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Abstract We derive the most general homogeneous and
isotropic teleparallel geometries, defined by a metric and a
flat, affine connection. We find that there are five branches of
connection solutions, which are connected via several limits,
and can further be restricted to the torsion-free and metric-
compatible cases. We apply our results to several classes of
general teleparallel gravity theories and derive their cosmo-
logical dynamics for all five branches. Our results show that
for large subclasses of these theories the dynamics reduce to
that of closely related metric or symmetric teleparallel grav-
ity theories, while for other subclasses up to two new scalar
degrees of freedom participate in the cosmological dynamics.

1 Motivation

Various cosmological observations, such as the tension
between late-time and early-time measurements of the Hub-
ble parameter [1], show indications towards physics beyond
the so-called ACDM model, which describes the dynam-
ics of the universe through general relativity, a cosmological
constant A and cold dark matter (CDM), and has become
widely accepted as the standard model of cosmology. In order
to explain these observations, besides introducing new and
unknown types of matter, numerous modified gravity the-
ories have been developed and their cosmological dynam-
ics has been studied [2—4]. Most conventionally, these theo-
ries depart from the common formulation of general relativ-
ity using the metric and its Levi-Civita connection, thereby
attributing gravity to the curvature of the latter. However,
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besides these also a large number of so-called teleparallel
theories exists, which attribute gravity to the torsion or non-
metricity of a flat connection, and these three possibilities
have been subsumed under the title “geometric trinity of
gravity” [5]. Further, instead of restricting the teleparallel
geometry to being either metric-compatible or symmetric,
one may also consider geometries which allow for both tor-
sion and nonmetricity, leading to the class of general telepar-
allel gravity theories [6,7]. Several classes of such theories
have been proposed and studied [8—10].

In order to study the cosmological dynamics of any given
gravity theory, one usually assumes that all dynamical fields
present in the theory exhibit cosmological symmetry, i.e.,
homogeneity and isotropy, and are thus invariant under spa-
tial rotations and translations. For the metric, this leads to the
well-known Friedmann—-Lemaitre—Robertson—Walker form,
while, e.g., a scalar field is assumed to be constant along
hypersurfaces of constant time. For teleparallel gravity the-
ories, one of the dynamical fields is a flat, affine connec-
tion, and so one must also impose homogeneity and isotropy
on this field for consistency. Previous works in this direc-
tion have shown that the most general homogeneous and
isotropic affine connection is described by five functions of
time, two of which can be associated with torsion, while three
are related to nonmetricity [11,12]. If one imposes vanishing
curvature and torsion, one finds three branches of solutions
described by one function of time [13,14], while for van-
ishing curvature and nonmetricity one finds three branches
without any additional free functions besides those determin-
ing the metric [15].

The aim of this article is to continue the aforementioned
line of studies and determine the most general homogeneous
and isotropic teleparallel geometry, defined by a metric and
a flat, affine connection, where the latter is restricted only by
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the condition of vanishing curvature, but may possess both
torsion and nonmetricity, and to study the physical conse-
quences of our findings in the context of different general
teleparallel gravity theories. Moreover, we study how a cou-
pling between matter and the teleparallel connection, which
gives rise to a hypermomentum described as a cosmological
hyperfluid [16], enters as a source into the cosmological field
equations.

The outline of this article is as follows. In Sect. 2 we
give a brief review of general teleparallel gravity, its dynam-
ical fields and the general structure of the field equations.
Bianchi identities are discussed in Sect. 3. We then construct
the most general class of homogeneous and isotropic geome-
tries in Sect. 4. In Sect. 5, we apply our findings to the matter
side of the field equations and study the possible energy—
momentum-hypermomentum sources. Further, in Sect. 6 we
discuss several classes of general teleparallel gravity theories,
derive their cosmological dynamics and study their general
properties as well as relate them to previously studied classes
of theories. Finally, we give an example for a possible con-
tribution of the newly introduced connection degrees of free-
dom to the cosmological dynamics in Sect. 7. We end with a
conclusion in Sect. 8.

2 General teleparallel gravity

We start by giving a brief review of the class of general
teleparallel gravity theories. In their metric-affine formula-
tion, the dynamical fields are given by a Lorentzian metric
guv and an affine connection with coefficients I'#,,, which
is imposed to be flat,

RpU;LVZB;LFpav_av Fpau"‘rpkur)\ov_rpkvrkgu =0.
ey

Note that this connection is different from the Levi-Civita
connection, whose coefficients are the Christoffel symbols

o 1
rH o = Eg/w(avgop + apgvo - aogvp)a (2)

where we use an empty circle to denote any quantity related
to the Levi-Civita connection. Their difference can be written
as

TH,, — M, = M*,, = K", + L*,,, (3)

where the distortion M*,,, is composed of the contortion

1
Ky =5 (T + T = Thy), @
as well as the disformation
Lt = ! n n n 5
vp—E(Q vp_Qv p_Qp U)s ()

@ Springer

and these are defined through the torsion
T”vp = Fﬂpv - Fﬂvp, (6)
and the nonmetricity

Ouvp = Vugup = 0u8vp — Fauugcrp - Fapugucr- @)

The dynamical fields, among which we also include an arbi-
trary set wl of matter fields, constitute the action, which we
write in the form

Slg. I, ¥]1 = Sglg. '+ Smlg. ', ¥], ®)

where S, is the gravitational action, which defines the gravity
theory under consideration, and Sy, is a generic matter action.
It follows that the variation of the latter can be written in the
form

