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Abstract We study the thermodynamic properties – pres-
sure, entropy and trace anomaly – of a gas of glueballs that
includes the glueball states obtained by various lattice simu-
lations. We show that this model, called glueball resonance
gas (GRG) approach, describes well the thermal properties
of the Yang–Mills sector of QCD below the critical temper-
ature Tc, provided that Tc is properly matched to the cor-
responding determination of the glueball masses, obtaining
Tc ∼ 320 ± 20 MeV. The inclusion into the GRG of heavier
glueballs not yet seen on the lattice, assuming that glueballs
follow Regge trajectories as quark-antiquark states do, leads
only to a small correction. We consider the contribution to the
pressure of the interactions between scalar-scalar and tensor-
tensor glueballs, which turn out to be also negligible.

1 Introduction

The phase diagram of quantum chromodynamics (QCD) is
one of the most relevant topics in high energy physics [1–
3]. At nonzero temperature and zero quark chemical poten-
tial, QCD can be mainly described by a (relatively) weakly
interacting hadron gas in the low temperature regime and by
the perturbative quark-gluon plasma (QGP) in the high tem-
perature regime with a smooth cross-over phase transition
between them.

A plethora of approaches has been developed to study
QCD at finite temperature, that range from models based
on hadronic d.o.f. to those with quark d.o.f. or mixture
of them [4–8]. Also various techniques, such as the CJT
(Cornwall, Jackiw, Tomboulis) formalism [9], the functional
renormalization group (FRG) approach [10–13], and the S-
matrix phase-shift formalism [14–20] have been developed.
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For our purposes, we mention in particular two well-defined
methods: (i) the hadron resonance gas (HRG) model, in
which the thermodynamics of the confined phase of QCD
is described (in its easiest formulation) by a gas of non-
interacting hadrons [21–26]; (ii) lattice QCD, which dis-
cretizes QCD on a 4D Euclidean grid. Lattice simulations are
particularly successful to describe the physics of the phase
transition, see e.g. Refs. [27–33].

An important (and non-trivial) part of QCD is the Yang–
Mills (YM) sector, in which only the gluonic part of the QCD
Lagrangian is considered. Since the main features of QCD
come from its non-abelian nature, YM retains both confine-
ment and asymptotic freedom. One of the major motivations
to consider the YM part of QCD is the fact that in the limit of
infinitely heavy quark masses, QCD is a pure gauge theory
with an exact order parameter. In this case the phase tran-
sition, which is expected to be first order, happens between
the gluonic bound states at low temperature (the so-called
glueballs, see below) and a gas of gluons at high tempera-
ture [34–36]. Examples of theoretical models and approaches
devoted to the thermodynamics of pure YM are the T-matrix
approach [37], the Polyakov-loop potential [38], functional
methods [39], holographic QCD [40], quasi-particle models
[41,42], bag model [43,44], hard-thermal-loop perturbation
theory [22], etc. The YM theory at nonzero T has been also
investigated on the lattice since long time; indeed, one of
the earliest lattice simulations describing a phase transition
in the pure YM sector of QCD appeared more than 25 years
ago [45]. Later on, various lattice works explored the thermal
properties of QCD, e.g. [28,46–50].

The glueballs are the relevant low-energy hadronic degrees
of freedom. Despite lacking a final experimental confirma-
tion (even though some candidates do exist), they have been
studied using several methods, e.g. in LQCD, where their
spectrum is evaluated [51–54], as well as in various models
[55–59]. The existence of glueballs is reinforced by studies
on pomeron and odderon trajectories [60]. One may there-
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fore consider a glueball resonance gas (GRG) model as the
analogous counterpart of the HRG model mentioned above
(indeed, the GRG is nothing else than a subset of the HRG).
In Ref. [61], it was shown that a GRG with the lattice avail-
able glueballs of Ref. [51] describes quite well the low-
temperature part of the YM pressure, but is somewhat too
low when approaching Tc. Because of that, the inclusion of
an additional Hagedorn contribution (with density of states
ρ(m) ∝ em/TH [62]) was proposed as a possible explanation
of the lattice thermodynamic simulations close to the critical
temperature Tc [63].

