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Abstract We extend quantum field theory by including
purely virtual “cloud” sectors, to define physical off-shell
correlation functions of gauge invariant quark and gluon
fields, without affecting the S matrix amplitudes. The exten-
sion is made of certain cloud bosons, plus their anticommut-
ing partners. Both are quantized as purely virtual, to ensure
that they do not propagate ghosts. The extended theory is
renormalizable and unitary. In particular, the off-shell, dia-
grammatic version of the optical theorem holds. We calculate
the one-loop two-point functions of dressed quarks and glu-
ons, and show that their absorptive parts are gauge indepen-
dent, cloud independent and positive (while they are generi-
cally unphysical if the cloud sectors are not purely virtual). A
gauge/cloud duality simplifies the computations and shows
that the gauge choice is just a particular cloud. It is possible
to dress every field insertion with a different cloud. We com-
pare the purely virtual extension to previous approaches to
similar problems.

1 Introduction

The greatest success of perturbative quantum field theory
relies on the theory of scattering. However, quantum field
theory is not just scattering processes. It is also off-shell cor-
relation functions, including correlation functions of com-
posite fields. Gauge invariant composite fields can be divided
in two classes: those that are at least quadratic in the elemen-
tary fields, and those that contain linear terms. It is straight-
forward to build representatives of the first class, not equally
easy to build composite fields of the second class. The latter
are particularly important, because they provide a complete
basis of observables and can eventually be used to replace the
elementary fields altogether. In this paper we extend quan-
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tum field theory in a way that overcomes this difficulty and
preserves the fundamental physics.

Specifically, we add purely virtual “cloud” sectors to the
Yang—-Mills action, built by means of certain cloud fields and
their anticommuting partners. The sectors are arranged so
as to satisfy certain “cloud symmetries”, which ensure that
the scattering amplitudes coincide with the usual ones, and
the correlation functions of the ordinary fields are also unaf-
fected. Each field insertion in a correlation function can be
rendered gauge invariant by “dressing” it with an indepen-
dent cloud. Each cloud is specified by a cloud function and
a cloud Feddeev—Popov determinant.

To ensure that the extended theory is unitary and prop-
agates no additional degrees of freedom, we quantize the
clouds as purely virtual [1]. This way, the correlation func-
tions of the dressed fields satisfy the off-shell, diagrammatic
version of the optical theorem. Moreover, we show that the
extended theory is renormalizable and polynomial in all the
fields except for the basic cloud fields (which are dimension-
less) and their anticommuting partners.

The extension is perturbative, and the expansion in powers
of the gauge coupling g coincides with the expansion in the
number of loops. Renormalizability is proved to all orders
by means of an extended Batalin—Vilkovisky formalism and
its Zinn—Justin master equations.

Note that the dressed fields we build are invariant under
infinitesimal gauge transformations, but are not required to be
invariant under global gauge transformations. This is indeed
the way out to have physical non singlet states without vio-
lating unitarity.

If we wish, we can use the formalism developed here to
downgrade the elementary fields (which are not gauge invari-
ant) to mere integration and diagrammatic tools, and use the
dressed fields (which are manifestly gauge invariant) every-
where. This way, we know from the start that everything we
compute is manifestly gauge independent.
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As said, the purely virtual nature of the clouds ensures that
no unwanted degrees of freedom are propagated. This opens
the way to extract physical information from the off-shell
correlation functions of the elementary fields in a systematic
way. We illustrate the basic properties of the formalism by
calculating the one-loop two-point functions of the dressed
quarks and gluons, and showing that their absorptive parts
are physical. When the clouds are not purely virtual (which
occurs, form example, if we quantize the cloud sectors by
means of the Feynman ie prescription), the absorptive parts
are generically unphysical.

A certain gauge/cloud duality, which is sometimes help-
ful to simplify the computations, shows that the usual gauge
choice is ultimately nothing but a particular cloud, as long
as the gauge trivial modes are rendered purely virtual. This
suggests to use a “purely virtual gauge” as a valid alternative
to the so-called physical gauges [2]. Among those, we men-
tion the Coulomb gauge, the temporal gauge, the light-cone
gauge and, more generally, the axial gauges. Normally, such
gauges lead to mathematical complications. What they miss
is the concept of pure virtuality, although in some cases (like
the Coulomb gauge), they incorporate it by accident, so to
speak. In our approach, we do not change the gauge fixing
to make it physical. Rather, we make a gauge-fixing physical
by changing the prescription we use to define it.

We compare our formalism with other approaches to simi-
lar issues available in the literature, putting particular empha-
sis on the “Coulomb” approaches, that is to say, the clouds
defined by Dirac in QED [3] and those studied by Lavelle
and McMullan in non-Abelian gauge theories [4-6]. Earlier
definitions of gauge invariant variables in Yang—Mills theory
are due to Chang [7,8]. Different lines of thinking exist as
well, such as the "t Hooft approach, based on composite fields
and a symmetry breaking mechanism [9], and the approach
based on Wilson lines.

In a parallel paper [10], we explore similar issues in grav-
ity.

We point out some physical applications of our results.
The main one is the possibility of studying new types of
scattering processes. As said, the usual S matrix amplitudes
do not change, after the extension. Those amplitudes concern
asymptotic states, which become free in the infinite past and
in the infinite future. The correlation functions of dressed
fields overcome this restriction, and allow us to define “short-
distance scattering processes” among colored states of quarks
and gluons, which are the processes where the incoming and
outgoing states are not allowed (or not not have enough time)
to become free. In the same spirit, we can study transition
amplitudes in Yang-Mills theories on compact manifolds,
merging the formalism of this paper with the one of [11], for
situations where the experimental apparatus surrounding the
physical process actively influences the process itself. See
also [12] about this.

@ Springer

Experimental situations of this type are, among others, the
interactions inside a quark gluon plasma, or the interactions
between quarks and gluons at distances comparable to the
proton radius, where we cannot use the notion of asymptotic
state. The increasing precision of present colliders and the
colliders of new generations make us hope that in a non dis-
tant future we can be less dependent on the paradigms of
quantum field theory that have dominated the scene since its
birth. The formalism of this paper breaks the main technical
barriers for the undertaking of such studies, and is a first step
towards devising feasible experiments.

The processes we have just mentioned are not, or do
not need to be, on the mass shell. If treated with the usual
approaches, they are gauge dependent, and unphysical. Our
results imply that we can actually define them by means of
dressed fields, as long as the dressings are purely virtual. The
results we obtain are physical (i.e., gauge invariant and gauge
independent — in addition, they obey the optical theorem), but
depend on the dressing parameters, which we denote by A.
These parameters do not belong to the fundamental theory,
but describe features of the experimental setup, such as exper-
imental resolutions, finite volume effects, finite temperature
effects, dependences on a background, or an external field,
etc.

The 2 dependence of the results is not unexpected. Think,
for example, of the correlation functions built by means of
Wilson lines: they depend on the Wilson lines themselves.
Another situation where the physical predictions depend on
the details of the instrumentation is when the amplitudes are
affected by infrared divergences, which are compensated by
soft and collinear photons, gluons, or gravitons [13-16]. In
those cases, the predictions depend on the energy resolution
and the angular resolution. Something similar occurs, to some
extent, when we observe unstable particles, like the muon
[17], which do not admit asymptotic states in a strict sense.

The A dependencies mean that it is impossible to eliminate
the influence of the observer on the observed phenomenon.
Yet, this does not prevent us from making testable predic-
tions. We can eliminate the A dependences by calibrating
the instrumentation, i.e., by sacrificing a few initial mea-
surements to determine the values of the parameters X, after
which everything is predicted uniquely, and can be confirmed
or falsified experimentally.

It is also useful to point out the differences between the
goals of our approach and the goals of other approaches to
gauge theories that are available in the literature, such as
the compensator field approach [18] and the Stueckelberg
approach [19]. The first one is a rephrasing of the theory
and its gauge symmetries, but does not change the coho-
mology of physical observables. The second one is used to
describe massive vectors. Our purpose, instead, is to define
“gauge-invariant gauge fields”, so to speak, that is to say,
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colored physical states of quarks and gluons. This is possible
by means of dressed fields.

The first difference between our approach and the com-
pensator field approach is that, after introducing the extra
sectors, we still define the physical observables as being
gauge invariant: they are not required to be invariant under
the extra (cloud) transformations. The dressed fields, which
are indeed cloud dependent, are built on this premise. Once
we have done that, we can consider new correlation functions
(those that contain insertions of dressed fields) and study new
scattering processes (the short distance processes mentioned
above). These goals cannot be achieved in the compensator
field approach. The correlation functions of ordinary gauge
invariant composite fields (built without using the could sec-
tor), such as @w, F,,yF*?, etc., and well as the S matrix
amplitudes, instead, do not change.

Since the dressed fields are just required to be gauge invari-
ant, but not cloud invariant, the extra fields become propa-
gating. Generically, this can be dangerous: if those fields are
not treated properly, they may affect the observable spectra
in undesirable ways. We show, by means of explicit calcula-
tions, that if they are quantized by means of the usual Feyn-
man prescription, they inject ghosts into the theory. Since our
definition of physical fields prevents us from getting rid of
them cohomologically, we must achieve the goal in a differ-
ent, non cohomological way: we make them purely virtual.

To make the whole construction work, we need to keep
the usual sector and the cloud sectors to some extent sepa-
rated. In particular, the functions that define the clouds should
be gauge invariant, while the usual gauge-fixing functions
should be cloud invariant. We show that these restrictions are
consistent, because they are preserved by renormalization.
Restrictions on the gauge-fixing choices are not unusual. A
familiar one is adopted in the context of the background field
method, where the gauge-fixing must be invariant under the
background transformations.

We recall that purely virtual particles, also called fake
particles, or “fakeons”, are defined by a new diagrammatics
[1], which takes advantage of the possibility of splitting the
usual optical theorem [20-25] into independent, algebraic
spectral optical identities. Each identity is associated with
a different (multi)threshold. By removing subsets of such
identities, and projecting the whole theory to the physical
subspace, certain degrees of freedom can be removed at all
energies, while preserving unitarity and the optical theorem
in a manifest way. The main application of this idea is the
formulation of a consistent theory of quantum gravity [26],
which is observationally testable due to its predictions in
inflationary cosmology [27]. At the phenomenological level,
fakeons evade common constraints that limit the employment
of normal particles [28,29].

Throughout the paper we work with the dimensional reg-
ularization [30-32], ¢ = 4 — D denoting the difference

between the physical dimension and the continued one.

The paper is organized as follows. In Sect. 2 we give the
basic definitions that are necessary to build the cloud sectors.
In Sect. 3 we recall the standard Batalin—Vilkovisky formal-
ism for gauge theories, and the Zinn—Justin master equation.
In Sect. 4 we extend the formalism and the master equa-
tion to define the cloud sector. In Sect. 5 we show that the
ordinary correlation functions of elementary and composite
fields are unaffected by the cloud sector. In Sect. 6 we prove
the same for the S matrix amplitudes. In Sect. 7 we build
the correlation functions of the dressed fields. In Sect. 8 we
prove that the cloud sector and the gauge-trivial sector are
related by a certain duality relation. In Sect. 9 we add several
copies of the could sector and show that each insertion in a
correlation function can be dressed with its own, indepen-
dent cloud. In Sect. 10 we define the absorptive parts and
study their properties. In Sect. 11 we compute the two-point
function of the dressed fermions at one loop with a covariant
cloud and show that its absorptive part is unphysical. In Sect.
12 we overcome this difficulty by introducing purely virtual
clouds. In Sect. 13 we repeat the analysis for the two-point
function of the dressed gauge fields, and show that the absorp-
tive part is physical, if purely virtual clouds are used. In Sect.
14 we prove that the extended theory is renormalizable, and
show how the renormalization works in detail. In Sect. 15
we compare our approach with other approaches available
in the literature. Section 16 contains the conclusions, while
Appendix A contains the notation and some useful formulas.
In Appendix B we prove that the dressed fields are unique.
In Appendix C we study how the cloud independence goes
through renormalization.

2 The cloud field, its anticommuting partner, and the
dressed fields

In this section we lay out the basic notions that are needed to
build the cloud sectors. For definiteness, we consider Yang—
Mills theory with gauge group G = SU(N,.) and quarks
in the fundamental representation.

