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Abstract We study in more detail the cubic constraints
for N = 1 chiral superfields proposed in the earlier work
Eur. Phys. J. C 81, 523 (2021), which describe low-energy
goldstino-axion dynamics in global non-linearly realized
supersymmetry. We generalize the constraint (i) by gauging
the abelian symmetry that shifts the axion, and (ii) to super-
gravity. In the former case we show that after adding the
abelian gauge multiplet, the construction can be formulated
as a cubic nilpotent massive vector superfield. In the latter
case we find explicit solution to the constraint including con-
tributions from the supergravity multiplet. We also propose
microscopic supergravity models (with linear supersymme-
try), including a toy model for the string dilaton, which give
rise to the cubic constraints at low energies.
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1 Introduction

Constrained superfield approach to non-linear supersymme-
try (SUSY) is a powerful tool which can be used to obtain
effective supersymmetric field theories operating at energies
below the SUSY breaking scale [1–7]. The simplest and well-
known example uses a quadratic nilpotent chiral superfield
S2 = 0, which removes the complex scalar component S as
S = χ2/(2F),1 where χ is its fermionic partner (playing
the role of the goldstino), and F is the complex auxiliary
scalar which must be non-zero, since otherwise the solution
is singular. After applying the constraint, the resulting action
describes a goldstino of non-linearly realized N = 1 SUSY,
and can be related [9] to the original Volkov–Akulov the-
ory [10]. If the goldstino is accompanied by other (light)
fields, these fields can be described by introducing addi-
tional superfields and imposing appropriate orthogonality
constraints [7,11–14]. Constrained superfields were used in
particular in supergravity-based cosmology, for example in
constructing de Sitter vacua [15–27] as well as inflationary
model building [11,12,15,28–36].

In the preceding work [37] we studied a new type of cubic
constraints for N = 1 chiral superfields (in global SUSY),

1 We use spinor notations of Wess and Bagger [8], in particular χ2 ≡
χαχα.
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and showed that its solutions can describe a goldstino inter-
acting with an axion, with non-linearly realized supersym-
metry (see also [38] for an N = 2 generalization of this
constraint). This cubic constraint can be written in the form
(S+S)3 = 0, and its leading component S+ S is eliminated
in terms of a real (at least) bilinear function of the goldstino
χ and χ̄ . The axion in this case is the imaginary part of S,

and is protected by its global shift symmetry (spontaneously
broken everywhere in field space). Alternatively, if an abelian
symmetry is realized linearly, as a phase rotation of S, the
cubic constraint can be written as (SS−υ2)3 = 0 (assuming
that υ ≡ 〈S〉 �= 0), in which case the axion is the angular
part of S, while the radial part is eliminated by the constraint.
As shown in [37] these two cubic constraints (and their solu-
tions) can be related by a simple field redefinition S → log S
(from shift-symmetric case to phase-symmetric), and there-
fore in this paper we will focus on the shift-symmetric case
for simplicity.

In Ref. [37] we also showed that the solution to the cubic
constraint is related by non-linear field redefinitions to the
orthogonal nilpotent superfields proposed in [7] that pre-
serve the same degrees of freedom (goldstino and axion). The
orthogonality constraint can be written as X(T + T) = 0,

whereX is the quadratic nilpotent goldstino superfield, while
T is the orthogonal superfield whose only surviving com-
ponent is the imaginary scalar (axion). The solution to our
cubic constraint can be related to the solution to the orthog-
onality constraint by using the fact that the combination
Q ≡ log(X + eT) contains the same independent degrees
of freedom as S (which is constrained as (S+ S)3 = 0), and
is cubic nilpotent, (Q+Q)3 = 0. For this relation to work, we
also require that under the abelian symmetry Q transforms
by an imaginary shift, i.e. X and eT transform identically,
by a phase rotation. In other words, a Lagrangian of S is
equivalent to a particular Lagrangian of X and T (respec-
tive constraints assumed), where they form the combination
X + eT.

One possible advantage of using the cubic constraint as
opposed to the orthogonal nilpotent superfields was dis-
cussed in Ref. [39] in the context of minimal supergrav-
ity inflation (MSI), where only inflaton and goldstino fields
are present [11,32]. It was shown in [40] that MSI with
the orthogonal nilpotent superfields generally suffers from
catastrophic (and possibly pathological) production of slow
gravitinos due to changing sound speed (unrelated to the
standard gravitino problem), but Terada [39] showed that
if we instead construct MSI with a single chiral superfield
subject to the cubic constraint, the gravitino sound speed
does not change, and the problem is avoided. Cosmological
applications of the cubic constraints are further discussed in
[41].

In this work our goal is to derive explicit generalizations of
the cubic constraint to the cases of (i) local abelian symmetry

by gauging the axion shift, and (ii) local supersymmetry.2 In
the former case we introduce a real gauge superfield which
in the unitary gauge absorbs the chiral (Stückelberg) super-
field S and becomes massive. The cubic constraint can then
be written as a cubic nilpotency condition for the massive
vector superfield. We also construct microscopic supergrav-
ity (SUGRA) models with linear SUSY, which lead to an
appropriate cubic superfield constraint upon integrating out
a heavy scalar (saxion).

This paper is organized as follows. In Sect. 2 we review
the cubic constraint for chiral superfield with global shift
symmetry, and generalize the results to the case of gauged
shift symmetry and obtain cubic nilpotent massive vector
superfield. In Sect. 3 we generalize the results of Sect. 2 to
supergravity, and for each constraint we construct a mini-
mal Lagrangian. In Sect. 4 we discuss several examples of
microscopic models for the cubic constraints, including R-
symmetric models and toy models for the string dilaton.

2 Cubic constraints in rigid SUSY

2.1 Constrained chiral superfield

Consider an N = 1 chiral superfield S,

S = S(y) + √
2θχ(y) + θ2F(y), (2.1)

where S is a complex scalar, χ is a Weyl fermion, and F
is auxiliary complex scalar (the expansion is in chiral basis,
ym = xm + iθσm θ̄ ).

Assuming the presence of a shift symmetry, S → S + ic
(c = real constant), let us impose the following invariant cubic
constraint,

(S + S)3 = 0. (2.2)

We parametrize S as

S = 1
2 (φ + iϕ), (2.3)

and assume the VEV 〈φ〉 is zero. ϕ is the axion, shifting by
a constant under the abelian symmetry.

The highest component of (2.2) reads

1
4φ2�φ + φB = H, (2.4)

where B and H are defined as follows,

B ≡ 2FF − 1
2∂ϕ∂ϕ − (

iχσm∂m χ̄ + h.c.
)
,

2 When local SUSY is spontaneously broken, we can choose the super-
unitary gauge where the goldstino vanishes, and the solution to the
constraint (S + S)3 = 0 is simply S + S = 0 (if goldstino is purely
the fermionic component of S), which can dramatically simplify phe-
nomenological applications of these constraints. In this work we will
derive explicit solutions prior to the gauge fixing.
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H ≡ χ2F + χ̄2F + χσm χ̄∂mϕ. (2.5)

Equation (2.2) can be solved by utilizing the property H3 = 0
and φ3 = 0 (the former is a consequence of the fermionic
property χ3 = 0, and the latter is the leading component of
(2.2)), and the solution reads [37]

φ = H

B
− H2

4B4 �H. (2.6)

At the leading order in χ and χ̄ the solution reads

φ = χ2F + χ̄2F + χσm χ̄∂mϕ

2FF − 1
2∂ϕ∂ϕ

+ · · · . (2.7)

The Lagrangian. Let us review a general chiral super-
field Lagrangian under the cubic constraint [37]. For sim-
plicity we assume that the global shift-symmetry is exact,
so that the axion ϕ is massless, but it is always possible to
add a small mass by breaking the shift-symmetry in Kähler
potential or superpotential. Then the most general single-
field, shift-symmetric model in global SUSY is given by

K = 1
2 (S + S)2, W = μS, (2.8)

where constant terms in K and W, and linear term in K
are irrelevant (in global SUSY), and higher-order terms in
K are eliminated by the constraint (S + S)3 = 0. In the
superpotential, only the linear term in S is allowed by the
shift-symmetry. Equation (2.8) leads to the Lagrangian

L =
∫
d4θ K +

(∫
d2θ W + h.c.

)

= 1
4 (φ�φ + ϕ�ϕ) − iχσm∂mχ + μ(F + F) + FF,

(2.9)

where the cubic constraint eliminatesφ according to Eqs. (2.6)
and (2.7). The solution to the F-field equation of motion
(EOM) has finite expansion in χ and χ̄ (after eliminating φ),

starting from the constant term, F = −μ + O(χ, χ̄) [37].
The resulting theory describes goldstino and axion dynamics
with non-linear global N = 1 SUSY.

2.2 Nilpotent massive vector superfield

The cubic constraint (2.2) with global shift symmetry can
be generalized for the case of local shift symmetry as well,
which requires the introduction of an abelian gauge (vector)
superfield V with the component expansion

V = α − θσm θ̄ Am + 1
2θ2θ̄2(D + 1

2�α
)

+
[√

2θη + θ2 f + iθ2θ̄
(
λ̄ + 1√

2
σm∂m η̄

) + h.c.
]
,

(2.10)

where α and D are real scalars, f is a complex scalar (D
and f are auxiliary), η and λ are Weyl fermions, and Am is a
real vector. If we choose the Wess–Zumino (WZ) gauge, the
components α, η, and f vanish.

We then generalize the constraint as

(S + S + V)3 = 0, (2.11)

where the superfields transform as

S → S − �, V → V + � + �, (2.12)

for some chiral superfield�.Since shift symmetries are spon-
taneously broken everywhere in field space, we can work in
the unitary gauge with � = S, i.e. V and S combine into a
single massive vector superfield. We denote this massive vec-
tor superfield as V̂, and its vector component as Âm, while
for the rest of the components we keep the same notation as
in (2.10).