1
3Sm = / (5611”5&“) + H, 8T, + ‘I’I&/ﬂ)
M

xx/—gd“x, ©)]

where W; = 0 are the matter field equations, and we intro-
duced the energy-momentum tensor ®,,,, and the hypermo-
mentum H,,". For the gravitational part of the action, we
similarly write

1
88y = _/M (EW’”BgW + Yﬂvpsruvp) V—gd*x, (10)

where WH¥ and Y,,"” depend on the gravity theory under
consideration. When performing the variation with respect
to the connection, one must take into account its flatness (1),
either by adding a Lagrange multiplier and keeping the vari-
ation §I"**, of the connection arbitrary, or by allowing only
variations of the form

STH,, = Vp&H, 1D

with a tensor field £#,, which preserve the flatness by con-
struction. Following either approach yields the connection
field equations [10,17]

VIYMVT _ Mw'[a)Yvar — VIHMUT _ erwHMW, (12)

while variation with respect to the metric yields the field
equations

Wiy = Oy (13)

As mentioned before, the dependence of the terms W, and
Y,,"# on the dynamical fields depends on the choice of the
gravitational action, and thus the theory under consideration.
A simple example is the general teleparallel equivalent of
general relativity (GTEGR), whose action reads [6]

1
Se=-77 d*x/=gG, (14)

where the scalar G in the action is defined as
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1
G = 2Mﬂv[;,LMVpp] - <Z QMVP Q;wp

1 1

-3 0" Q py — Z o

1 1
+§ Qﬂup o, + Z
—TH W TP+ TR Q) —

“ vav
1
THP T, + Ele/o oo
TH o Qpv”
-|—T“WQ”UP). (15)

This action has the property that it agrees with the Einstein—
Hilbert action up to a boundary term B,

R=-G+B, B=2V,M",
= —V,(Q", — Q,"* —2T,"), (16)

and so its field equations turn out to be identical to those of
general relativity [10],

1
W =—
Qv K2(

Rguv)
V.Y, — 0.

M?:,Y,"" = a7y

We will discuss a number of generalizations of GTEGR in
Sect. 6.

3 Bianchi identity of general teleparallel theories

In GR the famous Bianchi identity states that the Einstein
tensor is automatically covariantly conserved, and so is the
energy—momentum tensor of matter by the Einstein equa-
tion. Here we want to derive the Bianchi identity of a general
teleparallel theory and look at the consequences for hyper-
momentum conservation.

Let us assume again we have an action S[g, I, ¥] of met-
ric, connection, and matter fields. This action can be either
Sg, Sm., or their sum, where the first is of course indepen-
dent of ¥. In each case the action is by construction invari-
ant under coordinate transformations, i.e. its value will not
change if we perform an infinitesimal coordinate transfor-
mation x* — x* + ¢/*. But the integrand in the action will
change by its Lie derivative along ¢*, so we obtain

M

) <_%gwﬁfgﬂv"‘yawﬁzF“uu+7’1£§wl>
V—gd*x. (18)
Let us also define
Cu’ =V V' = M2,V (19)

If we take for S the full action then £, = 0,C," = 0, and
‘P; = 0 will be the equations of motion of metric, connection,

and matter fields, respectively. For either of the three choices
of S we will have P; = 0 either trivially or by the matter
field equation of motion W; = 0, so we can drop this term;
otherwise we must consider concrete field theories to find the
form of L, ¥!. For the other two Lie derivatives we have

‘C{guv = ;Aa)»g;w + ZB(M{Agv)A = 2%(;19)) , (20)

E{ ny — ; ak v + aué‘krakv
+av§ Fau)»_a)»;ar}\/w'i‘auav;a
= R+ VLY + Vi (T%8h . 2D

For our flat connection the Riemann tensor vanishes, so we
have

0=25:5[g, T, vl
= / (_SW%MQ + V"'V (Vg + Ta)»ug)t))
M
x /—gd*x (22)

- / (%ﬂguv + (Vi = M?u0)C" — TO[WC“M> ¢
M
X «/—gd4x , (23)

where we integrated by parts.' Since this must hold for any
¢H* we obtain the Bianchi identity

VuER, + (Vo — M@ 0)CoH — T, Col = 0, (24)
or in other form
Vu(ER) +CM) + (M, — T%,,)C" = 0. (25)

This identity trivially holds if we take for S the full action
S¢ + Si, although one finds that if the metric equation alone
is fulfilled we still have

VGt = T,,C" =0 (26)

automatically. In theories without torsion the connection
equation of motion is actually just (V,, — M®,,)C,* = 0,
which is by the Bianchi identity fulfilled automatically when-
ever the metric equations are. Hence they become obsolete
by the Bianchi identity. If we consider only § = S, we
have E#Y = WHY and Y, "Y' = Y, "V, and (24) becomes a
non-trivial identity between the left side of the equations of
motion. One can check that it holds for all examples given

! Note that by the identity 9,(/—gV*) = \/Tg(%,t Vi =
V=8V, VI —M",, V") for any vector V#, integrating the connection
V by parts will introduce additional terms proportional to M*,,,. We
also assume here that boundary terms vanish, e.g., that " vanishes on
the boundary.

@ Springer
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below. When using the matter action S, we have E#¥ = 1Y,
and we assume the matter energy—momentum tensor to be
covariantly conserved on its own, %M(@“U = 0. We then find
that hypermomentum must be covariantly conserved as well
in the form

v.CHt—=T%,,.C"*=0C," =V H,"" — M. ,H,"".
27)
Lastly we consider the case when the gravitational action also

depends on a scalar field ®, as we will discuss below. Then
Li® =13, = ¢V, and we find the Bianchi identity

VuER, + VG — T%,,Ce" + WV, & =0, (28)

where W is the equation of motion of ®.

