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Abstract We calculate the rate of double parton scattering
(DPS) in proton-proton collisions in the framework of the
recently proposed hot spot model of the nucleon structure.
The resulting rate, especially for the case of three hot spots,
is compared with the current experimental data on DPS at
the LHC.

1 Introduction

The 3D structure of nucleons has been attracting attention at
least since discovery of quarks. For a single parton distribu-
tions factorization theorems have allowed to investigate lon-
gitudinal momentum plus transverse coordinate single par-
ton distributions (Generalized parton distributions) This is
one of the central topics that will be studied in the future EIC
collider to be built at Brookhaven National Laboratory [1].

Probing correlations between the partons requires more
complicated tools like four jet production, for a review see
for example Ref. [2].

The nonperturbative correlations were considered in the
constituent quark model to explain the success of the additive
quark model, for a review see Ref. [3]. Small size (hot spot)
correlations generated by the QCD evolution were introduced
in Ref. [4]. Recently the multi hot spot model of nucleon was
introduced in [5-7]. The parameters of the model were fixed
by fitting the cross section of reaction yp — J/v +gap+Y
within the model [5] which assumes that fluctuations of the
gluon field at a wide range of momentum transfer satisfy the
Good Walker relation [8], for a recent review of conditions
of applicability of the Good—Walker model see [9].

In the last decade a lot of progress, both theoretical [10—
24] and experimental [25,26] has been made in our under-
standing of the double-parton scattering (DPS) which are
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sensitive to parton-parton correlations in transverse (relative
to the. hadron high momentum) plan.

The DPS cross section is usually characterized by the so
called effective cross section defined as

ey

where oppgs is the cross-section of the DPS process, o1 and
07 are the cross-sections of the individual hard partonic inter-
actions, while o.¢ depends heavily on the inner structure of
the colliding hadrons.

In this work we will use the hot-spot model with the param-
eters found in Refs. [6,7] to calculate oeys.

We demonstrate that oefr strongly depends on the param-
eters of the hot spot model. The authors of [6,7] identify two
sets of parameters compatible with DIS and their model of
rapidity gap processes for N, = 3 and Variable N, hot spots
respectively.

For the set with variable N, we find oeff ~ 17 mb, and
for the set with N, = 3 we get oefr ~ 10.5 mb.

The experimental data for oeff are & 13 =3 mbor 15+ 5
mb for 4 jet processes depending on the measurement [25—
29]. This experimental data are however available at moder-
ate values of Q ~ 20 GeV and higher. The inverse evolution
using DGLAP along the lines of [16—18] leads to o of order
20-35 mb at low scales of order GeV where hot spot model
is usually formulated. We see the tension between experi-
mental data on DPS and the DPS cross section calculated
in the hot spot model, especially for N, = 3 case, which is
substantially higher than the experimental one, provided the
QCD evolution of oefr is taken into account (see Sect. 6 for
details).

This paper is organized as follows. Section2 we review
the mean-field approach to MPI and in Sect. 3 we review the
details of the hot spots model. In Sect. 4 we calculate the
effective cross-section using the hot spots model. In Sect. 5
we summarize the hot spot model values of effective cross
section for different best fits of hot spot model parameters,
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Fig. 1 a Parton model contribution to double parton scattering of two
nucleons; b collision of two nucleons at the impact parameter b

and in Sect. 6 we compare these values with experimental
data on DPS. In Sect. 7 we present the conclusions.

2 The mean-field approach to MPI

The hot spot model is formulated in the region of relatively
small Q2, where one can neglect the DGLAP evolution.
Hence we can use the parton model to calculate the DPS
cross sections.

Recall that in the parton model approach the DPS cross
section is expressed through convolution of two particle gen-
eralized parton distributions G P D s [13].

