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Abstract Non-topological solitons are localized classical
field configurations stabilized by a Noether charge. Fried-
berg, Lee, and Sirlin proposed a simple renormalizable soli-
ton model in their seminal 1976 paper, consisting of a com-
plex scalar field that carries the Noether charge and a real-
scalar mediator. We revisit this model, point out commonali-
ties and differences with Q-ball solitons, and provide analytic
approximations to the underlying differential equations.

1 Introduction

Non-topological solitons are localized field configurations
that are stabilized by a conserved Noether charge [1]. They
are solutions to the classical field equations but can be inter-
preted as bound states within quantum field theory. Arguably
the simplest class of such solitons arises in scalar field theo-
ries involving at least two real or one complex scalars, invari-
ant under orthogonal or unitary symmetry groups [2–6].

Scalar solitons in which the contributing scalar fields take
on approximately constant values inside and vanish outside
have been analyzed by Coleman and dubbed Q-balls [7],
Q being the Noether charge of the soliton. These solitons
allow for simple analytical approximations that have been
widely employed and generalized [8–11]. In the large Q –
or thin-wall – limit, the Q-ball energy E is approximately
proportional to the charge Q or the Q-ball volume V , with
a prefactor that depends on the underlying scalar potential
[11].1

As popular as Coleman’s Q-balls are as examples of non-
topological solitons, they are by no means the only possible

1 When the leading prefactor vanishes, one finds instead E ∝ Q4/5 ∝
V 2/3 [8,9,12] in three dimensions.
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stable configurations. In fact, one of the earliest and best-
known models for a scalar soliton, that of Friedberg, Lee,
and Sirlin (FLS) [6], does not have a thin-wall limit in the
sense of Coleman and should therefore not be called a Q-
ball, despite the qualitatively similar internal structure. Here,
we will revisit the FLS model and provide analytic approxi-
mations and numerical cross-checks that give an exhaustive
overview of the solitons and their differences with Q-balls.

The rest of this paper is organized as follows: in Sect. 2 we
introduce our notation of the FLS model and provide expres-
sions of important macroscopic quantities such as energy and
charge. In Sect. 3 we derive approximate analytical solutions
for the fields in a thin-wall-like regime, introduce the radii,
and calculate integrals that are required for the macroscopic
soliton properties. This section is split into two subsections
covering heavy and light mediator limits separately. Sect. 4
presents calculations for the thick-wall regime, restricted to
the light mediator limit that leads to stable solitons. In Sect. 5
we study the soliton stability. We discuss our results in Sect. 6
and finally conclude in Sect. 7.

2 Friedberg–Lee–Sirlin model

In this article, we are going to use the mostly-minus
Minkowski metric. The FLS model consists of one complex
scalar field φ and one real mediator field χ , with a Lagrangian
[6]

L = |∂μφ|2 + 1

2
∂μχ∂μχ −U (|φ|, χ) (1)

that is invariant under theU (1) symmetry φ → eiαφ, χ → χ

as well as a Z2 symmetry χ → −χ , φ → φ:

U (|φ|, χ) = d2χ2|φ|2 + 1

8
g2

(
χ2 − χ2

vac

)2
. (2)
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According to Noether’s theorem there is a conserved charge
Q due to global U (1) symmetry, which is normalized to
Q(φ) = 1. Therefore, Q counts the number of φ particles.
The FLS potential is chosen so that the Z2 symmetry is spon-
taneously broken. We expand around the true minimum by
shifting χ → χvac − χ . Next, we switch from χvac and g to
the new parameters mχ and mφ , the particle masses in the
true vacuum outside of the soliton. Expanded around the true
minimum, the potential takes the form

U (|φ|, χ) = m2
φ |φ|2 + 1

2
m2

χχ2 − 2dmφχ |φ|2 + d2χ2|φ|2

− dm2
χ

2mφ

χ3 + d2m2
χ

8m2
φ

χ4. (3)

φ does not have any local self-interactions, but the media-
tor χ provides attractive interactions that allow for a bound
state solution with charge Q. The solution with the lowest
energy among those with the same Q will be considered
stable. The lowest-energy configuration will be spherically
symmetrical [6] and have a simple time dependence to evade
Derrick’s theorem [13]. Hence we introduce the following
parametrization:

φ(x, t) = φ0e
iωt f (|x|), χ(x, t) = χ0h(|x|). (4)

Equations (1) and (3) lead to equations of motion that depend
on the parameters mφ , mχ , d, ω, φ0, and χ0.