4 Homogeneous and isotropic cosmology

In this section we derive the most general teleparallel geome-
try which is compatible with the assumption of cosmological
symmetry, following closely the approach used for the met-
ric and symmetric teleparallel cases [13—15]. Using spherical
coordinates (¢, r, ¥, ¢), the generating vector fields establish-
ing cosmological symmetry are the three rotation generators

01 = singdy + —23, (292)
tan O
02 = —cospdy + —2p, ., (29b)
tan
03 =—0,. (29¢)

as well as the three translation generators

X sin ¢

T = Xsinﬂcosgoé),—i—&cosz?cosgoaﬁ — =0y,
r rsin v
(30a)
cos
Tp = x sin ¥ sin o, + écosz‘}simpag + u o s
r ¥ sin ¥
(30b)
73 = X cos ¥ d, — X sin ¥ 0y . (30c)
r

We then demand that both the metric g, and the flat affine
connection I'#,,,, which constitute the dynamical fields in
the teleparallel geometry, are invariant under the action of
these vector fields. This means that their Lie derivatives [18]

(EXg)uv = Xpapg;w + 8,ung,0u + 811ng;1,,0 (3D
and

(LxTY",p = X0, T, — 8, XFT7,, + 9,X° T ,,
+0,XTH 5 4 0,0, X" (32)

@ Springer

must vanish, where we used the abbreviation x=+/1—u2r2,
and u” € R indicates the spatial curvature. The latter can take
positive or negative values, so that # can be real or imaginary;
this choice of the parameter will turn out to be more practical
than the more common curvature parameter k = u>. It is
well known that the most general metric which satisfies the
condition (31) is the Robertson-Walker metric, whose non-
vanishing components are given by

2
gu=—N?, 8 =" goo=A%r?,  gup=gsp sin’ v,

(33)

where we denote by N = N(t) the lapse function and by
A = A(t) the scale factor. Note that we will keep the former
general at this point, and make a convenient choice later in
this article. Further, we introduce the hypersurface conormal
n,, and spatial metric 4 ,,,, which allow us to decompose the
metric in the form

guv = —hyuny + h;w~ (34)

Their non-vanishing components are given by

2

n=—N, h,= hoyy=A%r?,  hyp=hyy sin® v.

P7
(35)

Further, the Levi-Civita tensor €,,,0 of g, gives rise to
spatial Levi-Civita tensor &, via

o
Euvp =N’ €opvps  €pvpo = 4€[uvpNo]- (36)

For the affine connection, we will proceed in two steps. In
addition to the symmetry condition (32) for the six gener-
ating vector fields of cosmological symmetry, we must also
impose the condition (1) of vanishing curvature. Starting with
the former condition, one finds that the non-vanishing com-
ponents of the most general cosmologically symmetric affine
connection are given by [11,12,14]

1
Fttl = K, Fﬂrﬂ = Fﬁz}r = er(p = Fw(ﬂr = ;7

[y =T%,9 = cot?, Fﬂw = —sin v cos ¥,

K> .
r,, = 7 IMys = —rx2, IMgp = —rx?sin® v,
Fr(pz} = —Frly(p = K5r2X sin 99,
Mop = Kor®, T7yp =T"1p =T%, = K3,

kr
M =T =%, =Ky, I} = 2
Kssind
Iy = Kar2sin®9, T7,, =7, = 200
X
K
F(prz? = _F‘pz?r = - . (37)
X sin ¥
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where K (1), ..., K5(t) are functions of time. For this con-
nection, we can now calculate the curvature tensor, which
reads

2K3(K4 — Ky) +0:K3
N2

K>(K4 — K1) — 0K
4 2Ky — K1) — 0 -

A2
K>KsN “ K3K5
NA

ZTH Evpo — 2
u? + KrK3 — thM )
A2 [p alvs

at KS
(38)

R oo = ”vn[phg]

nyet oo

-2

NA 8Mv[pna'] +2

making use of the decomposition (34) we introduced before.
Note that all terms appearing in this decomposition are inde-
pendent, and so their coefficients must vanish separately.
Hence, the connection is flat if and only if

%Ks = K2Ks = K3Ks = u> + K2K3 — K2
= K3(K4 — K1) + 0, K3 = K2(K4 — Ky)
—8,K» = 0. (39)

In order to determine the most general solution to these con-
ditions, we distinguish the following two cases:

1. We start by assuming u = 0, i.e., vanishing spatial curva-
ture. In this case we have the condition K> K3 = K52, SO
either both sides are vanishing or non-vanishing. How-
ever, from Ko K5 = K3K5 = 0 follows that Ks = 0 or
K> = K3 = 0. Hence, the only option is K5 = K, K3 =
0. Therefore, at least one of K> or K3 must vanish, which
leaves three cases to be distinguished:

(a) Setting K, = K3 = 0, the remaining equations
are already satisfied and no further restrictions on
the parameter functions arise. K| and K4 are the
only parameters left, which are arbitrary and uncon-
strained.

(b) For K3 = 0 and K7 # 0, K> is a free function. Now
only one of K| and K is left undetermined, since the
difference is constrained to satisfy

3t K2
Ky
(c) Assuming K, = 0 and K3 # 0, one obtains a similar
result as in the previous case, but now K3 is a free

function and the difference between K| and K4 must
satisfy

K4y — K| =

(40)

8t K3
K3~
2. We then continue with the spatially curved case u # 0.
Now we can further distinguish the following two cases:

Ky — K1 =—

(41)

(@) K5 # 0: From K>;Ks = K3Ks = 0 follows
K> = K3 = 0. Hence, K5 = #u, which becomes
imaginary for negative curvature u> < 0, and the
remaining equations are satisfied. K1 and K4 are left
undetermined.

