
Eur. Phys. J. C (2023) 83:700
https://doi.org/10.1140/epjc/s10052-023-11881-5

Regular Article - Theoretical Physics

Quasinormal modes of black holes in f (Q) gravity

Dhruba Jyoti Gogoi1,a , Ali Övgün2,b , M. Koussour3,c

1 Department of Physics, Dibrugarh University, Dibrugarh, Assam 786004, India
2 Physics Department, Eastern Mediterranean University, Famagusta, 99628 North Cyprus via Mersin 10, Turkey
3 Quantum Physics and Magnetism Team, LPMC, Faculty of Science Ben M’sik, Casablanca Hassan II University, Casablanca, Morocco

Received: 5 June 2023 / Accepted: 28 July 2023 / Published online: 7 August 2023
© The Author(s) 2023

Abstract In this work, we have studied the quasinormal
modes of a black hole in a model of the type f (Q) =
∑

n
an (Q − Q0)

n in f (Q) gravity by using a recently intro-

duced method known as Bernstein spectral method and con-
firmed the validity of the method with the help of well known
Padé averaged higher order WKB approximation method.
Here we have considered scalar perturbation and electromag-
netic perturbation in the black hole spacetime and obtained
the corresponding quasinormal modes. We see that for a non-
vanishing nonmetricity scalar Q0, quasinormal frequencies
in scalar perturbation are greater than those in electromag-
netic perturbation scenarios. On the other hand, the damping
rate of gravitational waves is higher for electromagnetic per-
turbation. To confirm the quasinormal mode behaviour, we
have also investigated the time domain profiles for both types
of perturbations.

1 Introduction

In recent years, there has been an increase in interest in modi-
fied gravity theories (MGT) in trying to answer various unre-
solved cosmological puzzles, such as the accelerated expan-
sion of the universe and the formation of dark matter. Some
of these theories add higher powers of the scalar curvature R,
the Riemann and Ricci tensors, or their derivatives to Gen-
eral Relativity (GR). Some of these efforts include the f (R)

and f (G) theories, where R and G are the Ricci scalar and
the Gauss–Bonnet topological invariant, respectively [1,2].
Certain viable f (R) gravity models have been proposed [3],
which support the unification of early-time inflation and late-
time acceleration. Viable f (R) gravity models can also be
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used to solve dark matter issues [4–6]. In this paper, we exam-
ine the quasinormal modes of black holes in the recently sug-
gested f (Q) theory of gravity, where Q is the non-metricity
scalar [7,8]. The non-metricity Q of the metric mathemat-
ically describes the variation in the length of a vector in a
parallel transport process, and it is the key geometric vari-
able describing the properties of the gravitational effect.

Generally, the gravitational effects in the space-time man-
ifold can be described using three geometrical objects: cur-
vature R, torsion T , and non-metricity Q. In GR, gravita-
tional effects are assigned to space-time curvature. Another
two scenarios, torsion, and non-metricity offer the equivalent
representation of GR, and the associated gravity is known
as the teleparallel and symmetric teleparallel equivalent of
GR. The f (R) theory is a curvature-based extension of GR
with zero torsion and non-metricity. Likewise, the f (T ) the-
ory with zero non-metricity and curvature is an extension
of torsion-based gravity (the teleparallel equivalent of GR)
[9–15]. Finally, the f (Q) gravity theory generalizes GR’s
symmetric teleparallel (ST) equivalent with zero torsion and
curvature. The expanding history of the Universe in f (Q)

gravity attracts instant attention as one of the key drivers for
this extension [16–19]. Many observational data sets have
been used to test the f (Q) gravity in recent years, as seen in
the study of Lazkoz et al. [20]. The authors used data from
the expansion rate, Type Ia Supernovae (SNe Ia), Quasars,
Gamma-Ray Bursts, Baryon Acoustic Oscillations (BAO),
and the Cosmic Microwave Background (CMB) to constrain
f (Q) gravity. Mandal et al. [21] also shown the validity of
f (Q) cosmological models in terms of energy conditions.
The authors of such a study established the so-called embed-
ding approach, which allows non-trivial contributions from
the non-metricity function to be included in the energy con-
ditions. Furthermore, we can witness an increasing interest
in f (Q) gravity in the study of astrophysical objects. Wang
et al. [22] also studied the static and spherically symmetric

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-023-11881-5&domain=pdf
http://orcid.org/0000-0002-4776-8506
http://orcid.org/0000-0002-9889-342X
http://orcid.org/0000-0002-4188-0572
mailto:moloydhruba@yahoo.in
mailto:ali.ovgun@emu.edu.tr
mailto:pr.mouhssine@gmail.com


700 Page 2 of 15 Eur. Phys. J. C (2023) 83 :700

solutions for f (Q) gravity in an anisotropic fluid. In [23],
black holes in f (Q) gravity have been studied. The authors
of [24] investigated the usage of spherically symmetric con-
figurations in f (Q) gravity. Hassan et al. [25] used linear
equation of state (EoS) and anisotropic relations to exam-
ine wormhole geometries in f (Q) gravity. They discovered
exact solutions to the linear model and confirmed the pres-
ence of a modest quantity of exotic matter necessary for
a traversable wormhole through VIQ. Mustafa et al. have
also derived wormhole solutions from the Karmarkar condi-
tion and demonstrated the possibility of creating traversable
wormholes while maintaining the energy conditions in [26].
Furthermore, Banerjee et al. [27] examined the behaviour
of energy conditions under constant redshift function by
assuming some particular shape functions and confirmed that
wormhole solutions could not exist for f (Q) = Q + αQ2

model. Reference [28] recently examined a class of static
spherically symmetric solutions in f (Q) gravity. Traversable
wormholes with charge and non-commutative geometry are
studied in Ref. [29].