We can simplify the equations by making a coordinate
transformation x → x/λ with a length scale λ and further-
more fix the ratio of prefactors via φ0 = χ0/

√
2. This allows

us to factor out both χ0 and λ. The rescaled one-dimensional
Lagrangian is

L = 4πλχ2
0

∫
dρ ρ2

[
− f ′2

2
− h′2

2
+ V ( f, h)

]
, (5)

where ρ ≡ |x|/λ is the dimensionless radial coordinate and
the rescaled potential V is

V = − λ2

χ2
0

(U − ω2|φ|2)

= (κ2 − 1)
f 2

2
+ f 2h − f 2h2

2
− h2

2
η + h3

2
η − h4

8
η.

(6)

The last equation of Eq. (6) is obtained by introducing the
dimensionless parameters

κ ≡ ω/mφ, and η ≡ m2
χ/m2

φ (7)

and fixing λ ≡ 1/mφ and χ0 ≡ mφ/d. Our reparametriza-
tion differs from FLS [6] but leads to the same number of

remaining parameters. The equations of motion

f ′′(ρ) + 2

ρ
f ′(ρ) + ∂V

∂ f
= 0,

h′′(ρ) + 2

ρ
h′(ρ) + ∂V

∂h
= 0

(8)

now only depend on κ and η:

f ′′ + 2

ρ
f ′ − f h2 + 2 f h + f κ2 − f = 0, (9)

h′′ + 2

ρ
h′ − f 2h + f 2 − ηh + 3η

2
h2 − η

2
h3 = 0. (10)

As we are looking for localized solutions, the boundary con-
ditions are given by f ′(0) = h′(0) = 0 and f (ρ → ∞) =
h(ρ → ∞) = 0.2 These differential equations are iden-
tical in form to those describing false vacuum decay [14],
which have been under much more scrutiny than their soli-
ton analogues. However, only few numerical codes can han-
dle the equations at hand, which correspond to two-field
vacuum decay into an unbounded regime. We have solved
the equations numerically both via the shooting method in
Mathematica and using the finite-difference method on
a compactified grid outlined in Ref. [9]. For O(1) κ and η

the public code of Ref. [15] has been used for comparison as
well. We show numerical solutions of the two field profiles in
Fig. 1 together with various analytic approximations derived
throughout this article.

Ultimately we are interested in the macroscopic properties
of a soliton, the charge Q and the energy E , given by the
integrals

Q = 8πφ2
0 ωλ3

∫ ∞

0
dρ ρ2 f 2 = 4πκ

d2

∫ ∞

0
dρ ρ2 f 2 ,

(11)

E =
∫

d3x

[
φ2

0( f ′)2 + χ2
0 (h′)2

2
+ ω2φ2

0 f 2 +U [φ, χ ]
]

= ωQ + 8π

3mφ

∫
dρ ρ2

[
φ2

0( f ′)2 + χ2
0 (h′)2

2

]
(12)

= κmφQ + 4πmφ

3d2

∫
dρ ρ2

[
( f ′)2 + (h′)2

]
, (13)

where in the last line we used the virial theorem [6,13].

