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Abstract Stimulated by the observation of the X (6900)
from LHCb in 2020 and the recent results from CMS and
ATLAS in the di-J /v invariant mass spectrum, in this work
we systematically study all possible configurations for the
ground states of fully heavy tetraquark in the constituent
quark model. By our calculation, we present their spectro-
scopic behaviors including binding energy, lowest meson—
meson thresholds, specific wave function, magnetic moment,
transition magnetic moment, radiative decay width, rear-
rangement strong width ratio, internal mass contributions,
relative lengths between (anti)quarks, and the spatial distri-
bution of four valence (anti)quarks. We cannot find a stable
S-wave state for the fully heavy tetraquark system. We hope
that our results will be valuable to further experimental explo-
ration of fully heavy tetraquark states.

1 Introduction

With the birth of the quark model [1-3], exotic states beyond
conventional hadrons were proposed. The search for exotic
hadronic states is full of challenges and opportunities. Since
the X (3872) was first reported by the Belle Collaboration
in 2003 [4-6], a series of charmonium-like or bottomonium-
like exotic states [7-21] and P, states [22-24] have been
observed experimentally, which stimulates extensive discus-
sions of their properties by introducing the assignments of
conventional hadron, compact multiquark states, molecular
state, hybrid, glueball, and kinematic effects [7-21].

4e-mail: anht14@lzu.edu.cn

b e-mail: luosq15@1lzu.edu.cn

¢ e-mail: liuzhanwei@lzu.edu.cn

d e-mail: xiangliu@Izu.edu.cn (corresponding author)

In 2003, the BaBar Collaboration observed a narrow
heavy-light state D},(2317) in the D;_JTO invariant mass
spectrum [25]. However, since the mass of the observed
D},(2317) is about 100 MeV below the quark model predic-
tions in Ref. [26], it is difficult to understand the D};(2317)
in a conventional quark model directly, which is referred
to as the “low-mass puzzle” of D};(2317). In order to
solve the low-mass puzzle, the tetraquark explanation with
the Qgqq configuration was proposed in Refs. [27-29].
Later, the CLEO Collaboration [30] confirmed the D}, (2317)
and announced another narrow resonance Dy (2460) in the
D;""‘no final states. The low-mass puzzle also happens to
the D;1(2460) [26]. A discussion of the Dy1(2460) as a
tetraquark state can be found in Refs. [31-38]. In particular,
the LHCb Collaboration reported the discovery of two new
exotic structures X((2900) and X;(2900) [39,40], which
inspired the study of exotic charmed tetraquarks [41-50].
In addition, theorists began to study the doubly charmed
tetraquark states in the earlier works [51-55]. In 2017, the
LHCb Collaboration observed a doubly charmed baryon
EX(3620) inthe Af K ~m 7™ decay mode [56]. Using the
E(3620) as the scaling point, the theorists further explored
the possible stable doubly charmed tetraquark states with
the Q Qgq configuration [57-66]. Surprisingly, as a candi-
date of the doubly charmed tetraquark, the 7. was detected
by LHCb in the D®DzF invariant mass spectrum, which
has a minimal quark configuration of ccitd [67]. In addi-
tion to these singly and doubly charmed tetraquarks, there
should be a triply charmed tetraquark. To our knowledge, the
triply charmed tetraquark states with the Q Q Qg configura-
tion have also been studied by various approaches [68—72].

Briefly reviewing the status of heavy flavor tetraquark
states, we must mention the fully heavy tetraquark with the
0000 configuration, which has attracted the attention of
both theorists and experimentalists. Chao et al. suggested
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that the peculiar resonance-like structures of R(ete™ —
hadrons) for \/s = 6—7 GeV may be due to the production
of the predicted P-wave (cc)—(cc) states in the energy range
of 6.4-6.8 GeV, which could dominantly decay into charmed
mesons [73]. The calculation of the fully heavy tetraquark
was then carried out using the potential model [74,75] and
the MIT bag model with the Born—Oppenheimer approxi-
mation [76]. This system has also been studied in a non-
relativistic potential model, where no Q Q Q Q bound state
can be found [77]. However, Lloyd et al. adopted a param-
eterized nonrelativistic Hamiltonian to study such system
[78], where they found several closely lying bound states
with a large oscillator basis. Later, Karliner et al. estimated
the masses of the fully heavy tetraquark states by a simple
quark model, and obtained M(X..zz) = 6192 25 MeV and
M(X,,55) = 1882625 MeV for the fully charmed and fully
bottom tetraquarks with the /¢ = 0"+ quantum number,
respectively [79]. Anwar et al. calculated the ground-state
energy of the bbbb bound state in a nonrelativistic effective
field theory with one-gluon-exchange (OGE) color Coulomb
interaction, and the ground-state bbbb tetraquark mass was
predicted to be (18.72 £ 0.02) GeV [80]. In Ref. [81],
Bai et al. presented a calculation of the bbbb tetraquark
ground-state energy using a diffusion Monte Carlo method
to solve the nonrelativistic many-body system. Debastiani et
al. extended the updated Cornell model to study the fully
charmed tetraquark in a diquark—antidiquark configuration
[82]. Chen et al. used a moment quantum chromodynamics
(QCD) sum rule method to give the existence of the exotic
states ccce and bbbb in the compact diquark—antidiquark
configuration, where they suggested searching for them in
the J /¥ J /¢ and n.(1S5)n1s channels [83].

With the accumulation of experimental data, many collab-
orations have tried to search for it. The CMS Collaboration
reported the first observation of the Y (1S) pair production in
pp collisions, where there is evidence that a structure around
18.4 GeV with a global significance of 3.6 ¢ exists in the four-
lepton channel, which is probably a fully bottom tetraquark
state [84]. However, this structure was not confirmed by the
later CMS analysis [85]. Subsequently, the LHCb Collabo-
ration studied the Y (1S5),,+,- invariant mass distribution to
search for a possible bbbb exotic meson, but they did not see
any significant excess in the range 17.5-20.0 GeV [86]. By
2020, the LHCb Collaboration declared a narrow resonance
X (6900) in the di-J /v mass spectrum with a significance
of more than 5o [87]. In addition, a broad structure ranging
from 6.2 to 6.8 GeV and an underlying peak near 7.3 GeV
were reported at the same time [87]. The ATLAS and CMS
collaborations recently published their measurements on the
di-J /v invariant mass spectrum. Here, they not only con-
firmed the existence of the X (6900), but also found some
new peaks [88-90]. There have been extensive discussions
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about the observed X (6900) from different approaches and
with different assignments [91-108].

The problem of the stability of the fully heavy tetraquark
state has long been debated. Debastiani et al. found that
the lowest S-wave cccc tetraquarks may be below the di-
charmonium thresholds in their updated Cornell model [109].
The 11 bbbé state is thought to be a narrow state in the
extended chromomagnetic model [110]. However, many
other studies have suggested that the ground state of fully
heavy tetraquarks is above the di-meson threshold. Wang et
al. also calculated the fully heavy tetraquark state in two non-
relativistic quark models with different OGE Coulomb, lin-
ear confinement, and hyperfine potentials [111]. Based on the
numerical calculations, they suggested that the ground states
should be located about 300450 MeV above the lowest scat-
tering states, indicating that there is no bound tetraquark
state. The lattice nonrelativistic QCD method was applied
to study the lowest energy eigenstate of the bbbb system,
and no state was found below the lowest bottomonium-pair
threshold [112]. In another work, Richard et al. claimed that
the fully heavy configuration Q QQQ is not stable if one
adopts a standard quark model and treats the four-body prob-
lem appropriately [113]. Jin et al. studied full-charm and
full-bottom tetraquarks using the quark delocalization color
screening model and the chiral quark model, respectively,
and the results within the quantum numbers J© = 0, 1+,
and 21 show that the bound state exists in both models [114].
Frankly, theorists have not come to an agreement on the sta-
bility of the fully heavy tetraquark state.

Facing the present status of the fully heavy tetraquark, in
this work we adopt the variational method to systematically
study the fully heavy tetraquark states, where the mass spec-
trum of the fully heavy tetraquark is given in the framework
of the nonrelativistic quark model associated with a potential
containing Coulomb, linear, and hyperfine terms. The con-
structed total wave functions involved in these systems satisfy
the requirement of the Pauli principle. We should emphasize
that we can also reproduce the masses of these conventional
hadrons with the same parameters, which is a test of our
adopted framework. With this preparation, we calculate the
binding energies, the lowest meson—meson thresholds, and
the rearrangement strong width ratio, and study the stabil-
ity of the fully heavy tetraquark states against the decay into
two meson states. Furthermore, we discuss whether these
tetraquarks have a compact configuration based on the eigen-
value of the hyperfine potential matrix. According to specific
wave functions, we obtain the magnetic moments, transition
magnetic moments, and radiative decay widths, which may
reflect their electromagnetic properties and internal struc-
tures. We also give the size of the tetraquarks, the relative
distances between (anti)quarks, and the spatial distribution
of the four valence (anti)quarks for each state. Through the
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present systematic work, we can test whether compact bound
fully heavy tetraquarks exist within the given Hamiltonian.

This paper is organized as follows. After the introduction,
we present the Hamiltonian of the constituent quark model
and list the corresponding parameters in Sect. 2. Then, in
Sect. 3, we give the spatial function with a simple Gaussian
form and construct the flavor, color, and spin wave func-
tions of the fully heavy tetraquark states. In Sect. 4, we show
the numerical results obtained by the variational method
and further calculate their magnetic moment, transition mag-
netic moment, radiative decay width, rearrangement strong
width ratio, internal mass contributions, and relative lengths
between (anti) quarks. In addition, we compare our results
with those of other theoretical groups in Sect. 5. Finally, we
end the paper with a short summary in Sect. 6.

2 Hamiltonian

We choose a nonrelativistic Hamiltonian for the fully heavy
tetraquark system, which is written as

4 2 4 a8 AS
(mi + p—l) - EZ %.TJ(V,'?OH + Vgs). (1)
i<j

Here, m; is the (anti)quark mass, Af is the SU (3) color oper-
ator for the i-th quark, and for the antiquark, A{ is replaced
by —A{*. The internal quark potentials V; 7 oM and Vlfs have
the following forms:

K rij
Vgon _ _ _é — D,
V,'j ao
/
K 1L 2,2
‘/55 — e rlf/rO’/Uj . Ujs (2)
where r;; = |r; — r;| is the distance between the i-th

(anti)quark and the j-th (anti)quark, and o; is the SU(2)
spin operator for the i-th quark. As for the ro;; and «’, we
have

mim;
roij =1/ e+ B—"""—,

m; +m;j

M) _ 3)

k' =k (1—}—
0 ymi—l—mj

The corresponding parameters appearing in Eqgs. (2-3) are
shown in Table 1. Here, « and «’ are the couplings of the
Coulomb and hyperfine potentials, respectively, and they are
proportional to the running coupling constant ¢ (r) of QCD.
The Coulomb and hyperfine interactions can be deduced from
the one-gluon-exchange model. 1/ ag represents the strength
of the linear potential. r¢;; is the Gaussian-smearing param-
eter. Furthermore, we introduce «y and y in «’ to better
describe the interaction between different quark pairs [115].

Table 1 Parameters of the Hamiltonian

Parameter « ap D

Value 120.0 MeV fm  0.0318119 (MeV~!'fm)!/> 983 MeV
Parameter o« B me

Value 1.0499 fm~!  0.0008314 (MeV fm)~! 1918 MeV
Parameter ko Y mp

Value 194.144 MeV  0.00088 MeV~! 5343 MeV

Table 2 All possible flavor combinations for the fully heavy tetraquark

system
System Flavor combinations
0000  ccéc bbbb cbéb

ccbb (bbee) ccch (bcEe) bbbé (cbbb)

3 Wave functions

Here, we focus on the ground states of fully heavy tetraquark.
We present the flavor, spatial, and color-spin parts of the total
wave function for fully heavy tetraquark system. In order
to consider the constraint by the Pauli principle, we use a
diquark—antidiquark picture to analyze this tetraquark sys-
tem.

3.1 Flavor part

First we discuss the flavor part. Here, we list all the possible
flavor combinations for the fully heavy tetraquark system in
Table 2.

In Table 2, the three flavor combinations in the first row are
purely neutral particles, and the C-parity is a “good” quan-
tum number. For the other six states in the second row, each
state has a charge conjugation anti-partner, and their masses,
internal mass contributions, and relative distances between
(anti)quarks are absolutely identical, so we only need to dis-
cuss one of the pair.

Furthermore, the cccé, bbbb, and cchbb states have the
two pairs of (anti)quarks which are identical, but only the
first two quarks in the cccb and bbbé states are identical.

3.2 Spatial part

In this part, we construct the wave function for the spatial
part in a simple Gaussian form. We denote the fully heavy
tetraquark state as the Q(1)Q(2)Q(3)Q(4) configuration,
and choose the Jacobian coordinate system as follows:

@ Springer
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x| = /1/2(r; —rp),
X2 = /1/2(r3 — r4),

miry + moryp msars3 + mqry
x=|l—)]-{— ) |. @)
mi + my ms3 + my
Here, we set the Jacobi coordinates with the following
conditions:

mp =my =m3 =myg =m., forcccc,

m; =my = m3 = myq =my, forbbbb,

mip =my = me,m3 = myg = my, for cchb,

m; = my = m3 = me, mag = myp, forccéb,

m; = my = m3 = mp, mg = m,, forbbbc,

mi = me, mp = mp, M3 = Mg, mg = mp, for cbéb.

Based on this, we construct the spatial wave functions of
the QQQQ states in a single Gaussian form. The spatial
wave function can satisfy the required symmetry property:

R® = exp[—C11x] — Cx3 — C33%3], Q)

where Cy1, C22, and C33 are the variational parameters.

It is also useful to introduce the center of mass frame so
that the kinetic term in the Hamiltonian of Eq. (1) can be
appropriately reduced for our calculations. The kinetic term,
denoted by T, is as follows:

452 2 2 2 2
T.=Y P _Pe_ Py, Py Py 6)
‘ mi  2M  2m|  2mb  2mf’

where different states have different reduced masses mg,
which are listed in Table 3.

3.3 Color-spin part

In the color space, the color wave functions can be analyzed
using the SU(3) group theory, where the direct product of the
diquark and antidiquark components reads

Be®3:)® (B ®3c) = (6. D 3c) ® (6 D 3c). (7

Based on this, we get two types of color-singlet states:

$1 = (010230304, 2 = 1(0102)°(0300)%).  (8)

In the spin space, the allowed wave functions are in the
diquark—antidiquark picture:

x1 = 1(Q102)1(0309)1)2. x2 = 1(Q102)1(Q30)1)1.

x3 = 1(0102)1(0304)0)1, x4 = 1(Q102)0(030)1)1,

x5 = 1(0102)1(0300)1)0, x6 = 1(Q102)0(0304)0)0.
©)

In the notation |(Q1Q2)spinl(Q3 Q4)spin2>spin3v the spinl,
spin2, and spin3 represent the spin of the diquark, the spin
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of the antidiquark, and the total spin of the tetraquark state,
respectively.

Since the flavor part and spatial parts are chosen to be
fully symmetric for the (anti)diquark, the color-spin part of
the total wave function should be fully antisymmetric. Com-
bining the flavor part, we show all possible color-spin parts
satisfying the Pauli principle with J € in Table 4.

In addition, it is convenient to consider the strong decay
properties, and we again use the meson—meson configuration
to represent color-singlet and spin wave functions. The color
wave functions in the meson—meson configuration can be
derived from the following direct product:

(30 & 30) ® (36 ® 3(,‘) = (lc @ 8(,‘) & (1c @ 86)- (10)

Based on Eq. (10), they can be expressed as

Y1 = 1(0103)(0200)"), ¥2 = 1(0103)%(0204)%).
(11)

Similarly, the spin wave functions in the meson—meson
configuration read as

0 =1(0103)1(0200)1)2, &2 = [(Q103)0(Q20:)1)1,
&3 =1(0103)1(0204)0)1, &4 = [(Q103)1(0204)1)1,

¢s = [(0103)1(Q204)1)0, &6 = 1(Q103)0(Q204)0)0.
(12)

4 Numerical analysis
4.1 Mass spectrum, internal contribution, and spatial size

In this subsection, we check the consistency between the
experimental masses and the masses of traditional hadrons
obtained using the variational method based on the Hamilto-
nian of Eq. (1) and the parameters in Table 1. We show the
results in Table 5 and note that our values are relatively reli-
able since the deviations for most states are less than 20 MeV.