Black holes are the cleanest objects in the Universe and are
highly associated with the generation of gravitational waves.
Quasinormal modes are a fascinating and important aspect
of black hole physics. They are oscillations of a black hole
that are damped over time and characterized by complex
frequencies. The term “quasinormal” refers to the fact that
these modes are not exactly normal modes, which would
oscillate indefinitely. Instead, they die out due to the pres-
ence of dissipative effects, such as the emission of gravita-
tional waves. Quasinormal modes are basically complex val-
ues that correspond to the emission of gravitational waves
from compact and massive objects in the Universe [30–32].
The real component of the quasinormal modes signifies the
emission frequency, while the imaginary component pertains
to its decay. Quasinormal modes are significant because they
encode information about the black hole’s properties, such as
its mass, angular momentum, and the properties of the sur-
rounding spacetime. Additionally, the study of quasinormal
modes provides insight into the nature of black holes and
the strong gravity regime, which is difficult to probe using
other means. These modes are important for understanding
the structure and evolution of black holes, as well as their
role in astrophysical phenomena such as gravitational wave
signals.

The properties of gravitational waves and quasinormal
modes of black holes have been extensively explored in var-
ious modified gravity theories in recent years [33–63]. In a
recent study, quasinormal modes, black hole shadow, grey-
body bounds etc., are studied extensively in dyonic modified
Maxwell black holes [64]. In another study, the quasinor-
mal modes have been investigated for the Kerr-like black
bounce spacetime under the scalar field perturbations [65].
Another research analyses the quasinormal modes of hairy

black holes produced by gravitational decoupling for mass-
less scalar fields, electromagnetic fields, and gravitational
perturbations [66]. In this work, the equation for the effective
potential of these three perturbations is determined within
the spacetime of the hairy black holes. The time evolution
for the three perturbations is also studied, and the quasinor-
mal mode frequencies are calculated using the Prony method
based on the time-domain profiles. In a recent publication,
the authors demonstrate how quasinormal modes are pro-
duced by the perturbations of massive scalar fields in a curved
background through the use of artificial neural networks
[67]. They design a specific algorithm for the feed-forward
neural network method to calculate the quasinormal modes
that meet specific boundary conditions. To verify the accu-
racy of the method, they examine two black hole spacetimes
whose quasinormal modes are well-established: the 4D pure
de Sitter (dS) and five-dimensional Schwarzschild anti-de
Sitter (AdS) black holes. Apart from black holes, quasinor-
mal modes are also studied for the wormholes in different
frameworks [68,69]. In this study, we shall investigate the
quasinormal modes of black holes in f (Q) gravity. One may
note that the studies of black hole solutions in this theory
of gravity are not very old. Until now, very few papers have
dealt with the black holes in the framework of f (Q) gravity
[22,70]. Quasinormal modes, as well as thermodynamics of
black holes in f (Q) gravity, are still unexplored. Therefore,
being motivated by the previous studies, in this work, we shall
investigate the quasinormal modes and time domain profiles
of scalar and electromagnetic perturbations of a static black
hole in the framework of f (Q) gravity theory. There are two
main prime objectives of this study. The first one is inves-
tigating the behaviour of quasinormal modes in a recently
obtained black hole solution in f (Q) gravity. This study will
enable us to see whether the presence of nonmetricity can
be probed via quasinormal modes. Moreover, the impacts of
the black hole parameters on the quasinormal spectrum will
also be investigated thoroughly. The second one is verify-
ing a newly introduced method to calculate the quasinormal
modes, which is known as the Bernstein spectral method. To
verify the method in this study, we shall use a well- known
method, the 6th-order Padé averaged WKB approximation
method.

The paper is organized as follows: In Sect. 2, we briefly
review the f (Q) gravity. Section 3 is devoted to studying the
field equations in f (Q) gravity and possible vacuum black
hole solutions. In Sect. 4, we briefly investigate the proper-
ties of the black hole solution with the help of associated
scalars. Section 5 deals with the scalar and electromagnetic
perturbation and associated quasinormal modes. In Sect. 6,
the time evolution profiles of the perturbations are investi-
gated. Finally, we conclude the paper with a brief discussion
of the results and future prospects in Sect. 7.

Throughout the whole paper, we have used G = c = 1.
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2 A brief overview of f (Q) gravity

Weyl geometry is a significant extension of Riemannian
geometry, which serves as the mathematical foundation for
GR. According to Weyl geometry, during a parallel transport
over a closed path, an arbitrary vector will not only change
the direction but also the length. As a result, in Weyl’s theory,
the covariant derivative of the metric tensor is non-zero, and
this feature can be represented mathematically in terms of a
new geometric quantity named non-metricity Q. Thus, the
non-metricity tensor Qγμν can be defined as the covariant
derivative of the metric tensor gμν with regard to the general
affine connection �

σ

μγ , and it can be expressed as [7,8,71],

Qγμν = −∇γ gμν = −∂gμν

∂xγ
+ gνσ �

σ

μγ + gσμ�
σ

νγ . (1)

In this situation, the general affine connection is repre-
sented by a Weyl connection and is divided into two inde-
pendent components as shown below,

�
γ

μν = �γ
μν + Lγ

μν, (2)

where the first term is the usual Levi-Civita connection of
the metric gμν , as defined by the standard formulation,

�γ
μν ≡ 1

2
gγ σ

(
∂gσν

∂xμ
+ ∂gσμ

∂xν
− ∂gμν

∂xσ

)

. (3)

The second term, which represents the disformation tensor
due to the non-metricity of space-time is written as,

Lγ
μν ≡ 1

2
gγ σ

(
Qνμσ + Qμνσ − Qγμν

) = Lγ
νμ. (4)

Furthermore, as a function of the disformation tensor,
the contraction of the non-metricity tensor gives the non-
metricity scalar,

Q ≡ −gμν
(
Lα

βμL
β
να − Lα

βαL
β
μν

)
. (5)

The Weyl geometry can be extended by accounting for
space-time torsion, yielding the Weyl–Cartan spaces with
torsion. The general affine connection in the Weyl–Cartan
geometry can be divided into three independent components
as,

