 30%P2 — 24/ sin®[o(t — 19)], (158)
1
8 P = E(Qfg -
2
+r2[ﬁsin[g(z —10)] + oP7 In ri }
. r
x (fgggZs + fggZe) — 3P71n E‘
X |:]P’7 In L 2«/5005[@0 — to)]]
ry
) T [—ﬁsm[w —0l oy ‘i‘ ]
ry o rs
r r
— QP7 In|— I:QIP7 In —‘
ry ry
+ 4/ sin[o(r — to)]j| — 39 + 30°P2, (159)
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1
8w P = E(Qfg -0

2
;
’"ZH

+ [ﬁsin[g(r — 1)1+ oP71n

x (fgg6Z7 + fggZs) — 30
+30°P2 43P, In i‘
"

X Zﬁcos[g(t —ty)] — IP57 In

+ 2P, In

dl
)

r

rs
[/ si t—t

y V¥ sin[o( 0)]+IP’71n
L 0

r

rs
r

— 2QP7«/5 sin[o(t — fp)]In
rs

+ 0 sin’[o(t — 19)]. (160)
In this section, we begin with the non-dissipative case, i.e.,
g = 0. After, utilizing Eq. (123) in Eq. (A2), we get Eq.
(125). The solution of Eq. (125) specifies the metric vari-
ables. In fact, by computing the Eq. (33) along with Eq. (127),
we obtain the differential equation whose solution constructs
model V11 with additional curvature factors. Further, if we
assume ¢ = 0 and o = % in Eq. (128), then their solution
provides the Eq. (145). Next, the vanishing complexity factor
condition (Y7 = 0) along with Eq. (145) used to determine
the model VII1. At the end, the model I X and X are eval-
uated when we consider M = 0 in Eq. (128). The solutions
of models /X and X describe the properties of the compact
objects.

4.4 Dissipation with vector field parallel to four-velocity

In this subsection, we assume that the vector field X% parallel
to V® in combination with a dissipative system g # 0. Then,
we have the same metric functions which have been described
inEq. (123). Thus, after substituting the Eq. (123) in Eq. (A2),
we have

1 B
4wgAB + — Z Zy) = — —2=— 2,
g +2(fggg 3+ fggZ4) B 3B

After integration, the solution of Eq. (161) is obtained as

1

B= - ,
D(rEWO+T ()~ [ [(Anq B+ (foggZs+ fggTa))dtdr)
(162)

1

T e+ ()~ [ [T4mq B+ (fggaZa+ fggLaldidr’
(163)
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r

T DONEW I ()~ [ [TAng Btk (fggaZa+ fggZa)ldedr)

(164)

Here, £(¢) and J (r) are functions of integration.

To attain another model, we apply the condition (Y7 r =
0). Putting the metric functions of Eqs. (162)-(164) in Eq.
(31) produce

s(r
D2(r)’
(165)

/[4an + —(fgggZ3 + fggZ4)1dt =

After integration, the Eq. (165) is obtained as

1
_ / f (7B + 2 (faggTs + fagTaldrdr
— et / rdr
=c(1) Dz—(r)’

where ¢(¢) is function of integration. Let us, taking time
derivative of Eq. (165), we get

(166)

s(t)r
D2(r)’

1
amqB + 5 (f66623 + fgg7a) = — (167)

Using the Eqgs. (162)—(164), the metric functions can be rep-
resented as

1

. (168)
T DOIED + 5 (0) [ 2]
1
- , (169)
£(1) + g(t)f 565
(170)

~ DO s<z>+g<t>f il

Further, the combination of Egs. (35), (168)-(170) and Eq.
(A3) produce

1 D/ S 1 D!, S
DiSy|— - X2 -Z)(— - £ _3°%
ry Dy Sy /\rz Dg Sy

S 52 2
—Sg(—2—2+3—§+02> =-=, (171)
Sy S5 o
where
2 s=s0+so [ g (172)
= _7 g
°= D)’
To find the solution of Eq. (171), we consider
25z +3S% bt 2 (173)
Ss T S% oSz’

S/
1—ay — 222 g, (174)
Sy
where o] = D 2’2 Also, we can write Eq. (174) as
t
1—a) = % (175)
0°Sx

Using Eq. (175) after implying a time derivative, we compute

c)Ss (0

=27, 176
Al (176)
Using Eqgs. (175) and (176) in Eq. (173), we get
Sz ,$%  2085(1—a))
2—-35+————-0"=0. 177
Sy S% Sy @ ( )

Further, we consider x = % for simplification. Then, we
can say that the solution of Eq. (177) is the Ricatti equation,
which is expressed as

2

N o
x—zx +Q(1—a1)x—7—0. (178)

The particular solution to Eq. (178) may be represented by
as

x0 = o(l —ay) £ 0\/a? — 2a.