The components α, η, and f combine with the compo-
nents of S (with Re(S), χ, and F, respectively) and become
physical. The pseudo-scalar Im(S) ≡ ϕ/2 becomes the lon-
gitudinal mode of the massive vector

Âm = Am + ∂mϕ. (2.13)

In terms of the massive vector superfield V̂, the constraint
is simply

V̂3 = 0. (2.14)

Its highest component reads

1
2α2(D + 1

2�α
) + α B̃ = H̃ , (2.15)

where

B̃ ≡ 2 f f̄ − 1
2 Â

m Âm −
(
iησm∂m η̄ − √

2iηλ + h.c.
)

,

H̃ ≡ η2 f̄ + η̄2 f + ησm η̄ Âm . (2.16)

The constraint equation (2.15) is solved by

α= H̃

B̃
− H̃2

2B̃3

(

D+�H̃

2B̃

)

=η2 f̄ +η̄2 f +ησm η̄ Âm

2 f f̄ − 1
2 Â

2
+ · · · ,

(2.17)

where in the last equality we showed the leading-order (bilin-
ear) solution in η, η̄ (we denote Â2 ≡ Âm Âm). The solution
is regular if B̃ is non-vanishing. Comparing this solution to
the φ-solution in the global shift symmetry case (2.7), it can
be seen that the axion kinetic term ∂ϕ∂ϕ has been replaced
by the vector mass term Âm Âm .
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If the gauge multiplet is decoupled, we obtain the global
U (1) limit where the solution reduces to (2.6). This can be
seen by turning off the components of the original massless
gauge multiplet, {λ, Am, D} → 0. In this case Âm → ∂mϕ,

which restores the axion. After renaming

α → φ, η → χ, f → F, (2.18)

the solution (2.17) reduces to (2.6).
The Lagrangian. As for the chiral superfield case, we

can try to write down the general globally supersymmetric
Lagrangian for a single massive vector superfield satisfying
V̂3 = 0 (and having up to two derivatives),

L =
∫
d4θ

(
ξgV̂ + 1

2g
2V̂2

)
−

(
1
4

∫
d2θ WαWα + h.c.

)
,

(2.19)

where Wα ≡ − 1
4 D

2DαV̂, g is the gauge coupling, and
ξ is a real (Fayet–Iliopoulos) parameter. For normalization
purposes we divideα,η, and f by g, and write the component
Lagrangian as

L = 1
4 (α�α − FmnF

mn)

− i
2 (ησm∂m η̄ + λσm∂m λ̄ − 1√

2
gηλ + h.c.)

− 1
4g

2 Âm Âm + f f̄ + 1
2g(ξ + α)D + 1

2g
2D2. (2.20)

Here we run into a problem with using the constraint V̂3 = 0
and its solution (2.17): the f -field EOM becomes f =
0+O(χ, χ̄), i.e. it vanishes at the vacuum, which renders the
solution (2.17) singular (when f = Âm = 0). This means
that the minimal model of a cubic nilpotent vector superfield
in global N = 1 SUSY is inconsistent at the vacuum (this is
not the case in supergravity, as will be shown in the next sec-
tion). However, it is possible to construct a consistent model
if we add interactions with other superfields. For example
we can introduce a chiral superfield 
 interacting with the
vector V̂ as

L ⊃
∫
d4θ V̂(
 + 
) = f̄ F
 + f F
 + · · · , (2.21)

which modifies the f -EOM as f = −F
 +O(χ, χ̄). If F


acquires a non-zero VEV, the model will be consistent with
the cubic constraint (in this scenario, the goldstino will be a
combination of η, the fermionic component of 
, and λ, if
the D-field is also non-vanishing).

3 Supergravity generalization

3.1 Constrained chiral superfield in SUGRA

In supergravity we can use a curved superspace version of θ -
coordinate, denoted by �, which is so defined that the chiral
superfield has the same expansion as in rigid SUSY,

S = S + √
2�χ + �2F. (3.1)

The Lagrangian for a chiral superfield then reads (we use the
old-minimal formulation, see Appendices A and B for more
details; when working in supergravity we set MPl = 1)

L =
∫
d2� 2E

[
3
8 (D2 − 8R)e−K/3 + W

]
+ h.c., (3.2)

where K = K (S,S) is the Kähler potential, and W = W (S)

is the superpotential. The components of density E and cur-
vature R superfields form the old-minimal (12 + 12) super-
gravity multiplet

{eam, ψm, M, bm},
where eam is the frame field, ψm is gravitino (with suppressed
spinor index), M is complex auxiliary scalar, and bm is real
auxiliary vector.Dα

3 is the supergravity version of the super-
space covariant derivative Dα, and can be used to define the
components of S,

S| = S ≡ 1
2 (φ + iϕ), DαS| = √

2χα, D2S| = −4F.

(3.3)

The mixed Dα and Dα̇ derivatives include in addition the
supergravity multiplet contributions, shown in Appendix B,
where a general structure of cubic constraints is also
explained.

The supergravity version of the component form (2.4) of
the cubic constraint can be obtained by applyingD2D2 to the
cubic constraint (S + S)3 = 0. After some rearrangements
we find,

1
2φ2 (

2A + 1
2�φ

) + φ
(B + Cm∂mφ

) = H, (3.4)

where � ≡ ema Dm(eanDn) = ∇m∇m is Laplace–Beltrami
operator (see Appendix A for the definitions of covariant
derivatives), and we use the following shorthands

A ≡
(

1
3 MF + 1

4ψmψmF − 1√
2
ψmDmχ + h.c.

)

+ 1
3

(
bm − 3

4ψnσ
mψ̄n) ∂mϕ,

B ≡ 2FF − 1
2∂ϕ∂ϕ − 1

3χσm χ̄bm − χψm χ̄ ψ̄m

3 We denote D2 ≡ DαDα and D2 ≡ Dα̇Dα̇ .
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+
[

− iχσmDm χ̄ + i√
2
χσmψ̄mF

− 3i
2
√

2
χψm∂mϕ − χσ nmψm( i√

2
∂nϕ + χ̄ ψ̄n)

− χ2( 1
3 M + 1

4ψmψm) + h.c.
]
,

Cm ≡ − 1
2
√

2
(χψm − 2χσmnψn) + h.c.,

H ≡ [
χ2F − i

2
√

2
χ2ψmσm χ̄ + h.c.

] + χσm χ̄∂mϕ. (3.5)

The solution to (3.4) is given by

φ = H
B − H

B3 Cm∂mH − H2

B3

(
A + �H

4B
)

. (3.6)

If we turn off the supergravity multiplet as ψm = M = bm =
0 and eam = δam, this solution reduces to the solution (2.6) in
the rigid SUSY limit since A → 0, B → B, Cm → 0, and
H → H.

At the leading order from (3.6) we again find

φ = χ2F + χ̄2F + χσm χ̄∂mϕ

2FF − 1
2∂ϕ∂ϕ

+ · · · . (3.7)

However, the component expansion of the supergravity
Lagrangian (3.2) is in Jordan frame, L ⊃ e−K/3√−gR/2,

and the Einstein frame is obtained after the Weyl rescaling,4

gmn → eK/3gmn, eam → eK/6eam, (3.8)

while the “canonical” fermion kinetic terms are obtained after
the redefinitions

χ → e−K/12χ, ψm → eK/12ψm, (3.9)

and the subsequent shift of the gravitino,

ψm → ψm +
√

2i
6 KS̄σm χ̄ . (3.10)

We can also rescale the F-field,

F → e−K/6F, (3.11)

so that its contribution to the scalar potential has the usual
form V ⊃ KSSFF . After applying the transformations
(3.8)–(3.11) we obtain an appropriately normalized Einstein
frame action [8]. It is easy to check that the leading-order
solution (3.7) to the cubic constraint is left invariant under
these transformations, and coincides with the rigid SUSY
case, while higher-order terms include contributions from
the supergravity multiplet.

4 Under this Weyl rescaling the Pauli matrices with the curved index
transform as σm → e−K/6σm , since σm = ema σ a .

The Lagrangian. Most general Kähler potential and
superpotential for the chiral superfield S, satisfying the cubic
constraint (S + S)3 = 0 and invariant under global shifts
S → S + ic, read

K = ξ(S + S) + 1
2 (S + S)2, W = μ, (3.12)

where ξ and μ are real parameters. A constant term in the
Kähler potential is irrelevant, since we can use the invariance
of the Lagrangian under Kähler transformations (with a chiral
superfield σ),

K → K + σ + σ , W → We−σ , (3.13)

to eliminate it by a constant rescaling of W. Unlike in global
SUSY, in SUGRA, a constant term in the superpotential con-
tributes to the Lagrangian, while the linear S-term is not
allowed as it breaks the shift-symmetry. We can also use
the transformation (3.13) to eliminate the linear term of the
Kähler potential (3.12) by choosing σ = −ξS. With this
choice, superpotential takes the form W = μeξS, which is
not invariant under the (imaginary) shift of S, but transforms
by a constant phase. Thus, in this Kähler frame our shift-
symmetry is identified with the global U (1)R symmetry.

For convenience we use the Kähler frame (3.12) where
superpotential is constant. We then derive the relevant com-
ponent action starting from the superfield Lagrangian (3.2),
and by using the solution (3.6) to the cubic constraint. The
resulting Lagrangian is quite complicated, but it can be sig-
nificantly simplified if we use the SUGRA unitary gauge
where the goldstino, which is χ in this model, is set to zero.
In this unitary gauge, the solution to the cubic constraint is
simply φ = 0 (as before, we use S = (φ+ iϕ)/2). Finally, in
order to obtain the appropriately normalized Einstein frame
action, we use the Weyl transformation (3.8), and rescale the
gravitino and the auxiliary field as:

ψ → eK/12ψ, F → e−K/6F. (3.14)

For φ = χ = 0 (unitary gauge) this yields,

e−1L = 1
2 R − 1

4 (K ′′ − 1
3 K

′2)(∂ϕ∂ϕ − 4FF)

+ 1
3bm(bm + K ′∂mϕ)

− μe2K/3(M + M) − 1
3e

K/6K ′(MF + MF)

−
(

1
4εklmnψkσlψ̄mn + μeK/2ψmσmnψn + h.c.

)

− i
4 K

′εklmnψkσlψ̄m∂nϕ, (3.15)

where K ′ = ∂SK = ∂SK (since K is a function of S + S).