1 f (31?226()(:1,)(:2, st Q%? A)ZG(-X37 X4, Q%v Q%a A)
fx1, 0D f(x2, 09) f (x3, 03) f (x4, OF)

Oeff

2

Here A is the momentum conjugate to the transverse dis-
tance between two partons participating in the DPS process
(see Fig. 1).

In the mean field approximation, that is valid at small
transverse scales of order several GeV and small x [13], one
can prove that the two particle GPDs factorize:

2G(x1, x2, 01, 03, A) =1 G(x1, 01, A)1G(x1, 0%, A),
3)

where |G are the conventional one particle GPD [30,31].
The latter in the mean field approximation can be written as

1G(x1, 01, A) = f(x1, 0D Fag(A, x1), 4)

where F, is called a two gluon formfactor and only weakly
depends on x and Q2.
In the coordinate space we have

1G(x, Q% F) = f(x, QH)p(F); p(F)
d*A -

- / gz P2e (B x) expl A7), 5)

@ Springer

where p (7) is the transverse parton density. Note that in such
approach the parton density is normalized by one

/ p(F)d*r = 1. (6)
The effective cross section is then given by

1 L=
— :/ 2b(/ d*rp(P)p G — b))?, )
Oeff

where b is the impact parameter of the proton proton colli-
sion.

3 The hot spots model

The hot spots mode assumes a specific type of distribution
for the transverse positions of the gluonic content of the pro-
ton [6,7]. According to the model the gluons are concen-
trated around N, points, called the hot spots, positioned in
the transverse positions b; with a two-dimensional Gaussian
distribution around the center of mass the proton, marked
as ¢, with the width B »- The hot spots distribution around a
known center is:

N -
SN, 27 B b
(5] ) = T Zizbi g
i=1 Nq Nq

Ny | (5-8)°
U

2 8
x Hanpe : ®)

i=1

where the normalization factor of 27 B,/N, is chosen to
get a total integral of one. Each hot spot has the Gaussian
density around the center of the hot spot with a width of B,
and can have a fluctuating strength denote as p;. Hence, the
probability distribution to have a hard parton at position 7 is
given by:

N, -
- [z Ny 2w B Nbe
P(V,{bi,pi}'q Ic) =T 7P5@ 2 i1 bi _z
i=l Ny Ny

Nq 1 7(bi72)2

1_[ e 2Bp

Pl 2m B,

1 Y 1 GR)’

9

Here the hot spot strengths p; are assumed to have random
distribution

P(log(p;)) = exp(—log(p;)?/20%), (10)

1
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sothat p; = E(p;)-average value of p; is equal to exp(c2/2),
and overall normalisation is chosen to ensure normalization
condition 6.
Using the distribution 10 we obtain for the average value
of p" E(p")
Vl20‘2
E[p"] = "% (1)
Note that if we take into account the fluctuating strength
in order to satisfy the normalization condition (6) we would
have to divide the average density by factor E(p) and the
product of four densities that appears in the formula for the
cross section by

E[pl* =¥’ (12)

4 Calculating the DPS effective cross-section

In order to calculate the effective cross section we need to
calculate the event by event cross section for given positions
of hot spots and impact parameter l;, and the hot spot strengths
using Eq. 7, and then average over the hot spot positions,
impact parameter and hot spot strengths. The average of the
hot spots positions is done by taking an integral over the

- 1N,
positions of the hot-spots, marked as {ai b } ™ inaddition

i,j=1
to the collision impact parameter b. Next we shall average
over the hot spot strength fluctuations using Eqgs. 10, 11, and
12.
We start by finding the convolution of the single hot spot
collision, obtaining the following integral:

2 . L (- 1Ny N >
drp (F (), &) o (7. {5} e+ B
]:
(F—aj) +(r —b; )2

0% Zfdzre -

(a:-b
—anZe 434 . (13)

This integral is proportional to the probability for a single
hard partonic process to occur for general positions of the hot
spots. Taking the square of this expression and integrating it
over the hot spots positions to find (Ueff)_l. To do that we
need to separate the sums into three different classes. If the
positions of the hot spots are marked as @, i, b, and b;,
we write the classes as (Fig. 2).

e Class I: The two partons come from one hot spot for both
protons, or i1 = ip and j; = j».

e Class II: One proton emits the two partons from a single
hot spot while the other emits them from two different
hot-spots, or iy = ip and j; # jr oriy # i» and j; = jo.