2 It is worth mentioning that for each solution that ends at f = 0 & h =
0 there is a corresponding solution that ends at f = 0 & h = 2. This
is easy to verify by observing a symmetry of our potential V [ f, h]
with respect to the h = 1 plane. Since the corresponding solu-
tions will be identical to one another by simply replacing h(ρ) with
hcorresponding(ρ) = 2 − h(ρ), we can restrict ourselves to h ≥ 0 solu-
tions.
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Fig. 1 f and h profiles for various parameter choices. Dashed lines are
numerical results and solid lines represent our theoretical predictions
from Eqs. (16), (26), (31), (33), and (30). As we do not have a theoretical
prediction for a thick-wall-heavy-χ case, we used our thin-wall-heavy-
χ formula for case (d)

Fig. 2 The effective potential V for κ = 0.6. Black dots are the start
and endpoint, and the blue line the physical path (for mχ = mφ)

The rescaled equations of motion (8) allow us to talk in
the language of a mechanical analogy. If we treat ρ as time
and f and h as spatial coordinates, the aforementioned sys-
tem of equations describe the motion of a particle in the
two-dimensional potential V , illustrated in Fig. 2. In this
mechanics analogy, the 2 f ′/ρ and 2h′/ρ terms in the differ-
ential equations correspond to time-dependent friction. The
particle starts at the point ( f (0), h(0)) with vanishing veloc-
ity, rolls down the hill and eventually comes to rest at the local
maximum ( f (∞), h(∞)) = (0, 0) with vanishing potential
energy. The initial potential energy is lost due to friction.
From the expression for the potential V ( f, h) (Eq. (6)) we
can see that κ2 −1 < 0 to ensure that V (0, 0) is a local max-
imum, thus limiting |κ| to be less than 1. We can also restrict
ourselves to positive κ without loss of generality. The other
relevant parameter, η, can take on any non-negative value,
although the resulting solitons are not necessarily stable.

3 Thin-wall limit

We stress that the FLS model does not have a thin-wall limit in
the sense of Coleman [7] because V does not exhibit a global
maximum with V > 0 where the particle could sit and wait
until the friction has died off. (This is the reason we refrain
from calling the FLS solitons Q-balls, despite their similar
properties.) However, there is a partial thin-wall limit, seeing
as there is a maximum at h = 1 in the h direction (Fig. 2). The
particle will still roll in the f direction, but close to h = 1 if
κ 	 1. This means that h will approximately look like a step
function for small κ unless η is also very small. The detailed
investigation of η 	 1 will come in subsection 3.2 but for
now, we will consider κ 	 1 and η not too small.

For constant h, equation (10) becomes a simple algebraic
equation that has three solutions

− f 2h + f 2 − ηh + 3η

2
h2 − η

2
h3 = 0,

⇒ h ∈ {1, 1 −
√

1 − 2 f 2/η, 1 +
√

1 − 2 f 2/η}.
(14)

Out of these solutions, only h = 1 is constant with respect
to f so that is the value of h inside the soliton. Using this
step-function ansatz for h, we find the f profile by solving
Eq. (9) inside (h = 1) and outside (h = 0) of the Q-ball:

h = 1 → f ′′ + 2

ρ
f ′ + f κ2 = 0,

h = 0 → f ′′ + 2

ρ
f ′ + f κ2 − f = 0.

(15)

So far we have not determined for what value of ρ does h
become zero. It is natural to call that the radius of the Q-ball
with respect toh field: Rh . Numerically, we will use the radius
definition h′′(Rh) = 0. Both inside and outside equations
for f are of second order so their solutions will have two
free parameters. These four free parameters together with
Rh constitute five constants that we need to determine for the
f profile. We can eliminate four of them by implementing
the following boundary conditions: f ′(0) = 0, f (∞) =
0, f ′(Rh)[inside] = f ′(Rh)[outside] and f (Rh)[inside] =
f (Rh)[outside], which gives

f =
{
f (0)

sin(κρ)
κρ

, ρ < Rh,

f (0) 1
ρ
e
√

1−κ2(Rh−ρ), ρ ≥ Rh .
(16)

where the radius of the h field configuration is predicted to
be

Rh = π − arcsin κ

κ
= π

κ
− 1 − O(κ2), (17)
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which is indeed large for small κ as expected for a thin-wall
limit. The leading term in small κ agrees with the FLS result
[6].