In addition, in the previous section we systematically con-
structed the total wave function satisfied by the Pauli princi-
ple. The corresponding total wave function can be expanded
as follows:

o) = Y CEIF)IR) (i x)))- (13)
ij

To study the mass of the fully heavy tetraquarks with the
variational method, we calculate the Schrodinger equation
H|V,) = E4|V¥,), diagonalize the corresponding matrix,
and then determine the ground state masses for the fully
heavy tetraquarks. According to the corresponding varia-
tional parameters, we also give the internal mass contribu-
tions, including the quark mass part, the kinetic energy part,
the confinement potential part, and the hyperfine potential
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Table 3 The reduced mass m; in different states

States m m) mj States m m) my
—_ =7 2memyp c c
ccee me me me cech me 7m'6" +"'7'l’b g?%ntfnf;)n';l)
__ = 2memy (mc+mp)m

bbbb mp mp mp bbbc mp chrm’b WM
A 2mem A 2mem 2mem me+m
ccbb me mp m(‘_'_m’;] cbch m[_'_m’;] mc+mb;, Resmh b
Table 4 The allowed color-spin parts for each flavor configuration
Type JP© Color-spin part
ccCE bbbb ccbb 2+) d1x1

1o d1x2

0t d1x5 $2X6
ccch bbbé 2+ o111

1" d1x2 d1X3 D2X4

0t d1x5 $2X6
cbehb PARS 1x1 $2x1

1+ d1x2 D2x2 %(dﬁm + ¢1x4)

%(452)(3 + ¢2x4)
1+ 75 (@13 — b1xa) 750205 — $2x4)
0t 15 $2X5 1 X6 $2x6

part. For comparison, we also show the lowest meson—meson
thresholds for the tetraquarks with different quantum num-
bers and their internal contributions. This is how we define
the binding energy:

Br = Mtetraquark — Miesonl — Mmeson2, (14)

where Mietraquark s Mmeson1, and Mmeson2 are the masses of the
tetraquark and the two mesons at the lowest threshold allowed
in the rearrangement decay of the tetraquark, respectively. To
facilitate the discussion in the next subsection, we also define
the V¢, which is the sum of the Coulomb potential and the
linear potential.

Here, it is also useful to investigate the spatial size of
the tetraquarks, which is strongly related to the magnitude
of the various kinetic energies and the potential energies
between the quarks. It is also important to understand the
relative lengths between the quarks in the tetraquarks and
their lowest thresholds, and the relative distance between
the heavier quarks is generally shorter than that between the
lighter quarks [61]. This tendency is also maintained in each
tetraquark state according to the corresponding tables.

4.1.1 Magnetic moments, transition magnetic moments,
and radiative decay widths

The magnetic moment of hadrons is a physical quantity that
reflects their internal structures [121]. The total magnetic

moment fiior Of a compound system contains the spin mag-
netic moment ﬁspin and the orbital magnetic moment [Lorbital
from all of its constituent quarks. For ground hadron states,
their contribution of the orbital magnetic moment [Logpital
is zero, and so we only concentrate on the spin magnetic
moment jigpin. The explicit expression for the spin magnetic
moment [Lspin iS Written as

Qeff
/’L%pm = ZM[UI = Z

2 Meﬁ

where Q?H and Mfff are the effective charge and effec-
tive mass of the i-th constituent quark, respectively. The o;
denotes the Pauli spin matrix of the i-th constituent quark.
According to Ref. [122], the effective charge of the quark is
affected by other quarks in the inner hadron. We now assume
that the effective charge is linearly dependent on the charge
of the shielding quarks. Therefore, the effective charge Q?ff
is defined as

o =0, + Zaiij,
i#j

15)

(16)

where Q; is the bare charge of the i-th constituent quark,
and «;; is a corrected parameter that reflects the extent to
which the charge of other quarks affects the charge of the i-
th quark. To simplify the calculation, we also set «;; always
equal to 0.033 according to Ref. [122]. The effective quark
masses Mfﬁ contain the contributions from both the bare

@ Springer
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quark mass terms and the interaction terms in the chromo-
magnetic model, and their values are taken from Ref. [123].

To obtain the magnetic moment of the discussed hadron,
we calculate the z-component of the magnetic moment oper-
ator i° sandwiched by the corresponding total wave func-
tion ¥, (Eq. (9)). Now, only the spin part of the total wave
function is involved. The total spin wave functions of the
discussed hadrons are written as

[Xtotal) = C1x1 + Cox2 + - - )

Based on this, we can quantitatively obtain the magnetic
moment of the discussed hadron

M = ("Iloz“lzl“ya) = (Xa|llz|Xa)
= Ciu(x1) + Cin(x2) + -+ +2C1Cop (X1, x2) + -+
(18)

where u'' is the cross-term representing the transition
moment, and Cy, C; are the eigenvectors of the given mix-
ing state [124]. Similarly, the transition magnetic moments
between the hadrons can be obtained as pp g, =
(Wi |47 W, ).

According to Eq. (18), the numerical values for the mag-
netic moments of the traditional hadrons have been listed in
Table 5. Here, .y = e/2m y is the nuclear magnetic moment
with my = 938 MeV as the nuclear mass, which is the
unit of the magnetic moment. For comparison, we also show
the experimental values and other theoretical results from
Refs. [121,122,124-127]. Because of the g = —Ig the
magnetic moment of all the /¥ = 0T ground mesons and
tetraquarks and the ground states with certain C-parity is 0.

The decay property is another important aspect to inves-
tigate the nature of the exotic hadron. According to the tran-
sition magnetic moments in the above subsection, we can
further obtain the radiative decay widths around fully heavy
tetraquarks [128—137].

k2 My

M 2, 19
T 2J;+1 M; MZ | Mjf’M]i| (19)

IpsMy;

where J; and J ¢ are the total angular momentum of the initial
and final hadrons, respectively. The M; and My in Eq. (19)
represent initial and final hadron masses, respectively.

4.1.2 Relative decay widths of tetraquarks

In addition to radiative decay, we also consider the rearrange-
ment strong decay properties for fully heavy tetraquarks.
Based on Egs. (10-12), the color wave function also falls into
two categories: the color-singlet ¥ = |[(Q1 010,01,
which can easily decay into two S-wave mesons, and the
color-octet ¥» = |(Q103)%(0204)%), which can only fall
apart by gluon exchange. Thus we transform the total wave

@ Springer

functions W, into the new configuration,

(Wo) =D CHIF)R)[Yig)1). (20)
ij

Among the decay behaviors of the tetraquarks, one decay
mode is that the quarks simply fall apart into the final decay
channels without quark pair creation or annihilation, which
is denoted as “Okubo-Zweig—lizuka (OZI)-superallowed”
decays. In this part, we will only focus on this type of decay
channel. For two-body decay by L-wave, the partial decay
width is expressed as [72,110,138-140]:

2L+1 5
Pi = yie—5lail”, (21)

where « is an effective coupling constant, ¢; is the overlap
corresponding exactly to CZ’;" of Eq. (20), m is the mass of
the initial state, and k is the momentum of the final state
in the rest frame of the initial state. For the decays of the
S-wave tetraquarks, (k/ m)~2 is of order O(10~2) or even
smaller, so all higher-wave decays are suppressed, and thus
we only need to consider the S-wave decays. As for y;, it is
determined by the spatial wave functions of the initial and
final states, which are different for each decay process. In
the quark model in the heavy quark limit, the spatial wave
functions of the ground S-wave pseudoscalar and the vec-
tor meson are the same. The relations of y; for fully heavy
tetraquarks are given in Table 6. Based on this, the branching
fraction is proportional to the square of the coefficient of the
corresponding component in the eigenvectors, and the strong
decay phase space, i.e., k - |c;|?, for each decay mode. From
the value of & - |c;|?, one can roughly estimate the ratios of
the relative decay widths between different decay processes
of different initial tetraquarks.

In the following subsections, we concretely discuss all
possible configurations for fully heavy tetraquarks.

4.2 ccé¢ and bbbb states

First we investigate the cccc and bbbb systems. There are two
JPC = 0t states, one JPC = 17~ state, and one JF€ =
27 state according to Table 4. We show the masses of the
ground states, the variational parameters, the internal mass
contributions, the relative lengths between the quarks, their
lowest meson—meson thresholds, the specific wave function,
the magnetic moments, the transition magnetic moments, the
radiative decay widths, and the rearrangement strong width
ratios in Tables 7, 8, and 9, respectively.

Here, we take the J©C = 0F* bbbb ground state as an
example, and the others have similar discussions, according
to Tables 7, 8, and 9. We now analyze the numerical results
obtained from the variational method. For the JF€ = 0+
bbbb ground state, its mass is 19240.0 MeV and the corre-
sponding binding energy Br is +461.9 MeV. Its variational
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Table 5 Masses and magnetic moments of some ground hadrons
obtained from the theoretical calculations. Myesult, Mresultss Mbags
Ithe(1), and spe(2) are theoretical masses and magnetic moments for
Eq. (1), Eq. (15), and Refs. [121,122,124], respectively. Mexp and fiexp

are the observed values of masses and magnetic moments. The masses
and errors are in units of MeV. The magnetic moment is in units of the
nuclear magnetic moment p . The variational parameter is in units of
fm—2

Hadron ut ‘ 0 ‘ P 2l E | ot ‘ bony ‘ DIRENN D Vel ‘ et ‘ ;0 PN ‘ =y ‘ 3 E;‘*‘ ;0 ‘ P
Myresut 1187.7 1295.4 2445.2 2518.3 5832.1 5860.8
Parameters 2.1 3.3 2.1 2.0 2.1 2.0

3.1 2.9 3.7 3.4 4.0 3.4
Mezp 1189.4 1314.9 2454.0 2851.4 5811.3 5832.1
Error -1.7 -19.5 -8.8 -0.1 20.8 28.7
Hresult 2.53(0.75| -1.04 |-1.31|-0.52| 2.34 | 0.55 | -1.24 | 4.09 1.38 | -1.32 | 2.37 |0.58 |-1.21|3.48| 0.78 | -1.92
Hbag [124] 2.7210.86| -1.01 |-1.58(-0.64| 2.13 | 0.41 | -1.31 | 4.07 1.39 | -1.29 | 2.23 | 0.58 |-1.07|3.29| 0.76 | -1.77
fene(y[121] | 2.74 | 0.84| -1.06 |-1.47(-0.52| 2.36 | 0.50 | -1.37 | 4.09 1.30 | -1.49
fine(2) [122] | 2.46 | 0.47 | -1.10 |-1.61(-0.65| 3.57 | 1.96 | 0.04
Hezp 2.46 -1.16 |-1.25]-0.65 6.14 | 2.70 -2.02
Hadron D*° | D**| Dt | B* |B*"| B | J/v Ne T M B, B |ATT| AT | A AY | O~
Miesuit 1996.9 ]2093.3| 5363.6 |5434.7/3092.2|2998.5|9468.9|9389.0 |6287.9 | 6350.5 1245.6 1675.8
Parameters 3.8 6.2 4.2 7.5 12,5 | 15.0 | 49.7 | 574 | 229 | 20.2 1.8 3.3
Mezp 2010.3 |2112.2| 5324.7 |5415.4|3096.9|2983.9|9460.3|9399.0|6274.9|(6332) 1232.0 1672.5
Error -13.4 -18.9 38.8 19.3 -4.7 14.6 8.6 10.0 13.0 | (17.5) 13.6 3.1
Hresult -1.37|1.24| 1.00 |-0.78|1.83 | 0.51 0 - 0 - - 0.44 | 5.57|-2.78| 0 |-2.78]| -1.86
Hbag [124]  [-0.98]|1.21| 1.08 |-0.53| 1.21 | 1.01 0 - 0 - - 0.52 |5.70 | 2.85| 0 |-2.85| -2.20
Hene(ry [121]|-1.49]1.30| 1.07 0 - 558 279 0 [-2.79| -1.88

Table 6 The approximate relation for y; for the 0 Q Q Q system

States Vi

ccce YIppd/w = VYned /¥ = Yiene

bbbb YYY = VY = Yoy

cchbb VB}B; = VB.B} = VBB,

cceb YijwB: = Yi/yB, = YucBr = VieBe

bbbé Yrg: = VYrB. = Vo8 = VB,

cbch VI =Yi/gm, = VX = Voeny
VBsBr = VBB, = VB.Br = VBB,

parameters are given as Cj; = 7.7 fm=2, Cyy = 7.7 fm2,

and C33 = 11.4fm™2, giving roughly the inverse ratios of the
size for the diquark, the antidiquark, and between the center
of the diquark and the antidiquark, respectively. We naturally
find that C1 is equal to Cp3, so the distance of (b — b) would
be equal to that of (b — b), and the reason is that the bbbb
system is a neutral system.

The total wave function in the diquark—antidiquark con-
figuration is given by

[Wior) = —0.936| F)|R*) |[¢2 x6])

+0.352|F)|R*)|[¢1x5]). (22)

The meson—meson configuration is connected to the diquark—
antidiquark configuration by a linear transformation. We then
obtain the total wave function in the meson—meson configu-
ration:

[Wiot) = 0.558| F)|R*)|[¥145]) 4 0.5601 F)[R*)[[¥126])
+0.021| F)|R*)|[¥2¢51) + 0.612| F)|R*)|[¥286])-
(23)
According to Eq. (23), we are sure that the overlaps c; of

npnp and Y'Y are 0.560 and 0.558, respectively. Then, based
on Eq. (21), the rearrangement strong width ratios are

U722 (19240.0,07 )1

=1:1.2, (24)

07,52 (19240.0,00) =

i.e., both the TY and 7p1n; are dominant decay channels for
the 7252(19240.0, YY) state.

As for the magnetic moments of the cccc and bbbb
ground states, their values are all 0, because the same quark
and antiquark have exactly opposite magnetic moments,

@ Springer
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which cancel each other out. We also discuss the tran-
sition magnetic moment of the 7}, (19303.9, 1) —
T)2j2(19240.0, 0% F)y process. We construct their flavor ®
spin wave functions as

§=1;8,=0 s |
i = IROWIBBD)—= (114 = 141 D)

)7 oy = [R) W) bbbb)

Ty (0F)

1
I0-352\/§(TN¢ + I+ (25
And then the transition magnetic momentum of the T} (193
03.9,177) — T,252(19240.0, 07 ")y process can be given
by the z-component of the magnetic moment operator
©? sandwiched by the flavor-spin wave functions of the
T)252(19303.9, 177) and T);,(19240.0, 07F). Therefore,
the corresponding transition magnetic momentum is

| O++
KT (1) > g (0++) = (Wiop 15[ Wiop )

=0.352 x %(4;% —4u;) = —0.072 py. (26)
As for the transition magnetic moment of the 7}, (19327.9,
2TF) = T252(19240.0, 07 1)y process, its value is O due
to the C-parity conservation restriction.

Furthermore, according to Egs. (19) and (26), we also
obtain the corresponding radiative decay widths

U7, 552(19303.9,147)> T 22 (19240.0,0++)y = 2.8keV, 27)
U7, 5,5(19327.9,275) 755 (19240.0,0++)y = OkeV. (28)

4.2.1 Relative distances and symmetry

Here, we concentrate on the relative distances between the
(anti)quarks in tetraquarks. Looking at the relative distances
in Table 9, we find that the relative distances of (1,2) and
(3,4) pairs are the same, and other relative distances are the
same in all the cccc and bbbb states. This is due to the permu-
tation symmetry for the ground state wave function in each
tetraquark [65]. For the cjc2c3¢4 and b1b253154 states, they
need to satisfy the Pauli principle for identical particles as
follows:

A2|Viot) = Aza[Wiot) = —[Wiot), (29)

where the operator A;; means exchanging the coordinates of
Qi (Qi)and Q; (Q)).

Meanwhile, they are pure neutral particles with definite
C-parity, so the permutation symmetries for total wave func-
tions are as follows:

A12-34|Wiot) = £[Wior), (30)
where A1;_34 means that the coordinates of the diquark and

the antidiquark are exchanged.

@ Springer

Based on this, the relationship of the relative distances
for all the cicac3c4 and b1byb3by states can be obtained as
follows:

(Wrot|r1 — 13| Wior)
= (Wit Ay Ay — 13] A A Wior)
= (Wit [r2 — 13| Wior)
= (Wior| A3} Asalry — 13| A3} Asa | Wior)
= (Wit |12 — 14| Wior)
= (Wil ATy Ar2lra — 14| A7) Ao Wior)
= (Wiol|r| — 14 Wior), 31)

and

(Wiot|r) — 12| Weor)
= (lytot|A1_21_34A12—34|r1 - I'2||141_21_34A12—34|\I’t0t>
= (Wiot[r3 — r4[Wior). (32)

Obviously, our theoretical derivations are in perfect agree-
ment with the calculated results in Table 9.