— 5 — Bk "k 1k " b

() (b) ©

Fig. 2 Three distinct classes of diagrams for DPS scattering in the hot
spots model

e Class III: Each proton emits the two partons from differ-
ent hot spots, or i1 # i> and ji # ja.

In addition to separating the sums into cases we also use
change the delta function to a form more convenient in the
present calculation:

N, - Nq
5@ 2z G - 5@ 2210 (“+I;>
Ny q
Ng -
Ng - I D PN T
deSIdzsz i§1'<ziﬁ; '_5> ”2'( T J("H’))

= — e e

(2n)*

(14)

We also need the integral over a hot spot that isn’t part of
the collision, it is simply:

(%;

-&)?
“2B,

1(C,5) = /d2b,-eN7“’-"

2+t—s -

=27 Bpe 2N3 , (15)

and the total constant factor is ((271)2 N2 (ZnBl,)N"_l

(2]TB ))_2 we also set the center of the first proton to be
¢ = 0 and the second is then & + b = b.

4.1 Two partons from a single hot spot of each proton

In case I the two sums become:

2 oL \2
Z pilpjl B Z PiyDj€ By
i1,]1 i2,]2
_(a-h)?
— p* PPN i, (16)

where we get a factor of N, 5 from choosing a single hot spot
in each proton without loss of generality and p represent the
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hot spot strength from the b proton. The 2N, — 2 hot spots
in two nucleons that are not involved in the interaction give
S S\ N )
us a factor of (I (0, sl) 1 (b, sz)> " . We are left with the
following integral:
252
- PP / d*bd%sid*srd%a1d’by
4N; (27m) Bg

L N2 2. (5 —B)?
(Ng=V)Bp (2 2y . 1 = 7 (d1-b1) i [= = = 71 @*+(b1-b)
7721\1{% (31+32)71W32~Bf 75, +W S1-a1+3s2-b1 |— 38,

xXe

(175

We are left with a 10-dimensional Gaussian, but really, the
two Cartesian coordinates are completely separable so really
we can write integral A as the square of a 5-dimensional
Gaussian. If we write the parameters as a vector X! =

(a1, bix, by, s1x, s2x) We obtain:

PP’ TR
A=——" (/ dxe™ MAX) : (18)
ANZ (2m)® B2
with M being the following symmetric matrix:
B,+B 1 i
58 —2m O —aw, O
_ L BBy 1 .
2B, 2B,B, ~ 2B, 2N,
0 —-L L 0 i
My = 3B, 2B, ] 7N, . (19)
i N1
N, 0 0 IN? B, 0
i Ny—1
0 -dp o 0 %B,
and we can use the Gaussian formula fd"xe_}TM} =
(Zﬂ)il/z .
Vet to get:
252
p p
S - (20)
8w By N,
Averaging over p and p we obtain:
2 2
E[p? 4o
L ¢ @1)

 87ByN,> 8mwB,N,>

This expression takes into account fluctuations of the hot

spot strength. If we neglect the fluctuations of the hot spot

strength, which corresponds to setting o = 0, we would get:
1

Agep= —— .
=0T 8w B,N,?

