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Abstract Detecting gravitational waves with frequencies
higher than 10 kHz requires new strategies. In previous
papers, we proposed magnon gravitational wave detectors
and gave the first limit on gigahertz gravitational waves by
reinterpreting the existing data from axion dark matter exper-
iments. In this paper, we show that the sensitivity can be
improved by constructing the detector specific to gravita-
tional waves. In particular, we employ an infinite sum of
terms in the expansion of Fermi normal coordinates to probe
gravitational waves with a wavelength comparable to the
detector size. As a consequence, we obtain sensitivity of
around hc ∼ 10−20.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . 1
2 Fermi normal coordinates in a planar GW . . . . . . 2
3 Magnon excitations induced by a planar GW . . . . 2
4 Sensitivity of magnon GW detectors . . . . . . . . . 4
5 Conclusion . . . . . . . . . . . . . . . . . . . . . . 6
References . . . . . . . . . . . . . . . . . . . . . . . . 6

1 Introduction

The first direct detection of gravitational waves (GWs) has
opened up the era of GW astrophysics [1]. Ground inter-
ferometers can probe a frequency range from 1 Hz to 1
kHz. Future space GW interferometers will boost GW astro-
physics and promote the development of GW cosmology.
Space detectors extend the observable frequency to a low-
frequency range up to 10−4 Hz, and pulsar timing arrays can

a e-mail: asuka.ito@kek.jp (corresponding author)
b e-mail: jiro@phys.sci.kobe-u.ac.jp

probe the nanohertz range. Thus, there has been substantial
development in low-frequency observations. However, since
we can expect that a new frequency will give rise to a new
discovery, it is important to extend the observable frequency
range not only to the low-frequency range but also to the
high-frequency range.

From a theoretical perspective, we need high-frequency
GWs to explore fundamental physics [2]. There are three
categories for GW sources depending on the mechanism
of generation, namely, inflationary, cosmological, and astro-
physical sources. The frequency of primordial GWs gener-
ated during inflation would range from 10−18 Hz to 1 GHz.
After inflation, there are many cosmological sources contain-
ing information on particle physics. These phenomena in the
early universe can produce GWs below gigahertz frequen-
cies. For example, we know that the first-order phase tran-
sition around 102 GeV can generate GWs with frequency
around 10−5 Hz [3]. Simple scaling argument tells us that
the first-order phase transition at an energy scale below the
Grand Unified Theory (GUT) scale can generate GWs with
frequencies below the gigahertz range. Finally, GWs emit-
ted from astrophysical sources are determined by the mass
of the object. Strong GWs can be expected from massive
compact objects such as black holes. It is believed that the
minimum mass of astrophysical objects is around the solar
mass. Hence, the maximal frequency of astrophysical GWs
would be 10 kHz. However, there may exist primordial black
holes whose mass is less than the solar mass. Intriguingly,
primordial black holes with a mass below the solar mass can
be probed through the observation of high-frequency GWs
[4]. It is also argued that gigahertz GWs can be used to probe
the end of inflation or to rule out inflation [5,6].

It should be noted that the experimental constraints on
axions can be reinterpreted as constraints on high-frequency
GWs. Indeed, in the gigahertz range, we have imposed con-
straints on gigahertz GWs by utilizing the existing data for
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axion searches with magnons [7,8]. Subsequently, this strat-
egy has been extended to other axion search experiments
which utilize phenomena due to the axion–photon interac-
tion, such as the axion–photon conversion [9,10] and the
resonant excitation of photons by the axion dark matter [11].

As we mentioned above, the same system can potentially
detect both axions and GWs. In other words, they can each
be contamination to the other. Thus, a natural question is
whether we can distinguish the two effects. It should be noted
that axion cavity experiments use axion photon coupling,
while axion magnon experiments use axion electron cou-
pling. On the other hand, GWs universally affect both pho-
tons and electrons. Therefore, if information regarding both
is available, it is possible to discriminate between axions and
gravitons in principle. Thus, the sensitivity of magnon GW
detectors is worth studying.

This paper is organized as follows. In Sect. 2, we review
Fermi normal coordinates in a planar GW. In Sect. 3, we
explain how the planar GW excites magnons. We estimate
the sensitivity of magnon GW detectors in Sect. 4. The final
section is devoted to the conclusion.

