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Abstract We investigate the dynamical equivalence of the
varying G and Λ cosmology with the Brans–Dicke theory.
We show that there exist a point transformation which con-
nects the field equations for a spatially flat FLRW geometry.
We conclude that the two theories share the same integrability
properties and solution trajectories.

1 Introduction

Although General Relativity is a well tested theory of gravity,
it cannot explain the cosmological observations. Nowadays,
the universe is going through an accelerated period attributed
to an exotic matter source known as dark energy. The latter
matter source has a negative pressure component such that the
strong energy condition is violated and to drive the dynamics
in a way that the universe is accelerated and gravity appears
as if it is a repulsive force. Moreover, it is considered that dur-
ing that the universe has undergone a rapid expansion from
its very early stages. That second acceleration phase is called
inflation and it is explained by a similar mechanism as that
of dark energy. The cosmological constant is the simplest
candidate for dark energy, however it suffers from various
problems [1,2]. In order to surpass these problems cosmolo-
gists have proposed gravitational theories which allow Λ to
vary with cosmic time [3–7].

In [8] there has been proposed a gravitational theory in
which the gravitational parameters G and Λ are varying
and provide new dynamical degrees of freedom in order
to explain the observations [9–11]. On the other hand, the
Brans–Dicke theory provides a mechanism for a varying
parameter G [12]. The varying G and Λ theory [8] and the
Brans–Dicke theory have the same degrees of freedom and
similar dynamical properties. In this work we show that in
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cosmological studies there exists a relation between these
two theories. Specifically we show that the two theories are
dynamical equivalent and the theories share the same trajec-
tory solutions.

2 Brans–Dicke cosmology

For a spatially flat FLRW cosmology with scale factor a (t)
with metric tensor gμν = diag

(−1, a2 (t) , a2 (t) , a2 (t)
)
,

the gravitational field equations of the Brans–Dicke theory
are
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where H = ȧ
a is the Hubble function, φ is the Brans–Dicke

field, ωBD is the Brans–Dicke parameter. The field equations
of the Brans–Dicke cosmology admit a point-like Lagrangian
description. Indeed, the field equations follow from the vari-
ation of the point-like Lagrangian

Lψ = eψ
(
−3aȧ2 − 3a2ȧψ̇ + ωBD

2
a3ψ̇2

)
−a3V (ψ) , (4)

where φ = eψ, ψ is the dilaton field. We remark that the
constraint equation (1) is a conservation law for the Euler-
Lagrange equations.
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3 Varying G and Λ cosmology

In varying G and Λ theory the field equations follow from the
application of the renormalization group in the ADM formal-
ism [8]. For a spatially flat FLRW geometry the cosmological
field equations are [8]
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These gravitational field equations have the property to
follow from the variation of the Lagrangian function [8]

LG =
(

− 3
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2G
a3

(
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)2)

− a3V (G) . (8)

4 Discussion

Consider the point transformation (a,G) →
(
Ae

Ψ
2 , e

1
2 Ψ

)
,

then, the point-like Lagrangian (8) becomes

LΨ = eΨ
(
−3AȦ2 − 3A2 ȦΨ̇ + ωG

2
A3Ψ̇ 2

)
− A3V̂ (Ψ ) ,

(9)

which is of the form of the Lagrangian of the dilaton field (4)

where V̂ (Ψ ) = e
3Ψ
2 V (Ψ ) and ωG is the effective Brans–

Dicke parameter related with μ as μ = 2 (2ωG + 3). As
a result we conclude that the Brans–Dicke and the varying
G and Λ cosmology are dynamically equivalent and solution
trajectories of one model can be transferred to solution trajec-
tories for the other model through the aforementioned point
transformation. This should not be confused with the con-
formal transformation which relates the Brans–Dicke action
with the minimally coupled scalar field [13].

From the solution trajectories of the varying G and Λ

cosmological model for the background geometry gμν =
diag

(−1, a2 (t) , a2 (t) , a2 (t)
)
, with Hubble function H =

ȧ
a , we can determine the solution trajectories for the Brans–
Dicke theory with scalar field Ψ and line element gμν =
diag

(−1, A2eΨ , A2eΨ , A2eΨ
)

and Hubble function Ĥ =
H+Ψ̇ . The two theories share not only the same solution tra-
jectories but also all the integrability properties. Indeed, the
conservation laws and the admitted symmetries for the one
model hold for the other model. Recently, in [14] the Noether
symmetries were investigated for the varying G and Λ cos-
mological theory. However, the above discussion shows that

in the case of the vacuum the results of [15]. Furthermore, in
the case in which matter is included, the Noether conditions
in varying G and Λ constrain the symmetry analysis for the
vacuum case. Which means that the symmetry analysis in the
case of matter is included inside the family of the symmetry
classification in [15]. Furthermore, the above transformation
which relates the two theories was presented before [15] in
order to simplify the nonlinearity terms in Brans–Dicke the-
ory.

The above transformation is not the unique transforma-
tion which relates the two theories. Indeed, under the change

of variables

{
G →

(
αe

Θ
2

)−3
, a → e− Θ

6

}
the point-like

Lagrangian (8) with potential V̂ (G) = V0G−1 is written
in the equivalent form of the Brans–Dicke theory (4). This
discussion shows that it is of important interest to study the
relation of a given gravitational theory with other theories.
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