The next step is to eliminate the auxiliary fields by their EOM,

bm = −K ′

2
∂mϕ = −ξ

2
∂mϕ,
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M = μeK/3

(
K ′2

K ′′ − 3

)

= μ(ξ2 − 3),

F = −μeK/2 K ′

K ′′ = −μξ, (3.16)

where we used the fact that K = 0, K ′ = ξ, and K ′′ = 1
when φ = 0. Plugging (3.16) back into the Lagrangian, we
find

e−1L = 1
2 R − 1

4∂ϕ∂ϕ

−
(

1
4εklmnψkσlψ̄mn + μψmσmnψn + h.c.

)

− i
4ξεklmnψkσlψ̄m∂nϕ − μ2(ξ2 − 3). (3.17)

Both μ and ξ must be non-zero, otherwise the F-field van-
ishes, and the solution (3.7) becomes singular at the vacuum.
Hence, the only consistent way to obtain Minkowski vac-
uum in this construction, is to set ξ = ±√

3. Non-zero ξ also
means that the gravitino-axion interaction, shown in the sec-
ond line of (3.17), is always present, while the model (3.12)
can always be Kähler-transformed to the frame where the
shift symmetry is the R-symmetry (W = μeξS), and ϕ is
its R-axion, regardless of the UV origin of the constrained
superfield S.

The Lagrangian (3.17) represents the minimal model for
the cubic constraint (S+S)3 = 0, where the axion ϕ is mass-
less. However, a mass term, as well as other interactions in
the Lagrangian, can be generated by various shift-symmetry-
breaking terms in K and W (this is how e.g. minimal SUGRA
inflationary models are constructed in this setup [39,41]).

3.2 Nilpotent massive vector superfield in SUGRA

Here we generalize the nilpotent massive vector superfield,
V̂3 = 0, considered in Sect. 2.2 to supergravity. Applying
supergravitational covariant derivatives D2D2 to the cubic
constraint, and extracting the leading component yields5

α2
(
Ã + 1

4�α
)

+ α
(
B̃ + C̃m∂mα

)
= H̃, (3.18)

where

Ã ≡ 1
2 D +

(
1
3 M f + 1

4ψmψm f − 1√
2
ψmDmη + h.c.

)

+ 1
3

(
bm − 3

4ψnσ
mψ̄n) Âm,

B̃ ≡ 2 f f̄ − 1
2 Â

2 − 1
3ησm η̄bm − ηψm η̄ψ̄m

+
[

− iησmDm η̄ + √
2iηλ + i√

2
ησmψ̄m f̄

− 3
√

2
4 iηψm Âm − ησ nmψm( i√

2
Ân + η̄ψ̄n)

5 The definitions of the components of V̂ in supergravity can be found
in Appendix B.

− η2( 1
3 M + 1

4ψmψm) + h.c.
]
,

C̃m ≡ − 1
2
√

2
(ηψm − 2ησmnψn) + h.c.,

H̃ ≡ [
η2 f̄ − i

2
√

2
η2ψmσm η̄ + h.c.

] + ησm η̄ Âm . (3.19)

This equation has the same basic form as Eq. (3.4) for the
global shift symmetry case, and the solution is

α = H̃
B̃ − H̃

B̃3
C̃m∂mH̃ − H̃2

B̃3

(

Ã + �H̃
4B̃

)

. (3.20)

We can “de-gauge” the shift symmetry by turning off
{λ, Am, D}. After renaming α → φ and η → χ, and using
Âm → ∂mϕ, we recover the constraint for the chiral super-
field (3.4) and its solution (3.6) with global shift symmetry.
Another limit that we can take is the limit of global SUSY
where ψm = bm = M = 0, which leads to the constraint
(2.15).

The Lagrangian. A theory of a single massive vector
multiplet is described by a real function J (V̂) (and its leading
component J (α)) which replaces the Kähler potential K (S+
S+V) in the unitary gauge whereS is set to zero. We start from
the Lagrangian for a massive vector superfield with a general
function J (V̂) in the presence of constant superpotential μ,

L=
∫
d2� 2E

[
3
8 (D2−8R)e−J/3+μ+ 1

4WαWα

]
+h.c..

(3.21)

After extracting the components and performing field-
dependent Weyl rescalings

eam → eJ/6eam, ψm → eJ/12ψm, η → e−J/12η,

λ → e−J/4λ, f → e−J/6 f, D → e−J/3D, (3.22)

and the gravitino shift6

ψα
m → ψα

m −
√

2
6 i J ′η̄α̇σ α̇α

m , (3.23)

we arrive at (we also restore the gauge coupling by dividing
α, η, f by 2g)

e−1L = 1
2 R − 1

4 (J ′′∂α∂α + FmnF
mn)

− g2(J ′′ − 1
3 J

′2) Âm Âm

− i
4εklmnψkσlψ̄m(2gJ ′ Ân − J ′′ησn η̄)

− g(J ′′′ − 1
3 J

′ J ′′ + 1
18 J

′3)ησm η̄ Âm

− 1
2 (J ′′ − 1

6 J
′2)ηψm η̄ψ̄m + 1

12 J
′2ηλη̄λ̄

6 See Appendix A for the transformation of the scalar curvature under
these rescalings and the gravitino shift.
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+ 1
2λψm λ̄ψ̄m + 1

4λσ nψ̄mψnσm λ̄

+ 1
4 (J (4) − J ′′2 + 5

9 J
′2 J ′′ − 4

3 J
′ J ′′′ − 1

18 J
′4)η2η̄2

− 1
3e

J/3MM + (J ′′ − 1
3 J

′2) f f̄
− 1

3e
J/6 J ′(M f + M f̄ ) − μe2J/3(M + M)

+ 1
6e

J/6(J ′′ − 1
3 J

′2)(η2M + η̄2M)

− 1
2 (J ′′′ − J ′ J ′′ + 1

9 J
′3)(η2 f̄ + η̄2 f )

+ 1
3bmb

m + 1
2λσm λ̄bm − 1

6 (J ′′ + 1
3 J

′2)ησm η̄bm

+
√

2
6 i J ′(ηψm − η̄ψ̄m)bm + 2

3gJ
′ Âmbm

+ gJ ′D + 1
2 D

2

+ { − 1
4εklmnψkσlψ̄mn − i

2 J
′′ησmDm η̄

− i
2λσmDm λ̄ − μeJ/2ψmσmnψn − 1

3μeJ/2 J ′2η2

+ √
2ig J ′′ηλ −

√
2

4 J ′′ησmσ nψm(∂nα − 2ig Ân)

+
√

2
6 ig J ′2ηψm Âm

− i√
2
μeJ/2 J ′ησmψ̄m − 1

2gJ
′λσmψ̄m

+ i
2 (Fmn − i F̃mn)λσmψ̄n + 1

48 J
′2η2ψmψm

+
√

2
48 i(J

′ J ′′ + 1
3 J

′3)η2ψmσm η̄

+
√

2
8 i J ′ηψmλσm λ̄ − 1

8λ2ψ̄mσmnψ̄n

− 3
16λ2ψ̄mψ̄m + h.c.

}
, (3.24)

where J (4) means fourth derivative of J. Equation (3.24) is
a general (off-shell supersymmetric) Lagrangian for a single
massive vector multiplet, equivalent to a theory of a chiral
superfield with gauged shift-symmetry. If we eliminate the
auxiliary fields, we reproduce the final SUGRA Lagrangian
given in [8] for a particular case where the Kähler poten-
tial is a function of S + S + V. However, we are inter-
ested in the superfield constraint V̂3 = 0, whose solution
is given by (3.20) and introduces additional fermionic terms
with auxiliary field dependence. Unlike in the previous case
with a single chiral superfield, here the goldstino is gener-
ally a combination of η and λ, and therefore eliminating the
goldstino (unitary gauge) does not significantly simplify the
Lagrangian, while the solution to the cubic constraint can-
not be set to zero. This must be taken into account before
eliminating the auxiliary fields by their EOM.

Thanks to the cubic nilpotency of V̂ and α, we can write

J (α) = ξα + 1
2α2. (3.25)

A constant term in J can always be absorbed by a redefinition
of μ that parametrizes our constant superpotential. Before
writing down the final Lagrangian for this model, we impose
the supersymmetric unitary gauge,

G = J ′
(

η −
√

2g

2μ
ie−J/2λ

)

= 0, (3.26)

where G is the goldstino, in order to identify the physical
fermion which we call ζ. By using the solution (3.20) (where
we apply the aforementioned Weyl rescalings and restore the
gauge coupling), and subsequently eliminating the auxiliary
fields, we obtain the Lagrangian,

e−1L= 1

2
R−1

4
FmnF

mn−g2 Âm Âm−μ2(ξ2−3)−1

2
g2ξ2

− i

2
gξεklmnψkσlψ̄m Ân + g3ξ

2μ2 + g2

×
[

1

2
− μ2

g2 + 1

U
(μ2 − g2 − μ2ξ2)

]
ζσm ζ̄ Âm

+
{
−1

4
εklmnψkσlψ̄mn− i

2
ζσmDm ζ̄−μψmσmnψn

− μg2

4μ2 + 2g2

[
ξ2 − 3 + ξ2

U
(μ2 − g2 − μ2ξ2)

]
ζ 2

+ ig2ζσmσ nψm Ân√
4μ2 + 2g2

+ μ(Fmn − i F̃mn)√
4μ2 + 2g2

ζσmψ̄n + h.c.

}

+ 4-fermion terms, (3.27)

where U ≡ μ2ξ2 − g2 Âm Âm, and F̃mn ≡ 1
2εmnkl Fkl . For

f and D auxiliary fields we used the EOM,

f = −μξ + · · · , D = −gξ + · · · (3.28)

where . . . stands for ζ -dependent terms. In the decoupling
limit g = 0 (and remembering that Âm = Am + 1

2g ∂mϕ, in
terms of the gauge field Am and the axion ϕ), we recover the
Lagrangian (3.17) for the constrained chiral superfield plus a
massless gauge multiplet. Therefore if we specifically want
to describe a massive vector multiplet, we should assume
g �= 0. On the other hand, since consistency of the cubic
constraint requires 〈 f 〉 = −μξ �= 0, both μ and ξ must be
non-zero. This leads us to the point that both auxiliary fields
( f and D) of the massive vector superfield, subject to the
cubic constraint V̂3 = 0, are non-vanishing.