2 Fermi normal coordinates in a planar GW

In order to investigate response of magnons to a planar GW,
we need to use coordinates which co-move with the magnon
system. To this end, we used Fermi normal coordinates in our
previous work [8]. In [8], we truncated the infinite series in
Fermi normal coordinates at the leading order by demanding
that the typical size of the magnon system l is much smaller
than the wavelength of GWs λ. However, the approximation
is not accurate when l is close to λ, and not valid when l � λ.
In such situations, one needs to take into account the infinite
number of terms in the series in the Fermi normal coordinates
[12–14]. As was shown in [11,15], the sum of the infinite
series can be cast into a closed analytic form for a planar GW.
Actually, when one considers a planar GW hi j ∝ cos(ωt −
k · x) in the transverse traceless gauge, the corresponding
metric in the Fermi normal coordinate is given by

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

g00 = −1 − 2R0i0 j |x=0 xi x j × Re
[

1−e−ik·x
(k·x)2 − i

(k·x)

]
,

g0i = 2R0 j ik |x=0 x j xk × Re
[
i 1−e−ik·x

(k·x)3 + i
2(k·x)

+ e−ik·x
(k·x)2

]
,

gi j = δi j + 2Rik jl |x=0 xk xl × Re
[

1+e−ik·x
(k·x)2 + 2i 1−e−ik·x

(k·x)3

]
,

(1)

where the Riemann tensor is defined by

Rα
μβν = 1

2

(

hα
ν,μβ − h ,α

μν ,β − hα
β,μν + h ,α

μβ ,ν

)

, (2)

and evaluated at the origin of the coordinate.

We use the Fermi normal coordinate with the metric (1) to
formulate excitations of magnons induced by a planar GW,
which is applicable to any magnitude of |k·x| ∼ kl, even for a
value larger than unity. Note that, in practice, we will use the
transverse-traceless gauge to calculate the Riemann tensor
since it is gauge-invariant at linear order. In previous papers
[8,16], interaction between a spin of an electron and GWs
in the presence of an external magnetic field was derived by
taking the non-relativistic limit of the Dirac equation. The
Hamiltonian for the interaction is given by

HGW = −μB B
i Ŝ j Qi j , (3)

where μB is the Bohr magneton, and Ŝ stands for a spin
operator of a Dirac particle such as an electron. The effect
of a planar GW is represented by Qi j . The explicit formula
derived in [8] is the leading approximation in the series of
|k · x| in Eq. (1). For the full metric (1), one can repeat the
discussion of [8] and obtain

Qi j = 2δi j R0k0l |x=0x
kxl × Re

[
1 − e−ik·x

(k · x)2 − i

(k · x)

]

−2

[

δi j Rmkml |x=0x
kxl − Rik jl |x=0x

kxl
]

×Re

[
1 + e−ik·x

(k · x)2 + 2i
1 − e−ik·x

(k · x)3

]

. (4)

If one expands the parts, taking the real part in |k · x|, the
leading terms coincide with the result of [8]. In the next sec-
tion, we will investigate resonant excitations of magnons by
a planar GW by utilizing Eqs. (3) and (4).

3 Magnon excitations induced by a planar GW

In this section, we study the effect of a planar GW on
magnons, which are collective spin excitations. As an experi-
mental setup, for example, we consider a spherical ferromag-
netic crystal in an external magnetic field. It is known that
such a system is well described by the Heisenberg Hamilto-
nian [17]. Then, as we saw in the previous section, a planar
GW can interact with each spin inside the ferromagnetic crys-
tal as described by Eqs. (3) and (4). The total Hamiltonian we
consider is

Htot = −μB (2δza + Qza) Bz

∑

i

Ŝa(i)

−
∑

i, j

Ji j Ŝ(i) · Ŝ( j) , (5)

where we applied an external magnetic field along the z-
direction, Bz , and Ŝa(i) represents the spin operators of elec-
trons on each site specified by i . The first term is the con-
ventional Pauli term, which turns the spin direction to that
of the external magnetic field. The third term represents the
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exchange interactions between spins with strength Ji j . The
second term describes the effect of a planar GW on a spin
located at xi in the Fermi normal coordinate whose origin
co-moves with the center of mass of the crystal. Indeed, at
the origin, xi = 0, we see that Qi j = 0 conforms to the
equivalence principle.