(22)

4.2 Two partons from a single hot spot of one proton and
two different hot spots from the other proton

In case II the two sums become one of two sub-cases, for
i1 =i but j1 # jo we get:

L2 \2 Y

("fl i ) ("iz ’b.iz)

Zpilﬁjle_ P Zpizﬁjze_ P

i1,J1 i2,)2
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-~ (51751)2+(51752)2
4Bg

— PPN (Ng —1)e : (23)

where the factor of qu (Nq - 1) comes from choosing the
hot spots without loss of generality. In this sub-case, we also

S o \\Ng—1 o N\ Vg2 )
get a factor of (I (O, s1>) (I (b, sz)> , leaving us
with the integral:

Ny —1) p*pr1p2 s =\
Bl — ( 115 )f p p2 (f d6xe_x M31x> (24)
2N, (27)" By By
where now X = (aix, bix, bax, by, Six, $2) and:
B,+B, 1 1
25,8, —38, ~i5, O w, 0
"1 Byr2b, 0 1L 9 0
" 4B, 4B,B, 2B,
_1 0o Bpt28 _ 1 i
B, 4B,B, 2B, N,
Mp, = 0 _ 1 __1 0 i
. 2B, 28, B, v 2N,
;0 0 0SB
i i N,—2
0 0 211\/{1 _2zlvq NITI ;TgBP
(25)
Using the Gaussian formula we get
N, — 1) p?p1 2
g = Wa=)p°pip 26)

" 4m (B, +2B,) N2

For the second sub-case, i1 # i> and j; = jo, it can be
shown that we get the same constant factor but a different
matrix, but overall the determinants are the same so we get
By = By = B = 2Bj;. The average over the hot spots
strengths gives the final expression for this case:

_(Ng=)E[PEP  (Ng—1)&

~ 2m (B, +2By)N,2 21 (Bp+2B,) N2
27)

In the case when fluctuations of the hot spot strength are
neglected o = 0 we obtain:

(Ng — 1)
27 (Bp +2By) N>

By—o = (28)

4.3 Two different hot spots from both protons

In the case II the two sums become one of two sub-cases. For
i1 # ip but ji # j» we get for the sums:

L2 L \2
. _("H;h) B _(“Q;;h)
Zpilpjle 1 Zpizpjze !
i1, 1 i2,/2
(@-51) +(@a-h)’
3By

~ ~ 2
— p1p1ipapaNg (Ng —1)"e .9
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Table 1 The four parameters

- . Parameter Description Variable N, N, =3
used in our calculations as taken
from [6] for the case of Variable N, Number of hot spots 6.791'?“3% 3
Ng and N, =3 e
o Magnitude of hot spots strength fluctuations 0.8331’3:‘1&? 0.5631’8:}3?
B, [Gev?] Hot spot size 0.47419334 0.34610382
B, [Gev~?] Proton size 4.020173 4.4570801

-

. Ny—2
with a factor of (I (O, 31) 1 (b, 52)> " T we get the integral
to be:

- ~ 2 2
o _ PP (Ng—1) (/ d7xe—)?TMC}) ’
4N+ (27)® B2 B2

(30)

with the vectors being X7 = (a1, aax, bix, bax, by, S1x» 52x)
and the matrix:

B),+2B, 1 i
a5 O @ 0 0 gy 0
0o Bet28, _1 9 i 0
4B, B, 4B, 2N,
1 0 By+2B, 0 . 0 i
1B, 4B, B, 2B, 2N,
I B,+2B 1 i
Mc= 0 -3 0 < -, O ~2N,
0 0 S S e 0 i
2B, 2B, B, N,
i i Ny—2
o a0 0 0 F=By O
- - N2
0 0 S e 0 «“—“:p
2N, 2N, N, 2Nz Pp
(D
Using the Gaussian formula we get:
pi1pip2p2 (Ng — 1)2
= , (32)

87 (B, + By) N2

average over the hot spots strength gives us the final form for
this case:

CEDF (N1 (N 1) e
87 (B, +By)N2 8w (B,+ By) N}’

(33)

If the fluctuations of the hot spot strength are neglected, o =
0 and we obtain

2
N, —1
Co—o ( q )

= : 34
87 (B,+ By) N2 G

5 Total effective cross section in hot spot model

Putting together our results in Egs. 12, 21, 27, and 33 we find
Oeff to be:

. 87TN3
oeff =(A+B+C) " = o 4(Nq_1)g<fz (Nq—l)z .
B, B, 128, B,+B,
(35)

Here we normalized the gluon density to one according
Eq. 6 using Eq. 12.