As for the masses of the physical component fields, we
have (in SUGRA Planck units) mÂ = √

2g for the vector
field, and mζ = g2/μ for the spin-1/2 fermion, where we
used 〈U 〉 = μ2ξ2. The gravitino mass ism3/2 = μ as before.
We have no scalar fields left, since α is eliminated by the
constraint, and the cosmological constant is given by

V = μ2(ξ2 − 3) + 1
2g

2ξ2. (3.29)

123



474 Page 8 of 19 Eur. Phys. J. C (2023) 83 :474

In Minkowski vacuum we can fix

ξ2 = 6

2 + g2/μ2 . (3.30)

4 UV models for the cubic constraints

Here we consider several microscopic models (in supergrav-
ity) with spontaneously broken abelian symmetry and SUSY,
which lead to the cubic constraints for chiral or vector (when
the abelian symmetry is gauged) superfields.

4.1 A global SUSY model

Let us start from global SUSY for simplicity. A (globally)
shift-symmetric UV model that can reproduce the constraint
(S + S)3 = 0 was proposed in Ref. [41], defined by the
following Kähler potential and superpotential,

K = 1

2
(S + S)2 − 1

24�2 (S + S)4, W = μS, (4.1)

with real parameters � (with units of mass) and μ (with units
of mass-squared). The model has the U (1) symmetry which
shifts the scalar S,

S → S + ic, (4.2)

with a real parameter c. The superpotential shifts by an irrel-
evant (in global SUSY) constant, which does not explic-
itly break the U (1) shift symmetry. Let us now parametrize
S = (φ + iϕ)/2 (for almost canonical kinetic terms). The
scalar potential becomes

VF = K S̄SWSW S̄ = μ2
(

1 − φ2

2�2

)−1

, (4.3)

which is minimized for 〈φ〉 = 0. The canonical φ mass
squared is given bym2

φ = 2μ2/�2 (proportional to the fourth
derivative of the Kähler potential), and thus φ can be decou-
pled at the formal limit � → 0.7 This limit imposes our
cubic constraint as can be seen from the superfield equation
of motion,

D2S − 1

3�2 D
2(S + S)3 − 4μ = 0. (4.4)

7 There is a subtlety related to taking the limit of small � due to the
fact that the higher-order terms, such as the quartic term in K , often
originate from integrating out a heavy field(s) in some UV completion
of the model, with � being related to its mass. If � is too small, this
may destabilize some heavy field from its minimum. This situation was
studied in Ref. [34] (in relation to quadratic superfield constraints),
where it was shown that there can exist a parameter range in the UV
theory, where � is small enough to describe the constrained superfield,
but not too small as to destabilize the heavy fields.

The leading term of the above equation gives the F-term
EOM,

F = −K S̄S
[
μ − χ2

2�2 (S + S)

]
, (4.5)

where at the vacuum we have 〈F〉 = −μ spontaneously
breaking SUSY, while χ plays the role of the goldstino. Now,
if we take � → 0 (while keeping μ finite), it can be seen that
(S+S)3 = 0 is a particular solution to the superfield equation
(4.4). To see that it is also a unique (non-trivial) solution we
check the equation of motion for φ, which can be obtained by
applying D2 to (4.4). The real part of the resulting equation
in the limit � → 0 reads

φ( 1
2φ�φ + 1

2∂φ∂φ + B) = H, (4.6)

where B and H are defined in (2.5). H is bilinear in χ and
χ̄ , so that H3 = 0, which leads to φ3 = 0 by looking at the
above equation (the cube of the expression in the parentheses
cannot identically vanish since B = 2FF + · · · and F ∝
μ �= 0). Then by using �φ3 = 0, Eq. (4.6) can be rewritten
as

1
4φ2�φ + φB = H, (4.7)

which is exactly our cubic constraint in the component form
(2.4). Its solution is given by (2.6) and (2.7) where φ is elim-
inated in terms of bilinear and higher-order terms in χ, χ̄,

thus describing a low-energy effective theory of the axion ϕ

and the goldstino χ with non-linearly realized N = 1 SUSY.

4.2 R-symmetric model in supergravity

In supergravity, the linear superpotential as in (4.1) breaks
the shift symmetry of S, but we can instead introduce an
exponential dependence,

K = 1

2
(S + S)2 − 1

24�2 (S + S)4, W = μeξS, (4.8)

where �,μ, ξ are real parameters. If ξ �= 0, the global shift
symmetry (S → S+ ic) is an R-symmetry. For convenience,
we Kähler-transform (4.8) into

K = ξ(S+S)+ 1

2
(S+S)2− 1

24�2 (S+S)4, W = μ, (4.9)

so that the superpotential is constant. Since this model is
equivalent to (4.8) (assuming ξ �= 0), we will still refer to
the shift symmetry of S as the R-symmetry.

We again parametrize S = (φ + iϕ)/2, and write the
F-term scalar potential as

VF = eK
(
K S̄SDSWDS̄W − 3WW

)
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= μ2 exp

(
ξφ + φ2

2
− φ4

24�2

)

×
[(

1 − φ2

2�2

)−1 (
ξ + φ − φ3

6�2

)2

− 3

]

. (4.10)

The corresponding vacuum equations are hard to solve
exactly, but we can try to solve them perturbatively for small
�. However, if � is small and 〈S〉 is non-zero (as a general
assumption), the quartic correction to the canonical Kähler
potential may become large and spoil its perturbative form.
Therefore let us assume that S, or rather |φ|, is always smaller
than �, which is encoded in the parametrization

φ = �2φ̂. (4.11)

Using (4.11) and taking the series expansion of the potential
(4.10) in small �, we write down the Minkowski vacuum
equations,

VF/μ2 = ξ2 − 3 + ξ(ξ2 − 1)�2φ̂ + 1
2ξ2�2φ̂2

+ O(�4) = 0,

∂
φ̂
VF/μ2 = ξ(ξ2 − 1)�2 + ξ2�2φ̂ + O(�4) = 0. (4.12)

The vacuum equations are solved by

ξ2 = 3 + 2�2 + O(�4), φ̂ = 1

ξ
− ξ + O(�2) ≈ − 2√

3
,

(4.13)

where we have chosen the “plus” branch, ξ = +√
3, i.e. the

VEV of φ becomes 〈φ〉 
 −2�2/
√

3, which is consistent
with our assumptions. To confirm these estimates we also
numerically solved the vacuum equations. For � = 0.1 the
perturbative solution (4.13) yields ξ = 1.73781 and 〈φ〉 =
−1.15×10−2, while from the numerical calculation we have
ξ = 1.73779 and 〈φ〉 = −1.14 × 10−2. For � = 0.01 both
perturbative and numerical solutions yield ξ = 1.73211 and
〈φ〉 = −1.15 × 10−4. These results show that at the limit
� → 0, the VEV 〈φ〉 goes to zero as �2 and can be ignored
for our purposes, while the parameter ξ must be close to ±√

3
in order to cancel the cosmological constant. At the vacuum,
the Kähler metric is (nearly) canonical, 〈KSS̄〉 = 1+O(�2).

The leading-order expressions for the (canonical) mass of
φ, the F-field and the gravitino mass at the vacuum are given
by8

mφ/μ = √
6/� + O(�0), 〈m3/2〉/μ = 1 + O(�2),

8 Before writing the auxiliary field VEVs, we always use their con-
ventional expressions, F = −eK/2K SS̄ DS̄W , D = −gD, where
D is Killing potential given by (A.2). This requires the rescaling
F → e−K/6F and D → e−K/3D, since in curved superspace for-
malism we start in Jordan frame.

〈F〉/μ = −√
3 + O(�2), (4.14)

assuming positive μ and �. Similarly to the globally super-
symmetric model (4.1) of the previous subsection, theφ-mass
diverges when � → 0, while SUSY breaking scale remains
finite, which suggests that the cubic constraint can be used
to describe the system in the infrared.

To show this we derive superfield EOM for this model (K
and W given by (4.9)),

(D2 − 8R)(e−K/3KS) = 0. (4.15)

When � → 0 we have KS 
 −(S + S)3/(6�2), which
means (S + S)3 = 0 solves (4.15) in this formal limit. To
prove that it is a unique solution, we will solve (4.15) in
components. In particular, applyingD2 to this equation (after
multiplying by eK/3 for convenience), we obtain the equation
of motion for φ, which in the limit � → 0 reads

− H + φ
(
B + 1

2∂φ∂φ + Cm∂mφ + 1
6χ2M + 1

6 χ̄2M
)

+ 1
2φ2 (

2A + �φ − 1
3 MF − 1

3 MF
) + O(φ3) = 0,

(4.16)

where A,B, Cm,H are given by (3.5), below we repeat these
for convenience,

A ≡
(

1
3 MF + 1

4ψmψmF − 1√
2
ψmDmχ + h.c.

)

+ 1
3

(
bm − 3

4ψnσ
mψ̄n) ∂mϕ,

B ≡ 2FF − 1
2∂ϕ∂ϕ − 1

3χσm χ̄bm − χψm χ̄ ψ̄m

−
[
iχσmDm χ̄ − i√

2
χσmψ̄mF

+ 3i
2
√

2
χψm∂mϕ + χσ nmψm( i√

2
∂nϕ + χ̄ ψ̄n)

+ χ2( 1
3 M + 1

4ψmψm) + h.c.
]
,

Cm ≡ − 1
2
√

2
(χψm − 2χσmnψn) + h.c.,

H ≡ [
χ2F − i

2
√

2
χ2ψmσm χ̄ + h.c.

] + χσm χ̄∂mϕ.

(4.17)

It is immediately clear from (4.16) that φ is proportional to
H (assuming B is non-vanishing at the vacuum) which is at
least bilinear in χ and χ̄ , and this means that φ3 = 0. We
then rewrite (4.16) as

1
2φ2 (

2A + 1
2�φ

) + φ
(B + Cm∂mφ

) − H
= 1

6 M
(
φ2F − φχ2

)
+ h.c., (4.18)

where the right hand side (RHS) is the difference of this equa-
tion from the component form (3.4) of the cubic constraint
(S+S)3 = 0. It can be shown however, that the RHS vanishes
as follows. We first notice that the expression φ2F − φχ2 is
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fourth order in χ, χ̄ (since φ is proportional to H which is at
least bilinear). So in order to find its explicit form, it is enough
to find the solution for φ up to bilinear terms (since higher-
order terms will vanish upon substitution). The leading-order
(bilinear) solution to (4.18) is φ = H/B, and it is then a sim-
ple exercise to use the definitions of H and B from (4.17)
and show that

φ2F − φχ2 = 0. (4.19)

That is, the RHS of (4.18) vanishes and we obtain exactly
the cubic constraint (3.4). EOM (4.15) is of course in Jor-
dan frame, and the Einstein frame can be obtained by using
transformations (3.8)–(3.11).