�
γ

μν = �γ
μν + Lγ

μν + K γ
μν, (6)

where the third term is contortion, described in terms of the
torsion tensor T γ

μν ≡ 2�
γ

[μν] as,

K γ
μν ≡ 1

2
gγ σ

(
Tμσν + Tνσμ + Tσμν

)
. (7)

Further, the relation between curvatures tensor Rρ
σμν and

R̊ρ
σμν corresponding to the connection �

γ

μν and �
γ
μν is,

Rρ
σμν = R̊ρ

σμν + ∇̊μL
ρ
νσ − ∇̊νL

ρ
μσ

+Lρ
μλL

λ
νσ − Lρ

νλL
λ
μσ , (8)

Rσν = R̊σν + 1

2
∇̊νQσ + ∇̊ρL

ρ
νσ

−1

2
QλL

λ
νσ − Lρ

σλL
λ
ρσ , (9)

and the scalar curvature relation,

R = R̊ + ∇̊λQ
λ − ∇̊λ Q̃

λ − 1

4
QλQ

λ

+1

2
Qλ Q̃

λ − LρνλL
λρν, (10)

where ∇̊ is the covariant derivative operator associated with
the Levi-Civita connection �

γ
μν . In Symmetric Telepar-

allel Gravity (STG) case, the curvature-free, and torsion-
free requirements restrict the affine general connection. The
curvature-free condition necessitates that the Riemann ten-
sor Rρ

σμν

(
�

)
be zero. So because the Riemann tensor dis-

appears, the parallel transport represented by the covariant
derivative ∇ and its corresponding affine connection �

γ

μν

is path independent. In addition to the requirement of zero
curvature, this theory imposes a torsionless restriction on the
connection, i.e. T γ

μν = 0, such that gravitation is completely
ascribed to non-metricity in STG. The general affine con-
nection is symmetric in its lower indices because the torsion
tensor disappears.

As explained previously, in order to obtain the STG, two
constraints must be added to the generic affine connection:
Rρ

σμν

(
�

) = 0 and T γ
μν = 0. These constraints permit the

choice of a coordinate system {yμ}, in which the affine con-
nection �

γ

μν (yμ) disappears i.e. Lγ
μν = −�

γ
μν , resulting in

the so-called coincident gauge [7]. Thus, in any other coor-
dinate system {xμ}, the affine connection takes the form,

�
γ

μν

(
xμ

) = ∂xγ

∂yβ
∂μ∂ν y

β. (11)

Because there exists a coordinate system {yμ} in which
the affine connection disappears, we may always imagine that
we are working in this special coordinate system with metric
as the only fundamental variable. In this case, the covariant
derivative ∇γ reduces to the partial derivative ∂γ . As a result,
in the coincident gauge coordinate, we obtain

Qγμν = −∂γ gμν, (12)

while in another coordinate system,

Qγμν = −∂γ gμν − 2�
γ

α(μgν)λ. (13)

Finally, the non-metricity scalar can be used to express
the action for the f (Q) gravity as [7],

S =
∫

d4xτ

(
1

2
f (Q) + Lm

)

. (14)

Here, Lm denotes the Lagrangian density of matter and τ

denotes τ = det (gμν) = √−g. Similarly to f (R) gravity,
f (Q) will be responsible for the deviation from GR, where,
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for example, if the function f (Q) is considered to be −Q,
we recover the so-called Symmetric Teleparallel Equivalent
to GR (STEGR). Since the symmetry of the metric tensor
gμν , we can just derive two independent traces from the non-
metricity tensor Qγμν ,

Qγ ≡ Q μ
γ μ, Q̃γ ≡ Qμ

γμ. (15)

Also, it will be convenient to introduce the non-metricity
conjugate defined as,

Pγ
μν ≡ 1

4

[

− Qγ
μν + 2Q γ

(μ ν) + Qγ gμν − Q̃γ gμν − δ
γ

(μQν)

]

= −1

2
Lγ

μν + 1

4

(
Qγ − Q̃γ

)
gμν − 1

4
δ
γ

(μQν). (16)

The scalar of non-metricity is calculated as follows:

Q = −Qγμν P
γμν

= −1

4

( − Qγ νρQγ νρ + 2Qγ νρQργ ν − 2Qρ Q̃ρ + QρQρ

)
.

(17)

Further, the stress-energy momentum tensor for cosmic
matter content is determined by

Tμν ≡ −2

τ

δ(τ Lm)

δgμν
. (18)

The gravitational field equations derived by varying action
(14) with regard to the metric gμν are shown below,

2√−g
∇γ (

√−g fQ Pγ
μν) + 1

2
gμν f

+ fQ(PμγβQν
γβ − 2QγβμP

γβ
ν) = −Tμν. (19)

For the purpose of simplicity, we designate fQ = d f
dQ .

Again, in the absence of hypermomentum [71], we get the
connection field equations by varying the gravitational action
(14) with regard to the connection,

∇μ∇ν(
√−g fQ Pμν

γ ) = 0. (20)

3 Field equations and a special case of vacuum black
hole solution

In this study, we shall consider the following static and spher-
ically symmetric ansatz to obtain a static black hole solution.

ds2 = −ea(r)dt2 + eb(r)dr2 + r2d
2, (21)

where the term d
2 = dθ2 + sin2 θdφ2. For this ansatz, the
nonmetricity scalar Q can be written as [22]

Q(r) = −2e−b(r)

r

(
a′−1). (22)

Following Ref. [22], we start with a constant nonmetricity
scalar Q = Q0, for which (22) can be written as

a′(r) = −Q0r

2
eb(r) − r−1. (23)

Now, the components of the field equation can be written as

ρ = f (Q0)

2
− fQ (Q0)

[

Q0 + 1

r2 + e−b

r

(
a′ + b′)

]

,

(24)

pr = − f (Q0)

2
+ fQ(Q0)

(

Q0 + 1

r2

)

, (25)

pt = − f (Q0)

2
+ fQ(Q0)

{
Q0

2
− e−b

[
a′′

2

+
(
a′

4
+ 1

2r

)

(a′ − b′)
]}

. (26)

Now, we shall consider the vacuum case with ρ = pr =
pt = 0, in the above field equations which reduces them to

0 = fQ (Q0)
e−b

r

(
a′ + b′) , (27)

0 = − f (Q0)

2
+ fQ (Q0)

(

Q0 + 1

r2

)

, (28)

0 = fQ (Q0)

{
Q0

2
+ 1

r2 + e−b

×
[
a′′

2
+

(
a′

4
+ 1

2r

)
(
a′ − b′)

]}

. (29)

From the Eq. (28), it is possible to have

fQ (Q0) = 0 , f (Q0) = 0 . (30)

These conditions suggest the following form of f (Q) as
given by,

f (Q) =
∑

n

an (Q − Q0)
n , (31)

where an represents arbitrary model parameters. Hence, we
have seen that for f (Q) gravity to have nontrivial spacetime
solutions, the model should satisfy the conditions (30).