We can also prove that three Jacobi coordinates, Ry 2 =
r; —r, R34 =r3 —ry4, and R =1/2(r; + 13 — 13 —13),
are orthogonal to each other for all the ccce and bbbb states:

(Wiot|(R1,2 - R3 4) [Wior)

= (Wiot|(34) 7' 34 (R12 - Ry 4)|34) ™1 (34) [ Wior)

= —(Viot|(R12 - R3 ) [Wior) =0, (33)
(Wiot|(R1,2 - R [Wior)

= (Wit (12) 7' (12)]R1.2 - RN (12) 71 (12) [ Wior)

= —(Wiot|(R1 2 - R) [ Wio) = 0, (34)

and

(Wiot|(R3.4 - R) [Wior)
= (Wil (34) 7' B4 (R 2 - RHB4) ™ (34) [ Wir)
= —(Vio|(R3,4 - R) W) = 0. (35)

According to the relative distances in Table 9 and the rela-
tionship of Egs. (29-35), the relative positions of the four
valence quarks can be well described for all the cccc and
bbbb states. Meanwhile, using the relative distances between
(anti)quarks and the orthogonal relation, we can also deter-
mine the relative distance of (12)—(34), which is consistent
with our results in Table 9. We can also give the relative posi-
tion of R, and the spherical radius of the tetraquarks. Here, we
define R, as the geometric center of the four quarks (the cen-
ter of the sphere). Based on these results, we show the spatial
distribution of the four valence quarks for the J¥¢ = 0++
bbbb ground state in Fig. 1.

In the quark model, a compact tetraquark state has no
color-singlet substructure, while a hadronic molecule is a
loosely bound state which contains several color-singlet



Eur. Phys. J. C (2023) 83:740

Page 9 0of 29 740

Table7 The masses, binding energies, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width
ratios, and the relative lengths between the quarks for the J*€ = 0+,
17~ ccce states and their lowest meson—meson thresholds. Here, (i, )
denotes the contribution of the i-th and j-th quarks. The number is

given as i = 1 and 2 for the quarks, and 3 and 4 for the antiquark. The
masses and corresponding contributions are given in units of MeV, and
the relative lengths (variational parameters) are in units of fm (fm™2).
Meanwhile, we present a comparison with the other two CMI models
[110,123] to further secure the effective quark mass

ceee The contribution from each term| Relative Lengths (fm) Overall Present Work CMI Model
JPC =ott ‘ Value nene Difference] (4, 5) Value NeNe Contribution Value | Ref. [110]|Ref. [123]
Mass/Br 6384.4 5997.0 387.4 (1,2) 0.406 2me 3836.0
Variational | Cn1 77 150 (1.3) 0.371  0.200(n.) Poy 233.9
Parameters Ca2 7.7 15.9 1y
(fm~?) Css 14 - (2,3) 0.371 oquatk: i 123.1
Quark Mass 7672.0 7672.0 0.0  |(1,4) 0.371 ve(12) 6.8 | —im,,
Confinement Potential -2083.8 -2440.4  356.6 | (2,4) 0.371  0.290(1.) met! HVan+veas | -Te20
Kinetic Energy 814.0 9151 -101.1 |(3,4) 0.406 +VC(23) + VC(24)] Sz 2m.
CS Interaction 22.7 -150.0 172.7 (1,2)-(3,4):  0.235 fm -D -983.0| 3835.6 3449.6
(1,2) -6.8 Radius:  0.235 fm Subtotal 3151.1| 3042.7 | 3449.6
ve (2,3) -26.1 Q’ZL(; 3836.0
(1,4) -26.1 (1,3) -26.1 —237.2(n.) = 233.9
Subtotal -117.8 -474.4  356.6 |(3,4) -6.8 _ mz__ Pag. 123.1
c-quark: metme 2my
Total Contribution 7189 291.0 4279 |(24) -26.1 —237.2(n.) Vv (34) 6.8 | —Ime.
Total Wave function: mg!! é[\/c(li’)) +Vv°(4) 1 -792.4
W0 = 0.535|F)|R*)|[d1x5]) — 0.845|F)|R*)|[¢h2x6]) = 0.612|F)|R*)|[¢1¢s]) +VE(23) + VvV (24)] o 2Mee 2me
+0.443| FY | R®)|[1h1C6]) = 0.612] Y| R*Y|[91Cs]) + 0.443| )| R®)| [1h1 Co]) -D 983.0| 3835.6 | 3449.6
The rearrangement strong width ratios: Subtotal 3151.1| 3042.7 3449.6
Ur o es80.3,00 ) sa/wa/e  Ur oo 6380.3,04+) snene, = 1128 3y55(12) 114 4vee 4Cec
The radiative decay widths: FTczéz(6482-7,2++)—>Tc252(6384-3,ﬂ++>T =0 keV s 14.2 21.2
FTL_zég(6451.5,1+*)—»Tc2<2(6384.3,(]+++2’r = 23?;1 keV Interaction éVSS(IQ) 114 4vzz 4Cz
The magnetic moments: BT, o (6384.3,04+) = (W0 =W, ) =0 ! 14.2 21.2
The transition magnetic moments: Subtotal 22.7 28.4 42.4
B2 (64515, 14 )T (380 500y = (Whor 11|00 ) = 0.671 puy Matrix nondiagonal clement 405 | 609 | 1592
VT o (6482.7,24+) ST 5y (6384.3,0++ )y = (\Ilwt |/12\\I/t0{+> =0 Total contribution 6384.4| 6044.9 7016.0
JPC =1+- ‘ Value J/4ym. Difference| Relative Lengths (fm) Contribution Value | Ref. [110]|Ref. [123]
Mass/Br 6451.5 6090.7  360.8 (i,j) Value J/dne 2me 3836.0
Variational | Cny 91 150 (1.2) 0.373 ey 277.9
Parameters Cas 9.1 12.5 LY
(fm™2) Cs3 7.3 - (1,3) 0.395 0.200(n.) | c-quark: oo 2o 12| ime
Quark Mass 7672.0 7672.0 0.0 (2,3) 0.395 met s l[v('(‘l/;(}f‘)/(/(lél) -19.4 | 15858
Confinement Potential -1998.8 -2367.4  368.6 (1,4) 0.395 j—Vc(Z?:) I VC(24)] 3.0 %mca 2me
Kinetic Energy 767.2 839.0 -71.8 (2,4) 0.395 0.318(.J/v) —-D -983.0| 1534.3 3449.6
CS Interaction 1.5 -53.9 54.4 (3,4) 0.373 Subtotal 3225.01 3120.0 3449.6
(1,2) 194 (1,2)-(3,4):  0.294 fm 2me 3836.0
Ve (2,3) 1.5 Radius:  0.235 fm % 277.2
(1,4) 15 L3) 15 -2872n) | et 521 12| ime
Subtotal 328 4014 368.6 |(3.4) -19.4 _ ve(12) . 1941 15858
Total Contribution 7189 291.0 4279 |(24) -1.5 —164.2(J/v) me!! ?r[‘}-/(‘(g:;):g(‘élf))] 3.0 e 2me
Total Wave function: Uior = |F)| R®)|[P1x2]) = —0.408|F)|R*)|[1)1(2]) -D -983.0 1534.3| 3449.6
—0.408|F)|R*)|[11¢3]) + 0.577| F)|R*)|[12Cs]) + 0.577| F)| R*)|[2C6]) Subtotal 3225.0| 3120.0 | 3449.6
The rearrangement strong decay channel:  J/ymn. 1y55(19) 8.7 %vcc %Ccc
The radiative decay widths: 2 9.5 14.1
FTPQE‘Z(6482.7.2++)*>TF252 (6451.5,1t—)r = 70.4 keV cs %VSS(34) 8.7 %UE(: %C{:a
FTPQ,Q(6451.5.1+7)47T 5 o (6384.3,01H)T = 238.1 keV Interaction 9.5 14.1
The magnetic moments: I 5 5 (6451.5,17—) = (\I/}:[ \;ZZ|\II,1,;7) =0 _%(VSS(B) + V99(14) 158 7%61)05 71760(‘5
The transition magnetic moments: +Vv58 (23) + VSS(24) ” -28.4 -28.2
HT 5 5 (6482.7,24+) 5T 5 5 (6451.4,14 )y = <lIJ%:t+ ‘/J:Z|‘le<;7> =0.750pN Subtotal 1.5 -9.5 0.0
BT 3 5 (64515, )+ T 5.5 (6384.3,0+ )y = (WL 12|00 = 0335y Total contribution ‘6451.5 6231.0 | 6899.0
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Table8 The masses, binding energies, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width

ratios, and the relative lengths between quarks for the J PC = 2%+ ccec
and bbbb states and their lowest meson—meson thresholds. The notation
is the same as that in Table 7

cecc The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
veral
JPC = ot [ Value J/1.J/v Difference| (i,j) Vaule  J/vJ/ Contribution Value |Ref. [110] | Ref. [123]
Mass/Br 6482.7 6184.5  298.2 |(1,2) 0.377 2me 3836.0
. n = 2
Variational | Ch1 8.9 125 (13) 0403  0.318(J/%) L 270.4
Parameters Cao 8.9 12.5 ™ o
_ . . me =3 1,
(fm=2) Css 6.9 - (2,3) 0.403 c-quark: = ﬁ/‘ 105.6 5Mee
Quark Mass 7672.0 7672.0 0.0 |(1,4) 0.403 orr VE(12) -14.6 1585.8
) X ) ) ‘ me Hveas)+v9(a) .
Confinement Potential -1973.6 -2294.4 320.8 (2,4) 0.403  0.318(J/%) +V0(23) n V0(24)] 10.8 3Mee 2m.
Kinetic Energy 752.0  769.9 -10.9 | (3,4) 0.377 -D -983.0 1534.3 3449.6
CS Interaction 32.3  43.9 -11.6 (1,2)-(3,4): 0.302 fm Subtotal 3225.2 3120.0 3449.6
(1,2) -14.6 Radius:  0.241 fm 2m. 3836.0
2
Ve (2,3) 5.4 o 270.4
(1,4) 5.5 (1,3) 54 —164.2(J/1) e g 105.6 e
c-quark: o o 14.6
Subtotal 76 -3284 3208 |(3,4) -14.6 V&(12) -14. 1585.8
Total Contributio TI6.7 4785 2982 |(24) 54  —164.2(J/1 me!! sV203) + VI L 2
ntribution . 5 98. (2,4) 5. —164.2(J/v) z 1VE(23) + VE(24)] 10.8 3Mez Me
Total Wave function: -D -983.0 1534.3 3449.6
Wt = |F)|R)|[d1xa]) = 0.577|F)|R*)|[1¢1]) — 0.816|F)|R*)|[th=Ca]) Subtotal 3225.2 31200 | 3449.6
The rearrangement strong decay channel: J/v.J /v éVSS(w) 85 %Ucc %C{:c
The radiative decay widths: 9.5 14.1
8 8
FTPQ(,J(6482.7.2++)HT€2;2(6384.3.0++)T =0 keV os %VSS(SAL) s Sves §CEF
Uy o (6482.7,244) 5T 5 o (6451514 )1 = 70.4 keV Interaction 9.5 14.1
- T — . .
The magnetic moments:  pp, ,(6451.5,1+—) = (Ul |42l ) =0. %(V“(lS) +VS5(14) 153 13761,05 1376065
The transition magnetic moments: +VI5(23) + VI5(24) 28.4 28.2
A ++ -
KT 5 5 (6482.7,244) 5T 5 5 (6384.3,0++)y = (Wi 2|0 ) =0 Subtotal 32.3 474 56.5
BTy (182,725 1y T o (Bas1a )y = (Woor 12Ul ) = pie — pie = 0.750px | Total contribution { 6482.7 | 6287.3 | 6956.0
bbbb  JPC =2t Value YY Difference| Relative Lengths (fm) | Contribution Value Ref. [110] | Ref. [123]
Mass/Br 19327.9 18938.8  390.1 |(i,5) Value Y 2myp 10686.0
Variational | Cn1 300 494 (1.2) 0.205 ;iI, 398.0
Parameters Cao 30.0 49.4 1 o2
(fm~?) Cs3 23.0 - (1,3) 0.220  0.160(Y) b-quark: e ok 126.0 L
Quark Mass 21372.0 21372.0 0.0 |(2,3) 0.220 el Y C(‘/C)(l?) o) 22691 | 4764.8
. g asra s s b Lveas) +ve(u L
ConhfjemAent Potential -2977.3 -3559.5 582.2 (1,4) 0.220 1VC(23) + VE(24)) _236.6 315 2my,
Kinetic Energy 908.1 1087.3 -179.2 | (2,4) 0.220 0.160(Y) -D -983.0 4722.5 10105.8
CS Interaction 25.1  38.0 -12.9 (3,4) 0.205 Subtotal 9651.3 9487.3 10105.8
(1,2) -269.1 (1,2)-(3,4):  0.165 fm 2my, 10686.0
2
ve (23)  -1183 Radius:  0.132 fm o 328.0
2
(1,4) -118.3 (1,3) -118.3  —796.7(T) _ e Py 126.0 Sy
b-quark: R ] 260.1
Subtotal -1011.3 -1593.5 5822 |(3,4) -269.1 ve(12) -269. 4764.8
Total Contributi 781 4682 390.1 |(2,4) -118.3 —796.7(T) my!! sVE03) + VALY L 2
é ntribution - . - . . 5 - . — (J0. b o 9 9" SMyp m
i L +VC(23) + V©(24)] 236.6 2"Mb b
Total Wave function: -D -983.0 4722.5 10105.8
Uit = |F)|R%)|[¢p1x2]) = 0.577|F)|R*)|[¥1é1]) — 0.816|F)|R*)|[¢h2(a]) Subtotal 9651.3 | 9487.3 | 10105.8
The rearrang; t strong decay channel: B} B} o g e
€ rearrangement strong decay channe. %V‘S‘S(12) 6.6 31}[)[7 3 bb
The radiative decay widths: 5.1 7.7
FI‘,JW(19327.9,2++)41'[’252(19240.n,o++)», =0keV cs %VSS(34) 6.6 %1}55 %CEE
FT,QFZ(19327A9,2++)~>T[2’*2(19303.9,1*’7)’7 = 1.0 keV Interaction 5.1 7.7
, = - = 5 )
The magnetic moments: ., (10303.9.1+ ) = (Vlor |17 ¥ior ) =0 V@) vty Popp 5 Cu
The transition magnetic moments: +VSS(23> + VSS(24> 15.3 15.5
4 - o+
FTy 252 (19327.9,2%+) T, 252 (19240.0,0++)y = (Ui 17|00 ) =0 Subtotal 25.1 25.5 30.9
BT 12 (19827.9,2 ) > Tya 0 (19303.9.1+ -y = (Por 1 What ) = 1o — iy = —0.125y | Total contribution ‘ 19327.9 | 19000.1 | 20243.0
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Table9 The masses, binding energies, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width

ratios, and the relative lengths between quarks for the J 7€ = 07, 17—
bbbb states and their lowest meson—meson thresholds. The notation is
the same as that in Table 7