The Eq. (178) by assuming y = x — xq is determined as

(179)

1
¥ — =v*+lo(l —ay) —xoly = 0.

180
> (180)
The general solution of Eq. (180) produces
2w
= —) 181
Y= T F dewt (181)

here d is an integration constant and @ = o(l — 1) — x¢.
Now, we have to find the solution of Eq. (181) in terms of
S5, which can be evaluated as

P eotxo)t

Trden? (182)

Yy =

Furthermore, the equations of motion for f(G) in the terms
of Sy (¢, r) and D(r) can be read as

1 .
8wu=—-3Gfg— N+ S?(fogg1 + fgg7s) + 357

- D" D’ 2 N4
— D2s?| — +3( =) —2=
D D S
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+3 S ’ + 2D/ S48 (183)
S D S rD rS |’
87q = —DS*(fgggZs + fggZa) — 2DSS', (184)
1
87 P = 2(Gfg = 1)+ D*S*(fagZs + fgTe)
. ) D'\? s\?
2855 — 382+ D*S?| | = 3(=
+ + o) 35
DS 2D’ 48
4= = _ " | 185
+ DS rD rS] (183)
1 D?s?
8w P = E(gfg — D+ =5 fgggZa + fogZs)
. ) D" [(D\?
2855 —382 4+ DS — =— + =
+ + 5D
N4 s/ 2 D’ 25’
—2— 43 =) - — —-=—1. 186
S + (S) rD rS] (136)
For the next model, we consider the case xp = —@ and

o = 0. By using these values in Eq. (182), we obtain the
expression for Sy, which is expressed as

Sy = Pe?, (187)
with P = ﬁ. Next, we consider the functions D(r) and
o as
D(r) =br?, o =brx. (188)
Using the Eq. (188), we have

2
[ 5=k

By utilizing the Eq. (175), we get the expression for ¢(¢) as
s(t) = —*Pe . (190)

We find the function & (#) with the combination of Egs. (172),
(187), (189) and (190) as

Peet
£@) = 7 (191)
The final expression for the function S(z, r) is
(XI) ﬁeigt ry 2
S, r) = 5 14+ — . (192)
r

For this particular model, the equations of motion in the influ-
ence of f(G) theory are evaluated as
D2 ,—20t

G

1
$rp=—5Gfg—- N+

@ Springer

x (fgggZn + fggZn)
3P2p2e— 201
-
Q752€—29t

~ e

x (fggZs + fggZa)

- r
—P?o%exp 2@ (r? + r%)r—z,

Grt +2r2r2 + 1), (193)

8mg = r* + r)z:)2

(194)
22,20

1 t
BTP, = 3G fg = )+ T +13)
s

x (fgggZs + fggZe)
P2 02e20!
—

2

(2r2r% — 9t — r42),

1 252,20t
87TPL=§(gfg_f)+Qr2—r2
)

n (195)

473y

X (fg6%7 + fggZs)
752,@26—2@1

= Q@rirg —9r* —r3).

+ (196)
The expression of total mass and temperature 7 (¢, r) for this

specific model are determined as

e9!
my = —, (197)
Po
Pe=0 (r2 + r%)
Tt r) = — 2
@, r) 22
1 rﬁgzr%e_gt r2
X oln | ——~
4k r2 r2 4 r%
1
— ;(TH +L)+ TO(I):|, (198)
with

H = / =
oPe=0!(r2 +rd)
|:Q75€2Qt (r2 + r%)Z
X

Z Z4) |d
672> (feggZs + fgg 4)] r,

and
1
L= f g(fgggzz + fggZ4)dr.

Here, Ty(¢) is the integration function. The expression for
temperature that is mentioned in Eq. (198) is derived by using
the Eq. (44).