Now, we fix ea(r) = 1 − 2M
r , which is the normal

Schwarzschild black hole metric function with black hole
mass M . With this assumption, Eq. (23) results

eb = − 2

Q0r (r − 2M)
, (32)

where one must have Q0 < 0, and the black hole metric is
found to be [22]

ds2 = −
(

1 − 2M

r

)

dt2
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+ −2

Q0r2

(

1 − 2M

r

)−1

dr2 + r2d
2 . (33)

4 Properties of the black hole solution

In this section, we perform a brief study on the black hole’s
properties by studying the associated scalars. The simplest
scalar associated with the black hole spacetime is the Ricci
scalar which is given by the following expression:

R = −3MQ0r + 3Q0r2 + 2

r2 . (34)

This shows that the Ricci scalar of the black hole solution
depends on the constant nonmetricity scalar Q0, and for a
fixed mass and at a fixed distance, it varies linearly with the
nonmetricity scalar. Another scalar associated with the black
hole spacetime is the Ricci squared scalar. The expression
for the Ricci squared scalar can be given by,

RμνR
μν

= Q0r
(
9M2Q0r − 2M

(
7Q0r2 + 4

) + 6Q0r3 + 8r
) + 4

2r4 .

(35)

Unlike the Ricci scalar, Ricci squared varies nonlinearly with
the nonmetricity scalar. Finally, we calculate the Kretchmann
scalar, which is given by

Rμναβ R
μναβ

= Q0r
(
9M2Q0r − 8M

(
Q0r2 + 1

) + 3Q0r3 + 4r
) + 4

r4 .

(36)

One may note that this black hole has a physical singularity
at r = 0, and the nonmetricity scalar significantly modifies
the scalars associated with the black hole spacetime. For a
better visualisation of how the nonmetricity scalar impacts
these black hole space-time scalars, we have plotted them
with respect to r for different values of Q0. We plotted the
Ricci scalar on the first panel of Fig. 1. One can see that
for smaller values of the nonmetricity scalar parameter Q0,
the Ricci scalar becomes negative outside the event hori-
zon of the black hole. The scalar vanishes at a large dis-
tance from the black hole spacetime, showing Minkowski
spacetime. On the second panel, we have considered Ricci
squared scalar RμνRμν with respect to r . One can see that
the Ricci squared is positive, and when Q0 decreases, it
increases slowly. Finally, we plot the Kretschmann scalar
on the third panel of Fig. 1. This scalar is also positive, and
with an increase in the value of the nonmetricity scalar Q0,
it decreases slowly. The analysis of the scalars shows that
the nonmetricity scalar modifies this black hole spacetime
from the standard Schwarzschild black hole spacetime. The
black hole solution is unique in nature, and it has a physical
singularity at r = 0, which can’t be avoided.

5 Perturbations and quasinormal modes

We have obtained the black hole solutions in f (Q) gravity.
Now, in this section, we shall deal with two types of per-
turbations in the black hole spacetime viz., massless scalar
perturbation and electromagnetic perturbation. Here we shall
assume that the test field i.e. scalar field or electromagnetic
field has negligible impact on the black hole spacetime. To
obtain the quasinormal modes, we derive Schrödinger-like
wave equations for each case by considering the correspond-
ing conservation relations on the concerned spacetime. The
equations will be of the Klein–Gordon type for scalar fields
and the Maxwell equations for electromagnetic fields. To cal-
culate the quasinormal modes, we use two different methods
viz., Bernstein spectral method and Padé averaged 6th order
WKB approximation method.

Taking into account the axial perturbation only, one may
write the perturbed metric in the following way [41]

ds2 = − |gtt | dt2 + r2 sin2θ (dφ − p1(t, r, θ) dt

−p2(t, r, θ) dr − p3(t, r, θ) dθ)2 + grr dr
2 + r2dθ2,

(37)

here the parameters p1, p2 and p3 define the perturbation
introduced to the black hole spacetime. The metric functions
gtt and grr are the zeroth order terms, and they depend on r
only.

5.1 Scalar perturbation

We start by taking into account a massless scalar field in the
vicinity of the previously established black hole. Since we
assumed that the scalar field’s effect on spacetime is negli-
gible, the perturbed metric Eq. (37) may be reduced to the
following form:

ds2 = − |gtt | dt2 + grr dr
2 + r2d
2. (38)

Now, one can write the Klein–Gordon equation in curved
spacetime for this scenario as follows:

�� = 1√−g
∂μ(

√−ggμν∂ν�) = 0. (39)

This equation describes the quasinormal modes associated
with the scalar perturbation. It is possible to decompose the
scalar field as

�(t, r, θ, φ) = 1

r

∑

l,m

ψl(t, r)Ylm(θ, φ), (40)

where we have used spherical harmonics and l and m are the
associated indices. The function ψl(t, r) is the radial time-
dependent wave function. One can use this equation and Eq.
(39) to have

∂2
r∗ψ(r∗)l + ω2ψ(r∗)l = Vs(r)ψ(r∗)l , (41)
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Fig. 1 Variation of Ricci, Ricci squared and Kretschmann scalar w.r.t. r

here r∗ is expressed as

dr∗
dr

=
√

grr |g−1
t t | (42)

which is known as the tortoise coordinate. Vs(r) stands for
the effective potential having the following explicit form:

Vs(r) = |gtt |
(
l(l + 1)

r2 + 1

r
√|gtt |grr

d

dr

√

|gtt |g−1
rr

)

. (43)

Here, l is referred to as the multipole moment of the black
hole’s quasinormal modes.