The spin system (5) can be rewritten by using the Holstein–
Primakoff transformation [18]:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ŝz(i) = 1
2 − Ĉ†

i Ĉi ,

Ŝ+
(i) =

√

1 − Ĉ†
i Ĉi Ĉi ,

Ŝ−
(i) = Ĉ†

i

√

1 − Ĉ†
i Ĉi ,

(6)

where Ĉi and Ĉ†
i are bosonic annihilation and creation

operators, and Ŝ±
( j) = Ŝx( j) ± i Ŝ y( j) are the ladder oper-

ators. Actually, one can confirm that the SU(2) algebra,
[Ŝi , Ŝ j ] = iεi jk Ŝk (i, j, k = x, y, z), using the commu-
tation relations [Ĉi , Ĉ

†
j ] = δi j . Furthermore, provided that

contributions from the surface of the crystal are negligible,
one can expand the bosonic operators by plane waves as

Ĉi =
∑

k

e−ik·r i
√
N

ĉk , (7)

where r i is the position vector of the i spin and N is the num-
ber of the spins. An excitation of the spin waves corresponds
to a particle created by ĉ†

k . Such a quasi-particle is called a
magnon.

We now rewrite the spin system (5) by magnons with the
Holstein–Primakoff transformation (6), and then we focus
only on the homogeneous mode of magnons, i.e., k = 0
mode. Then, the third term in the total Hamiltonian (5) is
irrelevant because it does not contribute to the homogeneous
mode. Furthermore, because Qzz does not contribute to the
resonance of the spins, namely the excitation of magnons,
we will drop it. Thus, we have

Htot = μB Bz

∑

i

×
[

2Ĉ†
i Ĉi + Ĉi + Ĉ†

i

2
Qzx + Ĉi − Ĉ†

i

2i
Qzy

]

. (8)

Now let us consider a planar GW propagating in the z-x
plane so that the wave number vector of the GW k has a
direction k̂ = (sin θ, 0, cos θ). We can expand the GW hi j
in terms of linear polarization tensors satisfying e(σ )

i j e(σ ′)
i j =

δσσ ′ as

hi j (x, t) = h(+)(x, t)e(+)
i j + h(×)(x, t)e(×)

i j . (9)

More explicitly, we took the representation

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

h(+)(x, t) = h(+)

2

(
e−i(wh t−k·x) + ei(wh t−k·x)

)
, (10)

h(×)(x, t) = h(×)

2

(
e−i(wh t−k·x+α) + ei(wh t−k·x+α)

)
,

(11)

where ωh is the angular frequency of the GW, and α repre-
sents the difference of the phases of the polarization. Note
that the polarization tensors can be explicitly constructed as

e(+)
i j = 1√

2

⎛

⎝
cos2 θ 0 − cos θ sin θ

0 −1 0
− cos θ sin θ 0 sin2 θ

⎞

⎠ , (12)

e(×)
i j = 1√

2

⎛

⎝
0 cos θ 0

cos θ 0 − sin θ

0 − sin θ 0

⎞

⎠ . (13)

In the above Eqs. (12) and (13), we defined the + mode as a
deformation in the y-direction.

Then, substituting Eqs. (9)–(13) into the total Hamiltonian
(8), moving on to the Fourier space, and using the rotating
wave approximation, one can deduce

Htot � 2μB Bzĉ
†ĉ + geff

(
ĉ†e−iωh t + ĉeiωh t

)
, (14)

where ĉ = ĉk=0
1 and

geff = C(l, λ)μB Bz sin θ
√
N

×
[
cos2 θ (h(+))2 + (h(×))2 + 2 cos θ sin α h(+)h(×)

]1/2

(15)

is the effective coupling constant between the GW and the
magnons.C(l, λ) is the form factor determined by the spatial
integration (the sum with respect to i), which depends on
the radius of the crystal l and the wavelength of the GW
λ = 2π/ωh . Although the form factor can also depend on
the lattice structure, we have assumed a simple cubic lattice
structure for simplicity. More specifically, it is given by the
formula

C(l, λ) = − 3

16
√

2πl3

∫

d3x

[

1 + cos kx − 2 sin kx

kx

]

= −
√

2

8
+ 3

√
2Si(ε)

8ε
+ 3

√
2 cos(ε)

4ε2 − 3
√

2 sin(ε)

4ε3 ,

(16)

where ε ≡ kl = l
λ/2π

. One can find that the form factor is
actually a function of only ε, i.e., C(l, λ) = C(ε). Figure 1
illustrates the ε dependence of C(ε).

1 Although considering magnon modes other than the uniform mode
would be interesting, we focus only on the uniform mode, which is the
main target in most experiments.
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Fig. 1 ε = k� = l
λ/2π

dependence of the form factor C(ε) is illus-
trated

We see that it has a peak around ε ∼ π , so that the form
factor is maximized when the wavelength of the GW λ is
comparable to the diameter of the ferromagnetic crystal 2l.
It may also be useful to give the series of C(ε) with respect
to ε (≤ 1), that is

C(ε) =
√

2

240
ε2 − 3

√
2

11200
ε4 +

√
2

169344
ε6 −

√
2

13685760
ε8 + · · · .