(b) K5 = 0: In this case one has K» K3 = —u? # 0 and
so both must be non-zero and inversely proportional,
so that only one of them can be chosen arbitrarily.
This further implies

0=0,K2K3+ K»0;K3, 42)
and so
0K 0K
K4—K1= t 2=_t 3’ (43)
K> K3

so that the remaining equations consistently deter-
mine the difference between K| and Kjy4.

We see that there are five different branches, in each of
which the flat, cosmologically symmetric connection is deter-
mined by two functions of time. In the following, however,
it will turn out to be more convenient to introduce a different
parametrization, which is based on the expressions

TH,, = 2Tih{ng + 2Task ),
Opuv =201npn,ny + 202150,y +203hpny). (44)

for the most general cosmologically symmetric torsion and
nonmetricity tensors [11,16], where T1, T2, Q1, Q2, Q3 are
functions of time 7, which serve as an alternative parametriza-
tion to the previously introduced K1, . .., K5. Itfollows from
the tensor character of the expressions on both sides of the
equations that these new quantities are scalars under coor-
dinate transformations, which makes them more suitable
as dynamical variables in the cosmological field equations.
They are related to the previously introduced quantities by

K4 — Kj3 K5 0N Ky
T=—_22 =22 Q=g ——,
1 N 2= 01 N2 N
0, = 1 K 0 A 0s = K3 KoN (45)
2=y \Ka—— ) 3=y el

From the case distinction discussed above, we see that in all
cases we are free to choose the function K4, or equivalently,
Q> in the scalar variables, so that we can use it as a dynam-
ical variable in all branches, which we denote by K = Q5.
For the remaining branches of flat connections, we need to
introduce different parametrizations, in order to express the
remaining scalar variables in terms of one additional, inde-
pendent, dynamical variable. We follow the same distinction
as before, and use the Hubble parameter

o= A (46)

NA

for convenience.

@ Springer
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1. For u = 0, we have K5 = 0, and therefore 7> = 0. We
then distinguish further:

(a) Inthebranch K, = K3 = 0, we find Q3 = 0. We are
free to choose K1, and hence can define the second
variable as L = Q1. The remaining scalar quantity
is determined as 71 = H + K.

(b) For K, # 0, one has K, as a free function, and so
can use L = Q3 as dynamical variable. K is fixed,
and so are

;L
T'=H+K, =—K+H+ —. 47
1 + 01 + +NL 47)

(c) For K3 # 0, one can freely choose K3, which again
allows to define L = Q3 as dynamical variable. In
this case the remaining scalars read

oL

Q1=K —H— . (48)

2. For the spatially curved case u # 0, we use the following
two parametrizations:

h=H+K-L,

(a) For Ks # 0, we choose the sign of u# in the
parametrization such that K5 = u, and are free to
choose L = Q1. The other sign convention of u will
give the same result with the replacement u — —u.
This yields

u

T =H+XK, TQZZ, 03 =0. (49)
(b) Finally, for K5 = 0, we canchoose L = H+ K — T
such that
n=H+K-L, T,=0, Qi=—-K—-H
31L M2
-=, =L+ —. 50
NL 03 + 2 (50)

To further simplify the parametrizations, it turns out to be
convenient to introduce rescaled quantities

H=AH, K=AK, L=AL,
7, = AT;, Qi =AQ:, (51)

where H is the conformal Hubble parameter, as well as the
conformal time derivative

=4 52
fr=xof (52)

for any function f of time. In terms of these quantities, the
parametrizations simplify, and take the form summarized in
Table 1.

It is worth discussing how these different branches of cos-
mologies are related to each other. For the spatially curved
branch 2a, we see that K, = K3 = 0 everywhere, and so this
property is preserved also in the limit u — 0, leading to the
branch 1a. This is different for the spatially curved branch 2b.
Using the parametrization given in Table 1, the limitu — 0

@ Springer

leads to the branch lc. However, this limit depends on the
choice of the parametrization. By introducing a new parame-
ter function £ = u> /L, the parametrization of the branch 2b
becomes

u? L
Ti=H+K—-—, =0, 9 =-K+—,

L L

~ u2
D =K, Q3=£+f' (53)

Taking the limit # — 0, and renaming L to L, we obtain
the branch 1b. Finally, defining a new parameter instead as
L= L/u, one obtains

~ L
Ti=H+K—-ul, =0 Q; =—/C—E,

0 =K, Qs=u<i+%). (54)

In the limit # — 0, we obtain the branch 1a, with the identi-
fication of the new parameter

L=-K—-—. (55)

Further, one may consider the special cases of vanishing
torsion and nonmetricity, respectively. First note that the
branch 2a has explicit torsion 75 = u, and so does not have a
limit with vanishing torsion. For the remaining branches, this
limit is obtained by solving 71 = 0 for X', and one obtains the
four branches of symmetric teleparallel cosmology [13,14].
Similarly, to obtain vanishing nonmetricity, one sets K = 0
and then solves for L. In this case the three spatially flat
(u = 0) branches assume the common limit 73 = H and
7T, = 0. Together with the two spatially curved branches,
these agree with the result found for metric teleparallel cos-
mology [15]. These relations are illustrated in Fig. 1.

In the following sections, we will apply the conditions of
homogeneity and isotropy to the matter source and gravita-
tional field equations of teleparallel gravity theories.