The dressings can be easily worked out, once the theory
contains a field U (x), with values in G, that transforms as
saU = —igUA 2.1)
under a gauge transformation. Here, A(x) = A%(x)T“ are
the parameters of the transformation and 7¢ are the Hermi-
tian matrices of the fundamental representation.

For example, if ¢ is a fermion, the product U Y is obvi-
ously gauge invariant, because (2.1) and the ¥ transformation
law oY = ig Ay imply 8A(l71p) = 0. Nevertheless, it is
not convenient to use U as an elementary field for the pertur-
bative expansion, since we also need the inverse matrix U1

@ Springer
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It is better to write U = e8¢, and define ¢ = ¢*T“ as the
fundamental “cloud field”.

The gauge transformation §5 ¢ of ¢ can be derived from
(2.1). A version of the Campbell-Baker—Hausdorff formula
reads

dx 2.2)

where adyY = [X, Y], X and Y being matrices or operators.
After rearranging the formula into the form

adx

=2 e Xge¥,
1 —e—adx

dx
we apply it with U =¢ei8 X = —igg, deX — SaU,
d¢p — S ¢. This way, the desired ¢ gauge transformation is
easily found. It reads

igadgy

elgadT_lA = R(¢, A) = TaRa(d), A)

I =

2

—A— %[cp, Al - %[cp, (6. A+ 0. (23)

For the moment, we define the cloud field ¢ as a field
that transforms according to this law. In the next sections we
introduce it at the level of the action, derive its Feynman rules
and study its diagrammatic properties.

It is possible to check the closure of the transformation,
ie.,

[6A,8x1d = b—ig(a, 210,

where —ig[A, X] = gT® ¢ Abxe.
The gauge-invariant dressed fields are

2.4)

A A I A A
Apa=UA U + EU(BMU_I)

1 — e—igady
—————(0u9),
dp "

iga
Ya=e ¥y, Ya =Pt
The explicit expression of A4 is obtained by means of (2.2)
and eXYe X = e2dxy,
It is easy to prove that the fields (2.5) are indeed gauge
invariant: 6o Ayd = SAYa = da¥a = 0. It is also possible

to prove (see appendix B) that they are unique, given the ¢
transformation law.

— e_igad(pAp, _

2.5)

It is also crucial to introduce an anticommuting partner
H = H®T* of ¢, transforming as
o _ pSRUG.A)

Sp?
The consistency of this transformation law can be readily
proved from its closure:

. Hb(SR"(qS, A)SRY(¢, X)
o sgb S¢¢

SaH (2.6)

[8a,8x1H

@ Springer

82R% (¢, X)
spbspc

oS (e SR, %)
=15 <R @ 0 —5 =

¢ SR (¢, N)
RO, 2 )
_ 3R, —iglA. B
_ o

+HR (¢, A) (A < %)

= S-igia.x H".
2.7)

We have used (2.6) in the first two lines, (2.4) in the third and
fourth lines and (2.6) again in the last step.

We have achieved what we wanted, that is to say, define
gauge-invariant dressings for quarks and gluons. However,
we have done it at the cost of introducing new fields: the cloud
field ¢ and its anticommuting partner H. The next problem
is to include the extra fields into the action, and ensure that:

(a) the extension does not change the fundamental physics;
(b) in particular, no unphysical degrees of freedom propa-
gate.

The field H plays a crucial role to achieve objective (a).
Specifically, we use it to endow the cloud sector with a certain
symmetry, which ensures that the correlation functions of
the undressed fields are unmodified (despite the presence of
nontrivial interactions between them and the extra fields),
and so are the S matrix amplitudes. Moreover, we render the
extra fields purely virtual, to ensure that requirement (b) is
manifestly fulfilled as well.

We also want to preserve locality, renormalizability and
unitarity, and do everything without affecting the usual struc-
ture of the perturbative expansion. In particular, the expan-
sion in powers of the gauge coupling g should coincide with
the expansion in the number of loops.

3 Batalin-Vilkovisky formalism and Zinn-Justin
master equation

In this section we recall the standard formalism to treat gauge
theories. In the next sections we generalize it to build the
cloud sector.

We start from the classical action

_ 1 -
Scl(A,w,x/f)=—Z/ zuF“““+fw(zy“Du—m)w
3.1

of a non-Abelian gauge theory with gauge group SU (N,),
coupled to matter. For concreteness, we assume that the mat-
ter sector is made of fermions ¥ in the fundamental rep-
resentation, D, = 0, — igA, ¥ being their covariant
derivative. The specific form of S| is not important for the
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formalism we are going to develop. However, (3.1) will be
used in the explicit computations of this paper. We do not
write the measure d”x of the spacetime integrals explicitly,
when no confusion can arise.

We introduce the set of fields % = (A, C, C, B, v, 1/_/),
where A, = T“Aj, are the gauge fields, C = C“T“ are the
Faddeev—Popov ghosts [33], B = B“T“ are the Nakanishi—
Lautrup Lagrange multipliers [34,35] and C = C¢T“ are
the antighosts. The superscript « collects all the indices. To
have control on the Ward-Takahashi—Slavnov—Taylor iden-
tities [36-39] to all orders in a compact form, we use the
Batalin—Vilkovisky formalism [40,41].

We couple sources K¢ = (KZ, Kc,Kg, Kp, Ky, KI/-/)
to the field transformations by means of the functional

Sk (@, K) = —f(DMC)aKg“‘ + % f fabectce ke
—ig/t}CK]/; —ig/K¢C1ﬂ

apa
_/BKC’

where D, C* = 9,,C* + gf“bcAZCc is the covariant deriva-
tive of C“. Precisely, the infinitesimal field transformations
are

(3.2)

S-Sk
SK«

SADY = 0(Sg, PY) = —0 , (3.3)

where A = 6C, 6 is a constant anticommuting (Grassmann)
variable and

& X §Y ) G.4)

& X §Y
(X,Y) = -
SPY K SK* §Pv

are the Batalin—Vilkovisky antiparentheses [40,41], the sub-
scripts r and / denoting the right and left derivatives, respec-
tively.

The closure of the algebra of transformations is encoded
into the identities
Sk, Sk) =0, (Sk,(Sk, X)) =0 (3.5)
for every X. The Jacobi identity satisfied by the antiparen-
theses [40,41] implies that the two properties just stated are
equivalent. The second one is called nilpotence relation.

The gauge-fixed action reads

Set(®) = Saa(A, ¥, ¥) + (Sk., W(®)), (3.6)

where W (®) is a certain functional that fixes the gauge, com-
monly known as “gauge fermion”. A typical form of W (®)
is

W (D) :/é“ (G”(A)—i— %B“), (3.7)

where G“(A) is the gauge-fixing function. For example, the
covariant gauge is the one with G“(A) = 9" A7, which gives

A _
(Sk. ) :/B“ (E)MAZ—I-EB“) —/C“G“DMC‘I -
1

o (3.8)

(8"4%)% — / C9" D, C,
where the arrow denotes the integration over B¢. The gauge-
fixed action then reads

1 _
Sei(®) = —3 / Fif 1 + / VGiy" Dy —myy
1

o) 3.9)

2 _

(9422 - / 49D, .
Other gauge choices will be considered in the paper.

To have control on the renormalization of the gauge trans-
formations, it is useful to include them as composite fields.
This is achieved by adding Sk to the gauge-fixed action and
working with the new action
S(®@, K) = Sgi(®) + Sk (@, K). (3.10)
The identities (3.5) imply that S(®, K) satisfies the Zinn—
Justin equation [42]
(8,8) =0, (3.11)
also known as master equation. Formula (3.11) collects the
gauge invariance of the classical action, the triviality of the
gauge-fixing sector, and the closure of the gauge algebra. The
Jacobi identity implies the nilpotence relation (S, (S, X)) =
0 for every X.

4 Cloud sector

In this section we define the cloud sector. The idea is to add
the cloud field ¢ to the action, but trivialize its presence, in
some sense, by means of a new symmetry (which we call
cloud symmetry), built with the anticommuting partner H,
so as to keep the correlation functions built without involving
the cloud sector and the S matrix elements unchanged.

The goal is achieved as follows. First, we introduce a new
set of fields ®* = (¢%, H?, He, E%) and the sources K% =
(IE' a g & K %, K %) coupled to their transformations, where
H can be understood as “cloud Faddeev—Popov ghosts”, E
are new Lagrange multipliers and H are the cloud antighosts.
Second, we extend the definition (3.4) of antiparentheses to
include the new sector:

5 X §Y 5 X §Y
(X, Y)= - +
§O* §K*  SK* §O*

5 X &Y 8 X 51Y)
§d Ko sKo §de )’

@ Springer
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Third, we collect the transformations of the old and new fields
into the functionals

~ SRY(p,C) -
Sk = SK—/R“(¢,C)K$+/H1’—$,, Lk,

Sc]:{loud — / H¢ ngab _ / E“ Ig?-_[’ Stot — Sgauge S[gloud7
4.1

where R4 (¢, C), defined in (2.3), is just another way to write
3c¢?. The first functional collects the gauge transformations
(2.3) and (2.6) of ¢ and H, while the second functional
encodes the cloud transformations, which are the most gen-
eral shifts of ¢ and H. For example, the total transformation
of ¢ is
SaH®" =0 (S ¢%) = —0H" + R (¢, A) = —H" + 829",
where H = 6 H can be viewed as an arbitrary function that
translates the cloud field ¢.

It is easy to check the identities

(Slg{auge, Slg(auge) _ (4.2)

(S;(loud, S%loud) =0
which express the closures of the algebras of the gauge and
cloud transformations. The first identity follows from (3.5),
(2.4 ) and (2.7).

We can also check the closure of the combined transfor-
mations, i.e.,

( tOt StOt) (SClOud SlgaUge) =0. (43)
The proof follows from
(S;(loud’ SiaUge)
/ (5,S;g°ud §SEUE 5,880ud g, S}gj‘“ge)
= = — = = O
SH' Ry oKL 8¢

The following identities also hold:
S?}auge = Sx — <Si{loud’ / Ra(¢, C)kltzl) ,
SC]Oud (S cloud / d) Ka / Ha Ka ) (44)

They show that the two functionals Siauge — Sk and S%lo“d
are “cohomologically exact” under the cloud symmetry, i.e.,
they have the form (S$°"¢, local functional).

4.1 The cloud and the total action
To specify the cloud we want to use, we add (S, ¥) to

the action, where \i/(fb, &J) is the “cloud fermion”. A typical
form of it is

U (P, D) = /F]“ (V“(¢,A)+%E“>, 4.5)

@ Springer

where V4(¢, A) denotes the “cloud-fixing function”, i.e., the
function that defines the cloud. We assume that V¢ is gauge
invariant,

(S8, vy =0, (SF",0) =0 (4.6)

In practice, V“(¢, A) depends on ¢ and A, only through
the dressed gauge field A,4. Sometimes, with an abuse of
notation, we just write V(A ,q). More generally, V¢ may
depend on the other dressed fields as well.

The gauge fermion (3.7) was implicitly assumed to be
cloud invariant, because it was built before adding the extra
sectors. This is an assumption we have to maintain after the
extension, and will be crucial for the construction of the cor-
relation functions of the dressed fields. In the end, the cloud-
fermion must be gauge invariant and the gauge-fermion must
be cloud invariant.

We find

tot \J,\ _ cloud 7\ __ a a E a
Sg .V =W V)= [ E V(¢,A)+2E

/ HI\— "~ V@, A) H".
S¢b
Note that the last term provides a sort of Faddeev-Popov
determinant for the cloud, which is crucial for the properties
that we want to prove.
The total action of the extended theory is then

4.7

Stot(P, K, ®, K) = Sa + (S W + W) + S (4.8)
and satisfies its own master equation
(Stots Stor) = 0. (4.9)

Note that Sy is separately gauge invariant and cloud invari-
ant, since Egs. (4.2), (4.3) and (4.6) imply
(SK"°. Sio) = (S, Sio) = 0. (4.10)
Finally, using (4.4) we can write

Siot(®, K, @, K) = S(®, K) + (55, @),

O=Vy —/R“(¢, C)K¢ — /¢“l€g

which shows that the difference between the total action and
the ordinary action S(®, K) of formula (3.10) is exact under
the cloud symmetry.