5.2 Electromagnetic perturbation

Now we move to the electromagnetic perturbation, where
one needs to utilise the standard tetrad formalism [41,72] in
which a basis eμ

a is defined related with the black hole metric
gμν . This basis satisfies,

e(a)
μ eμ

(b) = δ
(a)
(b)

e(a)
μ eν

(a) = δν
μ

e(a)
μ = gμνη

(a)(b)eν
(b)

gμν = η(a)(b)e
(a)
μ e(b)

ν = e(a)μe
(a)
ν . (44)

One can express tensor fields in terms of this basis as shown
below:
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Sμ = e(a)
μ S(a),

S(a) = eμ

(a)Sμ,

Pμν = e(a)
μ e(b)

ν P(a)(b),

P(a)(b) = eμ

(a)e
ν
(b)Pμν.

The Bianchi identity of the field strength F[(a)(b)|(c)] = 0,
in the case of the electromagnetic perturbation in the tetrad
formalism results

(
r
√|gtt | F(t)(φ)

)

,r
+ r

√
grr F(φ)(r),t = 0, (45)

(
r
√|gtt | F(t)(φ) sin θ

)

,θ
+ r2 sin θ F(φ)(r),t = 0. (46)

One can write the conservation equation as

η(b)(c)(F(a)(b)
)
|(c) = 0, (47)

which can be further rewritten in terms of the spherical polar
coordinates as
(
r
√|gtt | F(φ)(r)

)

,r
+ √|gtt |grr F(φ)(θ),θ

+r
√
grr F(t)(φ),t = 0. (48)

In the above expressions, a vertical rule and a comma denote
the intrinsic and directional derivative with respect to the
tetrad indices, respectively. Using Eqs. (45) and (46), and
the time derivative of Eq. (48) one gets,
[√

|gtt |g−1
rr

(
r
√|gtt |F

)

,r

]

,r

+|gtt |√grr
r

( F,θ

sin θ

)

,θ

sin θ − r
√
grr F,t t = 0, (49)

where F = F(t)(φ) sin θ. Using the Fourier decomposi-
tion (∂t → − iω) and field decomposition F(r, θ) =
F(r)Y,θ / sin θ, where Y (θ) is the Gegenbauer function one
can write Eq. (49) in the following form:
[√

|gtt |g−1
rr

(
r
√|gtt |F

)

,r

]

,r

+ω2r
√
grr F − |gtt |√grrr

−1l(l + 1)F = 0. (50)

Using the definition ψe ≡ r
√|gtt |F and Eq. (42), it is pos-

sible to express Eq. (50) in the Schrödinger like form as

∂2
r∗ψe + ω2ψe = Ve(r)ψe, (51)

where the potential has the following explicit form:

Ve(r) = |gtt | l(l + 1)

r2 . (52)

One may note that due to the behaviour of electromagnetic
perturbation as shown above, the potential has a simple form
and a comparison with Eq. (43) shows that an additional term
is absent in the case of the electromagnetic perturbation. This

comparison allows us to combine both of them in a compact
form or representation as shown below:

V (r) = |gtt |
(
l(l + 1)

r2 + (1 − s)

r
√|gtt |grr

d

dr

√

|gtt |g−1
rr

)

, (53)

where the new parameter s stands for spin. In the case of
scalar perturbation, we have spin s = 0 which reduces Eq.
(53) to Eq. (43). In the case of electromagnetic perturbation,
we have s = 1, which results in the vanishing of the second
term of the right-hand side of Eq. (53) and reduces it to Eq.
(52).

5.3 Behaviour of potentials

Here we shall briefly study the behaviour of the perturba-
tion potential for the black hole defined above. Since the
behaviour of the potential is highly associated with the quasi-
normal modes, one can have a preliminary idea related to the
quasinormal modes from the potential behaviour.

One may note that the potential associated with an electro-
magnetic perturbation in the normal coordinate system does
not depend on the model parameter Q0, and it is completely
identical to Schwarzschild’s case. However, in the case of
quasinormal modes, we shall see Q0 dependency due to the
tortoise coordinates, which exhibit Q0 dependency. Here, we
shall only study the potential associated with scalar pertur-
bation.

On the first panel of Fig. 2, we have shown the dependency
of the scalar potential with respect to the multipole moment l.
On the second panel, we show the impact of black hole mass
on the scalar potential. One can see that the potential shows
a different behaviour here which is basically due to smaller
values of the parameter Q0 and multipole moment l. We
observe that the peak of the potential increases initially with
an increase in the value of M . However, at a large distance r ,
a smaller value of M corresponds to a large value of potential.
To have a clear idea of how Q0 impacts the scalar potential,
we have plotted the potential for different values of Q0 in
Fig. 3. On the first panel, we choose smaller values of Q0

and l = 3. On the second panel, we choose large values of
Q0 with l = 1. One can see that for l = 3, on the first panel,
we observe a normal behaviour of potential. Here, with an
increase in the value of Q0, potential decreases. While on
the second panel, we observe peaks on the potential curve
for small values of r . With an increase in r , the peaks vanish
and the potential decreases to 0 at r = 2 and beyond this
point, potential increases again. In this case also, for smaller
values of Q0, the potential has a larger value.