5 Cosmologically symmetric field equations and
energy—-momentum-hypermomentum

We apply the conditions of cosmological symmetry intro-
duced in the previous section to the generic form (13) of
the general teleparallel field equations. Assuming that the
teleparallel geometry given by a metric and a flat affine con-
nection is homogeneous and isotropic, it follows that also
the left hand side of the gravitational field equations, which
is constituted by these fields, has this symmetry, and must
therefore be of the form

W/w = mn,unu + ﬁhuw
VoY, "Ts — M2, "t = Tnun’ + Gh,”, (56)
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Table 1 Branches for flat

connections with cosmological “ K> K3 7i T Qi D Q3
symmetry la =0 =0 =0 H+K 0 r K 0
L/
1b =0 #0 =0 H+K 0 K+ z K L
E/
lc = =0 H+K—-L 0 -K - z K L
2a £0 =0 =0 H+K u c K
c u?
2b £0 £0 £0 HAK—L 0 K- C+

T, =0
P

@ — O

Fig. 1 Schematic relation between different cosmologically symmetric branches

where the dependence of the scalars 91, §, %, & follows
from the gravity theory under consideration. For this form of
hypermomentum the connection equation of motion becomes
symmetric in p« and v. Hence, the right hand side of the
field equations must be of the same form. For the energy—
momentum tensor ®,,,, the cosmological symmetry condi-
tion leads to the perfect fluid form

Ouv = pnyny + phy,y. 57

Similarly, imposing the cosmological symmetry on the
hypermomentum leads to the form [16]

Hppy = @hppny + xhopny + yhyng
+onynyn, — CEppuy. (58)

Note that here and for the rest of the paper x refers to the field
appearing in the hypermomentum, and not to the expression
~/1 — u?r2 Inserting these expressions into the gravitational

field equations, one finds that they take the form
N=p, H=p (59)

for the metric equations, while the connection equations read

—AT =o' +3[Ho+ (H—-T1 + Q — Q¥

+MH -1+ )xl, (60a)
—AG =¢' +3Ho+(H—-T1 + Q2 — Q)Y
+H-T1+ Q)x. (60b)

Note that the latter depend on the choice of the cosmologi-
cally symmetric connection. For the five different branches
we found, they are given as follows. For the spatially curved

branch 2a and its flat limit 1a we find

— AT = o + 3Ho,
—AG = ¢' +3He. (61)
The spatially curved branch 2b yields
u2
- AT =o' +3Hw+3Lx — 3ZI/A
u>
—AG =¢' +3Hp + Lx —Ew. (62)

For the spatially flat branch 1c one has

— AT =o' +3Hw + 3Ly,
—AG = ¢ +3Ho + Ly, (63)

while the branch 1b yields

— AT =o' +3Hw — 3L,
—AG = ¢' +3Hop — L. (64)

We will make use of these expressions in the following sec-
tions, where we will derive the cosmological field equations
for a number of example theories and discuss their physical
implications.

6 Application to teleparallel theories

We now apply our findings to a few classes of general telepar-
allel gravity theories and study their cosmological dynam-
ics. In Sect. 6.1 we study the f(G) class of theories, whose
Lagrangian is given by an arbitrary function f of the GTEGR
Lagrangian G. Another class of theories based on the most
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general Lagrangian which is quadratic in torsion and non-
metricity is studied in Sect. 6.2. Finally, we consider a class
of theories with a non-minimally coupled scalar field in
Sect. 6.3.

6.1 f(G) gravity

The first example we study is a generalization of GTEGR
whose action is given by

1
Se=—57 | dV=2/(G), (65)

where G denotes the scalar (15).

8G = Vg 8g"" (M” (111p8% v) — M (o)
AMEP ) + 8T (= M*Y o — MY " + MPypgh”
+Mp“pp5;) + SgMV(Mp(,w)Mapg
_Mpa(u)Mgv)p)~

Varying the action with respect to the metric and the connec-
tion, one obtains the field equations [10]

° 1o o
f/ (R;w - ERguv> - Mp(p,u)vpf/

5 ° 1
VG M e + MY gV, f + S = 'Ggu

=120, (672)
Mvppvﬂf/ + Mo-'ug'gvpvpf/ _ MVPMfo/ _
MP "V, f =23 (Vo H, P — M@ 0 Hy '), (67b)

One can then evaluate these for the cosmologically symmet-
ric branches of teleparallel geometries. First note that the
scalar G takes the cosmological value

3
G=519(Q1— Q@ +27) +2(Q - T))? — 277
(68)

The structure of the resulting cosmological field equations
depends on the choice of the branch.

We start with the spatially curved branch 2a, for which the
metric field equations become

/
12H2% — f=2%%p, (69a)
" /
- 45% —4(H +2H?* - uz)% +f=2p,  (69b)
with
£ =A’HG, (70)

while the left hand side of the connection equations vanishes
identically, so that they reduce to the continuity equations

o +3Hw =¢' +3He = 0. (71)

@ Springer

(66)

It is remarkable that the two functions K and £ describing
the dynamics of the flat connection do not explicitly appear
in these equations. Calculating

_6(H? —u?)

G e ,

(72)
we see that these do not enter implicitly through f either, and
so fully decouple for this branch. These findings also hold
in the limit # — 0, in which the branch 1a is obtained, for
which the cosmological field equations become

12H2Ai; — f=2%%p, (73a)
—45A—: —4(H' + ZHZ)A—; +f=2%p, (73b)
and the scalar G becomes
G= 671:—;, (74)

and (70) still holds. Note that these equations agree with those
of the metric teleparallel class of f(7') theories; while the
spatially curved case (69) yield those for the “axial” branch
of metric teleparallel cosmologies, the flat case (73) yields
its flat limit [15,19].