bbbb The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
vera
JPC = ot ‘ Value mmy Difference] (4, j) Vaule b Contribution Value |Ref. [110]|Ref. [123]
Mass/Br 19240.0 18778.1  461.9 (1,2) 0.227 2my 10686.0
. . 2
Variational Cll 24.6 57.4 (13) 0.204 0148(7]5) 2p,1/ 269.2
Parameters Caa 24.6 57.4 ™1 o2
—2 C 39.5 - 2,3) 0.204 e %3 216.0
(fm™2) 33 o (2,3) b-quark: mb+énb 2m} )
Quark Mass 21372.0 213720 0.0 | (1,4) 0.204 vC(12) 118 | —lm,,
Confinement Potential -3101.0 -3724.2  623.2 |(2,4) 0.204 0.148(n) mi! Lvea3)+ve(14) -2382.4
- 2 6974 |
Kinetic Energy 970.4 1255.9  -285.5 |(3,4) 0.227 +V9(23) + VE(24)] T 2my
CS Interaction 17.0 -125.5 142.5 (1,2)-(3,4):  0.126 fm -D -983.0 | 11806.2 | 10105.8
(1,2) -111.8 Radius: 0.130 fm Subtotal 9602.6 | 9423.8 10105.8
3 - . mpy .
ve (2,3) 339.7 2 10686.0
2
(1,4) -339.7 (1,3) -339.7 —879.1(m) ;’ni 216.0
Subtotal -1135.0 -1758.2  623.2 |(3,4) -111.8 . mg__ Doy 216.0
b-quark: motmy 2my
Total Contribution ~ -147.6 -627.9  480.3 |(2,4) -339.7 —879.1(m) VY(34) 118 | —imu
Total Wave function: me’t HVes) +ve(14) -2382.4
. , , . . 6974 |
Wior = 0.352|F)|R*)|[$1x5]) — 0.936F) |R*)|[p2x6]) = 0.558|F)[R*)|[3h1(s]) +VT(23) + VT (24)] TMb 2my,
H0.560[F)|R*)|[1h1C6]) + 0.021|F)|R*)|[1haCs]) + 0.612|F)|R*)|[th2Cs]) -D 983.0 | 11806.2 | 10105.8
The rearrangement strong width ratios: Subtotal 9602.6 | 9423.8 10105.8
7, 592400000571 2 Dry 5 (1924.0,004) mymy, =112 355 (12) 8.5 4upp 4Chp
The radiative decay widths: * 7.7 11.6
CS
FTb252(19327'9’%“%%252(19240'0'0++>"’ = OkeV Interaction %VSS(34) 8.5 dvg 4Cs
FTbggz(19303.9.1+7)~>Tb252(19240,0,0‘*"*’)",’ =2.8keV 7.7 11.6
The magnetic moments:  fip, -, (19210.0,0++) = WO 1w,y =0 Subtotal 17.0 15.4 23.2
The transition magnetic moments: Matrix nondiagonal element 17.8 -27.0 -40.2
T, 515 (19327.9,2++) T, 72 (19240.0,0++)y = (‘115:,+ \;[Z\Q/?;Jr) =0 Total contribution 19240.0| 18836.0 | 20275.0
= - 4 ]
HTy 070 (19393.9,1 =) =T, 072 (19240.0,0+ 1)y = <\Iltl,oi ‘/LZ"I’?ot ) = 0.352 x %(/Lb — pg) = —0.072un
JPe =1t- Value Ty Difference| Relative Lengths (fm) Contribution Value |Ref. [110]|Ref. [123]
Mass/Br 19303.9 18857.9  446.0 (¢,7) Value Ty 2my, 10686.0
Parameters Caa 30.7 49.4 - o2
(fm’z) Css 24.0 - (1.3) 0.217 0.148(ms) b-quark: m::lrbmz, 27;33 131.4 %m«bb
Quark Mass 21372.0 21372.0 0.0 (2,3) 0.217 . Ve(12) 2745 | 4764.8
my'T | 1veas) + v
Confinement Potential -3003.4 -3641.9  638.4 (1,4) 0.217 ch(ZS) FVO(24)) 2442 %mbg 2myp
Kinetic Energy 934.0 1171.6  -237.6 |(2,4) 0.217 0.160(Y) — -983.0 | 4722.5 10105.8
CS Interaction 1.3 -43.8 45.1 (3,4) 0.203 Subtotal 9653.3 | 9487.3 10105.8
(1,2) -274.5 (1,2)-(3,4):  0.162 fm 2my, 10686.0
2
Ve (23)  -1221 Radius: 0.130 fm Do 335.6
2
2
(14)  -1221 (1,3) -122.1 =879.1(m)| 5 T 1314 | Lty
-quark: :
Subtotal -1037.4 -1675.9 638.5 |(3,4) -274.5 Ve 2745 | 4764.8
— , eff | 5VEA3)+VI(14) )
Total Contribution ~ -102.1 -548.1  446.0 |(2,4) -122.1 —796.7(Y) my FVCE(23) +VO(24)] 2442 | 2w 2mp
Total Wave function: Uior = |F)|R%)|[p1x2]) = —0.408|F)|R*)|[¢1(2]) -D -983.0 | 4722.5 | 10105.8
—0.408| F)|R®)|[41¢s]) + 0.577|F) | R*)|[th2Cs5]) + 0.577|F) | R*)|[h2C6]) Subtotal 9653.3 | 9487.3 | 10105.8
The rearrangement strong decay channel: J/1n. 1 VSS(IZ) 6.7 %vbb %Cbb
The radiative decay widths: 2 ) 5.1 7.7
Fszgz(19327.9,2++)aTb252(19303.9.1+*)~, =1.0keV cs 11755(34) 6.7 %UEB %CEE
3 .
FTbggz(19303.9.1+7)~>Tb252(19240,0,0++)"/ = 2.8keV Interaction 5.1 7.7
- = = ; 5
The magnetic moments: BTy500 (19303.9,14—) = (Uior |17 W0 ) =0 7i(VSS(13) +V95(14) 12.9 —1;76%5 —l:T()CbE
The transition magnetic moments: +VSS(23) + VSS(24) -15.3 -15.5
ot - +-
HT, 552 (10327.9,2++) 5Ty 252 (19303.9,14 )y = (PFoe |17 Who ) = —0.125py Subtotal 1.3 -5.1 0.0
BT, 3 (19993.9,14 ) > Typ 52 (19240.0,0++ )y = (WL =90 = —0.072un Total contribution \19303.9 18696.4 | 20211.6
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Fig. 1 Relative positions for four valence quarks and R, in the J©€ =

0++ bbbb ground state. Meanwhile, we label the relative distances of
Rpp, Ry 5, Rp 5. R', and the radius (units: fm)

hadrons. According to Table 9, we easily find that the rel-
ative distances of (1,2), (1,3), (1,4), (2,3), (2,4), and (3,4)
quark pairs are all 0.227 or 0.204 fm. Meanwhile, the radius
of the state is only 0.130 fm. Thus, in this state, all the dis-
tances between the quark pairs are roughly the same order of
magnitude. If it is a molecular configuration, the distances
between two quarks and two antiquarks should be much
greater than the distances in the compact multiquark scheme,
and the radius of molecular configuration can reach several
femtometers. Therefore, our calculations are consistent with
the compact tetraquark expectations.

4.2.2 The internal contribution

Let us now turn our discussion to the internal mass contribu-
tion for the JP€ = 07+ bbbb ground state.

First, for the kinetic energy, this bbbb state has 814.0 MeV,
which can be understood as the sum of three internal kinetic
energies: kinetic energies of two pairs of the » — b, and the
(bb) — (bb) pair. Accordingly, the sum of the internal kinetic
energies of the npn; state only comes from the two pairs of
the b — b. Therefore, this bbbb state has an additional kinetic
energy needed to bring the 1,71, into a compact configuration.
The actual kinetic energies of two pairs of the b — b in the
JPC = 0FF bbbb ground state are smaller than those in
the npnp state. This is because, as can be seen in Table 9,
the distance of b — b is larger in the tetraquark state than in
the meson: the distance of b — b is 0.204 fm in this bbbb
state, while it is 0.148 fm in ;. Meanwhile, we find that
even if we consider the additional kinetic energy between
the (bb) — (bb) pair, the total kinetic energy in this bbbb
state is still smaller than that in the 1,7, state. However, this
does not lead the ground JP€ = 0%+ bbbb state to a stable
state because of the confinement potential part.
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As for the confinement potential part, the contributions
from V¢ for the J*¢ = 0*F bbbb ground state in Table 9
are all attractive. Thus, this state has a large positive binding
energy. However, it is still above the meson—meson threshold
because the V€ (bb) in ny, is very attractive. As for the other
internal contributions, the quark contents of this state are the
same as the corresponding rearrangement decay threshold.
Moreover, the mass contribution from the hyperfine potential
term is negligible compared to the contributions from other
terms.

4.2.3 Comparison with two models of chromomagnetic
interaction

Now, we compare the numerical values for the cccc and bbbb
systems between the constituent quark model and two CMI
models [110,123] in Tables 7, 8, and 9. The comparisons of
the values for ccéc and bbbb states, which are in the last
three columns of Tables 7, 8, and 9, can be summarized in
the following important conclusions.

First, we find that there is no stable state below the lowest
heavy quarkonium pair thresholds in any of the models. In
all three models, we consider two possible color configura-
tions, the color-sextet [(Q 0)3 (0 0)3) and the color-triplet
1(Q0)%(QQ)%). According to the extended chromomag-
netic model [110], the ground state is always dominated by
the color-sextet configuration. This view is consistent with
the specific wave function of the ground state in Eq. (22)
given by the constituent quark model.

In contrast, the masses obtained from the constituent quark
model are systematically larger than those from the extended
CMI model [110] according to Tables 7, 8, and 9. Mean-
while, the masses obtained from the CMI model [123] are
obviously larger than those of the constituent quark model.
Their mass differences are mainly due to the effective quark
masses as given in the last three columns of Tables 7, 8§,
and 9. The effective quark masses are the sum of the quark
mass, the relevant kinetic term, and all the relevant inter-
action terms in the constituent quark model, which indeed
seems to approximately reproduce the effective quark mass
from two CMI models [110,123]. We compare the subtotal
values of the ¢ and ¢ quark part in Table 8. The c effec-
tive quark mass in the constituent quark model is 3225 MeV,
which is about 100 MeV larger than that of the extended CMI
model in the JP€ = 07+ ccéc state. Correspondingly, we
also find that the ¢ effective quark mass in the CMI model
[123] is 3450 MeV, and about 200 MeV larger than that of
the constituent quark model. The effective quark masses in
the extended CMI model depend on the parameters of the tra-
ditional hadron. However, the effective quark masses should
be different depending on whether they are inside a meson, a
baryon, or a tetraquark. The effective quark masses trend to
be large when they are inside configurations with larger con-
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stituents in the extended CMI model, as can be seen from the
comparisons of the last three columns in Tables 7, 8, and 9.
Moreover, we note that a similar situation occurs in the udcc
state in Table X of Ref. [61].

4.3 cchb state

Here, we will concentrate on the cchb system. Similar to the
cceé and bbbb systems, the cchbb system is satisfied with
fully antisymmetry for diquarks and antiquarks. There are
two J¥ = 07 states, one J¥ = 171 state, and one J* =
2+ state in the ccbb system. We show the masses of the
ground states, the variational parameters, the internal mass
contributions, the relative lengths between the quarks, their
lowest meson—meson thresholds, the specific wave function,
the magnetic moments, the transition magnetic moments, the
radiative decay widths, and the rearrangement strong width
ratios in Tables 11 and 12.

First, we take the J© = 0% ccbb ground state as an exam-
ple to discuss its properties with the variational method.
A similar situation occurs in the other two quantum num-
bers according to Tables 11 and 12. The mass of the lowest
JP = 07 ccbb state is 12,920.0 MeV, and the corresponding
binding energy Br is +344.2 MeV according to Table 11.
Thus, the state is obviously higher than the corresponding
rearrangement meson—meson thresholds. The wave function
is given by

[Wior) = —0.966| F)|R*)[[¢1x5]) + 0.259|F)|R*)|[$2x6])-
(36)

Here, we see that the mass contribution of the ground state
comes mainly from the |(_Q1Q2)?(Q3 Q4)?)0 component,
and the |(Q1Q2)8(Q3 Q4)8)0 component is negligible. Its
variational parameters are given as Ci; = 23.9 fm—2,
Cy» = 10.5 fm™2, and C33 = 12.3 fm 2.

The meson—-meson configuration is connected to the
diquark—antidiquark configuration by a linear transforma-
tion. Then, we obtain the total wave function in the meson—
meson configuration:

[Wior) = —0.589|F)|R*)[[¥1¢51) + 0.095F)|R*)|[¥1861)
+0.608| F)|R*)[[¥2¢5]) + 0.524| F)| R*) [[¥246]).-
(37)
According to Eq. (37), we are sure that the overlaps c;

of B:B. and B} B} are 0.095 and 0.589, respectively. Then,
based on Eq. (21), the rearrangement strong width ratios is

FT6252(12920.0,0+)—>B(’.‘B3

= 1:50, (38)

17 5:2(12920.0,01)— B, B,

i.e., B¢ B, is the dominant rearrangement decay channel for
the 7272(12920.0, 0T) state.

As for the magnetic moment of the J© = 0% cchb ground
state, its value is 0, while the magnetic moment of all J P—
0% tetraquark states is 0. As for the J© = 17 cchb state, we
construct its flavor ® spin wave functions as

| >S=1;Sx=1
T(_zb-z (12939.9,11)

.
= IRS)Il/f)Iccbb)IE(TTN TN = =

(39)
So the corresponding transition magnetic momentum is
MT 5(12939.9,11)
+, 0~ +
= (Wi 103 Wiy ) = s + py = 0.490uy . (40)

We also discuss the transition magnetic moment of the
T252(12939.9,17) — T.,;2(12920.0,07)y process. We
still construct their flavor ® spin wave functions as

§=1;8,=0 s -1
|\IJ>T(.252(1+) =|R )|¢>|CCbb)|E(TT‘L\L — L),

W) o) = IR W)leebb)

1
0.966— ). @l
0.9 ﬁ(TNi+¢HT)+ ). (4D

And then the transition magnetic momentum of the
T252(12939.9,17) — T.,;2(12920.0, 07)y process can be
described by the z-component of the magnetic moment oper-
ator ;1% sandwiched by the flavor-spin wave functions of the
T22(12939.9, 17) and T,2j(12920.0, 0T). Thus the corre-
sponding transition magnetic momentum is

£, oA +
I 5(12939.9.14) 5 T 22 (12920000 )y = (Wror |71 ¥00)
1
—0.966 X — (4pte — dpuz) = 0.534uy. (42)
N

Further, according to Egs. (19) and (42), we also obtain
the radiative decay widths
U7 552(12960.9,24) > T2, (12939.9,1+)y = 3.6keV. (43)

Finally, we turn to the internal contribution for the cchb
ground state. For the kinetic energy part, the J© = 0%
cchbb state receives 835.9 MeV, which is smaller than that
of the meson—-meson threshold B, B.. The potential part of
this state is much smaller than that of the lowest meson—
meson threshold. Furthermore, we find that all the VE for
this state are attractive. However, compared to the vE of
B.B., these attractive values seem trivial. This is because
the length between ¢ — b in tetraquarks is longer than that in
B, according to Tables 11 and 12. In summary, we tend to
think that these ccbb states are unstable compact states.
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4.4 cceb and bbbé states

Here, we discuss the ccch and bbbé systems. For these two
systems, they only need to satisfy the antisymmetry for the
diquark. Thus, compared to the above three systems, the ccch
and bbb¢ systems have more allowed states. There are two
JP = 0t states, three J¥ = 17 states, and one J¥ = 2+
state in the ccéb and bbbé systems. We calculate the masses
of the ground states, the corresponding variational parame-
ters, the various internal contributions, the relative lengths
between the quarks, their lowest meson-meson thresholds,
specific wave functions, magnetic moments, transition mag-
netic moments, radiative decay widths, and rearrangement
strong width ratios in Tables 13, 14, and 15, respectively.

We now analyze the numerical results of the /¥ = 17
ground bbb¢ state obtained from the variational method
according to Table 14. Other states would have similar dis-
cussions from Tables 13, 14, and 15. The mass of the low-
est JP = 17 bbb state is 16043.2 MeV, and the corre-
sponding binding energy Bt is +303.7 MeV. Thus, the state
is obviously above the lowest rearrangement meson—meson
decay channel BYn;, and it is an unstable tetraquark state.
Its variational parameters are given as Cj; = 12.4 fm2,
Cy» = 21.0 fm~2, and C33 = 28.9 fm~2. The correspond-
ing wave function is given by

[Wio) = 0.984| F)[R*)[¢2x4]) + 0.1711 F)|R*)[[p1 x3])

— 0.044|F)|R*)|[$1 x2])- (44)
Here, we note that the mass contribution of the ground state
comes mainly from the |(Q Q2)8(Q3 Q4)?)1 component,
and the other two components are negligible. Then we trans-
form Eq. (44) into the meson—meson configuration via a lin-
ear transformation, and the corresponding wave function is
given as
[Wiot) = 0.494|F)|R*)|[¥1521) — 0.396] F)|R*) |[¥1431])

— 0.487|F)|R*)|[Y184]) + 0.111 F) [R*) [[¥2821])

—0.246| F)|R*)[[¥2¢3]) — 0.537|F)|R*)|[¥284]).

(45)

Furthermore, we can be sure that its rearrangement strong
width ratios are

U7 o.06043.215) -2 L7,

. 25:(16043.2,1%) > BT -

I7,. (16043.2,14)— By, = 1:1.3:1.5. (46)
And its radiative decay widths are
U7,,,.(16149.2,2%) -7, s (16043.2,1)y = 435.0keV,

-6

FT(.2;5(16043-970+)—>T5255(16043.2,1+)y =10""keV.