4.2 Covariant cloud and propagators

To make explicit calculations, we need to choose the could
function. There is a large arbitrariness in this choice. A con-
venient starting point is the covariant cloud

Vg, A) = 3" A%, .11
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Other choices will be considered later on.
Formula (4.7) then gives

(SIOI \ij) _ (Scloud ‘:1}) _ _L au.Aa 2
A wd
b

_ /(aﬂgb)(SA_“ng,

53 4.12)

after integrating E out. To the lowest order, (4.12) reads
- 1
(Sgowd b = ——~f (949 — Og“)°
2A
+/(8“1-_I”)(3,LH“) + O(g). (4.13)

Together with (3.9), this expression allows us to derive the
propagators in the covariant framework. We find

(A% (p) AP ()b = —pia—:,e (n,,w - %)
WP (—p)o = %

(A% (p)§ (—p))o = —(ij+—b’l’§)2

(¢“(P) " (—p))o = —’((;21—)")68)2]] (4.14)

plus the ghost propagators. With an abuse of notation, we use
the same symbols for the fields and their Fourier transforms,
since the meaning is clear from the context. For the moment,
we use the Feynman ie prescription for every pole. Later on
we switch to the purely virtual (fakeon) prescription for the
cloud poles.

The correlation functions of the dressed fields do not suf-
fer from infrared divergences (even without advocating the
properties of the dimensional regularization), although the
denominators of some propagators contain the square of p.
A quick way to prove this statement is by noting that there
exists a gauge choice (A = —A) where such problems are
manifestly absent. Indeed, the concerning denominators are
only those originated by (¢“(p) #?(—p))o, which vanishes
for A = —A. Since the dressed correlation functions are gauge
independent, they are also infrared finite. With more general
gauge choices (such as A # —2), the infrared divergences
cancel out among different diagrams contributing to the same
order.

5 Cloud independence of the ordinary correlation
functions

In this section and the next one we prove the cloud indepen-
dence of the non-cloud sector. We start by showing that the
ordinary correlation functions are unaffected by the clouds.

This also ensures that the renormalization of the fundamental
(i.e., non-cloud) sector of the theory is the same as usual.
The generating functional of the correlation functions is

Zw(J, K. ], K)
- /[dcbdé]exp (iStot(CD, K,®, K)

+if¢“f“+i/&>“i“>

and Wio(J, K, J, K) = —i In Zio(J, K, J, K) is the gener-
ating functional of the connected ones. The functional deriva-
tives of Zo or Wi with respect to the sources J¢, calculated
atJ = K = 0, are the ordinary correlation functions of the
elementary fields (and their transformations). They are col-
lected in

6.D

Ziot(J, K,0,0) = / [d<1>dci>]exp<iS(q>, K)
+i (S D) 4 / <I>“J°‘)
= /[d@]exp(iS(CD, K)

+i / CD"‘Ja) / [dd1ei K™Y (5.2)

We want to prove that this expression coincides with the
ordinary generating functional, thanks to the identity

/ [ddle! Sk — 1, (5.3)

Using (4.7) and integrating over the cloud ghosts and
antighosts, the left-hand side of (5.3) becomes

Y S sV
/[dqde]exp I/E \%4 +§E det|:8¢bi|'

Inserting

i
| = /[dQ]exp (J? /(Qa B Ea)z) ,

it also becomes

ik [opay2 . ~ sva
/[dqbdeE]e 310 exp (z/E“(V“—I—AQ“)) det[8¢b].

Integrating on the Lagrange multipliers £, we obtain a func-
tional § function, and conclude

_Q ay2 a ~ a (SV"
/[dQ]e 2 (0% /[d¢]3(v +i0 )det|:8¢bi|
= /[dQ]e—%ﬂQ“’z =1,

as desired.
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Note that the cloud Faddeev—Popov determinant is crucial
to trivialize the ¢ integral. Without it, the cloud sector would
affect the non-cloud one and change the fundamental theory.

6 Cloud independence of the S matrix amplitudes

Now we prove that the scattering amplitudes of the dressed
fields coincide with the usual scattering amplitudes (of
undressed fields). Specifically, the clouds have no effect on
shell, when the polarizations are attached to the amputated
external legs.

First, consider a generic theory of scalar fields ¢, described
by some classical action S(¢). If O(¢) denotes a composite
field that is at least quadratic in ¢, the connected two-point
function of ¢’ = ¢+O(¢) can be decomposed, in momentum
space, as

(@le) + (Ol ) (wlo) + (9le) { |O )+ (OO )

+(Ole ) (vlp) (910)
= [1+(0lp)] (ol0) + (01O ) .

(@'l =

6.1

Here and below, a vertical bar is used to separate the (elemen-
tary or composite) field of momentum p (to the left) from the
one of momentum — p (to the right). The symbol { - - - )) col-
lects the “nonamputable” diagrams, which are those that do
not contain propagators of momentum p. The first equality
of identity (6.1) can be easily proved diagrammatically.

Formula (6.1) shows that the location of the pole is the
same in (¢|@) and (¢’ |¢’). We write it as p? = mgh, where
mpp denotes the physical mass (possibly equipped with an
imaginary part, if the particle is unstable). On the other hand,
the residue at the pole may change. Precisely, we have

iz iz

(plo) ~ (') ~

pz—mph—i-le pz—mph—i-le

where Z is the usual normalization factor and

72 =7 [1+(01¢)]| o »

e
pr=mg,

is the new normalization factor.

Now, consider the correlation functions that contain more
than two ¢’ insertions. Singling out one insertion at a time,
the diagrammatics easily gives

[1+(Ole)] (ple) { prest ) +

where the nonamputation ( - - - )) only refers to the leg under
consideration. Thus, the identity

P oh
<1_[ a P / a)>
a=1 on-shell
P
<H - qo(pa)>
on-shell
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(¢ rest) = {(Orest),

(6.2)

holds, which proves that the S matrix amplitudes do not
change when we make a (perturbative) change of field vari-
ables from ¢ to ¢’.

Applying this result to the cloud extension of Yang—Mills
theory, we obtain, in momentum space

<1‘[k2 (ki) Aga (ki) ]_[usud(m(ﬁa mVia(pa)
i=1 a=1

j
H Va(gn) (b — m)”s;;d(‘]h)>
on-shell

b=1

n J
< K26l (k) Ay, (ki) [ | s, (pa) (P — i)Y (pa)

i=1 a=1

(6.3)

on-shell

J
[]v (qb><¢b—n~1)us,,(qb>> :
b=1

where p = y"p, and m denotes the physical mass. The
polarizations e (k) and us(p) satisty k,e"(k) = 0 and
(p — m)ug(p) = 0 and include the normalization factors
1/ /Z. The “dressed” polarizations eg (k) and usq(p) are the
same, apart from having normalization factors 1/ V7' By the
theorem proved in the previous section, the right-hand side
of (6.3) is cloud independent and coincides with the usual S
matrix amplitude.

Two differences between (6.2) and (6.3) deserve to be
singled out. Formulas (2.5) show that the expansion of A4
contains a linear contribution —d,,¢, besides A, itself, plus
nonlinear terms. Thus, A4 is not of the form ¢" = ¢+ O(g).
Nevertheless, the linear term —09,,¢ becomes ik, ¢ (k), after
the Fourier transform, and is killed by the polarization e* (k).
This means that sg (k)Apa(k) is of the required form, apart
from an unimportant normalization factor.

Second, we are not comparing correlation functions of the
same theory, as in (6.2). We are jumping from one theory (the
extended one, to which the left-hand side of (6.3) refers) to
another theory (the non extended one, to which the right-hand
side of (6.3) refers). This is possible, thanks to the result of
the previous section.

In the end, the product kzag (k)Apq (k) is gauge invariant
(and gauge independent, for the arguments we give below)
and its dressing is trivial:

lim K26 () (Aua®) ) = lim K26 (0 (Au (k) ).

The same result holds for the fermions and any other elemen-
tary fields, if present.

The identity (6.3) proves that the ordinary theory of scat-
tering can be rephrased as a theory of scattering of dressed
fields. We could even forget about the ordinary fields alto-
gether, and always work with dressed fields, which have the
advantage of being manifestly gauge invariant. In so doing,
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both gauge invariance and gauge independence become man-
ifest.

A straightforward consequence is that the usual S-matrix
amplitudes are gauge independent. With the usual methods,
the proof of this result is relatively simple in the Abelian case,
but more demanding in the non-Abelian one [43].

7 Dressed correlation functions

In this section we study the correlation functions of the
dressed fields. A way to deal with their insertions system-
atically is by coupling them to new sources and extending
the generating functionals again. We replace the action Sy
inside (5.1) by

S0 = St [ (U Aua+ Tuaba 4 Fadua) . D)
and denote the extended generating functionals by Z3' (J, K,
J,K,Jg) = exp(iWSN(J, K, J, K, Ja)). Note that the
extended action is gauge invariant, since (4.10) implies

(SF %, sxh = 0. (7.2)
The correlation functions of the dressed fields are the
functional derivatives with respect to the dressed sources

Ja= Uy Jya, Jya)-
7.1 Gauge independence

It is straightforward to prove that the dressed correla-
tion functions, collected in the functional Z'(Ja) =
exp(iWat(Ja)) = Z540,0,0,0, Jg), are gauge indepen-
dent.

Assume that the gauge fermion W depends on some gauge-
fixing parameter 1. A derivative with respect to A amounts
to an insertion of an S}"}auge—exact functional:

3
— W (Ja) = ((SF5 W) )k F—k—o (7.3)

aA

where W, = 0W/dA. We want to show that the right-hand
side of this identity vanishes.

Consider (V1) ;_x_ 7_g_, and perform a change of field
variables

SOY = O(SFE, 0%), 8P = H(SEE, DY),

in the functional integral that defines the numerator of
the average. Because of (7.2), which also implies (S}g(auge,
Sg‘g} k—f—o) = 0, everything is invariant, but W;. Thus,

0= {8Wa)j_k—j=k=0 = 9<(S;c’<augev V)) j—k—i=k =0’
(7.4)

as we wished to prove. Gauge independence will be verified
explicitly in the computations of the next sections. In Sect.
14 we prove that it survives the renormalization.

8 Gauge/cloud duality

In this section we prove a gauge/cloud duality, which relates

the gauge-trivial sector of the theory to the cloud sector.
We start by deriving the could transformation of the

dressed gauge field from (2.1) and (2.5). The result is

(S Auq) = (89U, Aq) = Dy (Ad) Ha, (8.1)

where D, (Aq) denotes the covariant derivative, evaluated on
the dressed field Aq. Instead,

i A A l A A
Hy = —E(Si(k’“d, O~ = gU(ngf’“d, Uh

—igad
= eg_—¢_1 H (8.2)
—igady
denotes the dressed cloud ghost H. In the last step of (8.2)
we have used (2.2) with X = ig¢. It is easy to check that
Hj is indeed gauge invariant, (Sf}auge, Hjy) = 0. We see that
the could transformation of A,q is analogous to the gauge
transformation of A, provided the dressed fields replace the
undressed ones. By inverting (8.2), we obtain

H = R(—¢, Hy). (8.3)

Similarly, when we work out the cloud transformation of
Hj, we find that it mimics the gauge transformation of C:

(5909 Hy) = ig HaHa. (8.4)

We can also introduce the dressed Faddeev-Popov ghosts

igad
Ca=R$C) =~ £3%

gl O O N G

which are clearly gauge invariant. Their cloud transforma-
tions read
(g™, € = (ST H) = (55", R (=9, Hy))

_ b SR (¢a, Ha)

q , (8.6)
Sok
having defined ¢g = —¢ and used (8.3).
Next, we consider the change of field variables
D, D — Dy, Dy (8.7)

from undressed fields to dressed fields, by means of the def-
initions (2.5), (8.2), (8.5) and ¢g = —¢, leaving all the
other fields unchanged: Cq=C,By =B, HH = H and
Eq = E. The transformations (8.7) are perturbatively local,
which means that when we use them as changes of field vari-
ables in the functional integral, the Jacobian determinant is
equal to one (using the dimensional regularization).
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To ensure that all the properties derived so far continue to
hold, we need to preserve the antiparentheses. We can achieve
this goal by embedding (8.7) into a canonical transformation

D, Cb, K, K — [OF N &)d, Kq, kd, (8.8)

of the Batalin-Vilkovisky type. Its generating functional is
F(©. 6. Ko Ko) = [ 0@ $)Ka+ [ Ga(0. )0,

Atthe practical level, the whole operation amounts to work
out the transformations of the dressed fields, which we have
already done, and couple them to the dressed sources. Using
(8.1), (8.4) and (8.6), we find

gauge >
S _/CgKgd—[Bngd,

Scloud

/ (DA Ho K + 5 / fH{H{K gy

_ig/lZ’deK&d_ig/KWde‘/fd

—/Egléﬂ_ _/Ra(qsd,Hd)Ing
/c”‘SR (¢a, Ha)
¢4

We see that (8.8) switches the gauge transformations and the
cloud transformations.