This analysis shows that the model parameter Q0 has a
significant impact on the potential behaviour. This suggests
that the parameter Q0 may have noticeable impacts on the
quasinormal mode spectrum.
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Fig. 2 Variation of scalar potential Vs(r) w.r.t. r . On the first panel, we have used Q0 = −0.1 and M = 1. On the second panel, we have used
Q0 = −1.5 and l = 1

Fig. 3 Variation of scalar potential Vs(r) w.r.t. r . On the first panel, we have used l = 3 and M = 1. On the second panel, we have used l = 1 and
M = 1

5.4 Bernstein spectral method for quasinormal modes

The Bernstein spectral method is a numerical technique used
to calculate quasinormal modes of black holes and other
objects in GR and MGTs [73]. The Bernstein method is based
on a spectral decomposition of the wave equation into a finite
set of basis functions, which allows for highly accurate and
efficient computation of quasinormal modes [73].

Such a method works by approximating the wave equation
as a linear combination of basis functions, such as Bernstein
polynomials or Chebyshev polynomials. The coefficients of
this linear combination are then calculated using a colloca-

tion method, where the wave equation is evaluated at a set
of discrete points in the domain of interest. By doing this,
the wave equation is transformed into a matrix eigenvalue
problem, which can be solved using standard numerical tech-
niques such as the Arnoldi method or the Lanczos algorithm.
The eigenvalues obtained in this way correspond to the com-
plex frequencies of the quasinormal modes [73].

One of the key advantages of the Bernstein method is
that it allows for a very high degree of accuracy, since the
basis functions are globally defined and can be tailored to the
specific problem at hand. Additionally, the method is com-
putationally efficient, as it only requires the solution of a
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matrix eigenvalue problem, which can be done very quickly
using specialized algorithms. The Bernstein method has been
applied to a wide range of problems in both astrophysics and
mathematical physics, including the calculation of quasinor-
mal modes for black holes of different masses and spins,
the computation of wave scattering by black holes and other
objects, and the study of gravitational wave generation by
binary black hole systems.

In summary, the Bernstein spectral method is a powerful
and versatile numerical tool for the calculation of quasinor-
mal modes in GR as well as MGTs and other areas of physics.
Its combination of accuracy and efficiency make it a valuable
tool for exploring the fundamental properties of black holes
and other gravitational systems, and for the study of gravita-
tional waves and their sources.

In this subsection, we shall implement the Bernstein spec-
tral method [73] to obtain the quasinormal modes for the
black hole system considered in this study. The method has
been thoroughly discussed in Ref. [73]. In another recent
study, this method has been revisited for asymptotically de
Sitter, anti-de Sitter and flat black hole spacetimes. The cor-
responding quasinormal modes have been compared with
those obtained using time domain analysis [74]. We define a
compact coordinate u as given by,

u = rh
r

. (54)

We also define a wavefunction �(u) which is regular in the
range 0 ≤ u ≤ 1, as

�(u) = ei
c(ω)/uuα(ω)(1 − u)−i
+(ω)ψ(u), (55)

where ω is the quasinormal frequency, and the other unknown
parameters can be determined from the characteristic equa-
tions [74]. 
c and 
+ satisfy the conditions

d
c

dω
> 0,

d
+
dω

> 0. (56)

The quasinormal boundary conditions representing incom-
ing and outgoing waves are

� ∼
{
e−iωr� , r → r+ (r� → −∞),

e+iωr� , r → rc (r� → +∞).
(57)

Here r� implies tortoise coordinate.
In our case, we express the wavelike equation in terms

of u = 1/r so that u = 0 and u = 1 correspond to the
event horizon and cosmological horizon respectively. After
that, we factorise the equation to include ei
c(ω)/uuα(ω)(1 −
u)−i
+(ω) so that we obtain Eq. (55). This makes the new
function regular at u = 0 and u = 1. This is of course due to
the inclusion of u and (1 − u) in the function. Hence, both
u and (1 − u) play a very important role. More specifically,
the new function at the boundaries becomes:

�(u = 0) = 0 and �(u = 1) = 0,

which are both regular expressions providing mathematical
feasibility to do the calculations numerically. The unknown
terms such as 
c(ω), α(ω) and 
+(ω) are obtained from the
characteristic equations utilising series expansion near u = 0
and u = 1.

The function ψ(u) is represented as a sum

ψ(u) =
N∑

k=0

Ck B
N
k (u), (58)

in the above expression

BN
k (u) ≡ N !

k!(N − k)!)u
k(1 − u)N−k (59)

are known as the Bernstein polynomials. We use (55) in (41)
and then a Chebyshev collocation grid [74],

u p = 1 − cos p·π
N

2
= sin2 p · π

2N
, (60)

where p = 0, ..., N , to get a number of linear equations. Now
the differential equation is simplified to the numerically solv-
able eigenvalue problem of a matrix of order 2 with respect
to ω. The solution gives the quasinormal frequencies, and by
calculating the relevant coefficients Ck and explicitly deter-
mining the polynomial (58), which roughly approximates the
solution to the wave equation, one can get the complete solu-
tion of the problem. We compare the eigenfrequencies and
related approximating polynomials for various values of N
in order to rule out the erroneous eigenvalues that emerge as
a result of the polynomial basis’ finiteness. For this purpose,
we follow Ref. [74] and calculate

1 − |〈φ(1) | ψ(2)〉|2
||ψ(1)||2||ψ(2)||2 = sin2 α, (61)

where α is the angle between two nearby eigenfunctions ψ(1)

and ψ(2). We set a minimum cut-off α to determine the quasi-
normal modes from the eigenvalues. For better accuracy, one
needs to consider a large value of N , which increases the
computation time.

5.5 WKB method with Padé approximation for
quasinormal modes

Apart from the above method, we shall use another well-
established method known as the WKB method to estimate
the quasinormal modes of the black hole considered in this
study. We shall compare the results obtained from both meth-
ods to verify our findings.