Let us now focus on the internal contributions for this state
and the relative lengths between the quarks. For the kinetic
energy part, the state obtains 8§76.1 MeV, which is obviously
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smaller than that of the lowest meson—meson threshold B, 7.
The actual kinetic energy of the b —b (b —¢) inthe J© = 1
bbbé state is smaller than that in the np (B}) meson. The rea-
son for this can be seen in Table 14. The size of this pair is
larger in the J© = 17 bbb state than in the meson: the dis-
tance (3,4) is 0.245 fm in this tetraquark, while it is 0.148 fm
in np.

Here, let us turn our discussion to the potential parts. The
potential part of this state is much smaller than that of its
lowest meson—meson threshold. Although the V¢ between
quark and antiquark are attractive, the V€ in the diquark and
antiquark are repulsive. However, relative to the 7, and B,
mesons, the VC in the tetraquark are less attractive. There-
fore, they still have relatively large positive binding energy
in this state.

4.5 cbéb state

Finally, we investigate the chéb system. Similar to the ccéé
and bbbb systems, the cbch system is a pure neutral sys-
tem and has a certain C-parity. Thus the corresponding mag-
netic moment is Oy for all the ground cbéb states. More-
over, the Pauli principle does not impose any constraints on
the wave functions of the c¢hch system. Thus, compared to
other tetraquark systems discussed above, the chch system
has more allowed states. There are four J°€ = 07 states,
four JP€ = 11~ states, two JP€ = 177 states, and two
JPC = 2+ states in the chcb system.

We now analyze the numerical results for the chéb sys-
tem obtained from the variational method. Here, we take the
JPC = 0t* ¢bcb ground state as an example for discus-
sion, and others would have similar discussions. The mass of
the lowest JP€ = 01t cbcb state is 12,759.3 MeV, and the
corresponding binding energy Br is +371.8 MeV. Thus, the
state obviously has a larger mass than the lowest rearrange-
ment meson—meson decay channel 7,7., and it should be
an unstable compact tetraquark state. Its variational param-
eters are given as C1; = 11.9 fm=2, Cy = 11.9 fm~2, and
C33 = 22.9 fm~2. Since this state is a pure neutral state, we
naturally find that the value of C1; is equal to Co, which
means that the distance of (b — b) is equal to (b — b). Our
results also reflect these properties according to Table 16.
The corresponding wave function is given as

Yot = 0.961|F)|R*)|[¢2x5]) + 0.114| F)|R*)|[¢2 X6])
—0.0691F)[R*}|[$1x5]) — 0.241| F)| R*) |[¢1 x61)-
(47)

Based on Eq. (47), we find that its mass contribution to the
ground state comes mainly from the 6 ® 6 component, the
corresponding 3 ® 3 component being negligible. Then we
transform Eq. (47) into ¢¢ — bb and ch — bé configurations
via a linear transformation, and the corresponding two wave
functions are given as
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[Wior) = —0.8301F)|R*)|[Yr1¢5]) + 0.211| F)[R*)|[¥146])
—0.367|F)|R*)[[¥2¢5]) + 0.363| F)|R*)|[¥286])
—0.668| F)|R*)[[¥1¢5]) + 0.333| F)|R*) [[¥{ &])
—0.398| F)[R*)[[¥5¢5]) + 0.533|F) | R*)|[¥,¢4]).
(48)

Further, we can ascertain its rearrangement strong width
ratios. For the cb — b¢ decay mode

Uy - (12796.9.14)— BB 'L 1, -(12796.9,1+-)— B B,

T, (12796914 8.5 = 1:3.9:3.9, (49)

where both the BB and BB} channels are the dominant
decay modes for the 7., ;;(12796.9, 117) tetraquark state.

U7, 502796914 ), 1 /91T, -(12796.9,14) >,
= 1:18.4. (50)

The dominant decay channel is the Y7, final states in the
cc — bb decay mode.

We also calculate the transition magnetic moments for this
state:

KT, (128824, 2++)> T, -(12759.6,0t+)y = 0,
KT, 5(12856.6,17H)—> T, +(12759.6,0+)y = 0,
LT, 5(12796.9,17 )T, - (12759.6,0++)y = 0.081, (51)

which are in units of py. Furthermore, we can obtain its
radiative decay widths as

U7,.5(12882.42+H) T, +(12750.6,0+)y = 0,
L7, 5(12856.6,14+) > T, (12759.6,0++)y = 0,
U7, -(12797.3,1+)> T, +(12759.6,0++)y = 33.1, (52)

which are in units of keV.

Let us now turn our discussion to the internal contribu-
tion for the J*¢ = 1t~ ¢bch ground state. For the kinetic
energy part, the state obtains 858.5 MeV, which is smaller
than the 1001.2 MeV of the lowest meson—meson thresh-
old B.n; according to Table 16. As for the potential part,
although the V¢ between quark and antiquark are attractive,
the V¢ in the diquark and antiquark are repulsive. However,
relative to the lowest meson—meson threshold B.7j, the total
V€ is less attractive than the B, np, which leads to this state
having a relatively larger mass.

We also note that the VE (1, 3), V€ (2,3), V€(1,4), and
VC(Z, 4) are absolutely the same, and meanwhile the dis-
tances of (1,3), (1,4), (2,3), and (2,4) are also the same.
These actually reflect (Wiot [(R1.2-R3.4)|Wiot) = (Wiot| (R 2-
R)|Wiot) = (Wiot| (R34 - R)|Wot) = 0. Obviously, it is
unreasonable that the distance of cc is exactly the same as
that of the ¢b and bb. According to Sec IV of Ref. [65], it is
not sufficient to consider only the single Gaussian form where
the spatial part of the wave functionis/y = /> =13 = 0in

the spatial part of the total wave function is not sufficient.
These lead to the chcb state, which is far away from the real
structures in nature. We have reason enough to believe that
the (Wiot|(R1,2 - R3 4)|Wiot) should not be zero. Meanwhile,
considering other spatial basis would reduce the correspond-
ing binding energy Br [65]. But these corrections would
be powerless against the higher binding energy By of the
ground J PC — 1+~ ¢bcbh. In conclusion, we tend to think
that the J € = 17~ ¢bcb ground state should be an unstable
compact state.

5 Comparison with other work

Mass spectra have been studied with different approaches
such as different nonrelativistic constituent quark models,
different chromomagnetic models, relativistic quark models,
nonrelativistic chiral quark model, diquark models, the dif-
fusion Monte Carlo calculation, and the QCD sum rule. In
addition, these fully heavy tetraquark systems have been dis-
cussed with different color structures such as the 8 , 5 ® 8, 5

configuration, the diquark—antiquark configuration (3®3 and
the 6 ® 6), and the couplings between the above color con-
figurations. For comparison, we briefly list our results and
other theoretical results in Table 10.

Compared to other systems, the most extensive discussion
is found for the cccc system. Thus, we will concentrate on the
cccc system, but other systems can be discussed in a similar
way. After comparing our results with those of other studies,
we can see that most theoretical masses of cccc in ground
states lie in a wide range of 6.0-6.8 GeV in Table 10. Our
results are 6.38, 6.45, and 6.48 GeV for the 0T+, 17—, and
27+ cccc ground states, respectively. These three ground
states are expected to be broad because they can all decay
to charmonium pairs 1.1, neJ /¥, or J/¥J /¥ through
the quark (antiquark) rearrangements. Therefore, these types
of decays are favored both dynamically and kinematically.
According to Table 10, we can conclude that the obtained
masses of the ground states are obviously smaller than the
X (6900) observed by the LHCb Collaboration. The observed
X (6900) is less likely to be the ground compact tetraquark
state and could be a first or second radial excited cccc state.

Although we all use a similar Hamiltonian expression as in
the nonrelativistic constituent quark model [111,141-143],
the spatial wave function is mostly expanded in the Gaussian
basis according to Ref. [144], while we treat the spatial func-
tion as a Gaussian function, which is convenient for use in
further variational methods to handle calculations in the four-
body problem. Our results for the cccc system are roughly
compatible with other nonrelativistic constituent quark mod-
els, although different papers have chosen different potential
forms.
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Table 10 Comparison of the results of different methods for the 0000 tetraquark states
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Systems ccce bbbb ccbb
JP©) o+ 1= o+t o+t 1H- gt ot 1+ ot
Our result 6384 6512 6452 6483 |19352 19240 19304 19328 | 12920 13008 12940 12961
Ref. [111] 6377 6425 6425 6432 | 19215 19247 19247 19249 | 12847 12866 12864 12868
The nonrelativistic 6371 6483 6450 6479 |19243 19305 19311 19325 | 12886 12946 12924 12940
constituent Ref. [142] 6487 6518 6500 6524 |19332 19338 19329 1934112947 13039 12960 12972
quark models — “p T 6500 6411 6453 6475 [19200 19235 19216 1922512880 12981 12890 12902
Ref. [78] 6477 6695 6528 6573 | - - - - - - - -
6491 6580 6607 19357 19413 19429| 12963 13024 13041
l\ﬂls)l(“t‘}l‘fe"l;;‘gsl’ Ref. [141] 6407 6463 6486 19329 19373 19387| 12006 12046 12960
6035 6139 6194 18834 18890 18921| 12597 12660 12695
Ref. [79] 6192 - - 18826 - - - - -
The chromo- oo 6899 7016 6899 6956 |20155 20275 20212 20243 | 13496 13634 13560 13595
magnetic model 6035 6253 6137 6194 |18834 18954 18890 18921 |12597 12734 12660 12695
Ref. [110] 6045 6271 6231 6287 |18836 18981 18969 19000 |12596 12712 12672 12703
Ref. [107] 6034 6254 6137 6104 |18834 18953 18800 18921| - - - -
Sali&;‘igﬁ;‘i’imm Ref.[150] 6419 6456 6516 19205 19221 19253 - - -
The relativistic  Ref. [100] 6190 6271 6367 19314 19320 19330| 12846 12859 12883
quark model  Ref [gq] 6435 6542 6515 6543 |19201 19255 19251 19262 - - - -
Monte Carlo method Ref. [146] 6351 6441 6471 19199 19276 19280 12865 12008 12026
The diquark model T 1491 5966 6051 6223 18754 18808 18916 - - -
Ref. [147, 151] 6322 6354 6385 19666 19673 19680| 12401 12409 12427
The QCD sum  Ref. [145] 6360 6540 6470 6520 |18130 18150 18140 18150| - - - -
rule method Ref. [152, 153] 5990 6050 6090 18840 18840 18850 - - -
gﬁa’ffl‘grlﬁtg(‘:sg Ref. [148, 154] 6510 6600 6708 - - - 12684 12737 12791
pot;tcg‘fcgzgel Ref. [91] 6346 6476 6441 6475 |19154 19226 19214 19232 - . - .
Systems cbéb cceb bbbe
JP©) o+t 1+- 1t ott ot 1+ ot ot 1+ 2+
Our result 12760 12851 12797 12856 12857 128824 | 9621 96246 9706 9731 | 16044 16043 16125 16149
12989 13008 12999 13056 12960 12971 | 9766 9729 16163 16144
Ref, [143] 12783 12850 12802 12835 12851 12852 | 9665 9676 9699 9713 |16061 16046 16079 16089
12066 13035 12049 12964 12938 12964 | 9732 9718 16100 16089
Ref. (142] 12835 12864 12852 12864 12870 12864 | 9740 9746 9749 9768 |16158 16157 16164 16176
12864 13050 13047 13052 13056 13070 | 9763 9757 16158 16167
12894 12955 13000 | 9735 9766 9839 | 16175 16179 16274
Ref. [141] 12829 12881 12925 | 9670 9683 9732 | 16126 16130 16182
12354 12436 12548 | 9705 9705 9732 (15713 15729 15806
Ret. [110] 12363 12509 12425 12477 12524 12537 | 9318 9335 9384 9526 | 15712 15719 15851 15882
12682 12747 12720 12744 12703 12755 | 9506 9499 15862 15854
13396 13634 13478 13592 13510 13590 | 10144 10174 10231 1027316832 16840 16884 16917
13483 13553 13520 13555 13599 13599 [10322 10282 16952 16915
Ref, [123] 12354 12592 12436 12550 12468 12548 | 9313 9343 9400 9442 | 15713 15729 15773 15806
12441 12511 12478 12513 12557 12557 | 9491 9451 15841 15804
12578 12620 12496 12583 12611 12690
12656 12693 12653 12735 12700 12700
Ref. [100] 12813 12824 12826 12831 12831 12849 | 9572 9602 9619 9647 | 16109 16117 16117 16132
Ref. [146] 12534 12510 12569 12582 | 9615 9610 9719 | 16040 16013 16129
Ref. [149] 12350 12471 12424 12488 12485 12566 | - - - - - - - -
Ref. [154] - - - - 9579 9590 9613 | 16060 16062 16068
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It is also interesting to note that relatively larger results
are also given by the QCD sum rules [145], the Monte
Carlo method [146], the diquark model [147], and the chi-
ral quark model [148]. However, the results given by the
QCD sum rules [145] are about 1 GeV below those of the
constituent quark models for the bbbb system. In contrast,
our results are obviously larger than the chromomagnetic
models [79,107,110,123] and the diquark models [100, 149],
where these models usually neglect the kinematic term and
explicitly include confining potential contributions or adopt
a diquark picture.

6 Summary

The discovery of exotic structures in the di-J /v invariant
mass spectrum from the LHCb, CMS, and ATLAS collabora-
tions gives us strong confidence to investigate the fully heavy
tetraquark system. Thus, we use the variational method to
systematically calculate the masses of all possible configura-
tions for fully heavy tetraquarks within the framework of the
constituent quark model. Meanwhile, we also give the cor-
responding internal mass contributions, the relative lengths
between (anti)quarks, their lowest meson—meson thresholds,
the specific wave function, magnetic moments, transition
magnetic moments, the radiative decay widths, rearrange-
ment strong width ratios, and comparisons with the two dif-
ferent CMI models.

To obtain the above results, we need to construct the total
wave functions of the tetraquark states, including the flavor
part, color part, spin part, and spatial part, which is chosen to
be a simple Gaussian form. Here, we first estimate the theoret-
ical values of traditional hadrons, which are used to compare
the experimental values to prove the reliability of this model.
Before discussing the numerical analysis, we analyze the sta-
bility condition using only the color-spin interaction. Then,
we obtain the specific numerical values and show them in
corresponding tables and the spatial distribution of valence
quarks for the JP€ = 0%+ bbbb ground state in Fig. 1.

For the ccéc and bbbb systems, there are two pure neutral
systems with definite C-parity. There are only two JF¢ =
01 states, one JPC = 17~ state, and one J£€ = 21+ state,
due to the Pauli principle. We also find that these states with
different quantum numbers are all above the lowest thresh-
olds, and have larger masses. Since these states are pure neu-
tral particles, the corresponding magnetic moments are all 0
for the ground cccc and bbbb states. Meanwhile, of course,
the variational parameters C11 and Cy; are the same, so the
distances of the diquark and antidiquark are also the same.
Moreover, the distances between quark and antiquark are all
the same according to the symmetry analysis of Egs. (31-32).
Furthermore, three Jacobi coordinates are orthogonal to each
other according to Eqgs. (33-35). Based on this, we take the

JPC = 0t bbbb ground state as an example to show the

spatial distribution of four valence quarks. As for the internal
contribution, although the kinetic energy part is smaller than
that of the 71 state, the V€ in n;, is much more attractive
relative to the /¢ = 01+ bbbb ground state, which is the
main reason that this state has a larger mass than the meson—
meson threshold. Similar situations occur in other systems.

Similar to the ccé¢ and bbbb systems, the ccbb system
has the same number of allowed ground states. According to
the specific function, their mass contribution comes mainly
from the 3 ® 3 component within the diquark—antiquark con-
figuration. Furthermore, we obtain the relevant values of the
magnetic moments, the transition magnetic moments, and
the radiative decay widths. We also obtain the rearrangement
strong width ratios within the meson—meson configuration.

As for the ccchb and bbbé systems, there are more allowed
states due to fewer symmetry restrictions. Considering only
the hyperfine potential, we can expect to have a compact
stable state for the J” = 11 bbb configuration. However,
since the VC of the tetraquark are less attractive than the
corresponding mesons, this state still has a mass larger than
the meson—meson threshold.

In the cbch system, these states are also pure neutral par-
ticles, and we naturally obtain that their variational parame-
ters C1; and Cp, are the same. There is no constraint from
the Pauli principle, so there are four J*¢ = 017 states,
four JPC = 17 states, two J¥C = 177 states, and two
JPC = 2%+ states. All of the cbcb states have larger masses
relative to the lowest thresholds. Moreover, they all have two
different rearrangement strong decay modes: ¢¢ — bb and
cb —be.