4.3 Locally R-symmetric model and nilpotent vector
superfield

We now gauge the R-symmetry of the previous model, and
derive the cubic constraint on the massive vector superfield
from its equation of motion.

After including the U (1)R gauge multiplet, the superfield
Lagrangian can be written as

L =
∫
d2� 2E

[
3
8 (D2 − 8R)e−K/3 + μ + 1

4WαWα

]

+ h.c., (4.20)

where we have

K = ξ(S + S + V) + 1

2
(S + S + V)2

− 1

24�2 (S + S + V)4, W = μ. (4.21)

Next, we choose the superfield unitary gauge,

S + S + V → V̂, (4.22)

for a massive vector superfield V̂, and the Kähler potential
becomes

K (S + S + V) → J (V̂) = ξ V̂ + V̂2

2
− V̂4

24�2 , (4.23)

and we denote it as J (V̂)|. From the Lagrangian (4.20) by
using (4.23) we can derive the equation of motion for the
massive vector superfield,

e−J/3 J ′ = DαWα, (4.24)

where we used the reality property DαWα = Dα̇W α̇ . The
leading component of the above equation eliminates the aux-
iliary D-field, while extracting its D2D2-component yields

EOM for the scalar field α = V̂| in Jordan frame,

4Y1
{ 1

2�α + Ã + [ − 1
2
√

2
ηDmψm

− i
4
√

2
ηψm(ψnσ

mψn + 1
3b

m)

−
√

2
12 ησmn(ψmn + iψmbn) + h.c.

]}

+ Y2(∂α∂α + 2C̃m∂mα + 2B̃)

− 2Y3H̃ + Y4η
2η̄2 − 1

8e
J/3(D2D2Dα̇W α̇| + h.c.) = 0,

(4.25)

where we multiplied the equation by eJ/3, and used the nota-
tion

Y1 ≡ J ′′ − 1
3 J

′2,
Y1+i ≡ Y ′

i − 1
3 J

′Yi , (4.26)

for i = 1, 2, 3. The functions Ã, B̃, C̃m, H̃ are defined in
Eq. (3.19). The last term of (4.25), D2D2DW|, involves the
vector multiplet and supergravity multiplet components, but
we will not need its explicit form.

Before studying the EOM, let us comment on the scalar
potential and vacuum structure of this model comparing it to
the previous model with global U (1)R . Here we gauged the
U (1)R and chose a Kähler frame where the superpotential is
just a constant W = μ, which leads to the following scalar
potential in the Einstein frame,

V = μ2eJ
(
J ′2

J ′′ − 3

)

+ g2

2
J ′2, (4.27)

after restoring the gauge coupling by α → α/(2g). The
bosonic sector of the full Lagrangian is given by

e−1Lbos = 1
2 R− 1

4 (J ′′∂α∂α+FmnF
mn)−g2 J ′′ Âm Âm−V,

(4.28)

where Fmn is the field strength of Âm .

As in the previous model, we assume that 〈α〉 is of the
order �2. Perturbatively solving the vacuum equations V =
V ′ = 0 in small �, we obtain

ξ2 = 6

2 + ĝ2 + (4 + ĝ2 + ĝ4)2

(2 + ĝ2)3 �2 + O(�4),

〈α〉 = 1

ξ
(1 − ξ2 − ĝ2)�2 + O(�4), (4.29)

where ĝ ≡ g/μ. When g = 0 and α = φ this agrees with
the previous model where the solution is given by (4.13). The
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canonical mass spectrum at the Minkowski vacuum reads

mα = 2
√

3μ
√

2μ2 + g2�
+ O(�0), mÂ = √

2g + O(�2),

m1/2 = g2/μ + O(�2), m3/2 = μ + O(�2),

〈 f 〉 = −
√

6μ2
√

2μ2 + g2
+ O(�2),

〈D〉 = −
√

6μg
√

2μ2 + g2
+ O(�2), (4.30)

where m1/2 is the mass of the physical fermion orthogonal
to the goldstino. The scalar mass mα diverges as 1/� (as
before), while the rest of the masses and SUSY breaking
parameters are finite, as long as g/μ stays finite. By gauging
the abelian symmetry, we obtained a massive vector, massive
spinor, and a non-vanishing D-field, compared to the previous
model with a single chiral superfield.

Going back to the α-EOM (4.25), in the limit � → 0 we
can approximate the Y -functions as

Y1 
 − α2

2�2 + O(α6), Y2 
 − α

�2 + O(α5),

Y3 
 − 1

�2 + O(α4), Y4 
 O(α3). (4.31)

Thus, the Y4-term and the last term of (4.25) (proportional
to eJ/3) are at least cubic in α in this limit. It can then be
shown from (4.25) that α is proportional to H̃, which is at
least bilinear in η and η̄, which means that α3 identically
vanishes (as well as α2η and α2η̄). The resulting equation
for α coincides with Eq. (3.18) describing the cubic nilpotent
massive vector superfield, while the mass spectrum (4.30)
(when � → 0) matches the mass spectrum of the Lagrangian
(3.27), as expected.

4.4 Heavy dilaton model

Here we consider a toy model for the string dilaton,

K = − log(S + S + k), W = μ, (4.32)

where the real scalar φ ≡ S + S is the dilaton, the imagi-
nary part ϕ ≡ −i(S − S) is the axion, μ is a real constant
(which is arbitrary but non-zero) as before, and we assume
the invariance under global shifts, S → S + ic. k is a func-
tion of S+S, and denotes (perturbative or non-perturbative)
quantum corrections to the tree-level dilaton Kähler poten-
tial. Since the dilaton VEV determines the string coupling as
φ ∝ 1/g2

s , we require that the correction term k vanishes in
the weak coupling limit φ → ∞.

In order to identify in which case the model can be
described by the cubic constraint, we can look at the super-

field EOM, which for constant superpotential reads

(D2 − 8R)(e−K/3K ′) = 0, (4.33)

where K ′ = KS = KS. We expand it around the vacuum as

K ′ = 〈K ′〉+〈K ′′〉�+ 1
2 〈K ′′′〉�2+ 1

6 〈K (4)〉�3+· · · , (4.34)

where� ≡ S+S−〈φ〉, and K (4) denotes the fourth derivative
of the Kähler potential. In the previous model (4.9) we had
〈K (4)〉 → ∞ (and 〈φ〉 → 0), as � → 0, while the first three
terms in the expansion (4.34) of its Kähler potential were
finite. As was shown, this leads to the effective constraint
(S + S)3 = 0, and since the mass of φ includes the fourth
derivative of K , it also diverges in that model for � → 0.

Here we show an alternative route to the cubic constraint,
where 〈K (4)〉 remains finite, and instead, 〈K ′〉, 〈K ′′〉, and
〈K ′′′〉 go to zero in an appropriate limit. In this case we still
have a diverging φ-mass, since in the canonical normalization
it is equal to mφ = √

2〈V ′′〉/〈K ′′〉 (V ′ = ∂φV ). Therefore it
is convenient to introduce a small parameter δ as,

〈K ′′〉 ≡ δ2, (4.35)

such that in the limit δ → 0, the canonical mass mφ

goes to infinity (provided that 〈V ′′〉 is non-vanishing). The
Minkowski vacuum condition in this case reads

V/μ2 = eK
(
K ′2

K ′′ − 3

)

= eK
(
K ′2

δ2 − 3

)

= 0. (4.36)

Therefore we have the condition

〈K ′〉 = √
3δ, (4.37)

which fits our requirement of small 〈K ′〉. We also have the
stationary point equation which, by using (4.36) can be writ-
ten as

V ′/μ2 = eK K ′
(

2 − K ′K ′′′

K ′′2

)
= 0. (4.38)

After using (4.35) and (4.37), this leads to

〈K ′′′〉 = 2√
3
δ3, (4.39)

which, together with (4.35) and (4.37), must be satisfied if
we want to obtain the cubic constraint while having sta-
ble Minkowski vacuum (additionally, 〈K (4)〉 must be non-
vanishing when δ → 0). Under these vacuum conditions,
the canonical dilaton mass becomes

mφ =
√

2〈V ′′〉
〈K ′′〉 = √

6μe〈K 〉/2

(

−〈K (4)〉
δ4 + 2

)1/2

, (4.40)
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and the VEV of F is

〈F〉 = −√
3μe〈K 〉/2/δ. (4.41)

Assuming that 〈K 〉 is finite, 〈F〉 diverges as 1/δ. However
its contribution to the Lagrangian, 〈K ′′FF〉, is finite because
〈K ′′〉 = δ2. In fact, the chiral superfield S should be rescaled
by 1/δ in order to obtain canonically normalized effective
Kähler metric, as we will do below after considering a specific
example.

Next, we search for a Kähler potential for the dilaton-axion
superfield that meets our conditions. At this point it is desir-
able to be able to control the dilaton VEV, in order to make
sure the vacuum is in the perturbative regime in terms of 1/φ.

Therefore we treat 〈φ〉 as a free parameter which we can fix by
hand, and introduce three parameters in the correction term
k, in order to satisfy the three Eqs. (4.35), (4.37), and (4.39).
We find that various combinations of perturbative (in 1/φ)

and non-perturbative corrections can satisfy the aforemen-
tioned conditions. Perhaps the simplest working example is
given by three perturbative terms, such as

k = a1

S + S
+ a2

(S + S)2
+ a3

(S + S)3
. (4.42)

With this choice, the Eqs. (4.35), (4.37), and (4.39) can be
solved perturbatively in δ, which at the subleading order
yields

a1 
 6〈φ〉2(1 + 4
√

3〈φ〉 δ),

a2 
 −4〈φ〉3(1 + 4
√

3〈φ〉 δ),

a3 
 〈φ〉4(1 + 4
√

3〈φ〉 δ), (4.43)

where it can be seen that none of the three parameters can
be set to zero (at least when 〈φ〉δ is small), since 〈φ〉 = 0
corresponds to a pole in the Kähler metric. It is also possible
to add a constant term to (4.42), but it cannot be used to
replace one of the ai parameters, and will only change the
solution quantitatively.