Similarly, it exchanges the roles of the gauge-fixing func-
tion G* and the cloud function V¢: G*(A(¢p, Aq)) <>
V4(Aq). An important caveat of such an exchange is that
it understands that the prescription adopted for the gauge-
trivial sector is exchanged with the prescription adopted for
the cloud sector.

For example, choosing the covariant gauge in (3.7) and
the covariant cloud in (4.5), we have

a
Keg-

3 . . iAo A
U= fcg (a#(UdA,mUd—1 + gUd(aMUd—‘))“ + 533) ,

- - by
b= /Hg (aﬂA;;d + EEQ‘) ,
where Ugq = exp(—igpq) = U-!

Collecting the various pieces together, the dual action
reads

1
S = =3 [ Fi(A0 P (40

(8.9)

+ f Va(iy" Dy(A 9) — m)g

+(S, W+ U + 52 (8.10)

Using the duality just proved, it is possible to simplify
the calculations of the correlation functions of the dressed
fields. Actually, if we choose a unique cloud for every inser-
tion (see next section for the generalization to multiclouds),
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the correlation functions of the dressed fields coincide with
the correlation functions of the undressed fields in a specific
gauge.

This property can be proved by applying the canonical
transformation (8.8) to the dressed correlation functions. The
result is an identical correlation function where the dressed
fields are replaced by the undressed ones, the gauge-fixing is
replaced by the cloud and the cloud is replaced by the gauge-
fixing. For example, if we use the covariant gauge (3.9) and
the covariant cloud function (4.11), we obtain

<Amd(x1> o Apd ) YaOn) - a(y) Yazn) - 1/_’d(Zj)>

=<A,“<x1)-~-Aun(xn)w(yl)~--w(yj)&(z1>~--zﬁ(zj)> )
A=A

(8.11)

This property will be verified in the computations of the next
sections. It ensures that the left-hand side (which does not
depend on A by gauge independence), can be worked out
by replacing A with X in the undressed correlation function
appearing on the right-hand side (which does not depend on
2 by cloud independence).

Typically, the left-hand side of (8.11) receives contribu-
tions from a huge number of diagrams. However, the identity
(8.11) implies that most contributions cancel out in the end.
For example, the two-point function of the dressed gauge
field amounts to just one diagram, if it is computed as the
right-hand side of (8.11), but tenths of diagrams if it is com-
puted as the left-hand side of (8.11).

9 Multiclouds

In this section we extend the formalism of the previous ones
by adding several copies of the could sector. This allows us
to dress each insertion, in a correlation function, with its own
cloud, independently of the clouds of the other insertions.

We introduce many cloud fields ¢i, where i labels the
copies, together with their anticommuting partners H' (the
cloud ghosts), the antighosts H' and the Lagrange multipliers
E!, collected in the list ®¥ = (qbi, H', H', E"). Then we
couple sources K% to their transformations, which include
the gauge transformations and the cloud transformations of
each copy. We collect them in the functionals

—Z[R“(W,C)kgi

SRU@ . C) -y
+Z/Hb A K¢,

loudi Lo~ o~
S(])(Oll 1 — /(Hngl _ EmK?—IZ),

gauge
SEEe — g
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Scloud

Z Scloudl

S}?t _ Siauge + S;{loud. ©.1)

Finally, we extend the definition (3.4) of antiparentheses to
include all the copies:

8- X &Y
(X,Y) = -
SO* §K«  SK« §Pv
85X 8;Y 85X 8;Y
* Z (aéwi SR §Kei s )} ' 62
l
It is easy to check that the identities (4.2) and (4.3) con-

tinue to hold. The total cloud fermion can be just the sum of
the cloud fermions of each copy. We take

- - . - _ N
U(, D) =Z\y,-, U, =/H“’ (v“' +31E“’>,
i

9.3)

8- X &Y

where V' are the gauge invariant cloud functions: (S}g(auge,

V) = 0. For simplicity, we also assume thateach V! depends
on the ith cloud field ¢’ only (besides A,), i.e., different
cloud sectors are not mixed by the cloud functions. It can
be proved that renormalization preserves the unmixing (see
Sect. 14).

The total action of the extended theory is still (4.8), and
satisfies (4.9) and (4.10). Moreover,

(Sudi g ) =0 9.4)

for every i.

We can always build gauge invariant functions with two
cloud fields, since the product U(q&j)lj*l (D) = ﬁjk is
gauge invariant for every j and k. We have no powerful con-
trol on how such functions propagate through the operations
we make, once they are turned on. The cloud unmixing just
mentioned is an important simplification, as long as we can
prove that it is not ruined by renormalization and our own
manipulations.

The correlation functions that do not contain insertions of
some cloud sector are independent of that sector. Indeed, the
proof of (5.3) can be repeated for every sector separately. The
multicloud propagators can be easily derived using this prop-
erty. Consider, for example, the case of two clouds. Denote
the cloud fields by ¢ and ¢2 and choose the cloud fermions
(4.5) with parameters A] s Az, and the covariant cloud func-
tions (4.11 ). Finally, choose the covariant gauge (3.8). Then,
the propagators ( 4.14) hold in each sector. In addition, we
have

1
-
irs

=t 9.5

(@'10%) = (F20'10") — %102 107

The identity (9.5) is easily proved from the sum

L (a“A“1 ——f 8”A ,
20

which shows that, at the quadratic level, the combination
¢' —¢? decouples from A 1 and from the combination Joo!+
A1¢2. This implies (¢! — ¢?| 120" + X1$2)o = 0. Note that
(9.5) may suggest that the cloud sectors mix. Nevertheless,
renormalization does not mix them, as shown in section 14.

The correlation functions of dressed fields can be studied
by means of the extension

S = S+ Y / (15“' Al + Ty + Inglj,d) . 9.6)
i

where A! 1/fé and 1&3 denote the dressed fields of the ith

pud?
cloud sector.

The gauge/cloud duality is less powerful in the presence
of many clouds. It can be used to eliminate one cloud, or a
combination of clouds, but not all of them. For example, a

correlation function

(AD - A G o) -

YD ey - wf{‘“”(z DI 9.7)

with different clouds for every field, can be converted into

(A DAL ) - A o) D () -

YD TS )y g T (25, 9.8)

by means of a canonical transformation of the form (8.8),
which turns the first dressed field into its undressed version.
The clouds of the other insertions are redefined as a con-
sequence. We have emphasized this by means of primes in
(9.8).

These operations preserve the unmixing, after further
redefinitions of the cloud fields themselves. Indeed, the trans-
formation (8.8) leads to

A(’)/

wd = i >1.

Un A0 + L0010, 071

i14,.4 g i\ Yir s
To restore the unmixing, after relabeling Aﬁg as Ay, it is
sufficient to define the new ith cloud field qblf (@i, d1),1 > 1,
s0 as to have U;; = exp(—ig®;).

The proof that the usual correlation functions are cloud
independent, given in Sect. 5, can be straightforwardly gen-
eralized to the multicloud case. Similarly, the proof of for-
mula (6.3), which states that the S matrix amplitudes coincide
with the usual ones, can be generalized to the case where each
insertion is dressed by means of its own, independent cloud.
Note that each insertion may require a different normaliza-
tion factor 1/ NG depending on the cloud.
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10 Absorptive parts

In this section we define the absorptive parts of the off-shell
correlation functions that contain insertions of dressed fields,
and study their properties.

If S = 1 +iT denotes the S matrix, the (amputated, con-
nected) diagrams give iT and the amplitudes are 7. If the
unitarity equation SST = 1 holds, it implies —2Re[iT] =
TT" > 0. A virtue of the identity —2Re[iT] = TT", known
as optical theorem, is that it holds diagram by diagram (which
means: if we replace i T by any diagram we want, and 77"
by a suitable sum of “cut diagrams”, built with “cut prop-
agators”, the usual vertices and their complex conjugates
[20-25]). It also holds without putting the external legs on
shell. Moreover, as shown in ref. [1], it splits into many inde-
pendent, purely algebraic spectral optical identities, because
different thresholds do not talk to one another.

It also holds with non amputated diagrams. To see this,
it is sufficient to attach fictitious vertices to the legs that we
do not want to amputate. At the practical level, this amounts
to multiplying each of them by a factor —i. The identity
—2Re[iT] = TT" also holds with insertions of local com-
posite fields (which can be attached to other fictitious vertices
— for this reason, each of them brings a further factor —i).
Combining elementary and composite fields, the identity also
holds with insertions of dressed fields (each of which must
be multiplied by —i).

We define the absorptive part of an off-shell correlation
function, with or without insertions of dressed fields, as
minus twice the real part of its amputated version, multi-
plied by the polarizations and the normalization factors ~/Z
of the external states. It is expected to be nonnegative if the
unitarity equation SST = 1 holds, by the arguments given
above. In our calculations, the factors /'Z can be set to one,
since the absorptive parts we are going to compute vanish at
the tree level. Note that more polarizations may be allowed
off shell than on shell.

The extended action Sgi' is local and Hermitian. How-
ever, formula (4.13) shows that the cloud fields ¢i (which
are dimensionless) do not have ordinary kinetic terms, but
higher-derivative ones. For this reason, unitarity and the dia-
grammatic optical theorem are guaranteed to hold only if we
use the fakeon prescription and projection for the cloud fields
(see below). If not, we expect to find unphysical absorptive
parts. The results of our computations confirm these claims.

11 Dressed fermion self-energy
In this section and the next two we illustrate the properties
proved so far in explicit calculations. We concentrate on the

two-point functions of the gauge fields and the fermions to
order g2, which means one loop. For simplicity, we use the
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same cloud for all the insertions. We compare several types
of clouds, gauge-fixings and prescriptions.

The four-leg vertices, which are multiplied by g2, con-
tribute only to tadpoles, which vanish using the dimensional
regularization. Ignoring them, it is sufficient to expand the
dressed fields (2.5) and the cloud action to order g. We find

A/td = A/t - au¢ - %[fbv ZA/L - a/L¢]
+0(g), Va=1v —igdy +0O(g).

For the moment, we concentrate on the covariant clouds and
the covariant gauge-fixings, and use the Feynman i€ pre-
scription everywhere. The cloud action (4.12) reads

- 1
(SCIOUd’ ‘-I]) = ——
K 2%

e [ (oo Y~ D09) x

(o a5~ )’

PP (24 — 8,0 + / (0" H) (9, H")
=S [ [@ang —20m A A,

—3,@”)] HE + O(g?). (11.1)

The two-point function of the dressed gauge fields is cal-
culated in section 13. Here we concentrate on the two-point
function of the dressed fermion, which reads

(WalPa) = (W 1) — igldw |V) +ig(w |Fe)
2
+¢% oY |Tg) — %<¢2w|&>

2
~SW1ve) + 0. (11.2)
The diagrams contributing to the right-hand side of (11.2)
are shown in Fig. 1.

We restrict to the massless limit, which makes the formulas
more explicit.

The last two diagrams of Fig. 1 are tadpoles, which vanish
using the dimensional regularization. We have included them
just to show that (14|q4) in not plagued by infrared prob-
lems, no matter what regularization we use. The reason is that
the denominators ~ 1/(p?)? (which give potential infrared
divergences with a generic regularization technique) cancel
out among the last three diagrams. Their cancellation can be
verified by taking the loop momentum to zero. In that limit,
a fermion propagator iy* p, /( p? + i€) factors out and all
the diagrams become identical tadpoles. Since last two are
multiplied by —g2/2, while the third to last one is multiplied
by g2, the total vanishes. We have not included other tadpole
diagrams, because they vanish identically (they factorize the
trace of T or a contraction like f%*?).
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Fig. 1 Two-point function of
the dressed fermion to order g2.
The dashed line denotes the
cloud field ¢

T RE T

+

The second diagram is the ordinary fermion self-energy.
Added to the tree propagator, it gives

S iytpu EAN—1 5 o p
wiv) = p?+ie |: 872¢ 2N, (=p7—ie)
+0(g". (11.3)

where ¢ =4 — D and D is the continued spacetime dimen-
sion. The remaining diagrams of Fig. 1 give

iy*pu gZ(A — 1) N3 -1
p?+ie 8m2e 2N,

(—p* —ie)* + 0",
(11.4)

so in total we get

S iy pu
Walda) = 5= [1

27 A2
g h N —1 2 \—g/2
8w2e 2N, (=p" i)

+0(g"h. (11.5)

The dependence on the gauge-fixing parameter A has disap-
peared, as expected. Nevertheless, the result depends on the
choice of the cloud, through the parameter A.