The two previous equations are highly reminiscent of Q-
balls in flat potentials [16,17]. This is to be expected since
the FLS potential is indeed flat in the φ direction when χ =
χ0 = mφ/d in Eq. (3) [or χ = 0 in the notation of Eq. (2)].
The FLS model is hence a simple renormalizable realization
of such flat-potential solitons.

The overall constant f (0) is impossible to determine from
here as both of the Eq. (15) are linear in f , to be further
discussed below. We define the radius of the f -field config-
uration by f ′′(R f ) = 0, which turns out to be smaller than
Rh in the small-κ regime. f ′′(R f ) = 0 for ρ < Rh takes the
following form:

−κR f sin(κR f ) + 2 sin(κR f )

κR f
− 2 cos(κR f ) = 0. (18)

The above equation only depends on the product of κ

and R f . Because of the periodic nature of the trigono-
metric functions, we get infinitely many solutions κR f �
2.08, 5.94, 9.21 . . . . The smallest positive solution yields
the following radius prediction:

R f � 2.08

κ
, (19)

again large in the small-κ regime and very close to Rh .
Note that even though our theory depends on two param-

eters, both of our radius predictions are independent of η and
only depend on κ . We verify this by comparing Rh to the
numerical results in Fig. 3. One can also notice that while
the theoretical and numerical results are in agreement for
every η in the thin-wall regime (κ 	 1), this agreement only
holds for large η values as κ increases. This is due to our
step-function approximation for the h field. As we will see
later in Sect. 3.1, this approximation holds best for large η

regime, as can be seen already in Fig. 1.
With the f profile from Eq. (16) at our disposal it is easy to

calculate two out of the three integrals that are necessary for
calculating soliton energy and charge. We can simply plug
in and integrate our results from Eq. (16):

∞∫

0

dρ ρ2 f 2 = f (0)2

(
2 cos−1(κ) + π + 2κ√

1−κ2

)

4κ3 ,

∞∫

0

dρ ρ2 f ′2 = f (0)2

(
2 cos−1(κ) + π

)

4κ
. (20)

At small κ , the two integrals differ only by a factor 1/κ2.

Fig. 3 Radius Rh as a function of κ for several η = m2
χ/m2

φ . Dots
represent numerical results while the solid red line corresponds to our
thin-wall prediction from Eq. (17). The solid black line shows the thick-
wall small-η prediction from Eq. (35)

To obtain an estimate for the last unknown parameter f (0),
we return to the mechanical analogy described at the begin-
ning of this section. A stationary particle starts motion at
f = f (0) & h � 1 and stops at f = 0 = h. The change in
potential (and total mechanical) energy is

V (0, 0) − V ( f (0), 1) = −1

8

[
4 f (0)2κ2 − m2

χ

m2
φ

]
. (21)

This energy is lost due to time-dependent friction forces in
f and h directions. The total work done by them is

W = −
∫

dρ
2

ρ

[
( f ′)2 + (h′)2

]
. (22)

The integral over ( f ′)2 can be performed with our ansatz, but
we need to go beyond the step-function approximation for
h to determine the integral over (h′)2. After that, W = �V
reduces to a simple algebraic equation with respect to f (0)

and can be solved easily. As we will see later, h exhibits
qualitatively different behavior in large (heavy χ ) and small
(light χ ) η cases. Because of that, we will have to derive two
separate predictions of f (0) to characterize the entire range
of η.