In the aforementioned case, the condition Yrr = 0 is
implemented to obtain the metric variables that are men-
tioned in Egs. (168)—(170). The junction conditions provided
further constraints on functions & (¢) and ¢ (¢). Ultimately, the
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functions &(¢) and ¢(¢) produced the expression for S(z, r).
Lastly, we evaluated the model X7 in terms of the function
S(¢, r). Itis noteworthy that this model is anisotropic in pres-
sure but isotropic in GR [67]. If G < 0, the energy density is
greater than pressure and will be treated as a positive quantity.

5 Conclusion

We studied a spherical symmetric collapsing fluid’s distri-
bution to correspond a system which is characterized by a
dissipative fluid. This fluid may contains matter or radiation,
that collapses in a symmetric way through the pull of its own
gravity. The aforementioned scenario is extremely fascinat-
ing in astrophysics and cosmology because it helps to clarify
the origins and growth of celestial structures. In the mean-
time, we observed by introducing CKV which yields a variety
of solutions to modified field equations. In order to account
for some modification under the influence of f(G) gravity
for usual non-static spherical fluid distributions, we imple-
mented various constraints and obtained analytical solutions.
Most of them have distinct physical meanings (for instance,
Yrr =0o0ro = 0).

We evaluated essential aspects of the complexity defini-
tion that discussed in [67]. In the context of f(G) gravity
and dissipative system, we set up structure scalar and defined
YrF as a complexity factor that includes physical character-
istics like energy density inhomogeneity, anisotropic pres-
sure and modified terms. These entities reflect the complexity
of the system. The work of several relativistic astrophysicists
[83—87] emulated the justification for evaluating this type of
assumption. Further, we examined anisotropic spherical sym-
metric solutions with shear-free backgrounds by considering
the shear scalar to be zero, i.e., o = 0. The aforementioned
approach specifies the isotropic relative evolution focus on
galaxy structures, although in the presence of a high gravita-
tional background. Moreover, this approach might give rise
to an indication of a naked singularity, opposing the widely
understood cosmic theories.

We connected two distinct interior and exterior manifolds
smoothly over a three-dimensional hypersurface by satisfy-
ing Darmois’s conditions. If we discuss a non-dissipative
system, the pressure gradient has no impact on the bound-
ary. However, in the dissipative system, the radial pressure
does not vanish across the hypersurface. The junction condi-
tions specified in Egs. (33) and (35) can possibly be reduced
to a single differential equation. The solution of Eq. (61)
generated a function that characterizes spherical symmetry.
Further, we assumed shear-free and vanishing complexity
factor conditions to evaluate the remaining variables. Under
the context of f(G) gravity, we proceeded with the results
of models I and /1. The physical parameters and positive
energy densities have been identified in each model. These

densities are singular-free, as are the physical parameters
with higher curvature terms, as well as the exception of model
I for t = tg. Afterwards, we have examined the case @ = 0
with condition Y7 = 0in order to construct the model I71.
For this model, the areal radius fluctuates between 0 and 2M
across the boundary. This model’s tangential pressure and
energy density are homogenous and positive, whereas the
pressure in radial direction didn’t equal zero due to the extra
curvature factors. Further, we studied the scenario M = 0.
Models IV and V obtained from this particular scenario
M = 0. They are some sort of “ghost stars”, formed through
afluid dispersion that are unable to generate any gravitational
pull across the boundary’s surface.

Further, to construct the model VI, we assumed that
the fluid is dissipative. Also, we applied some constraints
(Y7Fr =0, 0 = 0) to diminish the complexity of the system.
Next, we evaluated the function £(¢) from the integration of
junction condition (35). Under the influence of f(G) theory,
the Eq. (44) permitted us to determine the expression for tem-
perature that contained the notion of relaxation time t. Fur-
ther, if T = 0, it is associated with the steady dissipative case
that takes into consideration the thermal evolution of galac-
tic objects, especially the period preceding relaxation. More-
over, we construct models when the vector field is parallel to
the four-velocity along with ¢ = 0. The Eq. (128) has been
integrated for different choices of the parameter. However,
we chose oy = 1 with the approach Y7 = 0 and obtained
model VI1. The areal radius across boundary expands from
0 to 3M in this model. For model V11, the signature of
n depends upon the behavior of extra curvature factors of
f(G) theory, and its singularity appears only at t = #9. One
can witness it from Eqs. (141)—(143). Moreover, if ¥ = 0
and o] = %, the solution of junction conditions yield model
V11I.Formodel V111, the areal radius across hypersurface
fluctuates among 0 and STM The system’s energy density is
greater than pressure which is applied in radial direction and
is thus positive if G < 0 as one can notice it from Eq. (147).
Furthermore, if we consider M = 0 and o1 = 1in Eq. (128),
its solution produces the models /X and X. These models
depict “ghost stars”.