By using (4.43), the fourth derivative of K at the vacuum
becomes

〈K (4)〉 = − 6

〈φ〉4 − 6
√

3

〈φ〉3 δ + O(δ2). (4.44)

When δ is small enough for a given 〈φ〉, the 〈K (4)〉�3-term of
the expansion (4.34) will dominate over the lower-derivative
terms, and the cubic constraint �3 = (S + S − 〈φ〉)3 = 0
becomes a good low-energy approximation of the dilaton
equation of motion (4.33), as can be explicitly seen from the
component EOM for the dilaton, which coincides with (4.16)
when sending δ → 0.

The canonical dilaton mass, gravitino mass, and the F-
term VEV for the vacuum solution (4.43) read

mφ/μ = 3

〈φ〉5/2δ2
− 3

√
3

〈φ〉3/2δ
+ O(δ0), (4.45)

〈m3/2〉/μ = 1

2
√〈φ〉 − 3

√
3〈φ〉
4

δ + O(δ2), (4.46)

〈F〉/μ = −
√

3

2
√〈φ〉δ + 9

√〈φ〉
4

+ O(δ). (4.47)

Let us also expand the Kähler potential around the vacuum
〈S+ S〉 = 〈φ〉. We first redefine the dilaton-axion superfield
as

S = S̃
δ

+ 〈φ〉
2

, (4.48)

where we shift it by 〈φ〉/2, so that the new dilaton S̃ + S̃
vanishes at the vacuum, while the factor of 1/δ leads to the
canonically normalized Kähler potential,

K = 〈K 〉 + 〈K ′〉(S + S − 〈φ〉) + 1
2 〈K ′′〉(S + S − 〈φ〉)2

= 〈K 〉 + √
3(S̃ + S̃) + 1

2 (S̃ + S̃)2, (4.49)

where we used 〈K ′〉 = √
3δ and 〈K ′′〉 = δ2. The higher-

order terms vanish thanks to the effective cubic constraint
derived from the EOM (4.33), which we can write as

(S̃ + S̃)3 = 0, (4.50)

Its solution eliminates the dilaton φ̃ (where the tilde denotes
the components of the redefined dilaton-axion superfield S̃)

in terms of χ̃ , ϕ̃, and F̃ according to Eq. (3.4).
The constant term of the Kähler potential (4.49) (second

line), which is equal to 〈K 〉 = − log (4〈φ〉) + O(δ) in our
example (4.42) and (4.43), can be absorbed by redefining
μ → e−〈K 〉/2μ. We then recover the minimal supergravity
model (3.12) for the cubic constraint, with ξ = √

3 which
corresponds to Minkowski vacuum. Note that the auxiliary
field of the redefined dilaton-axion superfield S̃, is finite at
the vacuum as δ is sent to zero,

〈F̃〉/μ = −√
3 + O(δ), (4.51)

which is obtained from (4.47) by using F = F̃/δ and μ →
e−〈K 〉/2μ. The expression (4.51) matches the auxiliary EOM
(3.16) of the minimal constrained model, if we set ξ = √

3
(Minkowski vacuum) in (3.16).

Although in this model we consider a constant superpo-
tential, the analysis can be extended to the case of an expo-
nential (instanton-like) superpotential, such as W ∝ e−bS
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Fig. 1 Dilaton scalar potential (solid curve) for the model (4.32) and
(4.42). Dashed curve is the Kähler metric K ′′ multiplied by 108 (to
amplify its shape). Vertical lines are singularities of the scalar potential,
where the Kähler metric vanishes

or W ∝ μ + e−bS . In the former case we have an exact R-
symmetry, while in the latter case the R-symmetry is explic-
itly broken. This breaking must be sufficiently mild if we
want to preserve the axion (i.e. maxion � mdilaton) and derive
the cubic constraint.

Explicit example. Finally, let us confirm our perturbative
analysis of the dilaton model numerically. If we take 〈φ〉 = 4
and δ = 10−5 as an example, the three parameters become,

a1 ≈ 96.0266, a2 = −a3 ≈ −256.071. (4.52)

The resulting scalar potential is shown in Fig. 1 as the solid
blue curve. Stable Minkowski minimum can be seen, sur-
rounded by two singularities coming from vanishing Kähler
metric. The latter is shown as the dashed orange curve (ampli-
fied by 108 to make its shape distinguishable), and inside the
vertical lines K ′′ is positive, while outside – negative, which
indicates unphysical field space. In this example the (canon-
ical) dilaton mass is approximately equal to 0.94 × 109μ,

and the gravitino mass to μ/4, which can also be seen from
Eqs. (4.45) and (4.46), respectively.

Choosing different values of the dilaton VEV leads to
different parameter sets {a1, a2, a3} for the correction term
(4.42). For example for the smaller value of 〈φ〉 = 3 we also
have somewhat smaller parameter values

a1 = 54(1 + 12
√

3 δ), a2 = −108(1 + 12
√

3 δ),

a3 = 81(1 + 12
√

3 δ). (4.53)

If we want the parameters to be of order O(1), however, the
dilaton VEV may enter non-perturbative range 〈φ〉 < 1 (for
the Kähler corrections).

Other choices of k. Aside from the ansatz (4.42),
we tested several combinations of perturbative and non-
perturbative corrections. We found that a simple combination

k = a

(S + S)p
+ γ e−β(S+S)q , (4.54)

with positive p, q, and β, produces similar results. For exam-
ple for p = q = 1 and 〈φ〉 = 4, we have

a = 48(1+23.09 δ), γ = −53.56(1+23.09 δ), β = 3/4,

(4.55)

at the subleading order, by perturbatively solving (4.35),
(4.37), and (4.39). On the other hand, for p = 1 and q = 2,

we obtain substantially smaller parameter values (also for
〈φ〉 = 4),

a=2.94(1+18.48 δ), γ =7.81(1+18.48 δ), β =0.0172.

(4.56)

For both of these cases, with small enough δ, the scalar
potential (and Kähler metric) is similar in shape to that of
Fig. 1, while the mass spectrum has similar δ-expansion to
Eqs. (4.45), (4.46), and (4.47), but with different numerical
coefficients.

4.5 Dilaton model with gauged U (1)

We can gauge the shift-symmetry of the dilaton-axion super-
field S, and work in the superfield unitary gauge where we
have a single massive vector superfield V̂. This leads to the
D-term-extended scalar potential,

V = μ2eJ
(
J ′2

J ′′ − 3

)

+ g2

2
J ′2. (4.57)

As before, we introduce a small parameter δ as 〈J ′′〉 ≡ δ2.

Minkowski vacuum equations then yield

〈J ′〉 =
√

3δ
√

1 + 1
2 ĝ

2δ2
, (4.58)

and

〈J ′′′〉 = 2 + 1
2 ĝ

2δ2 + 1
2 ĝ

4δ4

√
3
√

1 + 1
2 ĝ

2δ2
δ3, (4.59)

where we denote ĝ ≡ ge−〈J 〉/2/μ. If ĝ is as large as 1/δ, we
cannot expand the above expressions in δ.

The mass spectrum of this model, under the conditions
(4.58) and (4.59), is given by

m2
φ =−6μ2e〈J 〉 (〈J (4)〉+. . .)

δ4(1+ 1
2 ĝ

2δ2)
+2g2δ2(1+ 1

δ4 〈J ′〉〈J ′′′〉),

mÂ = √
2gδ, m1/2 = g2δ2

μ
e−〈J 〉/2, m3/2 = μe〈J 〉/2,
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〈 f 〉 = −
√

3μe〈J 〉/2

δ

√
1 + 1

2 ĝ
2δ2

, 〈D〉 = −
√

3gδ
√

1 + 1
2 ĝ

2δ2
, (4.60)

where the ellipsis in the mφ expression stands for other
terms depending on the lower derivatives of J which pro-
vide subleading contributions to the 〈J (4)〉-term (subleading
in pure δ, not counting the product ĝδ which may not be
small compared to 〈J (4)〉 as explained below). Since g here
always enters as the product gδ (this is the case for the whole
Lagrangian), if we take δ → 0 while g is fixed, we obtain
the decoupling limit of the dilaton multiplet and the gauge
multiplet. Therefore we assume (formally) that g behaves
like 1/δ as δ → 0.9 Thus, the leading contribution in the
dilaton mass (squared) is given by the 〈J (4)〉-term, which is
proportional to δ−4.

In order to reproduce the cubic constraint, we take a look
at the superfield EOM. Since we established that the gauge
coupling must behave non-trivially as we send δ to zero, we
must restore it before analyzing the superfield EOM. To do
this, we decompose V̂ back into the massless gauge super-
field V and the chiral dilaton-axion superfield S. We include
the gauge coupling by considering the Kähler potential as a
function of S + S + 2gV. The V-EOM in this case reads

2ge−K/3K ′ = DαWα, (4.61)

where ′ stands for the derivative w.r.t. S+ S+ 2gV. We also
have the superfield EOM for S,

(D2 − 8R)(e−K/3K ′) = 0. (4.62)

Here the constraint can be readily seen if we use the expan-
sion (4.34) for K ′, and take the limit δ → 0 (so that 〈K ′〉,
〈K ′′〉, and 〈K ′′′〉 vanish). From (4.62) we get

(S + S + 2gV − 〈φ〉)3 = 0, (4.63)

where φ = S + S. Since 〈K ′′〉 = δ2, we want to canonically
normalize the effective Kähler potential for S. As in the pre-
vious subsection, we introduce the canonical (and shifted)
superfield S̃ as

S = S̃
δ

+ 〈φ〉
2

, (4.64)

9 Taking the limit δ → 0 means that we ignore small corrections and
keep only the leading-order expressions in δ. However, quantities (such
as mÂ) proportional to a positive power of δ may not be negligible in
this limit compared to a relevant mass scale of the model. For example,
mÂ ∼ gδ can be comparable in magnitude to the parameter μ (in Planck
units), even if g is small, but formally, when sending δ to zero, we can
say that g ∼ 1/δ in order to keep gδ fixed.

and the constraint becomes

(S̃ + S̃ + 2g̃V)3 = 0, (4.65)

where we introduced the redefined gauge coupling g̃ ≡ gδ,
which stays finite when δ → 0. We can now reassemble the

combination S̃+ S̃+2g̃V as a cubic nilpotent massive vector
superfield. Let us summarize the mass spectrum when using
the redefined dilaton multiplet S̃ and the gauge coupling g̃,
and rescaling μ → μe−〈J 〉/2,

mÂ = √
2g̃, m1/2 = g̃2/μ, m3/2 = μ,

〈F̃〉 = −
√

6μ2
√

2μ2 + g̃2
, 〈D〉 = −

√
6μg̃

√
2μ2 + g̃2

, (4.66)

while mφ → ∞ when δ → 0, and the dilaton decouples.
These results are consistent with the minimal model for the
nilpotent massive vector superfield discussed in Sect. 3.2.
They can also be compared to the UV model with gauged R-
symmetry shown in Sect. 4.3. Unlike the masses and SUSY
breaking parameters (4.30) of the latter, the expressions of
(4.66) are exact, i.e. there are no δ-corrections, since we used
the exact forms of 〈J ′〉, 〈J ′′〉, and 〈J ′′′〉 from the Minkowski
vacuum equations (J ′ in the massive vector formulation cor-
responds exactly to K ′).