In this work, we revisit the study of the thermodynamics
of YM in the following way: we build the GRG pressure
by using the lattice results for the glueball mass spectrum
obtained in the three works of Refs. [51–53] and compare the
outcomes to the corresponding (continuously extrapolated)
lattice thermodynamic results of Ref. [28]. For each mass
compilation of Refs. [51–53], we deduce the corresponding
value of the critical temperature Tc accordingly. Namely, the
lattice results of Ref. [28] are expressed as function of T/Tc,
thus a comparison is possible only after such a link is built.
In particular, we shall show that the GRG pressure with the
masses of the most recent compilation of Ref. [53] agrees
quite well with the lattice results almost up to corresponding
Tc ∼ 320 ± 20 MeV without the need of additional contri-
butions. The critical temperature turns out to be larger than
the commonly used value of Tc ∼ 260 MeV. Interestingly, a
value of about 300 MeV for pure YM was obtained within
functional methods in Ref. [64].

Furthermore, we also investigate (to our knowledge for
the first time) further contributions to the GRG results along
two directions. (i) We include the effect of heavier glueballs
which were not yet seen on lattice simulations, but are nev-
ertheless expected to exist. In practice, for each J PC we add
10 radially excited states from Regge trajectories in order
to see the increment in pressure and trace anomaly. (ii) By
applying the S-matrix formalism, we study the contributions
to the pressure that arise from the interactions among scalar-
scalar and tensor-tensor glueballs, which are the lowest lying
states in the glueball spectrum. Interestingly, we find that both
effects are very small and in practice negligible. Thus, the
GRG built with non-interacting glueballs seen on the recent
lattice simulation of Ref. [53] seems to provide a rather good
approximation of YM thermodynamics.

The article is built as it follows: in Sect. 2 we introduce
the glueball resonance gas in general and its implementation
by using the masses from lattice QCD. The contributions to
the thermodynamic quantities that arise from further excited
states and from glueball interactions are presented in Sect.
3. Conclusion can be found in Sect. 4. Further elaboration on
the glueball scattering is recalled in Appendix A.

2 Thermodynamics of the glueball resonance gas

The basic quantities to describe thermodynamic properties of
the GRG are the pressure pi and the energy density εi of the
i th glueball which, for non-interacting particles, reads (e.g.
Ref. [1]):

pi = −(2Ji + 1)T
∫ ∞

0

k2

2π2 ln
(

1 − e−
√

k2+m2
i

T

)
dk, (2.1)

and

εi = (2Ji + 1)

∫ ∞

0

k2

2π2

√
k2 + m2

i

exp

[√
k2 + m2

i

T

]
− 1

dk, (2.2)

where Ji is the total spin of the i-th state. By considering N
glueballs, the total pressure and energy density of the GRG
are given by:

pGRG ≡ p =
N∑
i=1

pi , εGRG ≡ ε =
N∑
i=1

εk . (2.3)

Other two important quantities are the trace anomaly I and
the entropy density s, defined as:

I = ε − 3p, s = p + ε

T
. (2.4)

It is also convenient to introduce the dimensionless pressure
p̂ = p/T 4 and energy density ε̂ = ε/T 4, as well as the
dimensionless trace anomaly Î = ε̂ − 3 p̂ and entropy ŝ =
s/T 3.

The equations above allow us to calculate the GRG pres-
sure and energy density by using the masses from the lattice
works listed in Tables 1 and 2 and compare them to the corre-
sponding lattice predictions of Ref. [28]. In the latter work,
the thermodynamic quantities are expressed as function of
the ratio T/Tc. Thus, for a meaningful comparison of the
GRG results obtained by using different lattice results for
the glueball masses, it is of primary importance to consider
the location of the critical temperature separately for each
given lattice simulation. In order to achieve that, we recall
that the critical temperature Tc is related to the so called
Lambda parameter �MS and to the QCD string tension σ

through the following relations [45,65,66]:

Tc = 1.26(7) · �MS = 1.26(7) · 0.614(2) · r−1
0 , (2.5)

Tc = 0.629(3) · √
σ . (2.6)

In Table 1 we summarize the lattice parameters for the simu-
lations of the glueball mass spectrum and we thus deduce the
corresponding critical temperature (together with an estimate
of its uncertainty) upon using the equations above. Note, the
glueball masses in [53] displace only statistical errors.
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Table 1 Parameters entering lattice simulations of the glueball mass spectrum

LQCD papers Number of glueballs Lattice parameter Tc (using Eqs. (2.5)–(2.6))