Lastly, for the parallel case, we considered ¢ # 0. In
this scenario, the corresponding values of metric variables
are described in Egs. (162)—(164). The vanishing complexity
factor condition is utilized, which yield the Egs. (168)—(170).
Thus, the solution of the junction conditions generated some
specific functions, which are expressed in Eq. (188). This
case is further characterized by the choice of «; = 2. This
leads to the model X7, which is demonstrated in Eq. (192).
In model X1, the total mass has a tendency to be infinite at
t = oo. Even though ¢ approaches to zero and n does not
approaches to zero because of the impact of f(G) theory.

Analytical models could provide the prediction of physical
events. Based on specific choices of gravity, we could under-
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stand the significance of curvature, the interaction of geome- T(Q) _ [ 7, 7,
. . L of = | foggZs + fggZa |,
try and matter, and the basic properties of gravity itself. These |
analytical solutions could characterize particular phases for ©) B2
self gravitating objects during the formation of compact bod- Iy’ =—— T(Qf g — )+ foggls + fggZs |
ies. Ultimately, our analytical solutions reduce to GR if we | - R2
replace the generic function f(G) with the Ricci scalar R. Tz(? =—- T(Qfg = )+ fgggZq + fQQZS],
K
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Ty = ;[T(Qfg — ) — faggZi — fggZz |, + ASB% (3B>ABR + A’AB'R’

@ Springer

(B3)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Eur. Phys. J. C (2023) 83:724

Page 21 of 23 724

— A’BAR" — A’BA’R' — AB’BR —2ABA"”R
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x (3AA'B'R' — B’BRA’ — A’BA'R"

+ B>ARB' — AB’B'R
—2ABB’R +2AB’BR' —
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— AB’BR — A’RA'B) + ——
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87 a4ps
4RG" 25 _ ipp2 247 !
+ 57 (AB*R — ARB> — A’A'R))
4RGG'

+ gy ~(QABR'+2BA'R —2ABR)).

Appendix B: Dynamical analysis
We can formulate the non-zero components of Bianchi iden-

tities, ’]I‘Alj’ = 0, by utilizing the Eqgs. (A4)—(A3), which pro-
duce

TV, = |+ 2 +P)5+( +P)§

8 VA= AM 1% J_R w ")g
Lo (2 BN =0 (Ch)
gl T2\ 1+ % =0,

where,

1
e

Cfo+6Gfe—1h (199)

178
+3 [— fe66Za +fggZz)}
_< ZA B

R
s — gz — 2z | oo + fogZ)

A 2RA2
1
- = [—(fgggza + fggZO}

A B R’
TR

)(fgggZ3 + fggZa)
B
+ E(fggng + fg67Zs)

R
+ F(fgggzh + fgng)}.

2 B+R +
i\ +x) T

1] (u+ P)A
[Tr—FPH-Z

']I‘;AJ)N)L =

2| =

+
|

(P - PL)R’}

W, ()
where
1{-1 _, / ’ A’
W = E{T(g fo+91g = 1) — 5Ueggli + fogZa)
1[0
+ [nggg% + fggZU}

A B R
\x A2R (fgggZs + fggZa)

179
-3 [5(fggng + fggzﬁ)}

A B R
— (= -2 Z 7/
<A32 ER BzR)(fggg s + JagZe)

/

R
+ 43 (faggZa + fggZS)}~
After utilizing the Eqgs. (9), (10), (15) and (16), we achieve

1
3(Pr +31+2P1)O + Drju+ EDrg

2 E
+§U(Pr—PL)+2q<a+E)—W=0, (C3)
2
Drq + §Q(G +20) +a(u+ P)+ EDRP,
E
+2 (P — PL) + W =0. (C4)

The previous equation might be reduced significantly using
the mass function, Eqgs. (14), (16) and (A3) can be read as

47 RT9

DrU = —47P,R — 52

B+ Ea- (C5)
Further, utilizing the factor a from Eq. (C5) into Eq. (C4),
we accomplish

m 47[RTl(lg)
DrU(u+ Pr) = —(u+ P)|4m PR + = + —

U
—E|:qu+2q<o+2i>+W:|

- Ez[%(P, - P+ DRPr]. (C6)
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