The situation is similar, yet different for the remaining
branches. For the spatially curved case 2b, the metric cos-
mological field equations become

’ ) f//
—9u* + L )5A4£4
+ [6H£(u2 FOHL - £2) — 3% + Ez)ﬁ/]
f' 2
A2_£2_f:2K o, (75a)
"
3(u? +4HL — 352)5A4—£4
n [25[2/:@{2 —2H?) — 3HWE — L£2)] — 4LPH
/
+30 + £} A{ el
=2%p, (75b)
while the connection equations become
) 5 f// B 2K2
2
(w’ 3Hw +3Lx — 3%w> : (762)
_ 2 2 f_// — ﬁ / _ u_z
3w+ LIE G = — <¢ t3HO+Lx =LV )
(76b)
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where

E = 4HL w? + HL)(H — L) — 2L u? + 2HLLYH'
—2uL? + L+ L)L = —A2£3%/, (77)

with

G = Za2L(H — L)u? + HL) — @ + L)L (78)

We now see that the scalar £ enters the field equations, while
KC does not. Note that the connection field equations can be
satisfied only if the hypermomentum satisfies the combined
conservation equation

(w+3¢) + 3H(w + 3¢) = 0. (79)

This holds also for the flat limiting cases; for the case 1c we
find the equations

f// 2 , f/ 2
—9£5P+3(4H —zHL—,/:)E — f=2%%,
(80a)
3(4H - 3L 5f ’ AH — 3L — 6HL + 8H? r
(4H - 3L) e —( — — + )ﬁ
+ f=2c%p (80b)
Vi 2 2
—958% — %(a)/+3Hw+3£x), (80¢)
17 2 2
- 3&9% - %(q)’ Y 3HO + L), (80d)

with

G/
E=4H*H - L) —2QH - LOH + L' = —A2=—, (81)

3
and
6H(H — L) — 3L’
G= = , (82)
while for the branch 1b we have
1 ) f/ )
—9[45’?—}—3(471 +2H£+£)ﬁ —f=2"p,
(83a)
"
3(4H + 1:)5% — (4H' + 3L + 6HL + 8H?)
s = 2> 83b
ot f=2"p (83b)
froue
— 9£5P = T(w +3Hw — 3LY), (83¢)
f// 2K2 ,
—3LE— = — 3 — L), 83d
= @ T3~ Ly) (83d)
with

G/
E=AH*H+ L) —2QH+LO)H — L' = —Az? (84)

and

oo SR+ L) 430

= (85)

Note that the last three branches of cosmological dynam-
ics allow for a particular classification of their solutions in
case the right hand side of the connection field equations van-
ishes, e.g., for vanishing hypermomentum. Further assuming
u? <0, ie., negative spatial curvature, the connection field
equations (76) are solved by £ = +iu. Choosing the lower
sign, the metric field equations (75) then reduce to

/
12H(H + iu)% —f=2%%, (86a)
f//
—48(H + iu)>(H — H* — iuH) g
— 4(H' + 2H* 4 3iuH — uz)% + f=2k’p, (86b)

while for the upper sign one obtains an equivalent set of equa-
tions up to the trivial redefinition u — —u. It follows that
in these cases the cosmological dynamics in f(G) gravity
become identical to the vector branch of the metric telepar-
allel f(T) class of theories [15,19]. Since in this case the
connection degree of freedom L is fixed by an algebraic
equation we do not obtain a dynamical contribution of it
to the metric evolution. So, even if the resulting equations
would give rise to a dark energy like effect, i.e. accelerated
expansion at late times, it should not be called dynamical as
it would rather come from the choice of f and not a new
degree of freedom. Similarly, setting £ = 0 solves the con-
nection equations in (80) and (83) (again assuming that their
right hand side vanishes), while in both cases the metric field
equations reduce to (73) again, and thus reproduce the flat
limiting case of f(7") cosmology. Any remaining solutions,
given by £ # Fiu in the spatially curved case and £ # 0
in the spatially flat cases — except in la and 2a where the
connection equations of motion are trivial — must then sat-
isfy £ = 0, leading to G = G where G is a constant. This
follows directly from the form of the connection equations
of motion, where all terms on the left side are proportional
to f”9,G. In general the left side is then an algebraic com-
bination of derivatives of G, but since in our cosmological
setup G depends only time all terms are proportional to G'.
Since G contains first derivatives of £ the equation G = Gy
can be seen as a first order differential equation for £. For
example, for the case 1b one finds

L=%41

T [ dn A*(GoA>—6H?), (87)

with Ly an integration constant and 7 conformal time. How-
ever, one can easily see that for constant G = G the metric
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equations of motion become
s 1 «? [(Go)—f'(Go)Go
R,y—=R = ®
(“” 2 g‘”) FGo T G o
(88)

which are nothing but the GR Friedmann equations with
rescaled 2 and an effective cosmological constant. This case
does also not lead to a dynamical dark energy, since only f
and its derivatives evaluated at G enter the metric equations,
which are fixed and do not evolve, though one may see G
as another integration constant of solving & = 0 for L. In
the presence of hypermomentum the connection equations
become more involved and will generally lead to G’ # 0 and
more interesting solutions, but it is curious to see that in its
absence f(G) gravity does not involve a dynamical connec-
tion. Either £ is fixed by an algebraic equation or it leads to
constant G.