Chen et al. [51] 12 r−1
0 = 410(20) MeV 317 ± 23 MeV

Meyer [52] 22
√

σ = 440(20) MeV 277 ± 13 MeV

Athenodorou and Teper [53] 20 r−1
0 = 418(5) MeV 323 ± 18 MeV

Table 2 The values of the glueball masses as given in three lattice works

n J PC M[MeV] n J PC M[MeV]

Chen et al. [51] Meyer [52] A & T [53] Chen et al. [51] Meyer [52] A & T [53]

1 0++ 1710(50)(80) 1475(30)(65) 1653(26) 11−− 3830(40)(190) 3240(330)(150) 4030(70)

2 0++ 2755(30)(120) 2842(40) 12−− 4010(45)(200) 3660(130)(170) 3920(90)

3 0++ 3370(100)(150) 22−− 3740(200)(170)

4 0++ 3990(210)(180) 13−− 4200(45)(200) 4330(260)(200)

1 2++ 2390(30)(120) 2150(30)(100) 2376(32) 10+− 4780(60)(230)

2 2++ 2880(100)(130) 3300(50) 11+− 2980(30)(140) 2670(65)(120) 2944(42)

1 3++ 3670(50)(180) 3385(90)(150) 3740(70) 21+− 3800(60)

1 4++ 3640(90)(160) 3690(80) 12+− 4230(50)(200) 4240(80)

1 6++ 4360(260)(200) 13+− 3600(40)(170) 3270(90)(150) 3530(80)

1 0−+ 2560(35)(120) 2250(60)(100) 2561(40) 23+− 3630(140)(160)

2 0−+ 3370(150)(150) 3540(80) 14+− 4380(80)

1 2−+ 3040(40)(150) 2780(50)(130) 3070(60) 15+− 4110(170)(190)

2 2−+ 3480(140)(160) 3970(70)

1 5−+ 3942(160)(180)

1 1−+ 4120(80)

2 1−+ 4160(80)

3 1−+ 4200(90)

The use of a different scale r0 = 0.472(5) fm (equivalent
to r−1

0 = 418(5) MeV) in Ref. [53], motivated by [67], leads
to slightly different central values for the glueball masses
w.r.t. Ref. [51], but they are still comparable within errors.
Instead, both Tc and the masses of Ref. [52] are lower.

The masses of the glueballs with quantum numbers
J PC = 0++, 2++, 0−+, 2−+, 1+− are also obtained by
using a different technique in Ref. [68] for Nc = 6: quite
remarkably, the outcomes agree with a 2–5% accuracy with
the results of Ref. [53], confirming the validity of both the
large-Nc limit and the masses in [53]. It is also interesting
to point out that recent progress in functional methods and
Bethe-Salpeter approaches leads to a spectrum which is com-
parable to that obtained by lattice simulations [69–71].

In Fig. 1 we compare the results of the GRG for the param-
eters reported in Table 1 to the thermodynamic lattice results,
in the continuous extrapolation, of Ref. [28], in which the val-
ues of Tc reported in Table 1 have been used. Similar plots
are obtained for the trace anomaly and the entropy density,
see Figs. 2 and 3. The GRG with the glueball spectrum from
the most recent lattice work [53] (green dot-dashed lines)

approximates quite well the thermodynamic predictions from
LQCD, especially for T/Tc ≤ 0.9. As an interesting conse-
quence, the critical temperature Tc ≈ 323 ± 18 MeV turns
out to be somewhat larger than the usually employed refer-
ence value 260-270 MeV estimated in Ref. [28], but is in
agreement with the FRG result of Ref. [64].

Some considerations are in order:

(i) The GRG results evaluated via Refs. [51,52] (black dot-
ted and orange dashed lines of Figs. 1, 2 and 3) are
well below the corresponding lattice curves. A possible
explanation would be that some important contributions
are missing, e.g. Ref. [28]. Yet, as we shall see later on,
this may not necessarily be the case.