Then we compare our results with other theoretical work.
Our results are roughly compatible with other nonrelativis-
tic constituent quark models, although different papers have
chosen different potential forms. Meanwhile, it is also inter-
esting to find that similar mass ranges are given by the QCD
sum rules, the Monte Carlo method, and the chiral quark
model. This shows that our results are quite reasonable.

In summary, our theoretical calculations show that the
masses of the cccc ground states are around 6.45 GeV, which
is obviously lower than 6.9 GeV. Thus, the experimentally
observed X (6900) state does not seem to be a ground cccc
tetraquark state, but could be a radially or orbitally excited
state. We also find that these lowest states all have a large
positive binding energy Br. In other words, all these states
are found to have masses greater than the corresponding two
meson decay thresholds via the quark rearrangement. Hence,
we conclude that there is no compact bound fully heavy
tetraquark ground state which is stable against the strong
decay into two mesons within the constituent quark model.
Finally, we hope that more relevant experimental analyses
will be able to focus on this system in the near future.

@ Springer
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Appendix

In this appendix, we show the masses, binding energies, vari-
ational parameters, internal contribution, total wave func-
tions, magnetic moments, transition magnetic moments,
radiative decay widths, rearrangement strong width ratios,
and the relative lengths between the quarks for the cchbb,
ccch, bbbe, and cbch states with different JF(©) quan-
tum numbers and their lowest meson—-meson thresholds
(Tables 11, 12, 13, 14, 15, 16, 17).
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Table 11 The masses, binding energies, variational parameters,

internal contribution, total wave functions, magnetic moments, transi-
tion magnetic moments, radiative decay widths, rearrangement strong

the

width ratios, and the relative lengths between quarks for the J P =0t
17 ccbb states and their lowest meson—meson thresholds. The notation
is the same as that of Table 7

ccbb The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
vera
JP =0t ‘ Value B.B. Difference| (i, j) Value B.B. Contribution Value | Ref. [110] | Ref. [123]
Mass/Br 12920.0 12575.8  344.2 (1,2) 0.348 2me 3836.0
Variational Ci1 23.9 22.9 (1.3) 0.308 0.235(B.) ;i‘, 319.0
Parameters Cao 10.5 22.9 ™ o2
(fm™2) Css 123 - (2,3) 0.308 e Py 188.0
c-quark: b 2ms
Quark Mass 14522.0 14522.0 0.0 (1,4) 0.308 Vo (12) -46.9 Tmee
Confinement Potential -2420.1 -2795.5 3754 |(2,4) 0.308 0.235(B,) | me'’ Ve £ Ve | 15858
Kinetic Energy 835.9 947.3  -111.4 |(3,4) 0.230 +VE(23) + VO (24)] . Wmcb 2me
CS Interaction 7.0 980 910 [ (1,2)(34): 0226 fm -D 983.0 | 1578.7 3449.6
(1,2) -46.9 Radius:  0.151 fm Subtotal 3218.1 | 3164.5 3449.6
Ve (2,3) -47.5 2my 10686.0
2
. ) p3
(1,4) -47.5 (1,3) -47.5 —414.8(B.) = 216.4
2
Subtotal -454.0 -829.5 375.3 |(3,4) -217.1 _ Mo Py, 67.5
B-quark: et myg 2mb
Total Contribution — -374.9 19.8  355.1 |(2,4) -47.5 —414.8(B.) V©(34) -217.1 Lo
Total Wave function: m;” %[VC(B) +VC(14) 95.0 4764.8
Wyor = 0.259| F)|R®)|[p2x6]) — 0.966|F)| R)|[d1x5]) = —0.589|F)| R*}|[th1 (s]) +VE(23) + VE(24)] mg | 2m
+0.095|F) | R®)|[t1Co]) + 0.608|F) | R®)|[1h2Cs]) + 0.524| F) | R®)|[1h2Co]) -D 983.0 | 47436 10105.8
The rearrangement strong width ratios : Subtotal 9674.8 9508.4 10105.8
L7 500 029020.0,04+) 582 B2 * U505 (12020.0.0,0t )5 BB, = 1150 %VSS(H) 9.6 évcc + %th %Ccc + %Chb
The radiative decay widths : 1v99(34) 5.5 9.5+5.1 14.147.7
CS 35 35
D7 512 (12060.9,2+) 5T 252 (12920.0,01)y = 0keV 5 Interaction %(ZSQ(IS) q\gss(14) 991 -2y -2C;
T 412 (12039.9,14) T 12 (12020.0,0% )y = 3-8 keV VE5(23) + V55 (24)) 315 -35.2
The magnetic moments :  fig, , (12020.0,0+) = <\II?;|/ZZ|‘~I/?;> =0 Subtotal -7.0 -16.9 -13.3
The transition magnetic moments: Matrix nondiagonal element -10.7 -59.7 46.1
KT 550 (12960.9,21) 5T, 555 (19240.0,0+)y = < tm‘ﬂ “I’1<>1> \ Total contribution 12920.0] 12596.3 13496.0
HT 500 (12939.9,14) =T 275 (12920.0,01)y = tot‘lu ‘\I}tot> = 0.966 x 7(#c — ) = 0.534puN
JP =1t ‘ Value BB, Difference| Relative Lengths (fm) Contribution Value | Ref. [110] | Ref. [123]
Mass/Br 12939.9 12638.4  301.5 (i,7) Value B!B. 2me. 3836.0
Variational|  Ci1 248 202 (1,2) 0.351 ;51/ 3127
Parameters Cao 10.3 22.9 o2 ™
(fm~2) Css 11.1 - (1,3) 0.317 0.250(B;) | c-quark: m"i‘in, T 169.1 Imee
c b 3
Quark Mass 14522.0 145220 0.0  |(2,3) 0.317 et . C(V )(12) ca -43.5 1585.8
. be™ sVE(13)+ V¥ (14
L . . . 2 me )
Confinement Potential -2400.7 -2741.1  340.4 (1,4) 0.317 1VC(23) +VC(24)] -83.2 | iy gomg Meb 2me
Kinetic Energy 814.0 8915  -T7. (2,4) 0.317 0.235(B.) -D -983.0 | 1587.7 3449.6
CS Interaction 4.6 -34.0 38.6 (3,4) 0.226 Subtotal 3208.1 3164.5 3449.6
(1,2) -43.5 (1,2)-(3,4):  0.238 fm 2my, 10686.0
Ve (2,3) -41.6 Radius:  0.157 fm ;:fz 2715
2
P B me  Piy
(1,4) -41.6 (1,3) -41.6 —-360.4(B7)| = e o 60.7 | Ly
b-quark: 3 295.5
Subtotal -454.0 -829.5 375.3 |(3.4) -225.5 v (34) -225. 4764.8
— - - el f $(Ve(3) +ve(14)
Total Contribution 383.9 824 3015 |(24) -41.6 —414.8(B.) my 1VC(23) + vE(24)] -83.2 Wm‘b 2my,
Total Wave function: ~ Wyo, = |F)|R®)|[¢1x2]) = -D -983.0 4743.6 10105.8
—0.419|F)|R*)|[t1a]) — 0.393|F)| R*)|[th1Cs]) — 0.066] F)| R®)|[th1Cal) Subtotal 9726.5 |  9508.4 10105.8
+0.587| F)| R*)|[¥2C2]) + 0.557|F)|R*)|[¢2(s]) + 0.105|F)|R*)|[vh2Ca]) 1vs5(12) 5.7 | Bvce + Sugp| 5Cee + 5C3
The rearrangement strong decay channel: B* B, %VSS(‘M) 4.6 9.5+5.1 14.1+7.7
CS X )
The radiative decay widths: I'r, , (12060.0,2+) 57 5,5 (12030.9.9,14)y = 3.6keV | o _%(\:zs(l;g) + \2?5(14) 106 — Bz —18¢Cy
1Tbm(12939&”)”_2?2(mmom)W =3.8keV +VE2(23) + V77 (24) -15.7 -17.6
The magnetic moments: Subtotal 4.6 -1.2 4.3
(\IJ};\;ZZ\\P%L) = e + py = 0.490un Total contribution ‘12939.9 12671.6 13560.0

M 540(12939.9,1F) =

The transition magnetic moments: fir, , ., (12060.9,2+) 7,252 (12039.9,17)y =

o= e
<\IJIZUL‘MZ‘\I’}()L> = He

+ - +
T 555 (12939.9,1) 5T, 575 (12920.0,01)y = <‘I’tlot|#z“1’?on) = 0.966 x iﬁ(#c -

— pp = 0.342uN

1) = 0.534pun
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Table 12 The masses, binding energies, variational parameters, the wi(_it_h ratios, and the relative lengths between quarks for the J P =t
internal contribution, total wave functions, magnetic moments, transi- ccbb state and its lowest meson—meson threshold. The notation is the
tion magnetic moments, radiative decay widths, rearrangement strong same as that in Table 7
cchb The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
vera
JP =2t ‘ Value  B:B. Difference|(i,j) Value B:B; Contribution Value | Ref. [110] |Ref. [123]
Mass/Br 12960.9 12700.9  260.0 (1,2) 0.355 2me 3836.0
. . 2
Variational Ci 24.5 20.2 (1.3) 0.322  0.250(B7) 511, 306.2
Parameters Cao 10.1 20.2 7"’/1 o2
(fm~2) Cs3 10.7 - (2,3) 0.322 c-quark: ﬁ%ﬁ 163.1 %mcc
ve(i2)’ -38.9
Quark Mass 14522.0 14522.0 0.0 (1,4) 0.322 eff : 1585.8
Confi Potential -2382.1 -2686.8  304.7 : . meT | alVE3) + VE(14) g
onfinement Potential - 1 - . . (2,4) 0.322 0.250(B;) TVO(23) + VO(24)] TTA | ptom: Meb 2me
Kinetic Energy 795.6 835.7 -40.1 (3,4) 0.227 -D -983.0 1587.7 3449.6
CS Interaction 25.3  30.0 -4.7 (1,2)-(3,4):  0.243 fm Subtotal 3206.0 3164.5 3449.6
(1,2) -38.9 Radius:  0.160 fm 2my, 10686.0
2
2, _ p2,
Ve (2,3) 38.7 | 268.8
(1,4) -38.7 (1,3) -38.7 —360.4(B:) | - e 2o 585 | Ly
b-quark: T AT 9994
Subtotal  -416.0 -720.8  304.8 |(3,4) -222.4 VE(34) 22241 4764.8
Total C ibuti 404.9 260.0 * meft %[VC(IZS) + Vc(14) mg
otal Contribution . 144.9 . (2,4) -38.7 —360.4(B7) b TVO(23) +VO(24)]  TTA | s Meb 2myp
Total Wave function: -D -983.0 4743.6 10105.8
Uior = |[F)|R*)|[B1x2]) = 0.577|F)|R*)|[¢1C1]) — 0.816|F)| R®)|[1h21]) Subtotal 9730.5 | 9508.4 | 10105.8
The rearrangement strong decay channel: B} B %VSS(IQ) 0.3 %vcc %CCC
The radiative decay widths: FT(JE?(12960-9=2+)_’T(;2B2<12920-0=0+)’Y = 0keV s 9.5 14.1
8 8
I 252 (12960.9,2%) 5T 555 (12939.9.9,1)y = 3.6keV Interaction lVSS(34) 4.6 3Vbb ECBE
The magnetic moments: 2 5.1 7.7
o +
T 50 (12969.9,2+) = (Whot 117 Wor) = 2p1c + 2p5 = 0.982un L1yS5(13) 4+ V55(14) Yo L0y
==t 1SS 55 10.3
The transition magnetic moments : +V77(23) + V72 (24)] 15.7 17.6
o~ + .
HT 555 (12960.9,2%) =T, 255 (19240.0,0+)y = <‘I’t20t‘ﬂz“1’lt)at> =0; Subtotal 25.3 30.3 39.5
BTy 550 (12960.9,24) 5 Tyo 5 (12039.9,1)y = (U2 |2 Whor) = pe — i = 0.342un Total contribution ‘12960.9 12703.1 | 13595.0
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Table 13 The masses, binding energy, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width

ratios, and the relative lengths between quarks for the J P =0t 1t
cccb states and their lowest meson—meson thresholds. The notation is
the same as that in Table 7

ccch The contribution from each term| Relative Lengths (fm) 0 1 Present Work CMI Model
vera
JP =0t ‘ Value Ben. Difference| (i, j) Value Bene Contribution Value | Ref. [110] |Ref. [123]
Mass/Br 9620.5 9286.4 3321 |(1,2) 0.418 2me 3836.0 —lm,,
Variational | Cny 14 229 1.3) 0.325  0.290(1, . Py metmy PRy s el <7929
Parameters|  Cha 7.2 15.0 (1.3) ? (me) c-quark: 2my 30""c+m5 2mj Tmeqoms) Mee
(fm2) | Cu 152 - (2,3) 0325 oy o Voa2) -12.6 179178
o me LVea3)+ve(23)]  -91.8 | __sme _
Quark Mass 11097.0 11097.0 0.0 (1,4) 0.336 2,c c Tmetmy) Meb|  2me
Iveaa)+vey]  -1a8 |30y
Confinement Potential -2280.0 -2618.0 ~ 338.0 [(2,4) 0.336 0.235(B.) —D -983.0 ’ 3449.6
Kinetic Energy 810.3 931.2 -120.9 |(3,4) 0.333 Subtotal 3125.4 3098.6 3449.6
CS Interaction 18.2 -123.8 142.0 (1,2)-(3,4):  0.204 fm I me 2 1918.0 W’ifna)mag
(1,2) -12.6 (1,3) -91.9 -237.2(n.) Ty I ¥ wctm, Zmt, 2136;5-00 -400.5
_ 11,C .
Ve 74 o c-quark: 5V (34) 5me i B
(1,4) 74.8 (2,3) -91.9 1vO(13) + v (23)] 9L | Ty Meb m
Subtotal ~-314.0 -652.0 338.0 [(24) -7T48 —4148(B.)| meff -1p 9151 19178 1724.8
Total Contribution 514.4 1554  359.0 |(3,4) 32.0 Subtotal 1585.6 1517.3 1724.8
Total Wave function: , , 5343.0 W%mrzﬁ
b s mz Pz me Pas y
Wyor = 0.40L|F)|R®)|[$1x5]) — 0.916| F) | R*)|[daxe]) = —0.574/F)|R)|[cs)) | Tavarks |l T + o 11263-06 -1203.5
s s s . 5V (34 : 5mg
~0.5821F) [ [1Ga) + 0.019IF) ) adol) — 022AF) RNl | e | s el vy TS || m
The rearrangement strong decay channel: 7% -491.5 5929.5 5052.9
T7 515 9620.5,0 )+ 523/ * TT 252 (9620.5,0% )+ Bone = 1712 Subtotal 4916.3]  4726.0 5052.9
The radiative decay widths: Ty, _(g730.5,2+) 57, (9620.5,01), = OkeV s 255 (19) 10.8 ‘ﬁc; ‘;?CQC
Ir, ‘5(9624.6,1+):T 2 5(963(1,5.0*)7 = 0.007keV Interaction 3175534 73 dvg, 4C5
The magnetic moments: jir 5(9620.5,0+) = (W || W05) = 0 1 (34) : 7.9 13.2
The transition magnetic moments: Subtotal 18.2 22.1 34.4
+ oot - :
HT 5 5(9730.5,21) 5T, 9 5 (9620.5,0+)y = <lp?0t|uz|\1}?oi> =0 Matrix nondiagonal element -25.0 -46.2 -117.7
BTy (9624.014) T 5 s (9620.5.0 )y = (Whot|1i%|Wlar) = —0.0961ux Total contribution 9620.5|  9317.5 10144.0
JP =1t ‘ Value B?n. Difference| Relative Lengths (fm) Contribution Value | Ref. [110] |Ref. [123]
Mass/Br 9624.6 9349.0  275.6 |[(i,j) Value Bn. 2me 3836.0]  —im..
Variational|  Cn1 1.1 202 1.2) 0.429 ' PL | metmy P2, 0| -7929
Parameters|  Cha 6.9 15.0 (1.2) e-quark: m 3&”“*"‘5 2m3 e gy Mee
(fm=2) |  Ci 153 - (1,3) 0.328  0.200(rc) oy oV 1741 917
o me LVOas)+v9(@3)]  -87.0 | sm. -
Quark Mass 11097.0 11097.0 0.0  |(2,3) 0.328 2 o TSy Mes | 2m.
Iveaa) +vey]  -68.9 [Tmrms)
Confinement Potential -2266.2 -2563.6 ~ 297.4 [(1,4) 0.340 —-D -983.0 ’ 3449.6
Kinetic Energy 795.2 8754  -80.2 [(2,4) 0.340 0.250(B}) Subtotal 3122.5|  3098.6 3449.6
CS Interaction 8.0 -59.9 67.9 [(3,4) 0.338 , e o 1918.0| T omgy Meb
my  Pa. m,  Pa. T
(1,2) -17.4 (1,2)-(3,4):  0.204 fm Tty 2my T oty 2w 2903 | _400.5
(2,3) -87.0 c-quark: '%VC(34) . 184750 —SMme iy - mas
ve ’ ' LVe(s) 4 vo()  STO || me
(1,4) -68.9 (24) -68.9 —360.4(B%) | meff -iD 915 19178 1724.8
Subtotal  -300.2 -597.6 297.4 |(3,4) 29.0 Subtotal 1584.3|  1517.3 1724.8
Total Contribution ~ 503.0 218.0 285.0 |(1,3) -87.0 —237.2(n.) | . mg L2 5343.0 T oy M
Total Wave function: b-quark: m:fmg 2;125 z 3'"11::”5 zy:f’; 11242'51 -1203.5
s $VE(34 - smg
= 0.494|F)|R*)|[1h1Ca]) — 0.396|F)| R)|[th1.Cs]) — 0.487| F) | R®)|[th1 Ca)) ~1p 9151 59995 5052.9
FOLL[F)| R [haCa]) — 0.246| F)| R®)|[1h2a]) — 0.537|F)| R*)|[haCa]) Subtotal 4919.2]  4726.0 5052.9
The rearrangement strong decay channel: ~ I'y 5(9624.6,11) > B2 /v | _1ySs(q9) 93 —gvgg —%CEB
e ¢ CS 4 ’ -2.6 -4.4
Ir, 5(9624.6,11) > B J/v Tr, 5(9624.6,17) > Bine — 1:08:1.2 Interaction 375534 104 4vce 4Cec
The radiative decay widths: FT,2<5(9730.5,2+)—>T¢<5($><524.6,1+)w = 145.0keV 4 (34) ’ 14.2 21.2
D'r o, 2 (9624.6,14) 5T 5 £ (9620.5,0+)7 = 0-007keV Subtotal 8.0 11.6 16.8
The magnetic moments:  fip, (9624.6,1+) = (\Ili;\ﬁz\xpi;) = —0.233un  |Matrix nondiagonal element -9.3 -18.4 -100.0
The transition magnetic moments: Total contribution 9624.6 9335.1 10144