6.2 General teleparallel quadratic gravity

The next class of teleparallel gravity theories we study is
known as general teleparallel quadratic gravity [6]. Its action
is an arbitrary linear combination of the 11 scalars which are
quadratic in torsion and nonmetricity, and hence takes the
form

1 ~
Sg =—7 d4x«/—gG
= 2 YY) d XA/ — (Cl QM pQ;wp
+c OF pr;w + C3QpMp,vav + C4QM;/.p vip
+cs QMMP quv +ai THP T;u)p + aZTMVp Tpvu
+a3TMpMTv’0v + blTMUpQW,M
+b2TMpMQ,0Vv + b3TWJlLQVUp)
1
=53 d4x4/_[M" " (ki My
+k2Mvp,u + k3M/1,pu + k4M,0v;L + kSM\)/L,O)
+k6MpM”MpUV +k7Mup“Mva +k8M“MpMUV'O

+k9MupﬂMv‘)p + klOMM/LpMpvv + kl 1 Mpp.MMva:| )
(89)

with 11 constant coefficients either parametrized as aj .3,
by...3,c1,.50or ki 11. While the former parametrization
gives more insight into the split between torsion and non-
metricity, and will be more convenient for the purposes of this
article, the latter turns out to be more convenient to express
the field equations, which can be written in the form [10]

o 1 -~
U;w - Vp(vp;w) + EGgpw = K2®;uh (90

@ Springer

and
VTZHU‘L’ _ thwZMV‘L'
= 2% (VoH,"" — M®1,H,'"), 91)
where we introduced the abbreviations
UM =k (M"*° M” py — MPH o M,
_MpaMMPUV) _ kszU(”M
k3 (MHPP7 MY 5, — 2MP B M,V )
—kgMPH o MO, — ksMPOH M, "
+hkeM"P yMY° 5 — kgMP* ,M°”,
_kSMpPIiMUUV _ k9MpP(MMJU)U
_(ZkﬁMprrU + kllMde + klOMUap)Mp(lw)a
(92a)
as well as
VPR — —2k6gp(“M”)“g _ lmgp(“Mg")“

—k1oMy" P gVt (ka — ks — ki — k3)M P
(ks — ks — ki — k3) M 1P

1
X[(2k6 —kio = k1M 5 + (ki1 — 2k7 — ko)

M5 + (k1o — 2kg — k9)Ma‘”’}

(92b)
and
WP=2k M 4 k(MY + MP LY
+2k3M PV + 2ka MY + 2ksM” P
+2keM 6”8 + 2k M°" 581,
+2ks M5 P8}, + ko(Mo"?8), + M7"8)
+hio(M?° 58, + M°5,8")
i1 (MY 085 + M 4 8™). (92¢)
The two parametrizations are related by
ki =2a; — by +2c1, ko= —2a2+ by 4 2c,
ko = —2a3 +2by — b3 + 2¢5, k4 = ap + 2,
ks = ap — by 4+ 2c1, ke = ca, k7 = az + by + cy4,
kg = az —2br +4c3, k3 = —2a1 + by + ¢,
kio = —b3 +2cs5, ki1 = b3 + 2c4. 93)

Note that for the values

1 1
a=7 ;=5 a=-1 bh=1 b=-1
1 1 !
by=1, Clzz, C2:_§1 C3:_Z’ c4 =0,
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c5 = < (%94)
or equivalently,

ki = —ky =1,
ki=ks=ky=ks=ke =k =ks =kg =kjo =0, (95)

we obtain the GTEGR action (15). We now study the cos-
mological dynamics of this class of theories. While deriving
the cosmological field equations, one finds that not all 11
coefficients enter these equations independently, but only a
limited number of linear combinations appears. A suitable
parametrization of these linear combinations is given by

2a1 + ap + 3as

2
74 = 2a1 + ay + 3az — 2by — 6by + 4cy + 12c¢3,

25 = by +3by — 4c)

3
71 = , 2= §(3a2+a3 —2ay),

z7=2c3+c¢5, 3=cr—catcs,
— 1263 s
726 = by + b3 —4c3 —2¢5, 73 =c1+ 2+ 3+ cq+cs.
(96)
This particular parametrization is chosen here as it will turn
out to simplify the cosmological field equations as much as

possible, and that for GTEGR it is simply given by
=1 n=n=u=z5=2=2z7=23=0. 97)

Hence, we can easily see which new terms arise from modi-
fications of GTEGR and how they alter the dynamics. We
now display the cosmological field equations, and give a
few remarks on their general properties. We start with the
branch 2a, for which they read

6(z1 + z2)u* + 6(z1 — 226 — 427)H*> — 6(26 + 227)H’
— 626K’ — 823 L — 4z3L% — 374K
— 6(z4 + 25 + 226 )HK
— 2(3z6 + 627 + 8z8)HL — 626K.L = 2k>A%p
—2(z1 + z2)u® — 2(z1 + 224 + 225)H?
—2Qz1+ 24 +z5)H + 225K + 4z7L'
— 324K? — 4z8L% — 2(3z4 + z5)HK
—2(3z6 + 227YHL — 626KL = 2k A%p ,
— 6(z6 + 227) QH? + H') — 626K’ — 825L’
— 4HBz6K + 423L) = 2k>A(0 + 3Hw) , (98¢)
—2(z4 + 25)QH? + H') — 224K — 226L — 4H(4K
+2z6L) = 22 A(¢' + 3Ho) . (98d)

(98a)

(98b)