(ii) The agreement of the plain non-interacting GRG eval-
uated with 20 lattice glueball states found in Ref. [53]
with the lattice calculation of Ref. [28] for T/Tc ≤ 0.9
is quite remarkable (green dot-dashed lines of Figs. 1,
2 and 3). Indirectly, these results show that the masses
of Ref. [53] are favoured. In this case, eventual addi-
tional contributions to the GRG – if sizable – would
rather spoil the agreement, but this scenario is not sup-
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Fig. 1 Normalized and T critical independent pressure of the GRG
as function of the temperature for three different sets of lattice masses
[51–53] compared with the pressure evaluated in Ref. [28]. The lattice

data points are taken from the continuous limit results of Ref. [28] (see
their Table 1; note, for a better comparison, we have also added the
curve that interpolates those points)

Fig. 2 Normalized and T critical independent trace anomaly of the GRG as function of the temperature for three different sets of lattice masses
[51–53] compared with the values evaluated in Ref. [28]. The lattice data points are taken from the continuous limit results of Ref. [28]
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Fig. 3 Normalized and T critical independent entropy of the GRG as function of the temperature for three different sets of lattice masses [51–53]
compared with the values evaluated in Ref. [28]. The lattice data points are taken from the continuous limit results of Ref. [28]

ported by the explicit calculations presented in the next
section.

(iii) The results discussed in point (ii) are in agreement
with the expectations of the large-Nc limit of the YM
theory [72–74]. Namely, the interaction among glue-
balls scales as N−2

c , thus glueballs can be seen, in first
approximation, as non-interacting bosons within the
YM sector. In general, it is not clear if and for which
quantities Nc = 3 can be considered as a large number,
but the results of the green dot-dashed lines of Figs. 1
and 2 seem to corroborate this view for what concerns
YM thermodynamics in the confined phase.

(iv) The agreement of the free GRG with (relatively) light
glueballs of Ref. [53] with the pressure determined on
the lattice implies also than an eventual Hagedorn con-
tribution may not be required, at least up to values of T
very close to Tc.

3 Corrections to the thermodynamic quantities

There are two main additional contributions to the GRG that
should be taken into account.

• Further excited states, that have not been observed in lat-
tice simulations yet. Namely, an infinite tower of glueball

states is expected to exist [73]. We shall study their role by
using Regge trajectories for the glueballs, see Sect. 3.1.

• Interactions between glueballs. In fact, the GRG can be
considered as a free gas only in first approximation, but
interactions among glueballs and decays of heavier unsta-
ble glueballs take place. Here, we estimate in Sect. 3.2
the role of the interaction for the lightest gluonic states
(which are also the potentially most relevant ones): the
scalar and the tensor glueballs.

3.1 Contribution of heavier glueballs

As suggested in several works (e.g. Refs. [75,76]), light con-
ventional quark-antiquark (q̄q) states can be systematically
grouped into planes in a (n, J, M2)-three dimensional space,
where M refers to the masses, n to the radial quantum num-
ber, and J to the total angular momentum. These are the so
called Regge trajectories, that (in principle) can be used to
predict the masses of q̄q states for an arbitrary value of J
and n:

M2(n, J PC ) = a(n + J ) + bJ PC . (3.1)

Here, we apply the idea of the Regge trajectories to the
YM sector. Despite the concept of Regge trajectories being
analogous for both q̄q states and glueballs, the applicability
in the last case is complicated by the shortage of information
about glueballs. In order to group the particles into different
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Table 3 Fit summary obtained from Eq. (3.2). For the glueball masses we assume Eq. (3.1)

Glueball spectrum compared to the fit in Eq. (3.2) Parameters [GeV2]

n J PC m [GeV] (from [53]) Fit [GeV] χ2
i

1 0++ 1.653(26) 1.647(25) 0.04 b0++ = −2.78 ± 0.21

2 0++ 2.842(40) 2.865(30) 0.3

1 2++ 2.376(32) 2.367(30) 0.08 b2++ = −10.87 ± 0.57

2 2++ 3.30(5) 3.33(3) 0.38

1 0−+ 2.561(40) 2.572(38) 0.08 b0−+ = 1.12 ± 0.27

2 0−+ 3.54(8) 3.48(4) 0.57

1 2−+ 3.07(6) 3.11(5) 0.52 b2−+ = −6.79 ± 0.66

2 2−+ 3.97(7) 3.90(4) 1.10

1 1+− 2.944(42) 2.955(37) 0.07 b1+− = −2.25 ± 0.45

2 1+− 3.80(6) 3.77(3) 0.23

χ2
tot=3.38 a = 5.49 ± 0.17

planes, many factors have to be considered (e.g. the number
of gluons inside a certain J PC glueball) [52]. Additionally,
while Chen et al. [77] suggested that, within the relativistic
framework, the ground-state glueballs with quantum num-
bers J PC = 1++ and 1−+ do not exist as their correspond-
ing currents vanish, other works [54] provide a mass for these
glueballs. This ambiguity suggests that not all the possible
J PC could in principle be found in lattice.