3.1 Heavy χ

According to the numerical results, for large η values the par-
ticle sits at the maximum with respect to h and rolls exclu-
sively in the f direction for the majority of the motion. The
particle only starts moving along h at the very end of the tra-
jectory when due to the 2

ρ
prefactor the friction has already

diminished to an inconsequential level. To illustrate that the
energy loss due to h friction can be ignored, let us try to
approximate it from above. From the Eq. (14) we can see that

for f >

√
η
2 , the potential V has only one extremum and that
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is its global maximum at h = 1. As f drops below
√

η
2 it

splits this extremum into three: one minimum (at h = 1) and
two maxima (at h = 0 and 2). As we already mentioned, we
are going to ignore solutions that roll toward the h > 1 direc-
tion. For the particle to end up at h = 0, it needs to stay near
that maximum throughout the motion. Otherwise, depending
on the direction of the displacement, it will return to h = 1
minima and fall in the direction of h ≈ 1 & f → −∞ or
start accelerating uncontrollably and roll somewhere in the
h → −∞ direction. Either way, we are not going to recover
a localized solution. This leaves us with the following esti-
mate, where h tracks the maximum:

h =
{

1, ρ < Rm,

1 − √
1 − 2 f 2/η, ρ ≥ Rm .

(23)

Here, Rm is the value of ρ for which 1−2 f (Rm)2/η = 0 and
the particle starts moving in the h direction. The above shape
for h is remarkably good for large η. As we are considering
the large η regime we can keep only the leading term in the

Eq. (23), h = 1 − √
1 − 2 f 2/η ≈ f 2

η
. We can now proceed

to estimate the h integral contribution to W :

∞∫

0

dρ
2

ρ
(h′)2 ≈

∞∫

Rm

dρ
2

ρ

(
2 f ′ f

η

)2

≤ 2

η

∞∫

Rm

dρ
2

ρ
( f ′)2.

(24)

Here, in the last step, we replaced f (ρ) with f (Rm). Since we
expect Rm ≈ Rh , it has a 1/κ dependence. As we anticipated
above, the integral is suppressed in the thin-wall limit as it
starts at some large value of ρ and has a 2/ρ dependence. On
top of that, now we can see that it is also suppressed in the
heavy-χ limit by the factor of 2/η. All of this allows us to
neglect the h contribution in the work integral W . With the
f profile (Eq. (16)) at our disposal we then find

W = −1

2
f (0)2κ2

[
1 − 4(

2 cos−1(κ) + π
)2

]
. (25)

Setting this equal to the potential difference we get

f (0) = √
η

π − sin−1(κ)

2κ
(26)

for large η. The κ dependence together with Eq. (20) sat-
isfies dE/dω = ωdQ/dω, which should be valid for the
true solution [1,6]. This prediction for f (0) is compared to
the numerical data in Fig. 4. As expected, Eq. (26) predicts
numerical results best for κ 	 1 & η � 1 region. Unex-
pectedly, for η � 1 this agreement holds even outside the
thin-wall limit all the way up to κ ≈ 0.85.

Fig. 4 f (0) as a function of κ for several η = m2
χ/m2

φ . Dots repre-
sent numerical results while solid lines correspond to our theoretical
predictions, using Eq. (26) for η ≥ 1 and Eq. (31) for η < 1

Equation (26) together with Eq. (20) allow us to provide
analytical expressions for the aforementioned integrals,

∫ ∞

0
dρ ρ2 f 2 = π3η

8κ5
+ O(κ−4), (27)

∫ ∞

0
dρ ρ2 f ′2 = π3η

8κ3 + O(κ−2), (28)

at leading order in small κ . The full theoretical results are
represented by the solid lines in Fig. 5. Here we notice a pat-
tern similar to the one observed in Fig. 4, there is an excellent
agreement in the thin-wall-heavy-χ regime, which still holds
well beyond the thin-wall region all the way up to κ ≈ 0.85
for η � 1. It is also worth mentioning that our estimate of the
non-primed integral is more accurate compared to the primed
one. That is due to the fact that the latter is more sensitive
to the imperfections of the f -profile prediction (Eq. (16)).
Note that we could use Eq. (23) to obtain a theoretical pre-
diction for the (h′)2 integral, but since this one is negligible
compared to the ( f ′)2 integral for large η we will not bother.