Explicit examples of the Kähler potential in this case are
direct generalizations of those given in the previous subsec-
tion. As an example, we take the perturbative ansatz for the
Kähler correction terms,

K = − log

(
S + S + a1

S + S
+ a2

(S + S)2
+ a3

(S + S)3

)
,

(4.67)

while the superpotential is W = μ. Solving 〈K ′′〉 = δ2, and
the Minkowski vacuum conditions (4.58) and (4.59) up to
O(δ) yields

a1 
 6〈φ〉2

(

1 + 4
√

6〈φ〉μδ
√

2μ2 + g̃2

)

,

a2 
 −4〈φ〉3

(

1 + 4
√

6〈φ〉μδ
√

2μ2 + g̃2

)

,

a3 
 〈φ〉4

(

1 + 4
√

6〈φ〉μδ
√

2μ2 + g̃2

)

, (4.68)

which reduces to (4.43) when g̃ = 0.

4.6 Comment on anomalies

Let us briefly discuss possible anomalies in the UV models
with gauged shift-symmetry. There can be string-theoretic
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or field-theoretic anomalies, both of which can be can-
celled by a Green–Schwarz mechanism, where we intro-
duce a non-trivial gauge kinetic function which appropri-
ately shifts under the gauge transformation. In this work
we considered two UV models with gauged U (1) symme-
try: one with gauged R-symmetry (Sect. 4.3), and one with
non-R-symmetry (Sect. 4.5). In the latter case, since the
dilaton-axion superfield S transforms by a shift under the
gauge symmetry, both fermions (dilatino and gaugino) are
neutral, and there are no field-theoretic anomalies. In the
model with gauged R-symmetry however, even if the chi-
ral superfield transforms by a shift under the gauge sym-
metry, the fermions are charged, which can be seen from
the non-invariance of the superspace θ -coordinate. There-
fore a Green–Schwarz mechanism must be implemented in
this case. On the other hand, string-theoretic anomalies often
accompany the dilaton-axion multiplet in e.g. heterotic string
models, also requiring a Green–Schwarz cancellation mech-
anism.

Let us consider the effect of the field-dependent gauge
kinetic function on the superfield EOM. We consider a gen-
eral model of a chiral superfield S with a gauged shift-
symmetry, in the presence of gauge kinetic function h = h(S)

and h′ �= 0. More specifically h must be linear in S for the
anomaly cancellation. Assuming that the Kähler potential
depends on S + S + V, we write the superfield EOM,

V : e−K/3K ′ = 1
2 (h + h̄)DαWα + 1

2 (h′DαSWα + h.c.),
(4.69)

S : (D2 − 8R)(e−K/3K ′) = h′WαWα. (4.70)

We discussed two alternative approaches to obtain the cubic
constraint by decoupling the real scalar S + S. The first
approach relies on the regime where 〈K (4)〉 → ∞ while
the lower derivatives are finite or vanishing. In this case, the
effective cubic constraint can be obtained from the above
EOM, as usual, by expanding K ′ around the VEV of S in
(4.69) and (4.70). Then 〈K (4)〉 multiplies (S+S+V−〈S+
S〉)3, and the latter effectively vanishes when taking 〈K (4)〉
to infinity, provided that h and h′ remain finite in this regime.
This approach is used in our local U (1)R model of Sect. 4.3.
As can be seen, the presence of h′ �= 0 does not affect the
results here.

Next, consider the second approach which relies on van-
ishing 〈K ′〉, 〈K ′′〉, and 〈K ′′′〉, and finite 〈K (4)〉. In this case,
we encounter an obstacle when trying to derive the cubic
constraint: upon expanding K ′ in Eqs. (4.69) and (4.70), and
taking 〈K ′〉, 〈K ′′〉, 〈K ′′′〉 to zero, in addition to the surviv-
ing 〈K (4)〉-term, we have terms proportional to h and h′,
involving the superfield strength Wα. If these terms are non-
vanishing, we cannot obtain the constraint. One possible way
out in this case, is to consider quantum corrections to the

tree-level EOM (4.69) and (4.70). These are also needed if
we want to make the EOM gauge-invariant ((4.69) is not
invariant w.r.t. the gauge transformation of S due to the non-
vanishing derivative of h). We leave the study of quantum-
corrected EOM for future research.

5 Conclusion

In Ref. [37] new cubic constraints were proposed for N = 1
chiral superfields, which can be used to construct low-
energy effective theories with spontaneously broken (exact or
approximate) global abelian symmetry and non-linear global
N = 1 supersymmetry. The constraints generate effective
axion-goldstino interactions by eliminating the saxion (in
terms of the axion and goldstino). In this work we general-
ized the results of [37] to the case with local abelian symme-
try, as well as to supergravity. In the former case we showed
that in the presence of a vector multiplet gauging the abelian
symmetry, the construction can be described (in the U (1)

unitary gauge) by a cubic nilpotent massive vector super-
field (V̂3 = 0) whose real scalar component is eliminated by
the constraint. The supergravity generalization of these con-
straints is straightforward, and it extends the global SUSY
solutions by (old-minimal) supergravity multiplet compo-
nents. We derived these explicitly in Sect. 3 for the cases
with both global and local abelian symmetries.

For each constrained superfield we constructed a min-
imal Lagrangian, and we found that the minimal (single-
superfield) model for the cubic nilpotent massive vector
superfield V̂ is inconsistent in global SUSY, due to the van-
ishing auxiliary F-term of V̂ in which case the solution to the
constraint becomes singular. In supergravity however, this
problem is resolved in the presence of a constant non-zero
superpotential.

Lastly, we discussed several examples of UV completions
of these constrained superfields, including a supergravity
toy model for the string dilaton with global or local U (1)

which shifts the axion. When taking an appropriate low-
energy limit in these models, the saxion becomes infinitely
heavy and decouples, while the axion is protected by the
shift-symmetry. SUSY breaking scale, or more precisely the
quantity (FF − 1

4∂ϕ∂ϕ)1/2 which includes the axion kinetic
energy, provides a cutoff scale for the effective theory. When
the abelian symmetry is gauged, we also obtain a massive
spin-1/2 fermion, while the axion combines with the gauge
field to form a massive vector.

One interesting consequence of the cubic constraints and
their (minimal) supergravity models, is that the abelian sym-
metry necessarily becomes an R-symmetry, even if in the
microscopic model we start from non-R U (1), like in the
dilaton case. This can be seen from the expansion of the
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Kähler potential (assuming a constant superpotential),

K =〈K 〉 + 〈K ′〉(S + S)+ 1
2 〈K ′′〉(S + S)2, (S + S)3 = 0,

(5.1)

where we assume vanishing VEV of the chiral scalar S. Since
the auxiliary field F ∝ K ′ �= 0, the linear term in K is always
present when the constraint is imposed, and it is equivalent
(up to a Kähler transformation) to having a charged superpo-
tential W ∝ e〈K ′〉S. When the shift-symmetry is gauged, the
constant 〈K ′〉 provides an effective U (1)R Fayet–Iliopoulos
term, which can be useful for phenomenological model build-
ing.
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Appendix A: Supergravity action

We use curved superspace formalism of [8]. The superspace
action for a chiral superfieldS coupled to aU (1) vector super-
field V reads (MP = 1)

L =
∫

d2�2E
[

3
8 (D2 − 8R)e−K/3 + W

+ 1
4hWαWα

]
+ h.c., (A.1)

where E is chiral density superfield, R is chiral curvature
superfield, Dα,Dα̇ are the superspace covariant derivatives
with D2 ≡ DαDα and D2 ≡ Dα̇Dα̇ . Here K = K (S,S,V)

is gauge-invariant superfield Kähler potential, W = W (S)

is superpotential, h = h(S) is gauge kinetic function, and
Wα ≡ − 1

4 (D2 − 8R)DαV is (chiral) superfield strength
of V. The operator (D2 − 8R) acts as a chiral projector in

curved superspace, such thatDα̇(D2−8R) = 0 when acting
on a general superfield.

We denote the Killing vector of the gauge symmetry in
S-direction as XS, and the Killing potential is

D = i X S
(
KS + WS

W

)
, (A.2)

where the second term is the Fayet–Iliopoulos term of gauged
R-symmetry, and vanishes if theU (1) is not R-symmetry. For
the gauge coupling we use the letter g in our notation.