The first-order WKB method or technique was introduced
for the first time by Schutz and Will in Ref. [75]. Although
this method can give approximate results of quasinormal
modes, the error associated with this method is compara-
tively higher. For this reason, higher-order WKB methods
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Table 1 Quasinormal modes of the black hole with n = 0, M = 1 and Q0 = −0.1 for the massless scalar perturbation

l Bernstein spectral method Padé averaged WKB �rms �6 �BW

l = 1 0.2929559 − 0.0601751i 0.294698 − 0.057859i 1.74634 × 10−6 0.0000458873 0.965011%

l = 2 0.4848221 − 0.0624688i 0.485050 − 0.0622951i 7.66312 × 10−8 9.15631 × 10−7 0.0585984%

l = 3 0.6764037 − 0.0634309i 0.676414 − 0.0634246i 1.61704 × 10−8 7.52219 × 10−8 0.00178328%

l = 4 0.8682419 − 0.0638755i 0.868242 − 0.0638755i 4.59096 × 10−9 1.99499 × 10−8 0.0000082445%

have been implemented in the study of black hole quasinor-
mal modes. The WKB method was upgraded to higher orders
in Refs. [76–78]. It was stated in Ref. [78] that the WKB
technique may be improved by averaging the Padé approxi-
mations. Subsequently, it was discovered that this improved
the findings of quasinormal modes with more precision [77].
The Padé averaged 6th-order WKB approximation approach
will be used in this investigation.

Each table shows the quasinormal modes obtained from
Padé averaged 6th order WKB approximation method and
Bernstein spectral method. The errors associated with the
WKB method are represented by the rms error �rms and �6,
which is defined as [77]

�6 = | ω7 − ω5 |
2

, (62)

where the terms ω7 and ω5 represent quasinormal modes
obtained from 7th and 5th order Padé averaged WKB method.

In Table 1, we have listed the quasinormal modes for
the massless scalar perturbation with the model parameter
Q0 = −0.1, the mass of the black hole M = 1 and over-
tone number n = 0. The term �BW represents the percent-
age deviation of the quasinormal modes obtained via the
Bernstein spectral method from the 6th order padé aver-
aged WKB approximation method. Here in the Bernstein
spectral method, a large value of N increases the accuracy
[79] but it needs a larger computation time. We have used
N = 20, 30, 40 and 60 to compare the results for excluding
the spurious eigenvalues. We compare the results by extract-
ing the eigenvalues from each set that differ by an amount
smaller than the specified cutoff value (around 0.01). For
each pair of eigenvalues meeting this criterion, we calculate
the squared sin of the angle between their respective eigen-
functions using Eq. (61). When the sin value approaches zero
or less than a cutoff value (we took it to be 1 × 10−10), it
signifies that the eigenfunctions exhibit a negligible differ-
ence and approximate a common solution, possibly differing
by a constant factor. By employing this technique, we effec-
tively identify the dominant quasinormal modes. We see that
excluding spurious eigenvalues and considering a suitable
precision of numerical calculations allow us to choose small
values of N say around 40 to obtain the desired accuracy
instead of considering a large value such as N = 100 which
needs a higher computation time. One can see that for l = 1,
�BW has a comparatively higher value. Apart from this, the

errors associated with the Padé averaged WKB method are
also higher. The percentage deviation, as well as the errors,
decrease significantly as the multipole moment l increases.
The variation of these errors can be associated with the WKB
method, which gives less significant results when l − n is
smaller. For both methods, it is clearly seen that the quasi-
normal frequencies and the damping rate increase with the
value of the multipole moment l.

In Table 2, we have shown the quasinormal modes for
electromagnetic perturbation for different l values with M =
1, n = 0, and Q0 = −0.1. One can see that in this case
also, the deviation term �BW has higher values for smaller
multipole moment l. As l increases, the deviation, as well as
the error terms, decreases noticeably.

From both Tables, it is clear that quasinormal frequencies
have lower values for the electromagnetic perturbation than
those obtained in the case of massless scalar perturbation.
However, the decay rate or damping rate of GW is higher in
the case of electromagnetic perturbation.

To see the effect of the model parameter Q0 on the quasi-
normal modes, we have plotted the variations of quasinormal
modes with respect to Q0. On the left panel of Fig. 4, we
have plotted the real frequencies of quasinormal modes with
respect to the nonmetricity scalar Q0 for both massless scalar
perturbation and electromagnetic perturbation. One can see
that the scalar quasinormal mode frequency decreases sig-
nificantly with an increase in the nonmetricity scalar Q0.
On the other hand, electromagnetic quasinormal frequen-
cies increase slowly with an increase in the value of Q0.
Both types of frequencies approach each other when Q0 is
close to zero. One may note that Q0 has more impact on
the scalar quasinormal frequencies than the electromagnetic
quasinormal frequencies. On the second panel of Fig. 4, we
have plotted the imaginary quasinormal modes with respect
to the nonmetricity scalar Q0. We observe that the damp-
ing rate or decay rate of gravitational waves increases with a
decrease in the value of the scalar Q0. The decay rate for the
scalar perturbation is lower than that of electromagnetic per-
turbation for smaller values of Q0 near −1. However, when
Q0 increases to 0, the damping rate decreases and approaches
zero. One may note that the variation of the damping rate with
respect to Q0 is nonlinear, unlike the case for real quasinor-
mal modes, where the variation was linear for both types of
perturbations.
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Table 2 Quasinormal modes of the black hole with n = 0, M = 1 and Q0 = −0.1 for the electromagnetic perturbation

l Bernstein spectral method Padé averaged WKB �rms �6 �BW

l = 1 0.2655401 − 0.0652171i 0.265539 − 0.065161i 0.0000177085 6.62115 × 10−6 0.0205383%

l = 2 0.4676216 − 0.0647356i 0.467621 − 0.0647357i 7.32702 × 10−7 4.67206 × 10−7 0.000122958%

l = 3 0.6639979 − 0.0646406i 0.663998 − 0.0646407i 9.4691 × 10−8 7.50012 × 10−8 0.0000147967%

l = 4 0.8585978 − 0.0646038i 0.858598 − 0.0646038i 2.07449 × 10−8 1.99993 × 10−8 0.0000209396%

Fig. 4 Variation of quasinormal modes with respect to model parameter Q0 with M = 1, n = 0 and l = 4 for massless scalar perturbation and
electromagnetic perturbation

Our analysis shows that the quasinormal mode spectrum
carries the signature of nonmetricity, and in the near future,
provided sufficient significant observational data is available,
it might be possible to distinguish the scalar and electro-
magnetic quasinormal modes as well as the presence of non-
metricity in theory from a standard Schwarzschild black hole
in GR.