3.2 Light χ

Formχ 	 mφ , the friction in h direction is no longer negligi-
ble and we need a different approximation. We can neglect all
the terms that contain second or higher order of h in Eq. (10)
and only keep the linear contribution. Even the term f 2(1−h)

is no longer significant, as it is suppressed by f 2 outside the
Q-ball and by h � 1 inside. That leaves us with

h′′ + 2

ρ
h′ − ηh = 0. (29)

It is then easy to find that h = 1 inside and h ∝ e−√
ηρ/ρ

outside. We yet have to decide for what value of ρ should we
match these solutions. From our previous results (Eqs. (17)
and (19)) it is clear that the transition region is somewhere
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Fig. 5
∫ [ f (ρ)]2ρ2dρ (top),

∫ [ f ′(ρ)]2ρ2dρ (middle) and∫ [h′(ρ)]2ρ2dρ (bottom) as functions of κ for several η = m2
χ/m2

φ .
Dots correspond to the numerical values, while colorful solid lines
show our thin-wall approximations from Eq. (20). The black lines
represent the η → 0 limit of the thick-wall regime for all three figures
and the red line in the third plot illustrates the thin-wall regime in the
same η → 0 limit. For f (0), we used Eq. (26) for η ≥ 1 and Eq. (31)
for η < 1

around ρ ∝ 1/κ . For now, let’s keep the O(1) proportional-
ity constant arbitrary and call it CTran, where “Tran” stands
for transition. Then to make the two solutions coincide at
ρ = CTran/κ we should choose the coefficient of the outside
equation accordingly,

h(ρ)outside =
CTran

κ
e
√

η
CTran

κ

ρ e
√

ηρ
. (30)

Now we can calculate the h contribution to W and find
f (0) for the Light-χ case, just like we did for the heavy one.
Combining Eqs. (21), (22), (16), and (30) yields the following
expression:

f (0) =
√
C2

Tranη + 8CTran
√

η κ + 4κ2
(
π + 2 cos−1 κ

)

4CTran κ
.

(31)

We fix the arbitrary parameter CTran = 3.3 by fitting the
prediction of f (0) to numerical results in η = 10−6 case.
We can also estimate another h-integral that is needed to
calculate the energy (Eq. (13)). With this profile, the integral
simplifies as follows,

lim
η→0

∞∫

0

dρ ρ2h′2 = lim
η→0

∞∫

CTran
κ

dρ ρ2h′2

= lim
η→0

CTran
(
2κ + CTran

√
η
)

2κ2

= CTran

κ
. (32)

This result is represented by the solid red line in the bottom
plot of Fig. 5. It follows a general shape of the numerical
plots and exhibits the same behavior as η = 10−6 case in
κ → 0 limit.

4 Thick-wall limit

In the limit κ → 1, the fields have suppressed amplitudes,
especially for small η (see Fig. 1). This allows us to neglect all
cubic terms in the differential Eqs. (9) and (10). We restrict
ourselves to the small η regime because only there do we
have stable Q-balls with κ ∼ 1. All of this is analogous
to Kusenko’s thick-wall Q-balls [18]. Neglecting η, we can
make the ansatz

f (ρ) = (1 − κ2) fTh

(√
1 − κ2ρ

)
,

h(ρ) = (1 − κ2) hTh

(√
1 − κ2ρ

)
,

(33)

where fTh and hTh are yet again rescaled fields. By plug-
ging them into the differential equations we recover a set of
parameterless differential equations:

f ′′
Th(P) + 2 f ′

Th(P)

P
+ 2 fTh(P)hTh(P) − fTh(P) = 0,

h′′
Th(P) + 2h′

Th(P)

P
+ f 2

Th(P) = 0, (34)

where P ≡ √
1 − κ2ρ and the derivatives are taken with

respect to P . We only need to solve these equations once
numerically. After, we can use those solutions to generate
any profiles in the thick-wall-light-χ approximation using
Eq. (33). One example (κ = 0.95 & η = 10−6) of these
profiles is shown in Fig. 1.
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The soliton radii in the thick-wall regime are

Rh � 1.82√
1 − κ2

, R f � 1.68√
1 − κ2

, (35)

which diverge for κ → 1. This thick-wall limit also allows
us to calculate the necessary integrals for E and Q, they take
the simple form