The expansion of E and R in �-variable is

2E = e
[
1 + i�σmψ̄m − �2(M + ψ̄mσmnψ̄n)

]
, (A.3)

−6R = M + �(σmσ nψmn − iσmψ̄mM + iψmb
m)

+ �2
[

1

2
R + iψ̄mσ nψmn + 2

3
MM + 1

3
bmb

m

−iema Dmb
a + 1

2
ψ̄mψ̄mM − 1

2
ψmσmψ̄nb

n

+1

8
εklmn(ψ̄kσ lψmn + ψkσlψ̄mn)

]
, (A.4)

where e ≡ det eam, eam and ψm are graviton (frame field) and
gravitino, and M (complex scalar) and bm (real vector) are
old-minimal SUGRA auxiliary fields. The covariant deriva-
tive Dm acts on local Lorentz indices,

DmVa = ∂mVa + V bωmba,

DmU
α = ∂mU

α +Uβωmβ
α,

DmU α̇ = ∂mU α̇ +U β̇ωm
β̇

α̇ . (A.5)

{a, b, c, . . .} are Lorentz spacetime indices, {α, β, γ, . . .} are
Lorentz spinor indices. The connection components ωmnk are
given by

ωmnk = 1
2 [ema∂(ne

a
k) − ena∂(ke

a
m) − eka∂(me

a
n)]

+ i
4 [emaψ(kσ

aψ̄n) − enaψ(mσ aψ̄k) − ekaψ(nσ
aψ̄m)],

(A.6)

and

ωmβ
α = − 1

2ωmnkσ
nk

β
α
, ωm

β̇
α̇ = − 1

2ωmnkσ
nkβ̇

α̇, (A.7)

where in (A.6) we use A(mBn) ≡ AmBn − AnBm . Note that
the connection includes gravitino contributions responsible
for non-zero torsion. Covariant divergence acting on space-
time vector index is equal to

∇mV
n = ∂mV

n + �n
mkV

k = enaDmV
a, (A.8)

where the affine connection can be expressed as �n
mk =

�n
mk(e) + �n

mk(ψ), with Christoffel symbols �n
mk(e) and the
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gravitino-dependent part �n
mk(ψ) = ωmk

n(ψ) (the latter is
given by the second line of (A.6)). In (A.3) and (A.4) we also
used the notation

ψα
mn ≡ Dmψα

n − Dnψ
α
m, (A.9)

for the gravitino field strength, and σmn ≡ 1
4σ (m σ̄ n).

We define the (supercovariant) scalar curvature R in terms
of the spin connection ω,

R = ema e
n
b [∂(nωm)

ab + ωac
(mωn)c

b]. (A.10)

The component Lagrangian in Jordan frame contains
the curvature term ee−K/3R/2. The Einstein frame can be
obtained by using simultaneous redefinitions

eam → eK/6eam, ψm → eK/12ψm . (A.11)

The curvature term transforms as

1
2ee

−K/3R → 1
2eR − 1

12e∂mK∂mK

+ i
6e(ψnσ

mψ̄m − ψmσmψ̄n)∂nK − 1
2∂m(e∂mK ). (A.12)

When present, we also rescale the chiral fermion χ →
e−K/12χ, gaugino λ → e−K/4λ, and the auxiliary fields
F → e−K/6F and D → e−K/3D for appropriate normal-
ization.

In order to eliminate kinetic terms with ψm-χ mixing, the
gravitino is shifted as

ψα
m → ψα

m −
√

2
6 i K ′χ̄α̇σ α̇α

m . (A.13)

Here we assume that K is a function of S + S, and so
K ′ = KS = KS̄ . (A.13) leads to the transformation of the
supercovariant scalar curvature,

1
2eR → 1

2eR +
√

2i
12 eK ′[(χψn − χσmnψm)

× (ψkσ
kψ̄n − ψnσ

kψ̄k) + χσmnψk(ψmσkψ̄n) − h.c.
]

+ i
72eK

′2εmnklψmσnψ̄kχσl χ̄ + 1
144eK

′2(3χ2ψmψm

− 6χψm χ̄ ψ̄m − 8χψm χ̄σmnψ̄n + h.c.)

+
√

2
144eK

′3(iχ2ψmσm χ̄ + h.c.) − 1
216eK

′4χ2χ̄2,

(A.14)

up to total derivatives.

Appendix B: Chiral and vector superfield components

The components of a chiral superfield S are the same as in
global SUSY

S = S + √
2�χ + �2F. (B.1)

Or equivalently we can define them by using Dα and Dα̇,

S| = S, DαS| = √
2χα, D2S| = −4F. (B.2)

From these we can obtain the following mixed derivatives by
using the supergravity algebra of Dα and Dα̇ [8],

DαDα̇S| = −2iσm
αα̇ D̂m S

D2Dα̇S| = − 4
√

2
3 Mχ̄α̇,

DαD2S| = −2
√

2σm
αα̇

(
2i D̂m + 1

3bm
)

χ̄ α̇,

D2D2S| = 16ema Dm D̂a S + 32
3 (ibm D̂m S + MF)

− 8
√

2ψ̄m D̂m χ̄

+ 8
√

2
3

(
ψ̄mn σ̄

mnχ̄ + iψ̄m χ̄bm − i
2 ψ̄m σ̄mσ nχ̄bn

)
.

(B.3)

Here we use the following supercovariant derivatives,

D̂m S ≡ ∂mS − 1√
2
ψ̄m χ̄ ,

D̂m χ̄α̇ ≡ Dm χ̄α̇ + i√
2
ψα
mσ n

αα̇ D̂n S − 1√
2
ψ̄mα̇F . (B.4)

The components of an abelian vector superfield V can be
defined as follows. The definitions of the lower components
are motivated by the components of the real superfield S+S,

V| = α, DαV| = √
2ηα, D2V| = −4 f, (B.5)

DαDα̇V| = −σm
αα̇(Am + i∂mα − √

2i η̄ψ̄m), (B.6)

where α is a real scalar, η is a Weyl fermion, Am is an abelian
gauge field, and f is complex auxiliary scalar. The gaugino λ

and the D-field can be defined by using the superfield strength

Wα = − 1
4 (D2 − 8R)DαV,

Wα| = −iλα, DαWβ | = iσmn
α

β F̂mn + δβ
α D,

D2Wα| = −4σm
αβ̇

D̂m λ̄β̇ + 2i(λαM − σm
αβ̇

λβ̇bm), (B.7)

where F̂mn is supercovariant field strength of Am,

F̂mn = Fmn+ i
2 (λσnψ̄m−λσmψ̄n−ψmσn λ̄+ψnσm λ̄), (B.8)

and D̂m λ̄ is defined as

D̂m λ̄α̇ ≡ Dm λ̄α̇ + i
2 ψ̄ α̇

mD − 1
2σ nk α̇

β̇ ψ̄ β̇
m F̂nk . (B.9)

Fmn is the regular field strength, Fmn = ∂m An − ∂n Am .

We can then derive three- and four-derivative components
of V,

D2Dα̇V| = −4i λ̄α̇ − 4
√

2
3 M η̄α̇,

DαD2V| = 4iλα − 2σm
αα̇

[
2
√

2iDm η̄α̇ +
√

2
3 η̄α̇bm
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− 2iψ̄ α̇
m f̄ + σ nα̇βψmβ(∂nα − i An − √

2η̄ψ̄n)
]
,

D2D2V| = 8D + 8ema Dm(∂aα − i Aa) + 32
3 M f̄

+ 16
3 bm(Am + i∂mα) − 8

√
2ψ̄mDm η̄

− 8
√

2ema Dm(η̄ψ̄a) + 4λσmψ̄m + 4λ̄σmψm

− 4
√

2
3 i η̄ψ̄mbm − 8

√
2

3 η̄σmnψ̄mn

+ 8
√

2
3 i η̄σmnψ̄mbn + 8ψ̄mψ̄m f̄

− 4iψnσ
mψ̄n(∂mα − i Am − √

2η̄ψ̄m). (B.10)

Under the gauge symmetry, V transforms as

V → V + � + �, (B.11)

where � is a chiral superfield whose components we denote
as

� = ρ + √
2�κ + �2F . (B.12)

Extracting different components of (B.11) we can infer the
gauge transformations of all the component fields of V,

α → α + ρ + ρ̄, η → η + κ, f → f + F ,

Am → Am − i∂m(ρ − ρ̄), (B.13)

while λ and D are invariant. In Wess–Zumino gauge we fix
ρ + ρ̄, κ, and F such that α, η, and f vanish. This leaves
the ordinary gauge transformation of Am by the derivative
of i(ρ − ρ̄). It is worth noting that Wess–Bagger [8] uses a
different definition of the component DαDα̇V| compared to
Eq. (B.6). Namely, in their definition the gravitino-dependent
term is absent, which leads to the “unconventional” gauge
transformation of Am,

Am → Am − i∂m(ρ − ρ̄) − i√
2
(κψm − κ̄ψ̄m), (B.14)

although this last term vanishes in the Wess-Zumino gauge.
The role of the last term of (B.6) is precisely to cancel the
fermionic terms of (B.14), leaving only the conventional
gauge transformation of Am even without Wess–Zumino
gauge fixing.

In the case of a massive vector superfield, all of its com-
ponents are physical and cannot be gauged away, since the
gauge symmetry is already fixed by the choice � = S, where
S is the Stückelberg chiral superfield. In the main text we use
V̂ and Âm when describing massive vector superfield and its
vector component, respectively.

A comment on general structure of cubic constraints.
Whether supersymmetry is global or local, we are equipped
with supersymmetric derivatives, which in this paragraph we
denote by Dα,Dα̇ for both cases. In the main text, constraint
equations in component fields are obtained by acting on

superfield constraints with D2D2 and setting the fermionic
coordinates to zero. More concretely, for a superfield con-
straint f (�i ) which is cubic in general superfields �i ,10 the
constraint equation in components D2D̄2 f | reads,

D2D2�i fi | +
(
D2�iD2� j + 2DαDα̇�iDαDα̇� j

+2DαD2�iDα� j + 2D2Dα̇�iDα̇� j
)
fi j |

=
(

4DαDα̇�iDα̇� jDα�k − D2�iDα� jDα�k

−D2�iDα̇� jDα̇�k
)
fk ji |, (B.15)

where each suffix i on f means the differentiation with
respect to �i . One can see that the left hand side of each
of the constraints (2.4), (2.14), (3.4), (3.18) comes from the
first line of (B.15), while the right hand side from its sec-
ond line. In particular, for these constraints, the terms with
two fermionic fields, which come from fi j | and fi jk | parts
in (B.15), enable us to obtain the solutions to the constraint
equations in closed forms.
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