We see that

(YalWa) = (W 1¥), 5.

in agreement with (8.11).

The renormalization of (14| q) requires the counterterm
g2 N2 -1 7o,

872¢ 2N, Vi e v

(11.6)

However, there is no need to insert it explicitly into the action
S of (7.1). As the nonlocal nature of (11.6) suggests, (11.6)
is generated automatically by the Legendre transform that
relates the generating functional I'2X' of the one-particle irre-
ducible diagrams to the generating functional W' of the
connected Green functions.

After renormalization, we take ¢ to zero and find

(YalVa) R

jy 2% N2-1
= Py 8 T T g p? —ie)
pr+ie 4m)2 2N,
+0(g". (11.7)

Now we extract the absorptive part of this expression.
Since we have prescribed every field a la Feynman, the argu-
ments of the previous section alert us that the result might be
unphysical.

Recall that we are working in the massless limit. We study
the sign of the absorptive part by summing on the external
polarization states u;. We use the identity > sUsitg = y¥py
without assuming p?> = 0, because we stay off shell. This
amounts to choosing the states u; = \/E(O, 1,0
(with 1 in position s and zeros elsewhere) and the basis y* =
(0, 0™y, (a*,0), o* = (1,0), c* = (1, —0), where ’
denotes the transpose, po > 0and s = 1, 2, 3, 4. Then, the
absorptive part of (Vq|¥q) g is

Abso[(Ya|¥a)r]
= —2Re Z iy (—iy" pu)(Walva) r(—iy” pv)ug

g? A N? —1

2 2 4
- 6 O@g™h.
3 2N, pe(p7)+ 0"

(11.8)
A factor 4 comes from the spinor trace.

We see that the sign of (11.8) is positive or negative,
depending on the sign of the cloud parameter A. As already
remarked, the could field ¢ has higher-derivative kinetic
terms. Thus, if we quantize it by means of the Feynman pre-
scription, as we have done so far, it can propagate ghosts and
violate the optical theorem.

We need to pay more attention to the clouds we choose,
otherwise they can inject unphysical degrees of freedom into
the theory and make the computations of the dressed corre-
lation functions uninteresting.

12 Purely virtual clouds

The clouds we have been using so far are physically unaccept-
able, because they add degrees of freedom that do not belong
to the fundamental theory. A way to preserve the content of
the fundamental theory is to switch to purely virtual clouds.
This way, we can use the correlation functions of the dressed
fields as tools to extract the physical content of the off-shell
correlation functions of the fundamental fields.

For a clearer understanding of what is going on, it may be
helpful to introduce the special gauge of Ref. [44], which is
defined by the gauge function G*(A) = A99A% + V- A% in
(3.7), where A* = (A% A%). The gauge fermion reads
U(d) = f Cce ()\aoAOH +V- A+ %B”) . (12.1)

For a more direct gauge/cloud duality and a convenient
switch back and forth between the gauge-trivial sector and
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the cloud sector, we mimic the special gauge into a “spe-
cial cloud”, by choosing the cloud function V¢(A, ¢) =
1o Ag“ + V - A4, instead of (4.11). Then the cloud fermion
(4.5) reads

L _ - A
U (d, D) = /H“ (xaoAga +V-AS+ EE“) . (122

With these choices the propagators of the gauge fields
and the cloud field become, after integrating the Lagrange
multipliers B and E out,

ag by B8P iaseplpd
(A (p) A7 (=p)o Zrie TG )
-(Sab
(A% (p) A% (= p))o = ———,
p-p
8 (LE, A
(A (p)g? (= p)o = — o PEAB)
(p-p)p-p)
i59b () + X
@ ()@ (—p)yy = — o E R (123)
(p-p)p-p)

together with (A (p) A% (—p))o = 0, where [T = §'/ —

(P'pl/pH, p* = (°. p') = (E,p), p* = G.E,p) and
p* = (LE, p). The ghost propagators are

_ 'Sab ~ .Sab
CPE =2 HGH o=

We have left the denominators 1/(p - p) and 1/(p - p)
unprescribed. The former belong to the gauge-trivial sector,
while the latter belong to the cloud sector. Obviously, the
poles 1/p? belong to the physical sector. The virtue of the
special gauge, combined with the special cloud, is that it
keeps the three sectors distinct throughout the calculations
(at generic A and 5»). The distinction also holds through the
threshold decomposition of [1], which is crucial to define the
diagrammatics of purely virtual particles. Specifically, the
physical thresholds, which are those originated solely by the
physical poles 1/p2, are kept distinct from the unphysical
thresholds, which are those that receive any contributions
from the poles 1/(p - p) and 1/(p - p). Also note that at
generic A and A there are no double poles (which is what
makes the special gauge “special” [44]).

Since the physical quantities are gauge independent, it
does not matter which prescription (e.g., Feynman i€, or
purely virtual) we use for the poles 1/(p - p) of the gauge-
trivial sector, as long as they are all prescribed the same way.
The poles 1/(p - p) belonging to the cloud sector, instead,
should be quantized as purely virtual, according to the rules
of [1].

Practically, this means that we start with the Feynman pre-
scription everywhere, as we would normally do, then make
the threshold decomposition of Ref. [1], and finally drop
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every A-dependent threshold. These operations render the
whole cloud sector purely virtual.

For a variety of applications (and to have a more direct
gauge/cloud match), it may be convenient to work with a
purely virtual gauge-trivial sector as well. To do so, it is
sufficient to adopt the fakeon prescription for the poles 1/(p-
p) as well. This option was introduced in [45] to provide a
more direct proof of unitarity in gauge theories.

At the end, we just drop all the A, A-dependent thresholds
that we find in the decomposition of Ref. [1], and keep only
the physical ones. What we obtain is a powerful physical
gauge.

12.1 Dressed fermion self-energy, again

We use the framework just defined to calculate the dressed
fermion self-energy anew. For simplicity, we calculate it at
rest, and assume A > 0, A > 0. First, we use the Feynman
prescription for every pole. Then, we describe what changes
when we use purely virtual clouds.

The undressed two-point function turns out to be

. jyh 2(1 — /A 421
<1/f|w)—lyp“[1—g( Vi+21)

PP e 872e(1 + V2
NZ -1
2N,
instead of (11.3). The other diagrams of Fig. 1 give

ivtpu SRV =VE-Vi- Vi)

(—p* - ie)s/z] +0(g"h, (12.4)

p* +ie 4r2e(1 + V) (1 +V7)
NE—1 2 i N—e/2 4
N (=p”—ie) "+ 0(g"),

instead of (11.4). In total we get

(Yal¥a) =

iy, [1 CPU Vi NI -1
p*+ie gn2e(l+v7) 2Ne

(—p* — ie)‘g/z} +0@hH = W), ;.

in agreement with formula (8.11). Note that although formula
(8.11) was derived in the covariant gauge and with a covariant
cloud, it also applies to the present calculation, because the
exchange GY(A) < V9% (¢, A) still amounts to A < X, for
the choices of gauge-fixing and cloud that we have made.

Now we switch to purely virtual clouds, using the fakeon
prescription for the poles 1/(p - p) of (12.3). The imaginary
part of (¥q|V¥ ) remains the same, so we can focus on the
absorptive part

Abso[ (¥d | V) & ]
= —2Re Z ity (—iy" pu)(Walva) R (—iy"’ po)us
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= 2p*ReTrly" pyu(¥a | ¥a) &1, (12.5)

which is the one affected by the prescription. By definition,
all the contributions to (12.5) coming from the A-dependent
thresholds drop out, due to the fakeon prescription for the
poles 1/(p - p). The contributions of the A-dependent thresh-
olds compensate one another, so we can use the prescription
we want for the poles 1/(p - p). Choosing the fakeon pre-
scription for them as well, we see that the absorptive part
of (4|¥q) comes from the sole second diagram of Fig. 1,
which is the usual self-energy diagram, provided we restrict
the gauge-field propagator (12.3 ) to its physical part

sabsttsvInii
b . i
(A (p)AY (—P))Ophys = IW (12.6)
which is the one obtained by dropping the poles 1/(p - p)
and 1/(p - p) in (12.3). Finally, the absorptive part does not
need renormalization. The final result is

&

Abso[ (V| Va) r] = . pro(p?). (12.7)

As desired, it is gauge independent, cloud independent
and positive. Ultimately, this is the physical content of the
fermion two-point function at one loop.

The calculation has been done for fermions at rest. The
general, off-shell result is not Lorentz invariant. The reason
is that, in order to compensate for the gauge dependence of
the undressed fermion v, the cloud must be built with the
longitudinal and temporal components of the gauge fields.
The very definition of such components requires to specify
a Lorentz frame. If we want, we can even choose different
Lorentz frames for each cloud and for the gauge-fixing.

The cloud Faddeev—Popov determinant did not contribute
so far. It contributes to (4|yq) starting from two loops. It
also contributes to the one-loop two-point function (Aq|Aq)
of the dressed gauge fields (see below). Clearly, it is crucial
for the gauge/cloud duality.

Sometimes, it may be convenient to simplify the calcula-
tions by choosing » = A = 1. In that case, the propagators
(12.3) become

i b, B isabnij i8abpipj
(Al%(p)ATP( P))o—p2+l.6 eyl
'sab
(A%(p) A% (—p))o = — |
V2t
S“bp”'
A/,Ll/l b _ - _ ,
(A" (p)$® (= p))o ol
(@*(P)d"(—=p))o = — 200 (12.8)
u PIo=="pm| '

where the subscript “f” denotes the fakeon prescription. The
various types of thresholds (physical, gauge or cloud) are not

manifestly distinct at A = o= 1, so we have to keep track
of their origins in different ways.

Note that (12.8) involves square denominators like 1 /(p
Their fakeon prescription in a diagram G is defined as fol-

lows:
G ! li G !

[l = - gl )

Power counting is straightforward with both the covari-
ant and special gauge and clouds. It may not work equally
well with other choices of gauges and clouds. An example
is the Coulomb gauge, which can be obtained from the spe-
cial gauge by letting A tend to zero. Similarly, the “Coulomb
cloud” can be obtained by letting A tend to zero in the special
cloud. In those limits, the integrals on the loop energies and
the integrals on the space components of the loop momenta
obey different power counting rules.

No particular prescription in needed to treat the Coulomb
poles 1/p?. They are purely virtual by accident, in some
sense. Furthermore, formula (8.11) shows that the correlation
functions of the dressed fields at A = 0 coincide with those
of the undressed fields in the Coulomb gauge. The absorptive
part at rest clearly coincides with (12.7), because it is cloud
independent.

2)2-

13 Dressed gauge-field two-point function

In this section we study the dressed gauge-field two-point
function at one loop, sticking to pure Yang—Mills theory for
simplicity. As before, we start from the covariant gauge and
the covariant cloud, with the Feynman prescription every-
where. At a second stage we switch to purely virtual clouds.

First, we verify that the ordinary two-point function
(A} Aﬁ) is cloud independent, to check the results of Sect.
5. The diagrams contributing to (Aj, | Aﬁ) are too many to be
listed here and include loops of cloud ghosts H-H . Collect-
ing everything together and subtracting the divergent part,
the result is the same as usual, i.e.,

(AP A one-toop
_ ig?Ne(13 —3))

ab, 2
6(47)%(p?)? o

prn — p*p”) In(—p? —ie).
(13.1)

As expected, the dependence on the cloud parameter A dis-
appears and the gauge dependence remains.