∫
[ f ′(ρ)]2ρ2dρ = 1

2

∫
[h′(ρ)]2ρ2dρ (36)

= 1
3 (1 − κ2)

∫
[ f (ρ)]2ρ2dρ (37)

= (1 − κ2)
3
2 × 0.584. (38)

The soliton charge Q vanishes for κ → 1, as do the field
amplitudes, while the radius diverges, indicating the tran-
sition to the vacuum solution for κ → 1. However, our
classical-field description of these solitons eventually breaks
down at small Q and needs to be replaced by a quantum-
mechanical picture in which Q takes on integer values only
[19]. Notice that while Q can indeed be small near κ ∼ 1,
its actual value depends on the otherwise-irrelevant potential
parameter d, see Eq. (11). The above results are represented
with solid black lines in Figs. 5 and 4. As expected, in the
κ ∼ 1 region numerical values converge on our theoreti-
cal thick-wall-light-χ line as η becomes smaller and smaller.
Additionally, there is a reasonable agreement with η ≤ 1
cases as κ approaches one.

It is worth mentioning that for finite η, the integral over f 2

and hence Q eventually start to increase as κ → 1, although
that is difficult to see in Fig. 5 for the small-η cases. FLS
[6] have derived a different thick-wall prediction, one that
relies on (1 − κ2) 	 η and properly describes this behavior.
We omit a discussion of this approximation here since it only
applies to the parameter space where the solitons are unstable,
as emphasized in the next section.

5 Stability

The solitons are stable if they have the lowest energy among
all field configurations with the same charge Q. In particular,
we need E/(mφQ) < 1 in order to evade soliton decay into
Q individual scalars. With our definitions, E/(mφQ) is a
function of κ and η,

E

mφQ
= κ + 1

3κ

∫ ∞
0 dρ ρ2 f ′2 + ∫ ∞

0 dρ ρ2h′2
∫ ∞

0 dρ ρ2 f 2
, (39)

so we can determine the stable region in the κ–η plane. Let
us consider this problem in the three different limits stud-
ied above. Using Eqs. (20) and (32) in the thin-wall small-η

Fig. 6 Stability diagram in the η–κ plane. Red and blue dots repre-
sent numerical results and the black line is the empirical relation from
Eq. (43). E < mφQ in the “Stable” region, see text for details

regime the ratio reduces to

lim
η→0

E

mφQ
= 4

3
κ

(
1 + C3

Tran

2π3

)
+ O

(
κ2

)
, (40)

which is indeed smaller than 1 for sufficiently small κ . Hence
E < mφQ and the soliton is stable in the thin-wall-light-χ
limit. On the other hand, in the thin-wall-heavy-χ regime,
the h-integral is negligible 3 and the f (0) dependence com-
pletely drops out, leaving us with only the κ dependence.
Expanding the ratio near κ ∼ 0, we get

E

mφQ
= 4

3
κ − κ2

3π
+ O

(
κ3

)
, (41)

again smaller than 1 for small κ . Thus, the thin-wall-heavy-χ
regime also yields stable solitons. Finally, if we use our thick-
wall-light-χ equations (Eq. (38)) and expand in the vicinity
of κ ∼ 1, we get

E

mφQ
� 1 − 1 − κ

3
+ O((1 − κ)2) , (42)

rendering these κ ∼ 1 solitons stable for small η, although
with a smaller binding energy than in the thin-wall cases.

All of these results are in qualitative agreement with the
numerical data illustrated in Fig. 6. Here we have defined
κcritical so that every κ > κcritical yields an unstable soliton
solution, i.e. one with E > mφQ. The red dots are generated
numerically, the black line shows the empirically successful
relation

η = 1 − 0.858

κcritical − 0.858

1 − κcritical

0.4
, (43)

3 It is negligible with the same logic as the h-integral in Eq. (24). In the
current case we will not have the same thin-wall (κ 	 1) suppression
but the 1/η dependence will still be there.
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which exhibits the correct behavior in both the κ → 1 and
κ → 0.858 limits. This empirical equation is in excellent
agreement with the numerical results.