At present, lattice masses are not enough to separate all the
glueballs into different sectors and it is not possible to find a
trajectory for each of them. Thus, there is a certain freedom in
choosing how to group the glueballs into Regge plans. Here,
we used the masses from Ref. [53] and choose those states
having ground state masses ≤ 3 GeV. Thus, we consider the
five quantum numbers J PC = 0++, 2++, 0−+, 2−+, 1+−
(for which the ground state is clearly observed in all three
lattice simulations) and perform the following fit:

χ2(a, b0++ , b2++ , b0−+ , b2−+ , b1+−)

=
∑
J PC

(
M(n, J PC ) − M lat(n, J PC )

δM lat(n, J PC )

)2

, (3.2)

where a and bJ PC are the parameters of the Regge trajecto-
ries, M lat are the lattice masses of the corresponding glue-
balls, and δM lat are the errors in the masses (see AT columns
in Table 2). The values of the parameters obtained in the
fit, together with the masses used, are listed in Table 3.
By minimizing the χ2 we get χ2

d.o.f. = 0.84 and a =
5.49 ± 0.17 GeV2, showing that a unique slope is consistent
with lattice data from [53]: this is on its own an interesting
outcome.

Next, we use these Regge trajectories to evaluate the pres-
sure of the GRG by including glueball masses up to n = 10
for each quantum numbers listed in Table 2 (that is, not only
for those used in the fit of Eq. (3.2), but for all listed chan-

nels, upon assuming the same slope a). As it is visible form
Fig. 4, the contributions of these heavier glueballs to the pres-
sure and trace anomaly turn out to be very small. Their effect
becomes visible in the plots only when approaching Tc.1

It should be also stressed that this approach is not expected
to be precise in predicting the masses of higher exited glue-
balls, but may be regarded as sufficient to estimate the entity
of the contribution of such heavy states to the thermodynamic
quantities under analysis.

3.2 Glueball-glueball interactions

The S-matrix or phase-space formalism [78] has been widely
applied in studies of hadrons at nonzero temperature, e.g.
Refs. [14–20,79–84] and refs. therein. It allows us to cal-
culate the effect of the interaction on the pressure (as well
as other thermodynamic quantities) via the derivative of the
scattering phase-shift, since the latter is proportional to the
density of states. Thus, both attraction or repulsion as well
as the finite width of resonances can be consistently taken
into account. In the limit in which the interaction is small,
the pressure calculated within this formalism reduces to the
pressure of a free gas. Thus, this approach offers a justifi-
cation of the HRG free gas in full QCD and the GRG free
gas in YM and offers also a way to go beyond the free gas
approximation.

In general, one can study the scattering of two arbitrary
glueballs. Here, for definiteness, we consider the glueball-
glueball interaction of the two lightest glueballs (scalar-
scalar 0++ and tensor-tensor 2++ interactions), since they
are expected to be the dominant ones.

1 The situation might change if we consider an infinity of glueballs
with Hagedorn-like features, where the effect might be more prominent
close to Tc. Yet, the presented results do not display the need for an
Hagedorn spectrum.
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Fig. 4 Normalized pressure (left) and trace anomaly (right) of the GRG
using the masses given by Athenodorou and Teper [53] (green, dashed)
and upon inclusion of the excited states up to n = 10 for all J PC of that

work (red, full). The two plots are compared with the (blue) dots cor-
responding to the lattice points of Ref. [28]. As visible, the increment
due to excited states is minimal

• Contribution from the interaction between two scalar
glueballs.

The scalar-scalar interaction contribution to the the pres-
sure reads

p̂int
0++0++ = − 1

T 3

∞∑
l=0

∫ ∞

2m0++
dx

2l + 1

π

dδ0++0++
l (x)

dx

×
∫

d3k

(2π)3 ln
(

1 − e−
√

k2+x2
T

)
+ p̂B , (3.3)

where the integration is over the square of one of the Man-
delstam variables x = √

s and δ0++0++
l (x) is the l-th wave

phase shift of the the scattering of two scalar glueballs with
J PC = 0++. Above, the second term p̂B refers to the pres-
sure of an eventually existing bound state of two scalar glue-
balls.