Next, we compute the two-point function (Af‘m | Agv) of
the dressed gauge fields, still in the covariant gauge. The
number of diagrams is even larger, but the final result is
extremely simple and coincides with (13.1), apart from the
replacement A — A, in agreement with the general property
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(8.11):

<Aga | A3b>one—loop
) >
== 4§ w— pPpYYIn(—p° — .
6@m)2 (P22 (p™n p"p’)In(—=p” —ie)

As in the case of the fermion self-energy, the absorptive part,

Abso [ (A4 AP) | = ~2Re [ip?) (A4 143 ip?)]

gZN.(13 — 3%)

— Sab 2 v
48 P

—ptp")0(p?),

is not physical, because the cloud is not physical.
Switching to purely virtual clouds, the imaginary part does
not change. To work out the real part, we just need to compute
one diagram, i.e., the self-energy diagram where physical
gauge fields circulate with the propagator (12.6). Note that
we do not need to use the vertex AA¢, because it involves
at least one divergence 9" A,,, by formula (11.1). We obtain,
for p'* = (p°. 0),
2N sabsii

ia ib, _ 8°N:S 2002
Abso[(Ay' () Ay (=p))] = Sy — 0(p°),

Abso[{AY (p) AY” (= p))1 = Abso[(A} (p) AL (—p))1 = 0.

The results are again gauge independent, cloud independent
and nonnegative.

14 Renormalization

In this section we study the renormalization of the extended
theory. We show that everything goes through in the usual
way (by means of renormalization constants for the cou-
plings, the masses, the fields and the sources) apart from non-
polynomial, nonderivative redefinitions of the cloud fields
and their anticommuting partners into functions of them-
selves, with no mixings among different cloud sectors.

14.1 Master equations

First, the master equation (4.9) implies an analogous master
equation

(T'tot> T'to) =0 (14.1)

for the generating functional 'y = Wi (J, J,K, K ) —
[@%Jy — 3 [ ®%Ji of the connected, one-particle irre-
ducible (1PI) Green functions, where ®% = §, Wiy /8J%,
DY = 8§, Wior/8J*. The proof follows from a change of
field variables

D% — Y +O(Sior, DY), DY — DY 4 O(Spor, D),
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in the functional integral (5.1) that defines Zo; = exp(i Wior).
Only the source terms [ ®J + [ ®J contribute, giving

/((Smt, DY) J* + Z/“Swv Py J =0,

which can easily be rewritten as (14.1). When (4.9) does not
hold, the same argument gives (I'tor, I tot) = ((Stot, Stot))-

Second, the ith cloud invariance of the total action Si,
i.e., the identity (S$°UY7 Si,) = 0 of (9.4), implies the ith
cloud invariance

(9 Tyo) = 0 (14.2)

of the I' functional. The proof follows from the change of
field variables

PY — PY d“)ozi N C'I“Doti —i—@(S?(lOUdi &)Oti)

Y — % fori # j, (14.3)

in Zo. Both the source terms and the action S;¢ contribute
now, giving

loudi
</ T 5’§‘°-‘> = [esiim, @y e
SKei 5

which can be rewritten as (14.2), after using (S%l"uCl L Sio) =
0 in the left-hand side.

14.2 Renormalization algorithm

Proceeding inductively, we denote the order of the loop
expansion by the power of /i (although 7 is set to one every-
where else in this paper). We assume that we have renormal-
ized the theory up to n loops. We denote the so-renormalized
action by S, (ot and the I' functional associated with it by
Iy tor- We also assume that S, ¢ has the form S, (o = Siot+
divergent counterterms (in some subtraction scheme) and sat-
isfies

(Sn tot> Sn tot) = O(Flnﬂ), (S%IOUdis ntot) = 0.

The inductive assumptions are clearly satisfied at order zero.

The locality of counterterms ensures, as usual, that the
order (n 4+ 1) divergent part F,E"tj;tlgiv of I'y ot 1S local.
By the argument above, the effective action I}, (¢ satis-

fies (Cntots Tnto) = ((Sntots Sntot)) = (Sntots Sntot) +
O(h"*2). The (n + 1)-th order divergent part of this equation

gives

2(Siot T Y = (S tots S tor) + O +2),

n tot div
having noted that (S ot, Sy tor) 1S divergent. Defining
F (l’l +1 )

Sn+l tot = Sn tot — n tot div

= Siot + divergent counterterms, (14.4)
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we have

(St tot> Sutt tot) = (S tots Suto) — 2(Sntor, TV D)
+0(h}1+2) — O(hl’l+2)

Moreover, (S%loudi, Sy tor) = 0 implies (S%l"“di, Thiot) =0
and its (n+1)-th order divergent part gives (S?{k’“di ,T ,(l”t:)’tl;iv)
= 0, which in turn implies (S$°"Y, S,,41 o) = 0. Finally, by
(14.4) T 41 1ot 1S convergent up to the order n + 1 included.
Thus, the inductive assumptions are fully replicated to that
order. This allows us to take the argument to n — oo, where
we obtain the renormalized action Sgiot = Soo tot, and con-
clude that it satisfies the renormalized master equations

(Srtots Srtot) = 0, (LU Spor) = 0. (14.5)

14.3 Renormalized action

Now we characterize Sg o more precisely. Besides the usual
ghost number, we introduce “cloud numbers” for each cloud.
The usual ghost number is equal to 1 for C, minus 1 for C,
Kp, Kf;, Ky, KJ,, I%; and I%;{, minus 2 for K¢, and 0 for
every other field and source. The ith cloud number is equal
to one for H', minus one for H', I%’H and Igjl- and zero in
all the other cases.

Every term of the action Sy is neutral with respect to the
ghost and cloud numbers just defined, with the exception of
the source terms f H'K (; Since, however, such terms cannot
be used in nontrivial 1PI diagrams, all the counterterms are
neutral. Thus, each cloud number is separately conserved by
the 1PI diagrams beyond the tree level.

By power counting, the counterterms can be at most linear
in the sources. Indeed, the dimensions of K é) K }1 K ;q K 1’5
are 3, 2, 2 and 1, respectively, but K jf never appears, K ;q
appears trivially and does not participate in the counterterms,
while a bilinear in K }{ is prohibited by the conservation of
the ith cloud number.

We recall that the cloud symmetry generated by S%lou‘i
collects the most general shifts of the cloud fields ¢', com-
bined with analogous shifts of A’ and the sources K }{ and
K g A general theorem (which is easily proved by switch-
ing to the language of differential forms — see, for example,
the appendix of [46]) ensures that a local functional X that
is closed with respect to a symmetry of this type (i.e., such
that (S%l"“d, X) = 0) is the sum of an exact local functional
(i.e., a functional of the form (S’ ﬁ(loud, Y), for some other local
functional Y) plus a local functional that is independent on
the shifted fields, as well as their shifts.

Since Sgio satisfies the second Eq. (14.5) for every i,
hence (S%l"“d, Sriot) = 0, it can be written as the sum

Sriot = Sk + (S$, Tg) + s5oud (14.6)

of a local functional Sk that does not depend on the cloud
fields and the cloud sources, plus a cloud exact functional,
where Yg is local. We have separated S%loud from the rest,
because S ?(loud is nonrenormalized, due to its triviality.

14.4 Cloud independence through renormalization

Now we prove that the functional Sg coincides with the usual
renormalized action. To achieve this goal, we need to show
that the cloud independence theorem of Sect. 5 safely goes
through the renormalization algorithm. The proof given in
Sect. 5, which relies on the specific forms of the action and
the cloud fermions used there, needs to be upgraded in a
nontrivial way.
Since every renormalized action S, (o, as well as the func-
tionals T 1. satisfy (S 80| S, o) = (Scloud P FD
n tot div K K n tot div
0, the argument used for (14.6) allows us to write them as

Satort = Sp + (S99, 1) + Sgloud,
F(”"rl) — F(’H'l) + (Scloud’ R(n+1)),

n tot div n div K n div

(14.7)

where S,, and F,E"(;i“vl) are independent of the cloud fields i
and the cloud sources K%',

Assume, by induction, that S, is cloud independent (that
is to say, independent of the cloud parameters ). Let
Zaot(J, K, J, K ) denote the generating functional associ-
ated with the action S, or. At J = K = Oitreads

Znot(J, K, 0,0)

:/[dnbdé]exp (iSn(CD, K)+i(57‘<‘°“d,?n)+if¢“1a)

:/[ddD]exp (is,,(cb, K)+i/¢“Ja)/[d&>]ef<573°“d’?'l>,
(14.8)

where Y,, denotes Y, at K = 0. The cloud sector does not
contribute, because

/ [dd]e! k™ T = 1. (14.9)

This identity can be proved as follows. The left-hand side is
in principle a functional of the fields ® and the sources K,
since Y, may depend on them. To show that it is actually a
constant, we consider arbitrary infinitesimal variations of &
and K. If 8§, denotes the variation of Y,, due to them, the
variation of the integral is

af[d&)]ei(si(loud,i‘n) —i /[d&)](S%lOUd, 8?;1)ei(S20Ud*?’l),
(14.10)

Performing the change of field variables ®¢ — &% +
6 (S%l"“d, ®%) in the integral

f[d&)] S?R ei (Sﬁ(lol-ld,’?n) )
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we obtain
/ [dB]5T, e (K™ T
= /[dé] [(ﬁn +9(S§<'°“d,5h)] e SKNT - (14.11)

We have used the fact that (S%loud, Y,) is independent
of the sources K, so (S?(loud, Y, — (S%loud, Y, +
o(Sgoud, (s9oud ) = (590 7,). The equality (14.11)
shows that the right-hand side of (14.10) vanishes, as we
wished to prove.

Thus, all the connected correlation functions of the
undressed fields, which are collected in W,o:(J, K, 0, 0),
coincide with the usual ones, even at the renormalized level.
Not only, we can also show that the 1PI correlation func-
tions of the undressed fields, collected in 'y, (P, K, 0, 0),
coincide with the usual ones. Indeed, it is easy to see, using
the second equation of (14.7), that setting ® = 0 is equiv-
alent to setting J° = 0 in all cases apart from J ]’3 The
proof given above also works if we keep the sources flls arbi-
trary, since Y, [ E'JL = (S¢S, [ HJL): the deriva-
tion can be repeated with Y, - Y, + Zi f Hifé. Thus,
even Wy ot(J, K, 6 0) coincides with the usual one, where 0
means that all the sources J! are set to zero but J]’s Actually,
Wit (J, K, 6, 0) does not even depend on J 1’5 These facts
imply that [, 0(P, K, 0, 0) coincides with the usual non-
cloud one, and so does F,(l"(;irvl). In particular, F,(,";irvl ) is cloud
independent. Then, (14.4) shows that S,,41, inside S,+41 tot,
is cloud independent. Finally, we can take n to infinity, and
infer that Sg is cloud independent and coincides with the
usual renormalized action.

We have thus achieved a neat separation between the fun-
damental theory and the cloud sectors, and ensured that the
separation is compatible with renormalization. We recall that
Sr is determined by gauge-independent renormalization con-
stants Z, and Z,, for the coupling g and the fermion mass
m, respectively, plus a generically gauge-dependent canoni-
cal transformation that incorporates the wave-function renor-
malization constants of the fields ® and the sources K.

The arguments of this subsection can be specialized to
every cloud, to prove that the ith cloud parameters A; do not
propagate to the other cloud sectors.

14.5 Renormalized clouds
Now we analyze the functional Yg. Separating the source-

independent part W of Y from the source-dependent part,
we can write

(SR Tr) = (SR W) + ) / (CIS PRy
i

+COHP $U () K T, (14.12)
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for some functions S (¢) and $9°¢i(¢), which encode
the gauge transformations of the cloud fields and the cloud
ghosts. The structures of the last two terms are determined by
the conservations of the ghost and cloud numbers, as well as
power counting and cloud exactness. These same properties
exclude any other source-dependent terms.

The functions S (¢) and S%°°! (¢) are not independent,
since by cloud exactness it must be possible to collect the
last two terms of (14.12) into

(S%loud, Z/Casahi((ﬁ)k;)]i) .

Moreover, each function S% (¢) can depend only on the ith
cloud field ¢', because otherwise (14.13) is not neutral with
respect to each cloud number separately. Thus, from now on
we write S%07 (¢1).

Consider (Sf(l"“d, \iJR). The gauge and cloud conditions
we have used in this paper, which are (3.8), (4.11 ), (12.1)
and (12.2), ensure that the counterterms can depend on C,
H' and E' only through the derivatives BMC‘, Bﬂf_li, M E'.
Moreover, they cannot depend on B. We want to show that
the renormalized gauge fermion Wx has the form

~ A A
\PR=Z/HGI (Vgl(A,Qsl)—i_?Eal)

for some local functions Vgi that depend only on the ith
cloud fields ¢’ . First, note that a term proportional to C can-
not appear in W, because its antiparenthesis with § Igl"”d
would have dimension greater than four, or not be neutral
with respect to the ghost and cloud numbers.