From Fig. 6 and Fig. 3 we can now also conclude that
stable FLS solitons have radii Rh > 1, or

Rsoliton > 1/mφ (44)

in dimensionfull units, in perfect agreement with the bound-
state conjecture of Ref. [20].

Note that while E < mφQ indeed guarantees soliton sta-
bility, solitons with E > mφQ can still be stable at the clas-
sical level: only for dQ/dω > 0 can solitons decay/fission
into smaller solitons with lower energy, which clearly ren-
ders them unstable [6,21] (see Fig. 6). In between, there lies
a region with E > mφQ and dQ/dω < 0 in which the
solitons can lower their energy by dispersing into individual
scalars through quantum effects; since this is likely paramet-
rically slower than classical decay, these have been denoted
as metastable in Ref. [6].

6 Discussion and comparison to Q-balls

We found the following general properties of FLS solitons:
(i) The internal structure only depends on two parameters,
κ ≡ ω/mφ and η ≡ m2

χ/m2
φ , defined just before and after

the Eq. (8). (ii) For large solitons, radii with respect to each
of the fields grow with 1/κ up to an O(1) prefactor that only
weakly depends on the mass ratio. (iii) The stable region is
also determined by the two parameters η and κ . We explained
theoretically why we expect stable solutions in the following
three limits: κ → 0 & η → 0, κ → 0 & η → ∞, and κ → 1
& η → 0 and confirmed our results numerically.

For small κ and large η, we can eliminate κ from our ana-
lytical approximations and obtain the following relationships
between the macroscopic soliton properties:

Q = η

2d2 R4
h

(
1 + 2

Rh
+ 1

R2
h

+ O(R−3
h )

)
,

E = 27/4πη1/4mφ

3
√
d

Q3/4
(

1 − 3η1/4

29/4
√
dQ1/4

+ O(Q− 1
2 )

)
,

(45)

where the solitons become arbitrary large. The leading-order
terms agree with the expressions in Ref. [6] that was obtained
from a variational argument. The scaling of Q with the radius
is markedly different from that of Coleman’s Q-balls, for
which both Q and E simply scale with the soliton volume.
This difference can be traced back to the absence of a full
thin-wall limit in the FLS model, i.e. the fact that the f profile
is never constant. From the above E ∝ Q3/4 expression –

which matches the expectation for Q-balls in flat potentials
[16,17] – it is obvious that the solitons are stable against
dispersion once the charge exceeds a critical value [6],

Qcritical � 128π4η

81d2 , (46)

seeing as Q free φ particles have energy mφQ that grows
much faster with Q.

In the thin-wall-light-χ regime, the leading-order terms
are the same as in Eq. (45). Finally, in the thick-wall-light-χ
limit, we have

Q = 12π 0.584

d2

1.82

Rh

[
1 − 1

2

(
1.82

Rh

)2

+ O(R−4
h )

]
, (47)

E = mφQ

[
1 − d4Q2

864π2 0.5842 + O(Q4)

]
, (48)

where Rh(κ), given by Eq. (35), is large, so both Q and
E are small. The thick-wall behavior of the FLS solitons is
qualitatively similar to that of thick-wall Q-balls [11,18].

7 Conclusion

In this article, we investigated one of the earliest and sim-
plest realizations of non-topological solitons, that of Fried-
berg, Lee, and Sirlin [6]. These two-field solitons do not
admit a thin-wall limit in the sense of Coleman and are hence
different from the more commonly studied Q-balls, despite
many similarities. Even without Coleman’s thin-wall limit,
the FLS solitons form stable, arbitrarily large objects as long
as their charge exceeds a minimal value. We have provided
analytical approximations that describe these stable solitons
for wide range of all free parameters and presented corre-
sponding numerical calculations that go beyond the range of
validity of analytic solutions to confirm our claims.
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