Indeed, according to Refs. [85–87] such a bound state of
two scalar glueballs – called glueballonium – may exist when
using the dilaton potential to describe the mutual interaction
between scalar glueballs [88], see also the Appendix A for a
brief recall. Yet, the effect of this glueballonium state on the
thermodynamics is not large. This is due to the fact that the
pressure is a continuous function of the interaction strength,
thus no sudden jump in the pressure occurs when a bound
state forms. The contribution of the jump in the pressure due
to the formation of a bound state is partly cancelled by an
analogous jump – but with opposite sign – of the phase-shift
contribution above the threshold [19,20,89].

Figure 5 shows the l = 0, 2, 4-wave pressure terms due
to the interaction between two scalar glueballs obtained
by using the phase-shifts evaluated in Ref. [85]. We use
m0++=1.7 GeV (in agreement with Refs. [51,53]) and �G =
0.4 GeV, for which a glueballonium with a mass of 3.34
GeV forms, see details and results in Ref. [85]). The s-wave

Fig. 5 Scalar-scalar glueball interaction contribution to the pressure
for three different waves: brown (dashed) for s-wave, red (full) for d-
wave and green (dot-dashed) for g-wave

(l = 0) is clearly the dominant one and the contribution of
the glueballonium is taken into account. When increasing the
value of l, it rapidly becomes smaller and smaller, allowing
to approximate the total interaction with only the s−wave.
Although the l = 0-wave contribution is much larger than
the other waves, it is itself negligible when compared to the
pressure of the non-interacting 0++ glueballs.

• Contribution from the interaction between two tensor
glueballs.

The next interaction that we take into account addresses two
tensor glueballs. The expression takes a form analogous to
Eq. (3.3):

p̂int
2++2++ = − 1

T 3

4∑
J=0

∞∑
l=0

∫ ∞

2m++
2

dx(2J + 1)
2l + 1

π

dδ
2++2++,J
l (x)

dx

×
∫

d3k

(2π)3 ln
(

1 − e−
√

k2+x2
T

)
, (3.4)
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Fig. 6 Tensor-tensor glueball interaction contribution to the pressure
for three different waves: brown (dashed) for s-wave, red (full) for d-
wave and green (dot-dashed) for g-wave. Note, each plotted curve is
the sum of the pressure of the same wave for all J -values terms with
J = 0, 1, 2, 3, 4

where the total spin J of the system ranges between 0 and
4 and m++

2 = 2.4 GeV (in agreement with Refs. [51,53].)

The phase-shifts δ
2++2++,J
l (x) can be calculated by setting

an appropriate effective theory for the tensor glueball, see
the Appendix A. As for the scalar case, the s-wave gives
a larger contribution to the pressure than the other waves,
even though the difference between the two lowest l-waves
is smaller in the 2++ case (see Fig. 6). Even if the employed
effective theory is just the simplest one, the smallness of the
result is a solid outcome of the approach. Additional interac-
tions terms among tensor glueballs not included here are not
expected to change this result (actually, a four-leg interaction
among tensor glueballs, not considered here but expected to
be present, would diminish the contribution).

• Overall contribution of the interaction.

The overall contribution to the pressure of interacting
glueballs is obtained by summing up all possible terms:

p̂int ≈ p̂int
0++0++ + p̂int

2++2++ + · · · , (3.5)

where the first two terms involve the two lightest glueballs
while dots contain further terms, which are however expected
to be smaller because they describe the interactions between
more massive glueballs. In fact, the tensor-tensor contribu-
tion is already much smaller than the scalar-scalar one. Note,
the scattering of two arbitrary glueballs with J1 and J2 can
be constructed in a similar way as the tensor-tensor case by
considering a total angular momenta J belonging to the inter-
val [|J1 − J2|, J1 + J2]. Moreover, inelasticities and unstable
states should be properly taken into account by the interacting
terms [14,18,20,90].

Summarizing, the overall effect of both the scalar and
tensor interaction contributions would be basically invisi-
ble in the plots for the pressure and energy density. Thus,

the free gas contribution (with the eventual small contribu-
tion of heavy glueballs states) seems to provide an accurate
approximation for the YM pressure for T below Tc.

4 Conclusion

In this work we have studied the GRG model by considering
the glueball states observed in lattice simulations. In partic-
ular, we have shown that the recent lattice mass spectrum of
Ref. [53] (that was previously not yet employed at finite-T
studies) delivers a gas which well describes the lattice data
of Ref. [28] below the critical temperature, provided that the
latter is consistently chosen to the value Tc = 323±18 MeV.