6 Evolution of scalar and electromagnetic
perturbations on the black hole geometry

In the previous section, we have numerically calculated the
quasinormal modes and studied their behaviour with respect
to the nonmetricity scalar Q0. In this section, we shall deal
with the time domain profiles of the scalar perturbation and
electromagnetic perturbation. To obtain the time evolution
profiles, we shall implement the time domain integration
formalism [80]. For this purpose, we define ψ(r∗, t) =
ψ(i�r∗, j�t) = ψi, j and V (r(r∗)) = V (r∗, t) = Vi, j .
Now, one can express Eq. (39) as

ψi+1, j − 2ψi, j + ψi−1, j

�r2∗
− ψi, j+1 − 2ψi, j + ψi, j−1

�t2

−Viψi, j = 0. (63)

We set the initial conditions ψ(r∗, t) = exp

[

− (r∗ − k1)
2

2σ 2

]

and ψ(r∗, t)|t<0 = 0 (here k1 and σ are median and width of
the initial wave-packet) and then calculate the time evolution
of the scalar field as

ψi, j+1 = −ψi, j−1 +
(

�t

�r∗

)2

(ψi+1, j+ψi−1, j )

+
(

2 − 2

(
�t

�r∗

)2

− Vi�t2

)

ψi, j . (64)

Using the above iteration scheme and choosing a fixed value
of �t

�r∗ , one can easily obtain the profile of ψ with respect to

time t . However, one should keep �t
�r∗ < 1 so that the Von

Neumann stability condition is satisfied during the numerical
procedure.

On the left panel of Fig. 5, we have shown the time domain
profile for the scalar perturbation and on the right panel,
we have shown the time domain profile for the electromag-
netic perturbation with overtone number n = 0, nonmetricity
scalar constant Q0 = −0.1 and multipole number l = 1, 2, 3
and 4. We can see that the time domain profiles are signif-
icantly different for different values of multipole number l.
For both cases, with an increase in the value of l, we observe
an increase in the frequency. However, the decay rate of the
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Fig. 5 Time domain profiles with M = 1, n = 0, Q0 = −0.1, for massless scalar perturbation (on first panel) and electromagnetic perturbation
(on second panel)

Fig. 6 Time domain profiles with M = 1, n = 0, l = 2 for massless scalar perturbation (on first panel) and electromagnetic perturbation (on
second panel)

time domain profile seems to increase for the scalar pertur-
bation with an increase in the value of l while for electro-
magnetic perturbation the variation is very small. Another
interesting observation is that for l = 1, both the scalar and
electromagnetic time domain profiles have significantly dif-
ferent damping rate. The damping or decay rate seems to
higher for the electromagnetic perturbation case than that of
the scalar perturbation.

In Fig. 6, we have plotted the time domain profiles for
scalar perturbation (on the left panel) and electromagnetic
perturbation (on the right panel) with different values of the
parameter Q0 with overtone n = 0 and multipole number

l = 2. One may note that the decay rate for the time pro-
file of electromagnetic perturbation increases more rapidly
with a decrease in the value of the parameter Q0. The results
obtained from the time domain profiles are consistent with
the previous results of quasinormal modes.

7 Conclusion

In this work, we have studied the quasinormal modes of a
static black hole in f (Q) gravity. The black hole solution
is obtained for the model f (Q) = ∑

n
an (Q − Q0)

n . We
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have considered two types of perturbations, viz., scalar per-
turbation and electromagnetic perturbation and obtained the
corresponding potentials. We have seen that the potential in
normal coordinates for the electromagnetic perturbation is
identical to the potential corresponding to a Schwarzschild
black hole. However, in the tortoise coordinate, the poten-
tial depends on the model parameter Q0. As a result, both
types of perturbations depend on the model parameter Q0. To
obtain quasinormal modes, we implement a newly introduced
method known as Bernstein spectral method. To confirm the
results obtained from this new method, we have considered
well-known Padé averaged 6th-order WKB approximation
method and found that the results obtained from the previous
method stand in agreement with the results obtained from the
higher-order WKB method.

The quasinormal modes vary significantly with the model
parameter Q0. It is found that for a nonzero Q0, real quasi-
normal modes for scalar perturbation are always higher than
those for electromagnetic perturbation. On the other hand,
for smaller values of Q0, the damping rate of gravitational
waves associated with the scalar perturbation is always lower
than that associated with the electromagnetic perturbation.
We have also investigated the time domain profiles of the
perturbations for different values of the model parameters.
The results obtained from the time domain analysis agree
well with the results provided by the numerical methods.

Since the black hole solutions are different in the f (Q)

nonmetricity theory from the solutions in other theories, the
properties of black holes may be different in the framework
of such theories. If any significant impacts are present in the
generation and propagation of gravitational waves, recent
detection of gravitational wave events can play a significant
role in the study of the viability of such theories. Quasinormal
modes are one of the interesting and widely studied proper-
ties of a perturbed black hole spacetime, and hence a detailed
study of quasinormal modes from black holes in the frame-
work of f (Q) is necessary to understand the theory better.
Our study shows that the black hole solution considered in the
study can generate significantly different quasinormal modes
from that of a Schwarzschild black hole [32]. Moreover, the
quasinormal modes for the electromagnetic perturbation, as
well as the scalar perturbation, are noticeably different for
nonzero values of the model parameter Q0.

The study of black holes and their properties in f (Q) grav-
ity is not very old, and still, there are very few studies incor-
porating various aspects of black holes in this theory. The
study of different possible black hole solutions, especially
in the presence of different promising surrounding relics, is
necessary to understand the theory properly. Moreover, the
thermodynamical aspects as well as quasinormal modes of
black holes in f (Q) are still left to be explored. Gravita-
tional perturbation and related optical properties of the black

hole, such as shadow, sparsity etc., are some probable future
prospects of the study.
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