Using the parameters from Table I in [6], which for conve-
nience we present here as Table 1, we get two possible values
for oeff:

Oeff ~ 17 mb for variable N, = 6.79,
oetr ~ 10.5 mb for N, = 3.
(36)

Note that in our calculations we use the fit number 6.78
from the table, although of course the actual number of hot
spots is integer. We refer to this fit as “variable N,”.

6 Comparison with the DPS experimental data

Let us compare now our results with the experimental data
on 4 jet DPS production. Such data exists for both ATLAS
and CMS collaborations for jets with transverse momenta
pr > 20 GeV. The experimental situation is summarized in
Fig. 1 of [26].

One can see that CMS results for 4-jet DPS effective cross
section are in the 13 &3 mb range for the 2021 measurement
[27]. These numbers are in agreement with the latest 2016
ATLAS measurements [25,28], although look different from
larger effective cross section 20 £ 5 mb reported earlier by
CMS [29]. Note also that both 2016 results were obtained
based on analysis of the data at energies: /s equal 7 TeV vs
13 TeV for 2021 results [27].

On the first sight these experimental results are compatible
with the hot spot model results (36), although for N, =
3 they are on the low boundary of allowed measurements
results. However such conclusion does not take into account
the pQCD evolution: the hot spot model is formulated at the
scales of order 1 GeV (see below) while jet cross sections
determined by dynamics at the scales larger than 20 GeV.

The pQCD evolution of oeff was analyzed recently [12—
23], see also the recent book of reviews [24]. The main result
is that the effective cross section depends on the hard scale
of a process. This is due to the so called 1 — 2 processes.

These processes (see Fig. 3) were found to result in a
substantial decrease of o with increase of momentum scale
of the DPS.

@ Springer
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Fig. 3 The 1 — 2 mechanism N,
for DPS scattering

Ny

Note that the transverse momentum scale of the fit for the
hot spots model can be estimated as T Zspm ~ 1 GeV. The
transverse scale of the four jet data is ~ 20 GeV, so one needs
to take the QCQ evolution in account, when applying it to
multi GeV processes like jet production.

The direct calculation of 1 — 2 contributions using [21]
shows that the effective cross sections for two scales dis-
cussed here are related as

0eif (20 GeV) /oetr(1 GeV) ~ 0.6. (37)

This means that we need to compare the hot spot model
results with effective cross sections 20 &= 5 mb for [28] and
[27], and 3248 mb for CMS 2016 (see Table 2). Note that the
CMS2016 results for o are close to those used in PYTHIA
and HERWIG MC generators [32,33]. The values of o cal-
culated within the hot spot model are compared with the data
in Table 1 for N, = 3 and variable N,. We observe that
there is a significant tension with the hot spot model results
especially for N, = 3. However more experimental data is
needed to reach definite conclusions.

7 Conclusions
In this paper we calculated the effective DPS cross section

for hot spot models. We see that potentially the DPS experi-
mental data provides a strong constraint on these models. For

Table 2 The results of ot measurements and their hard scale depen-
dence versus hot spot model fits

Measurement oeff at scale 20 GeV oeff at scale ~1 GeV

CMS 2021 13+ 3 mb 20 £+ 5 mb
[27] and
ATLAS
2016 [28]

CMS2016 20 £5 mb 32 +£ 8 mb
[29]

Hot spots fit ~ 10 mb
Ny =3

Hot spots fit ~ 17 mb
variable N,

@ Springer

current data we see that there are some signs of tension with
the hot spot model fits, although more experimental data and
more fit details such as uncertainties in parameters of the fits
are necessary to reach more definite conclusions.
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