Including excited glueballs, which are not yet seen in lat-
tice simulations, via Regge trajectories generates only small
differences, Of course, the effect of such heavy glueballs
becomes more relevant for increasing T , but their contribu-
tion to the pressure turns out to be smaller than 1 percent up
to (almost) Tc.

Moreover, we have also computed the contribution to the
pressure due the interaction of scalar and tensor glueballs.
The effect is even more suppressed than the one of the excited
glueballs, thus it can be safely neglected. This outcome is also
in agreement with large-Nc considerations, since glueball-
glueball interactions are suppressed in this limit. Namely, the
fact that a gas of non-interacting glueballs works pretty well
is in agreement with the view that Nc = 3 can be seen as a
‘large’ number [46,91]. This non-trivial outcome represents
one of the main results of the present work. Note, this is not
always the case, as recently shown in the large-Nc study of
the critical point of the phase diagram in Ref. [92], where the
large-Nc phenomenology is different from the Nc = 3 case.

In conclusion, our results imply that the YM confined
phase is relatively simple, since it is dominated by a free gas
of glueballs. In turn, the fact that the GRG with the masses of
Ref. [53] works well, can be interpreted as a hint that those
masses are consistent with the thermodynamic results.
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Appendix A: Scalar and tensor glueball-glueball scatter-
ing

Let us consider the two lightest glueballs, the scalar glue-
ball G and the tensor glueball G2 ≡ Gμν

2 . We consider an
effective potential for these two fields given by

Vef f (G,G2) = Vdil(G) − α

2
G2G2,μνG

μν
2 , (A.1)

where the dilaton potential reads [88,93]:

Vdil(G) = 1

4
λ

(
G4 ln

∣∣∣∣ G

�G

∣∣∣∣ − G4

4

)
. (A.2)

The effective potential contains only one dimensional param-
eter, the scale �G ∼ 0.4 GeV, which mimics the trace
anomaly of YM theory. In addition, the dimensionless param-
eters λ and α are introduced. As usual, the dilaton/glueball
field G develops a nonzero vacuum’s expectation value �G ,
implying that the shiftG −→ G+�G needs to be applied. As
a consequence, the field G gets a mass m2

0++ = m2
G = λ�2

G ,
while the tensor fied G2 gets a mass m2

2++ = m2
G2

= α�2
G .

Upon using mG ∼ 1.7 GeV and mG2 ∼ 2.4 GeV, all param-
eters are fixed.

The scattering between two scalar glueballs has been
extensively described in Ref. [85] and here we just recall
its more relevant features (for a recent analogous applica-
tion to Higgs-Higgs scattering, see Ref. [94]). The tree-level
scattering amplitude is based on the three-leg and four-leg
interactions emerging when expanding the dilaton potential
around its minimum:

Vdil(G) = − 1

16
�4

G + 1

2
m2

GG
2 + 1

3!

(
5
m2

G

�G

)
G3

+ 1

4!

(
11

m2
G

�2
G

)
G4 + · · · . (A.3)

In Refs. [20,85,86,94] two unitarization procedures (the
well-known on-shell and N/D ones) are implemented to
determine the phase-shift and then, upon using Eq. (3.3), the
contributions to the pressure. For the parameter �G ∼ 0.4
GeV, a glueballonium (bound state of two scalar glueballs)
exists in the s-wave and is consistently taken into account.

The connection between the dilaton potential and any l-th
amplitude for the two scalar glueballs scattering have been
described in Refs. [85,86]. To summarize, the total (tree-
level) amplitude can be extracted from the expanded potential
in Eq. (A.3):

A(s, t, u) = −11
m2

G

�2
G

−
(

5
m2

G

�G

)2
1

s − m2
G

−
(

5
m2

G

�G

)2
1

t − m2
G

−
(

5
m2

G

�G

)2
1

u − m2
G

.

(A.4)

Then, rewriting the amplitude as a function of the channel s
and the scattering angle θ , the l-th amplitude reads:

A(s) = 1

2

∫ 1

−1
d cos θ A(s, cos θ)P(cos θ). (A.5)

This can be directly used to obtain the phase shift δ(s) as:

δ(s) = 1

2
arg

[
1 + 2i

k

16π
√
s
A(s)

]
, (A.6)

where k is the 3-momentum of any particle in the center of
mass frame. The results for the phase-shifts (used to obtain
the contributions of the pressure) can be found in Ref. [85].