(17)

The first term coincides with that derived previously in [8].
It is worth rewriting geff in terms of the Stokes parameters

to obtain a coordinate-independent expression:

geff = C(ε)μB Bz sin θ
√
N

×
[

1 + cos2 θ

2
I − sin2 θ

2
Q + cos θ V

]1/2

, (18)

where the Stokes parameters are defined [19], similarly to
the electromagnetic case, by
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

I = (h(+))2 + (h(×))2 ,

Q = (h(+))2 − (h(×))2 ,

U = 2 cos α h(+)h(×) ,

V = 2 sin α h(+)h(×) .

(19)

They satisfy I 2 = U 2 + Q2 + V 2. We see that the effective
coupling constant depends on the polarization. Note that the
stokes parameters Q and U transform as
(
Q′

U ′

)

=
(

cos 4ψ sin 4ψ

− sin 4ψ cos 4ψ

)(
Q

U

)

, (20)

Fig. 2 Angular dependence of gef f on the non-polarized GW is
depicted. Here, θ is the angle between the GW and the external magnetic
field

where ψ is the rotation angle around k.
The coupling constant geff depends on the geometrical

factor θ , which is the angle between the magnetic field and
the GW. For example, when there is no polarization, i.e.,
Q = U = V = 0, we have geff ∝ sin θ

√
1 + cos2 θ . The

angular dependence of geff is depicted in Fig. 2. It has a max-
imum at π/2 where the GW propagates perpendicular to the
external magnetic field. It has the minimum value zero at 0
and π , because then the GW propagates parallel to the exter-
nal magnetic field and cannot excite the spin precessions of
electrons in such a configuration. When the GW has polariza-
tion, i.e., Q, U, V are nonzero, different angular dependence
appears.

From the second term in Eq. (14), we see that GWs can
induce the resonant spin precessions, that is, excitations of
magnons, if the angular frequency of the GW is near the
Lamor frequency 2μB Bz . This graviton–magnon resonance
enables us to search for high-frequency GWs in the giga-
hertz range [7,8]. In the next section, we will estimate the
sensitivity of the magnon GW detector.

4 Sensitivity of magnon GW detectors

In this section, we evaluate the sensitivity of the magnon sys-
tem to GWs. To this end, we first need to take into account
the dissipation effect in the system. As the main dissipation
effect to the magnons excited by GWs, we consider the ther-
mal bath, namely, the photons in vacuum (cavity). Such a
dissipative effect can be taken into account by tracing out the
thermal bath. Consequently, we obtain the master equation
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for the density matrix [20]:

dρ

dt
= −i

[
geff

(
ĉ†ei(ωm−ωh)t + ĉei(ωh−ωm )t

)
, ρ

]

+γ

2

(
2ĉρĉ† − ĉ†ĉρ − ρĉ†ĉ

)
, (21)

where ρ is the density matrix of the system, γm is the line
width of the magnon spectrum, and we define ωm = 2μB Bz .
Note that the interaction picture is used in the above equation.
Using the master equation (21), we can calculate the average
of the magnon number as

< ĉ†ĉ >= tr
(
ρĉ†ĉ

)
= g2

eff

(ωh − ωm)2 + (γm/2)2 . (22)

Therefore, at the resonance ωh = ωm , the power of the
excited magnons is given by

Pm = 4ω2
mg

2
eff

γ 2
m

. (23)

One can detect GWs by observing the excitations of
magnons. The simplest way to observe the excited magnons
would be by measuring the resonance fluorescence of
magnons, that is, photons emitted from the magnons when
they return to the ground state from the excited state. Such a
simple method is adopted in the context of the axion dark mat-
ter search [21,22]. Another interesting method for observ-
ing the excited magnons is a quantum nondemolition detec-
tion of the magnons with a qubit [23]. Interestingly, quanta
of magnons were detected with the quantum nondemolition
technique in [23], and it was also utilized for the axion dark
matter search [24]. To evaluate the ability of the magnon GW
detectors, we consider the former method for the moment. Let
us prepare a cavity and put a ferromagnetic crystal inside. The
uniform magnon mode couples with a cavity mode. Then, the
power of the excited magnons (23) converts into that of the
cavity mode. Here, we simply parameterize the conversion
efficiency by η. Although the original resonance frequency
ωm is slightly shifted in the magnon–cavity hybrid system,
we ignore it for simplicity. From the input–output formalism
[20], the output power of photons of the cavity mode which
we actually observe is