Second, the coefficient of H% in ‘i’R has dimension 2. It
cannot contain B, because B appears trivially in the action.
It cannot depend on C and C either, because (S ,?10“‘1, \TJR)
would contain a term ~ ECC, which cannot be generated,
since E and C can appear only through their derivatives.
For the same reason, the terms ~ H E of V7 R are nonrenor-
malized, because any corrections would bring counterterms
~ E%in (S, Qp).

Thus, g can only contain the gauge fields and the cloud
fields in the way we have shown in (14.14). Moreover, the
functions Vlgi can only depend on the ith cloud field ¢',
otherwise (S%lo"d, Wx) would violate the ith cloud number
conservation. This proves that there are no mixings among
different cloud sectors.

Finally, the renormalized action reads

(14.13)

(14.14)

) _ . A VR
loud i
SRtot = Sk + E (S%ou ‘L / H <V16€”(A’¢l) + 2Eal)

1

+/CaSabl(¢l)I€Z> _’_Si(]OUd’ (1415)
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It may also be convenient to organize it as

Skiot = Sriow0 + Sg 5 + SF, (14.16)
where Sgiot0 = Sriotlg_g_o- The renormalized gauge

transformations are encoded in SiauRge. Separating the various
contributions according to their dependences on the sources
K and K, the master equations (14.5) imply

auge 1
(SR + SR, Skiot0) = 0.
SRR+ 50 ST 4 51 =0
loudi loudi auge loud
(SF™Y, SRio0) = (S, SEg- + g™ =0,
which immediately give

gauge Joudi
(S .k > SRi0t0) = (S™", Sreot0) = 0,

(SERS SERD) = (Sgondi, sE%) = 0. (14.17)
Combined, the two sets of equations imply (Slgél}fe, SRiot) =

0, which was not obvious from (14.5 ). The left equations
ensure that Sgo is gauge and cloud invariant. In particu-
lar, all the functions Vl‘e‘i of (14.15) must be gauge invariant,
by the gauge invariance of the terms E% Vl‘é" contained in
( S?{loud’ Ug). ‘

The functions $?% (¢') are further constrained by the clo-
sure of the renormalized gauge transformations. Apart from
that, they are arbitrary. Indeed, it is always possible to make
nontrivial redefinitions that send each ¢’ into a function
of itself. Then, for consistency, each H ! must be sent into
H' times a suitable function of ¢'. Since the fields ¢ are
dimensionless, renormalization can activate nonpolynomial,
nonderivative redefinitions of this type. By the second equa-
tion of (C.8), these redefinitions can depend on the gauge-
fixing parameters and the ith cloud parameters, but not on
the parameters of the other clouds.

14.6 Renormalized dressed fields

Using the renormalized gauge transformations, which are
encoded in the functional S iztl;ege, we can build the renormal-
ized, gauge invariant dressed fields A, qg, Yar and &dR. By
the result of appendix B, their expressions are unique up to
constant (matrix) factors. We want to prove that we can fix
those factors so that the correlation functions of A,qr, ¥ar
and Y are gauge independent.

Including appropriate sources, the extended renormalized
action is

Shor = Sriot + / (JirAudr + JydrVdr + VarJydr) -

) = 0,where SFL = S%

t ~
Rtot0 — t0t|K=K=0'

gauge  qext
Clearly, (SK’R s SRt 0

The equations of gauge dependence (C.9), derived in
appendix C, evaluated at K = K = 0, give

9SR0t0

Tm = (Sru0t0, War1) + (S§ & » WiR0),
gauge

k. = (SF 5 War1)
a)\’ K’R k] )

(S, Wi ro) = (SgY, Wyg1) =0, (14.18)

where \I’[}»RO = \IJ)‘R|K=I€=O and \IJ)\Rl = \IJ)LR - lI/)LR(). In
particular, the first formula gives

8SRtotO /arSRtotO 2 auge
LAY 4 (S FNEC W R0,
3 50 + Sk g AR0)

SV R

sK«
where &% = (®%, ) and K¢ = (K®, K%). This result
tells us the the whole gauge dependence of Sg o0 is encoded

into a field redefinition, plus a gauge-exact term. The field
redefinition ®% = ®%(P’, A) is the solution of

ADY =

dDU(D', 1) Cus
T = —APN(P(P, M), A),
oA

with arbitrary initial conditions. It can be worked out pertur-
batively in g, starting from ®%* = ®*',

It is convenient to switch to the new variables ®%’,
K’ by means of the canonical transformation generated by
F(®,K') = [ ®'(®, 1)K’ In so doing, we obtain

395’ Sgauge/
Rtot0 gauge/ K,R
8—/{0 = (SEE W o). =0, (1419)

where the prime on the antiparentheses refers to the new
variables. The last equation follows from

K, K", ) §WR
R T s
which is easy to prove from the transformation.

Now we consider the correlations functions that contain
insertions of A,qgr, ¥ar and I}dR, and apply arguments
that are analogous to those of Sect. 7.1. First, we switch
to the variables with primes everywhere. We denote the
transformed action Sgo(®(d), K(®', K')) by Sk and
the transformed renormalized dressed fields A MdR(CfD(CiJ’ ),
Yar((®) and Yrar (D(D) by Al 4, ¥z and ¥ . Gauge
invariance, which reads (S?]Rge, S%Xttot o) = 0, is obviously
preserved by the transformation: (S}gél}fe/, Sev o) = 0. The

(®(d), K(d', K")),

transformed fields A;Ld r» Vi and &é R are S}g(a’l}ege/-closed,
i.e., solutions X’ of (Sf;l}ege/, X’) = 0, using variables with
primes.

This is where we fix the arbitrary constant factors in front
of such solutions: itis sufficient to require that A;L dR> 1//(/1 g and
Vg be gauge independent. Such a requirement does make
sense, because the second formula of (14.19) ensures that the
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gauge transformations themselves are gauge independent in
the new variables. We just have to pay attention that the over-
all factors of the solutions do not introduce spurious gauge
dependencies. Once this is done, we are ready to repeat the
arguments of Sect. 7.1, with the replacements

Siot = Skior + / (ViApar + Juar Wi + Virdvar)

I gauge gauge/
W), = W ros Sk —>SK’R ,

besides of course ®, K — @', K'. The result is that the cor-
relation functions of the renormalized dressed fields A qr,
Yag and Ide are gauge independent.

The renormalized sources J(’f r» Jydr and -]_1//dR are equal
to J(f , Jy qand jxpd times suitable renormalization constants.
Apart from that, the correlation functions of A,qg, ¥ar and
er R do not need further renormalization. Indeed, the sources
Jé‘R, Jyd g and J_wdR have dimensions 3, 5/2 and 5/2, respec-
tively, so no local counterterms with two or more of them are
allowed.

Finally, the arguments that lead to the identity (6.3) con-
tinue to hold after renormalization. We obtain an identity
analogous to (6.3), where the dressed and undressed fields
are replaced by their renormalized versions. In particular, the
S-matrix amplitudes of the renormalized dressed fields are
cloud independent, and coincide with the usual amplitudes of
the renormalized undressed fields. Since the former are man-
ifestly gauge independent, the latter are gauge independent
as well.

14.7 Renormalization recap

Summarizing, the renormalized action has the structure of
the starting action, with standard multiplicative renormaliza-
tion constants for the coupling and the masses, combined
with a canonical transformation that encodes multiplicative
renormalizations of the sources and the fields, except for the
cloud fields ¢’ and their anticommuting partners H', which
are renormalized in nonpolynomial, nonderivative ways. Dif-
ferent cloud sectors to not mix with one another.

From a specific gauge, every other gauge can be reached
by means of a canonical transformation. Thus, the renormal-
ization in every other gauge is the same as above, up to a
renormalized canonical transformation. Finally, every cloud
choices can be reached from specific cloud choices by means
of canonical transformations. Again, the renormalization is
the same as above up to renormalized canonical transforma-
tions.

Equipped with the renormalized action and the renormal-
ized gauge transformations, we can build dressed fields that
are gauge-invariant with respect to the latter. They are unique
up to constant factors, by the theorem proved in appendix B.

@ Springer

The constant factors can be fixed so that their correlation
functions are gauge independent.

The proof of the gauge/cloud duality can be repeated for
the renormalized theory.

15 Comparison with other approaches

In this section we compare the approach of this paper with
other approaches that are available in the literature.

In the Dirac approach [3] the gauge invariant dressings of
electrons in QED are defined by means of nonlocal operator
insertions, such as

. VA v
exp | —
p{—te—>¢ )

(15.1)

where A denotes the Laplacian. We may call the exponential
prefactor “Coulomb-Dirac cloud”. Photons do not need a
particular dressing, since we can work directly with the field
strength, which is linear in the gauge field.

The extension of the Dirac approach to quarks and non-
Abelian gauge fields has been done by Lavelle and McMullan
in refs. [4-6]. Static quarks are dressed similarly to (15.1),
while moving quarks are described by means of boosted
Coulomb-Dirac clouds. The renormalization is studied in
[47].

In the static case, the Lavelle-McMullan expressions of
the dressed gauge fields and fermions, and their correlation
functions, are related to the ones defined here as follows.
First, choose a cloud function V4(A, ¢) of the Coulomb—
Dirac type and take A = 0:

(0, ) = /H“(V A9),

dAG(A, ¢)

cloud 7\ __ a _ ayy
(59 \IJ)_/E(VA) /H 5

(15.2)
Then integrate E¢ out. This gives the cloud condition

0=V-Aj(A,¢) =V A+ A¢p" + O(g), (15.3)

which can be solved perturbatively for ¢. The solution ¢ (A)
is nonlocal in space, but unambiguous (and does not need a
particular prescription, since it is of the Coulomb type). If we
insert it in the expressions (2.5) of A4 and vy, the Lavelle—
McMullan correlation functions are the correlation functions
of such dressed fields. Note that after these operations the
cloud sector of the action can be dropped, since it integrates
to one, as in (5.3).

The comparison in the nonstatic case is less straightfor-
ward. Without a general notion of pure virtuality, like the one
provided by the fakeon prescription, clouds of the Coulomb-
Dirac and Lavelle-McMullan types seem to be the meaning-
ful choices.
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Another approach to build gauge invariant correlation
functions is the one suggested by 't Hooft in Ref. [9]. Con-
sider fermions v in the fundamental representation and intro-
duce scalar fields ¢, also in the fundamental representation.
The bilinear ¢y is obviously a color singlet. If a sponta-
neous symmetry breaking mechanism gives ¢ an expecta-
tion value v, then the product ¢Tw can be expanded, and its
expansion begins linearly in the fields. Writing ¢ = v + 7,
we have

@V Ive) = Wiy ivv) + Ty g
+ 19 + Ty 1v).

The last three terms show that one-loop diagrams contribute
to the lowest order. In other words, the expansion in powers of
the coupling does not match the loop expansion. It might be
interesting to study the 't Hooft approach with purely virtual
scalar fields ¢.

A well-known way to build manifestly gauge invariant
correlation functions of gauge fields and quarks is by means
of Wilson lines. We show that, in general, this method intro-
duces unwanted degrees of freedom, so it cannot be used
naively to define physical absorptive parts.

We define the Wilson line W (x, y) by the formula

1
W(x,y) =Pexp (ig/
0

where P denotes the path ordering and

A(x, y38) = (x = )F AL (YA = 5) + x9).

dsA(x, y; s)> , (15.4)

We could consider arbitrary paths connecting x to y, but for
simplicity we restrict to the straight segment.
We concentrate on the fermion two-point function

Gy (x,y) = Te(W(y, )Y ()P (),

which is clearly gauge invariant. At one loop, we can truncate
the expansion of the Wilson line to the order g2:

1
Wkx,y) =1+ igf dsA(x, y; s)
0

1 K}
—ng dsA(x,y;s)/ drA(x, y; 1) + O(g?).
0 0

We have

1

Gy (x,y) = Te( ()P () +ig/0 dsTr(A(y, x5 )Y ()P ()

1 s
—gZ/O ds/0 drTr(A(y, x;: $)A(y, x; DY ()Y ()
+0(g%).

Working in momentum space, the first contribution can be
read from (11.3). The second contribution is

iy'pu &)

P +ie gr2e V2 — DEp? =i

while the third contribution reads

o g°G—2) (N3 = D(=p* —ie)™/?

p?+ie 16m2e
In total, we find
iv*pu 3¢ NZ—1 2 . \—e)2
G =N, —_p _
v(P) Cp2+ie|: 872e 2N, (=p7—ie)
+0(g"),

the factor N, being due to the trace. The A-dependence dis-
appears, as expected, but the absorptive part is negative,

3¢2 N2 -1
Abso[Gy (p)] = —%CTﬁe(pZ) +O@gY. (15.5)

therefore, unphysical.