As mentioned in the main text, a bound state may form.
It turns out that, upon keeping mG = 1.7 GeV fixed, this
is the case for �G ≤ 0.504 GeV. For the critical value
�G,cri t = 0.504 GeV the bound state has a mass of 2mG ,
which decreases upon decreasing �G . For �G = 0.4 GeV
the bound state has a mass of mB = 3.34 GeV. The results
presented in Fig. 5 include this contribution. In general, the
contribution pB of the glueballonium bound state with a mass
mB contained in Eq. 3.3 reads:

p̂B = −θ(�G,cri t − �G)
1

T 3

∫
d3k

(2π)3 ln
(

1 − e−β

√
k2+m2

B
T

)
.

(A.7)

Note, by choosing a slightly larger �G = 0.55 GeV, no
glueballonium exists since the attraction is not strong enough
to generate it, but the contribution to the pressure as depicted
in Fig. 5 would be basically unchanged, see [19,20].

Next, we concentrate on the scattering of two tensor glue-
balls, whose formalism is analogous to the one used in Ref.
[95] in the case of pion-pion scattering. The scattering takes
the schematic form (for the s-channel):

a

b c

d

a + b −→ c + d,
G
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where a, b, c, d refer to the third-component of the spin J
of the ingoing and outgoing tensor glueballs. Namely, four
particles can have a different value of the third componentmJ

of the spin, under the condition thatma
J+mb

J (≡ mab
J ) = mcd

J .
Similar diagrams apply in the t- and u-channels.

The total amplitude is given by:

〈cd| T |ab〉 = Aδabδcd + Bδacδbd + Cδadδbc, (A.8)

where T is the transition matrix, and

A : = −4(α�G)2

s − m2
G

, B := −4(α�G)2

t − m2
G

,

C : = −4(α�G)2

u − m2
G

. (A.9)

Upon using Clebsh–Gordan coefficients listed in the PDG
[96], the initial state reads:
∣∣∣Jab,mab

J

〉
=

∑
ma

J ,mb
J

〈
Ja ma

J Jb mb
J

∣∣∣Jab mab
J

〉 ∣∣Ja,ma
J

〉 ⊗
∣∣∣Jb,mb

J

〉
,

(A.10)

where Ja = Jb = 2, Jab ∈ [0, 4], ma
J ∈ [−2,+2], mb

J ∈
[−2,+2] and mab

J ∈ [−Jab,+Jab]. Analogously, the same
compact form can be written for the outgoing state.

Among all the possible combinations, the amplitudes with
a nonzero contribution are those

〈
J cd ,mcd

J

∣∣ T ∣∣Jab,mab
J

〉
, for

which J cd = Jab and mcd
J = mab

J , implying 25 nonzero
amplitudes. We denote T q -q = 0, 1, 2, 3, 4 as the amplitude
where the total incoming (and outgoing) spin is q = J cd =
Jab. For the state |J,mJ 〉 (and analogously for 〈J,mJ |), we
employ the basis |i〉, i ≡ (I, I I, I I I, I V, V ) as follows:

|2,±1〉 = ∓
√

1

2

(
|1〉 ∓ i |2〉

)

|2,±2〉 = −
√

1

2

(
|I I I 〉 ∓ i |I V 〉

)

|2, 0〉 = |V 〉 . (A.11)

In this new basis we can write:

|ia〉 ⊗ |ib〉 = |ia〉 |ib〉 , (A.12)

where the value of any 〈ic| 〈id | T |ia〉 |ib〉 is given in term
of the parameters A, B andC , given in Eq. (A.9). Thus, it
follows that, using Eq. (A.8), any amplitude T q(≡ T ab ≡
T cd) can be written as:

T q =
∑

ia ,ib,ic,id

ρabcd 〈ic| 〈id | T |ia〉 |ib〉

ia, ib, ic, id ≡ (I, I I, I I I, I V, V ), (A.13)

where ρabcd = 〈
2 ma

J 2 mb
J

∣∣ ∣∣Jab mab
J

〉 · 〈
2 mc

J 2 md
J

∣∣∣∣J cdmcd
J

〉
is the product of the Clebsh–Gordan coefficient

of the initial and final state. Using this formalism, together
with the definitions in Eq. (A.9), we obtain the following
amplitudes:

T 4 = T 2 = B + C , T 3 = T 1 = B − C , T 0 = 5A + B + C ,

which are used in Eq. (3.4) in order to evaluate the contribu-
tion to the pressure of the tensor-tensor interaction. As shown
in the main text, this contribution is subleading.
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