_ 1t~ 0t
HT 5 5(9624.6,14) 5T 5 1 (9620.5,0+)y = (Wior |12 | Wior)

. 5T~ ES
—0.096un HT 5 1(9730.5,24) 5T 5 £ (9624.6,1+)y = <‘ijot‘lu~‘ql%ot> = —0.294un
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Table 14 The masses, binding energy, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width

ratios, and the relative lengths between quarks for the J P =0t 1t
bbbc states and their lowest meson—meson thresholds. The notation is
the same as that in Table 7

bbb The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
vera.
JP =0t Value Beny Difference| (¢,7) Vaule Beny Contribution Value | Ref. [110] |Ref. [123
b ) J b
Mass/Br 16043.9 15676.9  367.0 |(1,2) 0.242 2my 10686.0 —%mbb
. . 2 2 _9“
Variational Ci1 12.5 229 (1.3) 0.239  0.148(mp) b-quark: ;’m, + ;n,ctrmg 5,33, 393.8 5%382.4
Parameters ~ Caa 21.7  58.8 M TleT T S Ty +mp) "B
(fn=2)  Css 287 - (2,3) 0239 oy LoV 917 | 50031
k M 17947.0 17947.0 0.0 1,4) 0.249 e VO VI L3 sy |
Quar ass . . . (1,4) 0. %[V (14) + V° (24)] 2983 | Ty 1z TWE mp
Confinement Potential -2786.7 -3259.9  473.2  |(2.4) 0.249 0.235(B.) 5 9830 | %9295 | 101058
Kinetic Energy 883.3 1101.6  -218.3 |(3,4) 0.318 Subtotal 9714.9 9450.2 10105.8
CS Interaction 155 -111.8 1273 | (1,2)-(3.4): 0.148 fm my 5343.0 | T oy ™
me 3 m P
(1,2) 97.7 (1,3) -251.3 -879.1(m) s 2, + Fmgtms w1938 | 112035
Ve (14)  -225.8 (2,3) -251.3 bquark: AQIES) el IV
s . 5 %[V( (13) + Vp(23)] -251.3 | T0my mz) b b
Subtotal 8207 -1203.9 4732 |(24) -228.3 —414.8(B.) [ mes ~1p -491.5 5903.1 5052.9
Total Contribution 78.1 -304.1 3822 |(3,4) 40.8 Subtotal 4804.4 4699.6 5052.9
Total Wave function: me 1918.0 | T0mstomsy Moe
. . m;  P: my,  Pa e
Wior = 0.308(F) B} [rxs)) — 0.95LF) R [axa)) = —0.5431F) R [wnGal) | “O | is ot + b w5007 1005
s S\IT./ " V=(34 : Sme
—0.5841F) | ) [11e]) = 00561 F) [R) [acsl) — 08OR2MRNWaG | e | syl Sy 2283 | mimme|  me
The rearrangement strong decay channel: 2 _%D -491.5 1973.8.8 1724.8
oy (16013.9.00)58:7 D1y (16043.9.00) 2 Bag, = 17 14, Subtotal 15243 | 1573.3 1724.8
The radiative decay widths:  I'z, (16149.2,2+) 7,2, (16043.9,0+)y = OkeV s 2Y55(19) 7.9 47'Uz%b ‘ifbéy
_10-6 .
U7 506003.9.00) 57, b(“’“‘“ 21+)y = 107KVl eraction 31755 (34 77 dvgg 4C
The magnetic moments: AT pr (16043.9,0+) = <\Il,of\/1 \\P,Ot =0 4 ’ 7.9 13.2
The transition magnetic moments: Subtotal 15.5 15.5 24.8
ot~ ot p : . ;
KT, 5; (16149.2,2+) T, 55 (16043.9,0+ )y = (Wil 17 W) = 0 Matrix nondiagonal element -15.2 -26.7 43.7
KT, 57 (16043.9,01) 5 Tyoz (16043.2,1)y = (W0 12 or) = 0096 Total contribution 16043.9]  15711.9 16932.0
JP =1t ‘ Value Bny Difference| Relative Lengths (fm) Contribution Value | Ref. [110] |Ref. [123]
Mass/Br 16043.2 15739.5  303.7 |(4,7) Value Biny . 2myp, . 10686.0 ;é;;bi
Variational Cu 12.4 20.2 1.2) 0.245 L. Pay | mptme Pay 387.9 - :
Parameters ~ Cao 21.0 574 (12) b-quark: Fmy S tme 2mg #ﬁm)mbﬂ
(fm-?) o 8.9 (1,3) 0.240  0.148() off e (1/3) (12‘%( 23 3;‘;2 5903.1
my, 3 + - . 5my,
Quark Mass 17947.0 17947.0 0.0 |(2,3) 0.240 Lyo(a +veen] 28 74(mb+5§)5 2my
Confinement Potential -2779.8 -3205.5  425.7 |(1,4) 0.250 —-D -983.0 . 10105.8
Kinetic Energy 876.1 961.5  -123.3 |(2,4) 0.250 0.250(B;) Subtotal 9711.4 9450.2 10105.8
CS Interaction 48 -478 526 |(34) 0.320 myg 5342.0 | Tms 1oy M6
me  Ph my  Pis
(1,2) 94.5 (1,2)-(34): 0.148 fm | . gmi + Sy e zmy, 1838 | 112035
(2,3) -248.2 b-quark: Vc(34) o9 —5mb gy mg
Vc 5 . %[V(‘(13) i VC(23)] -248.2 I(mytmg) 10be b
(1,4) -225.8 (2.4) 2258 —3604(B7)| et ! ~1p -491.5 5903.1 5052.9
Subtotal  -813.7 -1239.5  425.7 |(3,4) 39.7 Subtotal 4807.0 4699.6 5052.9
Total Contribution 67.1 -241.5 308.6 |(1,3) -248.2 —879.1(np) , e ,  1918.0 ﬁ%mgé
= e mg Pz, m Pz <
Total Wave function: &-quark: m5+b7ng- 2m22 Ttz ZmZ 510;;1 -400.5
. s s V(34 . .
Wior = 01T E) R [1xs) + 0,984 ) R [B2xa]) + 00441 ) R gnxal) | s L[VC(MH(V)C(M)] 25,8 || me
= 0.431|F)|R*)|[¥1.Ca]) — 0.467|F)|R*)|[th1Cs]) — 0.500] F)| R*)|[th1Ca]) ? —1p -491.5 1973.8 1724.8
+0.240|F)|R*)|[$p2¢2]) — 0.188| F)| R*)|[1h2(s]) — 0.502|F)|R*)|[v2Ca]) Subtotal 1525.0 1573.3 1724.8
The rearrangement strong decay channel: FTﬂz (16043.2,1H) > B*T —lVSS(IQ) 96 7%1)55 7§C,;E
2he T ¢ cs 1 : 26 44
FTbZB,.(m(m:;.z,ﬁ)—»BFT - FTb25<(1<i043-2,1+)—>B§nb =1:13:15 Interaction QVSS(34) 75 Avpy 4Chy
The radiative decay widths: D 05 (16149.2,24) 5T 5 5 (16043.2,1)y = 435.0keV 4 ’ 7.7 11.6
1“Tcz,,5(16043.9,0+>aT sz(16043 2,1+)y = 10~ %keV Subtotal 4.8 5.0 7.2
The magnetic moments: g, (19043.21+) = (\Iltot\u \\Iltot> = —0.346un |Matrix nondiagonal element -5.0 -8.6 24.3
The transition magnetic moments: Total contribution 16048.1 15719.1 16915.0

oA + S Ea
HTy o5 (16043.9,01) =T 0; (16043.2,1F)y = <‘I’?m,|ll’\‘1’}oz> =0.201pN T, 0; (16149.2,24) 5Ty 05 (16043.2,11)y = ('1’?0/,\#4‘1’}01,) = 0.329un
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Table 15 The masses, binding energy, variational parameters, the inter-
nal contribution, total wave functions, magnetic moments, transition
magnetic moments, radiative decay widths, rearrangement strong width

ratios, and the relative lengths between quarks for the J P = 2% cccb
and bbbc states and their lowest meson—meson thresholds. The notation
is the same as that in Table 7

ccch The contribution from each term| Relative Lengths (fm) o 1 Present Work CMI Model
veral
JP =9 ‘ Value B:J/v Difference|(i,j) Vaule B.J/v Contribution Value | Ref. [110] | Ref. [123]
Mass/Br 9730.5 94427  287.8 [(1,2) 0.378 2. 3836.0 Lmee
ariati P 2 m m - ERE
Variational Ci1 13.7 20.2 (1.3) 0.350 0.318(.J/) ;:1 + hr:r:—mb ;md 408.0 711;)80 .8

Parameters Caa 8.9 12.5 ark 1 o ] ety Mee

(fm~?) Css 9.1 - (2,3) 0.350 o 1ryC }/3 (121)/0 23 -ézli.g
Quark Mass 11097.0 11097.0 0.0 |(1,4) 0.359 ?[ c< )+ C< b2l g gy Me 2.
Iveaa) +ve(aa) 173 )

Confinement Potential -2158.4 -2490.6 ~ 332.2 |(2,4) 0.359 0.250(B;) -D -983.0 3449.6
Kinetic Energy 763.9 799.3 =354 [(3,4) 0.304 Subtotal 3207.5 3142.2 3449.6
CS Interaction 280 369 -89 |(1,2)-(34): 0.264 fm e 1918.0 | Tmemtmg) Mee

P P N il p” + =T prg 244.7 767.1
(1L2) 143 (1,3) -21.9-164.2(J/¢ g 2y g w20 .
1V (34) 4. )
Ve s -17. -21. - e z
(1,4) 17.3 (2,3) -21.9 e-quark 1 13 + VO(23)] 219 | Tomeimny Meb m,
Subtotal -192.4 -524.6 3322 |(2,4) -17.3 —360.4(B;) —1 -491.5 801.1 1724.8
Total Contribution 599.5 311.7 287.8 [(3,4) -99.6 Subtotal 1599.5 1568.2 1724.8
Total Wave function: my , 5343.0 4(7,;'%7”55
me Pi me  Pa
Wror = [F)R*)|[pr1x1]) = 0.577|F)| R*)|[1Ca]) — 0.816]F) | R®)| [t ]) _ et Tt T Smetmy w1112 2407.0
b-quark 1 VC (34) -49.8 .
P . * b -

The rearrangement strong decay channel: Bj.J /. %[Vp<14) i V(*(24)] 174 | Tty ™ mg

The radiative decay widths: -1 49151 93718 5052.9

Ty (0730.5.20) 4T,y (9620.5.0 ) = OkeV Subtotal 48955 | 4778.8 5052.9

FTc275(9730-5=.2+HT 255 (9624.6,1%) = 145.0keV %VS€(12) 5.6 | Svee + Svg |§Ce + 5C5

The magnetic moments: [ 1VS9(34) 8.5 9.5+45.2 14.1+8.8

; S5(7= 55 (o 8 8 8 8
. \1,2: = \1,2: = 2 + f1e + iz = 0.464 Interaction| 1(V5%(13) + V59(23)) 9.5 | 3vee + 30 |5Cec + 5Cq

M 5 £(9730.5,2+) = = (Whot |17 [¥ior) e It My HN i(VSS(M) +VSS(24)) 4.3 14.247.9 14.148.8

The transition magnetic moments:

KT 5 5 (9730.5,2+) =T 5 ;(9620.5,0%)y = <‘I’mt|ﬂ |‘1’rot> =0 Subtotal 28.0 36.8 45.9

T, (9780.5,2+) 5T 5 (9624.6,1%) = <‘1’toz|ﬂ |\Iltot> = —0.29%4uyN Total contribution ‘ 9730.5 9526.0 10273.2

bbbe J¥ = 2% ‘ Value BT Difference| Relative Lengths (fm) Contribution Value | Ref. [110] | Ref. [123]

Mass/Br 16149.2 15819.4  329.8 |(,4) Value B:YT 2me 10686.0 %7”!,1)

Variational | Ciy 144 202 (1.2) 0.210 o mpims Py 404.4 4764.8

Parameters C22 28.6  49.7 bocuark am 3g”’+m° s R Wimg)nlbﬁ
(fm~2) Con 69 - (1,3) 0.256  0.160(Y) | t-auar e 1’3 (12&0 ’s -2817-55 2361.2

Quark Mass 17947.0 17497.0 0.0  |(2,3) 0.256 ?[ c< )+ c( ) 855 Ty Ly b 2my
5VE(14) +V©(24)] -77.6 Ak

Confinement Potential -2659.7 -3123.1  463.4 |(1,4) 0.266 -D -983.0 o 10105.8
Kinetic Energy 838.2 961.5 -123.3  [(2,4) 0.266 0.250(B;) Subtotal 9527.1 9497.8 10105.8
CS Interaction 23.8 34.0 -10.2 (3,4) 0.296 ) mp 5343.0 ﬁmbg

me Pl my P )
(1,2)  -257.5 (1,2)-(3,4):  0.194 fm ety 2,,,22 Tt 2w, 146-6 | 23894
1VC(34) el
Ve (2-,3) -85.5 B—quark %[VC 13 + Ve (23)] -4851-5r meé my
(1,4) 776 (2,4) -77.6 —360.4(B) -1 -A9L5 1 9360.6 5052.9
Subtotal -693.7 -1157.1 463.4 |[(3,4) -110.1 Subtotal 4857.5 4743.0 5052.9
Total Contribution  168.2 -161.6 329.8 |[(1,3) -85.5 —796.7(Y) , e 1918.0 | Ty mmy ™Mb
my  Ph, my,  Pi.
Total Wave function: B ma+bvn5 3, T g 27112 287.2 801.3
] ) c-quark 1 VC(34) -55.1 .