Pout = 4ηQ2
mg

2
eff

Qe
, (24)

where Qe represents the quality factor of the output load of
the cavity, and the magnon quality factor Qm = ωm/γm was
defined.2

On the other hand, the system also has noise. The noise
power can be characterized by the (effective) temperature by

2 More precisely, this quality factor should be replaced by that for the
magnon–cavity hybridized mode. However, the order of the two quality
factors would be the same because the quality factor of the magnon is
worse in general.

the Johnson–Nyquist relation:

N = bkBTN , (25)

where b is a bandwidth. In an observation with the observa-
tion time τ , the noise power in the system is reduced to

σN = N√
bτ

= kBTN

√
b

τ
, (26)

because we effectively have bτ samples in the observation. In
the case of the GW search, b is given by b = ωm

2π max(Qh ,Qi )
.

We defined the quality factor of the GW Qh determined by its
coherence time: 2π

ωh
Qh . We also introduced Qi representing

any quality factor of the apparatus such as the quality factors
of the magnon and the cavity. Using σN , the signal-to-noise
ratio (SNR) is defined by

SNR = Pout

σN
= 4

√
2π η Q2

m g2
eff

√
τ max(

√
Qh,

√
Qi )

kBTN
√

ωmQe
. (27)

Let us now estimate the sensitivity of magnon detectors to
GWs. Since the coherence time of the GW depends on the
source, we consider the most optimistic case where the coher-
ence time is comparable to or longer than the observation
time. Then, we take the coherence time of the GW to be the
observation time τ . As the ferromagnetic crystal, we take
yttrium iron garnet, whose number density of electronic spin
is ∼ 2.1 × 1022 cm−3. We also assume no polarization of
the GW, i.e. hc = h(+) = h(×), and take the average of θ .
By using the freedom to tune the magnitude of the magnetic
field, we adopt the configuration which maximizes the form
factor C(ε). Then, setting SNR = 1, the sensitivity of the
magnon system to the amplitude of the GW reads

hc = 2.5 × 10−20 ×
(
TN
1 K

)1/2 (
Vm

(4π/3) 103 cm3

)−1/2

×
(

η

1/2

)−1/2 (
C

0.029

)−1

×
(

ωh/2π

1.6 × 109 Hz

)−1 (
Qe

105

)1/2

×
(
Qm

104

)−1 (
τ

1 day

)−1/2

, (28)

where Vm is the volume of the ferromagnetic crystal. As
one can see, for instance, in [2,11], there are several high-
frequency GW detectors around the above frequency range
∼ GHz. Our magnon GW detectors can be complementary
to the detectors which use photons, as mentioned in the intro-
duction, to distinguish the observational signals from the
axion dark matter and GWs. Also, the magnon GW detec-
tor has different directional and polarization dependence of
sensitivity (see Eq. (18)) compared with the photonic GW
detectors [2,11]. Therefore, combining both the photonic and
magnonic GW detector would be useful for identifying the
direction and polarization of GWs. Since the sensitivity (28)
is still below the predictions from the GW sources mentioned
in the introduction, further efforts and strategies are needed
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to improve the sensitivity to reach theoretical predictions.
However, seeking high-frequency GWs with the magnon
GW detector with the above-noted sensitivity would still be
interesting for exploring new physics. For example, gigahertz
GWs from extra dimensions [25,26] may be detectable with
the above sensitivity.

5 Conclusion

Detecting high-frequency GWs is important not only for
GW astrophysics and cosmology but also for fundamental
physics. To this end, new strategies are needed. We proposed
magnon GW detectors in previous papers where we utilized
existing data from axion dark matter searches to impose con-
straints on GWs in the gigahertz range. In this paper, we have
improved the analysis by considering an infinite sum of terms
in the expansion of Fermi normal coordinates. We showed
that the form factor is most enhanced when the wavelength
of the GW is comparable to the size of the ferromagnet, by
evaluating the spatial integral exactly. As a consequence, we
obtained sensitivity of around hc ∼ 10−20, which is much
better than before.

There is still an open question of how to realize the con-
figuration maximizing the form factor C(ε) where the wave-
length of the GW is comparable to the size of the ferromagnet
in real experiments. It should be carefully considered whether
one can realize the configuration while preserving the overall
quality of the detector. Nevertheless, admittedly, for future
detection of high-frequency GWs, further improvement in
sensitivity is needed. Therefore, it is worth pushing forward
GW detectors using condensed matter systems and seeking
possible strategies for improving the sensitivity. In particu-
lar, employing quantum sensing [27] may offer an important
strategy, as already demonstrated in the magnon experiments
[23,24].
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