16 Conclusions

We have extended quantum field theory to include purely vir-
tual “cloud” sectors, which allow us to define gauge invariant
dressed fields and study their correlation functions. The cloud
diagrammatics and its Feynman rules are derived from a local
action, built by means of cloud fields ¢i and their anticom-
muting partners H'. It includes the cloud functions, the cloud
Faddeev-Popov determinants and the cloud symmetries. The
usual gauge-fixing must be cloud invariant, while the cloud-
fixings must be gauge invariant. The dressed fields are gauge
invariant, but not necessarily cloud invariant.

The extended theory is unitary, renormalizable and poly-
nomial in all the fields except for ¢f ,which are dimensionless.
No extra degrees of freedom are propagated. The extension
is perturbative and the expansion in powers of the gauge cou-
pling g coincides with the expansion in the number of loops.
Each insertion in a correlation function can be equipped with
its own, independent cloud. The correlation functions of the
undressed fields are unaffected by the extra sectors. The §
matrix amplitudes of the dressed fields coincide with the
usual scattering amplitudes. This ensures, among the other
things, that the latter are gauge independent.

The results allow us to define short-distance scattering
processes, where the products do not have enough time to
become noninteracting, asymptotic states. Then the predic-
tions depend on the clouds, because the observer necessarily
disturbs the observed phenomenon. A few initial measure-
ments must be sacrificed to calibrate the instrumentation.
After that, everything else is testable, and possibly falsifi-
able.

The dressed fields are invariant under infinitesimal gauge
transformations, but not necessarily under global gauge
transformations. This is what allows us to build physical non
singlet states without violating unitarity. The dressed fields
can also be used to replace the elementary fields everywhere,
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reducing the latter to mere integration and diagrammatic
tools. This way, all the calculations are manifestly gauge
independent.

An extended Batalin—Vilkovisky formalism and its Zinn—
Justin master equations allow us to prove that the symme-
tries are preserved by renormalization to all orders. Renor-
malizability by power counting is manifest with a variety of
gauge and cloud choices. With more general choices it can
be proved by means of canonical transformations.

The extra sectors propagate ghosts, and give unphysical
results, if the extra fields are quantized by means of the usual
Feynman ie prescription. To avoid this, those sectors are
rendered purely virtual, which means that the extra fields
are quantized as fake fields. The purely virtual nature of the
cloud sectors ensures that, in the end, no unwanted degrees
of freedom propagate. This allows us to extract the physical
absorptive parts of ordinary correlation functions from the
correlation functions of the dressed fields. More generally, it
opens the way to extract physical information from off-shell
correlation functions in a systematic way.

A certain gauge/cloud duality can be used to simplify the
computations. At the conceptual level, it shows that a gauge
choice is ultimately nothing but a particular cloud, provided
the gauge trivial modes are rendered purely virtual.

We have illustrated the basic properties of the formal-
ism by calculating the one-loop two-point functions of the
dressed quarks and gluons. Their absorptive parts are gauge
independent, cloud independent and positive. Instead, they
are unphysical if the clouds are not purely virtual (such as
those defined by the Feynman prescription). They are also
unphysical, generically speaking, if Wilson lines are used.

Among the other things, the purely virtual cloud formal-
ism can be used as an alternative to the popular physical
gauges. Here, instead of changing the gauge fixing to make
it physical, we make a gauge-fixing physical by changing the
prescription we use for it.

The cloud fields and their partners are massless. Mass-
less purely virtual particles can in principle violate causality
(not just microcausality) [48,49]. This aspect deserves fur-
ther study. Here we just note that the absorptive parts we have
calculated are not concerned by this fact, because they are
cloud independent, so they are properties of the fundamental
theory.

Acknowledgements We are grateful to U. Aglietti, M. Bochicchio, D.
Comelli, E. Gabrielli, C. Marzo and L. Marzola for helpful discussions.
This work was supported in part by the European Regional Development
Fund through the CoE program grant TK 133 and the Estonian Research
Council grant PRG803. We thank the CERN theory group for hospitality
during the final stage of the project.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: Data sharing
not applicable to this article as no datasets were generated or analysed
during the current study].

@ Springer

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3. SCOAP? supports the goals of the International
Year of Basic Sciences for Sustainable Development.

Appendices
Appendix A: Notation

In this appendix we collect the notation and some useful
formulas, starting from

Ay = AT [T TP =if"T",

1
Tr [T“T”] = 30" Dy =¥ —igAuy,
Fl“} = apLAV - aUA/L - lg[AM’ AV] = FZVTa’
Fo, = 3,A% — 8,A% + gf A AS,

where A are the gauge fields, F}j, is the field strength, T
are the generators of the Lie group (Hermitian matrices of the
fundamental representation), £/ are the structure constants
of the Lie algebra, D/, is the covariant derivative and v is
a field that belongs to the fundamental representation. The
gauge transformations read

U 1 0 -1 U -1
A, =UAU +§U8MU , Fo,=UF,U"",
vY =Uy,
D =UD U™, WY, y) =U®Wx, NU™ (),

(A.1)

where U (x) = exp (iga®(x)T?) is a point-dependent matrix

of SU(N,), a“(x) are arbitrary functions, and W (x, y) is the
Wilson line defined in formula (15.4).

Appendix B: Uniqueness of the dressed fields

We prove that for every transformation law Sc¢¢ =
E®(¢)C? of the cloud field ¢, the dressed gauge fields
are unique, up to linear combinations. Let us write

A% = F (@) AL — G (¢)d,0". (B.1)
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If we require (Sg, Aid) = 0, we obtain three equations,
from the vanishing of the terms proportional to A€, 9,,C¢
and C¢ 8M¢‘1, which are

Fab _ GacEcb — 0’ Fab,cEcd + gFaCfcbd — 0’

Gabcped 4 gacpedb — g, (B.2)

where the comma denotes the derivative with respect to ¢.

We expand in powers of g, writing F® = §% 4+
Z?zil g"Fn“b, Gab — Sab + ZZO:I g”GZh and Eab  —
890 4 3% | g"E®. The expansions of (B.2) to order g"
give equations of the form

ab ab __ vyab ab,c __ yabc ab,c __ —abc
Fob — Gab = xab  pabe — yabe - Gabc — zabe,

where X9, Y¢ and 7% are known from the previous
orders. The ambiguity of the solution is AF% = AG% =
constant, which can be absorbed into a redefinition AZ i
(870 4 g" AF,;‘b)AZd. Thus, the most general solution AZd is
a linear combination M@ AZd of a particular solution Azd,
where M? is a constant matrix. If E“®(¢) is an expansion is
powers of g¢, a unique solution has the same property, since
M = §9b in that case.

Similarly, the dressed fermions are unique, up to constant
factors.

Appendix C: Cloud and gauge dependence through
renormalization

In this appendix, we prove further results about the depen-
dence of the renormalized action on the cloud parameters,
and derive some already proved results in a more general
way. See [50] for details and examples of derivations like the
ones that follow.

We add the inductive assumption that the renormalized
action S}, (o to order n satisfies the equation

0 Sn tot

C.1
Y (C.D

= (5™, 7).

where Tn’;\ = BT,,/B)NL. Referring to formulas (14.7), this

means that S, does not depend on the cloud parameters i
introduced through the cloud fermions (a result proved in
a different way in subsection 14.4). We also assume that
(Tn’ ;) is convergent to the order 2" included. Here and below
averages such as (Tn’ ;) are regarded as functionals of @, K,
® and K.

Equation (C.1) implies

a Fn tot 0 Wn tot < aSn tot > cloud
— = — = = = S B X
93 ox o WO )
_ (SI((:loud’ <Tn,5\>)’ (C.2)

The first equality follows from the definition of 'y, o as
the Legendre transform of W, (. The fourth equality can
be proved as follows (see also [50]). Consider an arbitrary
action S}, that does not satisfy (S$°Ud, 5/ ) = 0. Repeat the
argument that leads to the proof of (14.2) with the change of
field variables

DY — (Da’ &)ai N ci)ozi +9(S;(IOUd, &)ai),

in the generating functional Z; , associated with S; . The

result is

(S T = (S, 810, (C.3)

instead of (14.2). The average with prime is calculated with
the action S;,. Applying formula (C.3) to S;; = Sptot +
67, 5, where 6 is a constant anticommuting parameter, and
notiﬁg that 'y, = Tyior+6 (Tn, ;) (which easily follows from
the definition of the I functional as a Legendre transform),
we immediately get the fourth equality of (C.2). We need to
use the identities (S99, S, o) = (S, Ty o) = O for
this. They also ensure that the average on the right-hand side
can be calculated with the unperturbed action S, (.

Now, taking the (n 4 1)-th order divergent part of (C.2),
we obtain

or) o loud ~~(n+1)
ntotdiv __ clou n
85\‘ - (SK ) n,idiv)’ (C4)

:V) is the (n + 1)-th order divergent part of (Y, ;).

It is local, since (T, 5) is convergent to order n by assump-
tion. Integrating (C.4), we find

x
(n+1) (n+1) 7 loud n+1) 31\ 37
L ot div = T ot div(A0) + (S%Ou /A Tn,idiv()‘/)d)‘/) ’
0

+
wher T(n~
© n,Ad

where the A-dependence has been emphasized in parentheses.
The second equation of (14.7) then implies

F(n+1) — F(n-i-l) + (S?(loud7 R(n+1))

n tot div n div n div0
i
cloud (n+1) 37\ 157
+ <SK ’/Xo TG )dA) ,

where Fr(l";ivl) and Ri"(;irvl 2) are X independent. In particular,
the A -independence of F,(l"(;irvl ) can be immediately proved
by taking ®% = K = 0. Finally, (14.4) gives

(n+1)

Sut1tot = Sntot — Fn tot div
= Sppt + (SF, ugr) + Sg™,
1
Sn+1 =Sy — Fr(zn;i_v)’
x
_ (n+1) (n41) 5N 357
Tn—H = Y\n - Rn divo — /5:0 ’Tn,):div()L )d)\ :
We have
aSn+1tot . Scloud T - e =Y - T(n+1)
T =( K > n+1,k)’ n+l = Tnd T T, Adive
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Clearly, (T, 41 5) is convergent to the order Bt included,
so the inductive assumptions are replicated to order n + 1.
Taking n to infinity, we obtain Y = Y, and

aSRtot loud
5 = (S?(Ou ) TR,X)'

(C.5)

Using (14.6) at ¥ = K% = 0, we see that Sg is cloud
independent.

The arguments can be specialized to every cloud sepa-
rately. This allows us to prove the further identities

SR ot

= C.6
Yy (C.6)

= (SR, g i)
which ensure that the ith cloud parameters 4; do not propa-
gate to the other cloud sectors. Moreover, formula (9.3) tells
us that T, =Y i = oW; /0A;. The derivation just given
ensures that Tr. i is the renormalized version of the func-
tional Yoi, = \iji,i,- , which we denote by \iji,/'\,-‘ R

Finally, if X is a functional such that (S$°"4 7, X) = 0, the
same derivation shows that the renormalized functional X g
satisfies (S$°UY, X g) = 0. In particular, (S;IOUdj, Tri) =
0 forevery j #i.

Similar procedures (see [50]) allow us to prove

dSR ~
a;jm = (SRtota qli,i,'R)’
L
aSRtot cloudi
T (Srtots War), (S, War) =0, (C7
where W, g is the renormalized version of the functional
W, = 0W/0A.

Summarizing the cloud dependence is encoded in the
equations

SR 1ot ~ 0SRtot loudi
85\‘[ = (SRtO[’ \IJZ',X,' R)’ —35\1 = (S%OU l, \Iji,jni R)’
(S;{]O"dj’ W5 p) =0for j #1i, (C.8)
while the gauge dependence is encoded in
BAYA i
a—)\.tOt = (SRtOts \II)LR)a (S%louc‘l’ \I’)‘R) = 0 (C9)

Integrating the first equations of (C.8) and (C.9) as shown
in [50], it is straightforward to prove that the dependence on
the cloud parameters is a canonical transformation and the
dependence on the gauge fixing parameters is also a canonical
transformation.
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