Wior = )R [61xa)) = 05771 [R)] [ Gi]) — O.8161F) )] [ ) T O

The rearrangement strong decay channel: B; Y. _E -491.5 789.3 1724.8

The radiative decay widths:  T'r,,  (16149.2,2+) 7,55 (16043.9,0+), = OkeV Subtotal 1581.2 1590.6 1724.8

I : : = 435.0 ke
Ty25-(16149.2,24) 5T 5 - (16043.2,1F)y 35.0keV %VSS(IQ) 5.9 Bvbb 4 “cb gcbb + %Ca;
The magnetic moments: Cs 1vS9(34) 6.4 5.145.2 7.748.8
; 1(1/SS ss 8 8 8 8
. w2 WY = 2y + pip + p1e = —0.472 Interaction| I(V/ ’ v(13) +Vv° v(23)) 4.6 S5 + 5Ue |5C0 + 5Che
b gt 2a0) = (Vo0 =y + s + Y Lyssa) 1 vssay) 69 | 77479 | 77488
The transition magnetic moments:
2| g1t . - "
KT, 5 (16149.2,2%) 5Ty 5 (16043.2,1+)y = <lpfot‘uz‘\p%oi> = 0.329un Subtotal 23.8 25.9 33.1
ity (16149.2,3%) Ty (16043.9.01 17 = (Ve 7| U0) = 0 Total contribution [16149.2] 15882.3 16917.0
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Table 16 The masses, binding energies, variational parameters, the JPC =
internal contribution, total wave functions, magnetic moments, transi-

tion magnetic moments, radiative decay widths, rearrangement strong

width ratios, and the relative lengths between quarks for the
01+, 21+ ¢bcb states and their lowest meson—meson thresholds. The
notation is the same as that in Table 7

cbcb The contribution from each term| Relative Lengths (fm) Overall Present Work CMI Model
JFPC = ot+ ‘ Value mne Difference| (i, j) Value No7e ) Contribution Value Ref. [110] Ref. [123]
Mass/Br 12759.6 12387.5  372.1 |(1,2) 0.315 Me 2 1918.0 m"ﬂcb
Ariation: my  Pay -
T T T T Jugwn om | | SRR |
(fm=?) | Cu 286 - (28) 0.277 ots T s | O80T
Quark Mass  14522.0 145220 0.0  |(1,4) 0.277 e l[vc(1‘3/) f?)C(M)] 1726 | sy me
Confinement Potential -2571.3 -3082.3  511.0 |(2,4) 0.277  0.148(ns) 2 _1/2D -491.5 958.9 1724.8
Kinetic Energy 905.8 1085.5 -179.7 (374) 0.315 Subtotal 1608.5 1545.1 1724.8
CS Interaction -81.1 -137.6 56.6 (1,2)-(3,4) 0.164 fm mp . 5343.0 ﬁmcb
(1,2) 42.6 (1,3) -172.6 -237.2(c) e f; 69.5 ;71”2}703‘5;
ve (14)  -172.6 (2,3) -172.6 b-quark: mlf"ﬁ;ﬁ o 8("?3&"55‘)5
Subtotal  -605.3 -1116.3  511.0 |(2,4) -172.6 —879.1(ns) mets ;[Vc@; J(r1‘2/>c(24)] 1726 | Sty ™5 my,
Total Contribution  219.3 -168.5 387.8 |(3,4) 42.6 2 —1/2D -491.5 2951.6 5052.9
Total Wave function: Subtotal 4819.8 4713.3 5052.9
Uior = 0.961|F)|R®)|[h2x5]) + 0.114|F)|R*)|[p2x6]) — 0.069| F)| R*)|[¢p1x5]) —3(vS5(12) + V9(34)) 5.3 | —Svep — Rvee | —5C — B Ce
—0.241|F)|R*)|[$1x6]) = 0.211|F)|R*)|[¢1¢6]) — 0.830| F)|R*)|[¢h1(5]) . —2y59(13) -33.3 -5.1-35.5 -8.8-35.3
—0367|F) R [aGa]) + 0.3631F) | B} [l = 033N RWAG |(pgeraetion|  —3VCH) <101 | Fu; - Bue| 26y, - 20w
—0.668|F)|[R*)|[1)1¢5]) — 0.398| F)|R®)|[12¢5]) + 0.533| F)| R®) |[4/5¢5]) —3(VS5(14) + VS¥(23)) -32.5 | -19.2-39.3 -19.3-44.3
The rearrangement strong decay channel: Subtotal -81.1 -99.2 -107.5
1,5 (12759.6,00+ )y Tr 1,5 (12759.6,0++ )= J/uX = 21:1 Matrix nondiagonal element -15.8 -80.7 -51.9
T, .5(12759.6,01+)— B, B, FTrhE5(12759_6$0++)ﬂB: B: = 76:1 Total contribution 12759.6 12336.1 13396.0
The radiative decay widths: The magnetic moments: T;.;(12759.6,07") = w | |\IJ?,,Tr >=0
T, (12797.3,1+ )T, +(12750.6,0++)y = 33.1keV | The transition magnetic moments: ILTphp,,(lzé%S? 4,27 ) 5T, 5 (12759.6,00F)y =< w2, = \\I/,(,, >=0
T3 (12856.6,1++) 5T, = (12759.6,0++)y = 0 KT, 5 (12856.6,10+) 5T, 5 (12759.6,0++)y =< Ul =0 >=0
FTLMb(12882.4.2++)—)TLbEE(12759.6.0**)7 =0 KT, 5(12796.9,1F ) 5T, 5 (12759.6,01F )y =< \I’tot | “I’?:;r >=0.226 x 2\/%0% — ) = 0.081y
JPC = ot+ Value  Y.J/4 Difference| Relative Lengths (fm) Contribution Value Ref. [110] Ref. [123]
_ Mass/Br 128824 12561.1  321.3 |[(i,j) Value  YJ/u m:m N 1918.0 | e Mes
L O B B TR o | |
(fm—2) Cs3 210 - (1,3) 0.296 0.318(J/1) o Wﬁ 1124%2 r986b7
Quark Mass 14522.0 14522.0 0.0  [(2,3) 0.296 l[vc(l‘g) 4(_1‘2/)C (1) 1377 | sy e me
Confinement Potential -2460.7 -2926.9  466.2 (1,4) 0.296 2 _1/2D -491.5 958.9 1724.8
Kinetic Energy 791.7 925.1 -133.4 [(2,4) 0.296  0.160(T) Subtotal 1594.1 1545.1 1724.8
CS Interaction 29.5 41.0 -11.5 |(3,4) 0.340 my 5343.0 W%"ncb
(1.2) 28.0 (1,2)-(3,4):  0.174 fm Ty ;)nl, 60.0 ;},303'§,L -
. (2.3) 137.7 b-quark: 2"11:1%% ;i,g ﬁg s(mséggg’% cb
(1,4) -137.7 (2,4) -137.7 —796.7(Y) mef ! l[vc(;g) 4(_1‘2/)0(24)] 1377 | S me
Subtotal ~-494.7 -960.9 466.2 |(3,4) 28.0 2 D 4915 | 2951.6 5052.9
Total Contribution 3265 5.1 3214 |(1,3)-137.7 —164.2(J /%) Subtotal 4832.4| 47133 5052.9
Total Wave function: —1(vs5(12) + VI9(34)) 4.7 | —Bve + Rvez | —ECu0 + R Ca
Wi = 0.999|F)|R*)|[p2x1]) — 0.027|F)|R*)|[p1x1]) = —0.801|F)|R*)|[t1¢1]) ] Sy99(13) 15.2 -5.1+17.7 -8.8+17.7
0,509 PR [ail) = —0.8321 PR WA + 0555 PR [rniemition]  2V°5(20) 15 | Lo+ Rue | 20y + 204
The rearrangement strong decay channel: Y.J/¢ and B} B} g(VSS(M) +VI5(23)) 147 9.6+19.7 9.6+22.0
The magnetic moments:  T,pz(12882.4, 2+%) = (U2, =) w2, ") = 0 Subtotal 29.5 41.7 40.5
The radiative decay widths: Matrix nondiagonal element 0.1 -29.1 3.2
D, (2882424 4) 5T, 5 (12797.3,14 )y = 4.9 keV Total contribution 12882.4 12529.4 13599.0

Dr (2882404 4) 57, 0 (12759.6,01+)y = 0

FT(_bEE(12882'4'2++)4’TLI)§E(12856‘611++) N = 0

The transition magnetic moments:
1+

— 2 z —
K, 5 (12882.4,24+) 5T, 5 (12856.6,1++)y = (Pior |17 Wior ) =0

K, 5(12882.4,2++) T, 5 (12759.6,1F~ )~

M, 5(12882.4,24+) 5T, 5(12759.3,0++)y =

<\Iltot

= (W, (= Whyy ) = 0.774 % (e + ) + 0.226 X (j1c —

ot

‘N [Vior ) =0

) = 0.345unN
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Table 17 The masses, binding energies, variational parameters, the
internal contribution, total wave functions, magnetic moments, transi-
tion magnetic moments, radiative decay widths, rearrangement strong

1+-

width ratios, and the relative lengths between quarks for the
, 17F ¢béb states and their lowest meson—meson thresholds. The
notation is the same as that in Table 7

cbeb The contribution from each term| Relative Length (fm) Overall Present Work CMI Model
JPC =1+ ‘ Value Tn. Difference| (i, j) Value 7. Contribution Value Ref. [110] Ref. [123]
Mass/Br 12796.9 12467.4  329.5 [(1,2) 0.331 Me 1918.0 | grmotrsyy Meb
T O T BT [avom om | | RS wes | o
) o 90 (2,3) 0.289 ” zn"sznbfi 1137%3 986.7
Quark Mass 14522.0 14522.0 0.0  |(1,4) 0.289 e l[vc(1‘?f) S‘Q/)C(M)] 1581 | ST mes me
Confinement Potential -2527.1 -3000.0 472.9 (2,4) 0.289  0.160(Y) 2 _1/2D -491.5 958.9 1724.8
Kinetic Energy 858.5 1001.2 -142.7 |(3,4) 0.331 Subtotal 1602.1 1545.1 1724.8
CS Interaction 414 558 144 | (1,2)-(34): 0.168 fm my 5343.0 | gy Meb
(1,2) 35.6 (1,3) -158.1 -237.2(n.) ﬁm% 64.8 ;}n2b°3-8m )
ve (1,4)  -158.1 (2,3) -158.1 brauark: T ek 486 | Ao
1y,C 17.8 : :
Subtotal -561.1 -1034.0  472.9 |(2,4) -158.1 —796.7(T) | et l[vc@‘g) +(1‘2/)C(24>] 158.1 | Sy Mot me
Total Contribution ~ 256.0 -88.6 344.6 [(34) 35.6 2 /2D -491.5 2951.6 5052.9
Total Wave function: Subtotal 4824.7 4713.3 5052.9
Wyor = 0.877|F)|R)|[$1x2]) — 0.064|F)| R*)|[$2xa]) + 0.320| F) | R*)|[é1xs]) —3V¥(12) + VIIBY] 50 | =Fva — Fver | —5Ce — FCe
+0.320| F)|R*)|[¢1x4]) + 0.105| )| R*)|[p2x3]) + 0.105|FY|R*)|[p2xa]) —2V59(13) -16.0 -5.2-17.7 -8.8-17.7
— 021 RY) 1)) + 08541 F) R [61Gal) + 02231 F) RO e | ponntion]  —2V°°(24) 48 |~Bu — Buy|- 2205~ 2
+0.420| F) | R*)|[1h2¢3]) —2(v99(14) + VS9(23)] -15.6 -9.6-19.7 -9.7-22.0
= —0.481|F)|R*)|[; C4]) — 0.481|F)|R*)|[)1 C4]) + 0.283|F)| R*)|[1b1 C4]) Subtotal -41.4 -52.2 -58.1
—0.395|F)| R*)|[v2¢5]) — 0.395|F) | R*)|[5¢3]) + 0.382|F)|R*)|[¢5¢4]) [Matrix nondiagonal element -15.3 -54.7 -19.6
The rearrangement strong decay channel: Total contribution 12796.9 12409.9 13478.0

Pr, 02796.9,14 =) mya/w Ut (12796.9,14 =) 51, = 1:18.4

I
Tepch T.,z5(12796.9,

I'r

1+’)~>B;B*

chch

(12796.9,1+—) B B, * I'r

Tensh

(12796.9,14—) > B, B*fl 3.9:3.9

The radiative decay widths: The magnetic moments:  T,,.;(12796.9,177) = <\I!L1;T \;[Z\\I/L':L y=0
I'r T, (12797.3,14 =) T, 5 (12759.6,0++)y = 33-1 keV |The transition magnetic moments: B, s (12882.4, 2++)%ch;5(12759>6'1+7)“{ = 0.345uN
D, 5 (12856.6,14+) T, 5 (12796.9,17—)y = 0.1 KeV g o 10856.6,1++) 57, 5 (12796.9,14 )7 = (Wl 1% |Whoy ) = 0.113(pe + 1) = 0.036pu
Ir T, 05 (12882.4,2F )T, +(12796.9,1F )y = 4.9 keV I, 5 (12796.9,10 ) 5T, ;(12759.6,0++)y = <‘I’tot |NZ|\I’?:¢+) = 0.226 x 2\/%(/’4 — pip) = 0.081pn
JPC =1+ Value  Y.J/ Difference| Relative Lengths (fm) Contribution Value | Ref. [110] Ref. [123]
‘ 'Mass/BT 12856.6 125613 295.5 |(¢,5) Value  YJ/¢ m:nﬂ o 1918.0 Wmcb
e BT N R [ e i A
) o o5 (1,3) 0.201 0.318(J/%) o zlszb T 11267_62 5986b7
Quark Mass 14522.0 14522.0 0.0 (2,3) 0.291 ¢ 1ye (1‘1:) J(r V)C(14)] 146.5 | Sratarsy Mee me
Confinement Potential -2488.0 -2926.9  438.9 |(1,4) 0.291 2 —1/2D -491.5 958.9 1724.8
Kinetic Energy 818.6 925.1 -106.5 (274) 0.291 0,160(’1‘) Subtotal 1597.2 1545.1 1724.8
CS Interaction 10.0 41.0 -31.0 (3,4) 0.333 mp . 5343.0 ﬁm“b
(12) 32.0 (1,2)-(3,4):  0.172 fm ﬁﬁf‘mj 62.5 ;121)03'8
e (23) 1465 b-quark: ZnnTn(b ot 1112:(7) 8("15553 )o
1,4 -146.5 2,4) -146.5 —796.7(T eff _ 5 ﬁmbh mp
Su(btoial -522.0 -960.9 438.9 E3,4; 32.0 " " %[VC(Q,B{ —;[‘)/C<24)] —4113(13; ) ;5510.)6 5052.9
Total Contribution 306.6 5.1 3015 |(1,3)-146.5 —164.2(J/v) Subtotal 4829.2 4713.3 5052.9
Total Wave function: LVvIS(12) + vI5(34)] 49 | Sva + Rvae | 20w+ LCe
Wior = 0.693|F)|R")|[¢2x3]) — 0.693|F)|R*)|[p2x4]) + 0.139|F)|R*)|[¢1x3]) s %VSS(IB) 15.5 5.2+17.7 8.8+17.7
~0.1391F) R [énxal) = 0.686|F) L) [a6al) + 07271 ) R | pygernction| 3V (20) 46 | By~ Bue | 20y - 20w
= —0.480|F)|R®)|[1/1 C4]) — 0.480|F)| R®)|[xb1¢]) — 0.395|F)|R®)|[14¢4]) —2[vo%(14) + VS9(23)] -15.0 9.6-19.7 9.7-22.0
YR [w4¢4) Subtotal 10.0 12.9 14.1
The magnetic moments: 7T,,.;(12856.6,117) = (¥ ol = \\Ili:;) 0 Matrix nondiagonal element -6.3 -6.1 -59.5
The radiative decay widths: Total contribution 12856.6 12523.6 13510.0
I'p T (12856.6,14+) 5T, 5 (12759.6,0++)y = 0 keV The transition magnetic moments: Hr,, . l)(]2882A4yz++)A)chrg(lzsﬁ(j_(j’]*"f)'y = (T ?:f 175 ‘\Ilf:; )y=0
Ly, pep (12856.6,11 1) 5T, 5(12796.9,1F )y = =0.1 keV |pup bep (12856.6,1T )T, +(12759.6,07+)y = <\Iltnt |ﬂz“1’?;+> =0

Lr, s(12882.42++) 57, (12856.6,1++)y = 0 keV

P, 5 (12856.6,1H+) T, +(12796.9,1% )y =

= (Wl |#| Wl ) = 0.113(pe + 1) = 0.036py

The radiative decay widths:  J/¥Y Ty sss6.61++) BB, ©

F’I‘Lbeb(1285646.1++)~>BcBg =1:1
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