Note that both /I and £ appear as dynamical quantities with
first-order time derivatives, and that the dynamics does not
depend on the parameter z3 obtained from the action parame-
ters. The same holds true for the branch 1a, which is obtained

taking the limit # — 0, and leads to the field equations

6(z1 — 226 — 427)H? — 6(z6 + 227)H' — 626K’ — 8z3L’
— 47gL% — 324K? — 6(24 + 25 + 226) HK
—2(3z¢ + 627 + 828)HL — 626KL = 2> A%p ,
—2(z1 + 224 + 225)H* — 2221 + 24 + 25)H/
+ 225K 4+ 4z7L' — 324K? — 428L% — 2(3z4 + 25)HK

(99a)

—2(3z6 + 227)HL — 626KL = 2k A%p , (99b)
—6(z6 +227) QH> + H') — 626K’ — 8z3L’
— 4HBz6K + 423L) = 2> A(0’ + 3Hw), (99¢)

—2(z4 + 25) QH? + H') — 224K’ — 226L' — 4H (24K
+z6L) = 22 A(¢’ + 3H9) . (99d)

Note that one can also obtain the cosmological dynamics of
branch la from 2a by setting zo = —z1, which only affects
the curvature term (z; +z2)u? as z, only appears here. Hence
one can obtain the same dynamics as in spatially flat cosmo-
logical solutions also in curved spaces by setting 71 +z2 = 0,
regardless of their spatial curvature. We then continue with
the branch 2b, for which the cosmological field equations
become significantly more involved, and consist of the met-
ric field equations

3(2z1 — 223 + z4 + 25 + 326 + 427 + 4zg)u?

—3(4z3 — 274 — 325 — Tz — 1827 — 4z3)HL
4
u K
—9(z3+z7 — 2ZS)E + 3(z5 — 326 — 227 +4z8)u z

H
—3(4z3 — 25 + 326 + 227 — 4zs)uzz

+6(z1 — 226 — 427)H? — 6(z6 + 227)H’
—2(3z4 + 325 + 3z6 — 627 — 8z3)HK

/

HL
+2(3z6 + 627 + 828) — (3z4 — 626 + 428)K?

L
+3(z3 —z4 — 25 — 326
2LL" —3L7
—5z7 — 218)[:2 + 418T + (6z6 — 8z3)
KL — LK’
X — +3(2z4 + 25 + 26 — 227 — 423)KL
— 2K2A2,0, (100a)

3(z3 — 24 — 25 — 326 — 527 — 228) L2
H
— (4z3 + 25 — 326 — 227 + 4z8)u22

— (221 — 223 + 24 + 25 + 326 + 427 + dzg)u’
+2(2z3 — z5 — 3z — 10z7 — 4z9) L’

— (4z3 — 624 — 525 — 9z6 — 1427 + 423)HL
+3Qz4 + 25 + 26 — 227 — 428)KL

@ Springer



315 Page 12 of 18

Eur. Phys. J. C (2023) 83:315

+2(z5 —2z29)K' —2Q2z1 + z4 + z5)H/
4
u
— 2(z1 + 224 + 225)H? — (23 + 27 — 2Zs)ﬁ

/

K L
— (z5 —3z6 — 227+ 4zs)uzz + dz3u =

[,2
/ ’CE/
+2(3z6 +227) - 2(3z6 — 4z3) -
—2(Bz4 + 25 — 326 — 227)HK — (324 — 626 + 428)K>
72 Vi
_ 2 42
+ 4(27 - ZS)F — 4Z7f =2k“A P, (100b)

as well as the connection field equations

4
4(3z¢ — 4z3)HI 4+ 6(z3 + 27 — 223)%
»H

+ 3(4z3 — z5 + 326 + 227 — 4z3)u z

+6(z6 + 227) QHE + H))
+3(4z3 — 2724 — 375 — Tz — 1827 — 4z8)HL

— 6(23 — 24 — 25 — 326 — 527 — 228) L
K
—3(z5s —3z6 — 227 + 428)uzz

—3(2z4 + 25 + 26 — 227 — 428)KL + (626 — 828)K
L£?— L'’ —2HLL
£2

+ 8zg

2
= 2%2A (a/ 3w + 3Ly — 3”2¢> , (100¢)

4
2z4 4+ 25)QH P+ H) +2(z3 + 27 — 228)%

—2(z3 — 24 — 25 — 326 — 527 — 228) L
!/

L
—(z5 =326 —2z7+ 4Zg)uzﬁ

+ (4z3 — 624 — 525 — 9z6 — 1427 + 4z3)HL
— (2z4 + 25 + 26 — 227 — 4z8) (KL + L)

H
+ (4z3 + 25 — 326 — 227 + 4Z8)uzz

K
+2(z4 — 26) QHK + K') — (z5 — 326 — 227 + 4zg)uzz

L?— L —2HLL
£2

2
= 2%2A <¢’ L3HG + Ly — %w) . (100d)

+ 2z6

We see that in contrast to the two previously studied branches,
L now also appears with second-order time derivatives and
the parameter z3 enters the equations. This holds true also
for the remaining flat branches. For the branch 1c¢ we find the
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HL
2(3z6 + 627 + 8z3)

dynamical equations

/

L
— 3(4z3 — 224 — 325 — Tz6 — 1827 — 4z3)HL

+6(z1 — 226 — 427)H* — 6(26 + 227)H — 2(3z4 + 325
+ 3z6 — 627 — 828)HK — (Bz4 — 626 + 4z8)
x K2 +3(z3 — 24 — 25 — 326 — 527 — 223)

2LL" — 3L (626 — 8 )ICE/ — LK
Y& 26 — 828 7

+3(224 + 25 + 26 — 227 — 423) KL = 22 A%p, (101a)

x L2 + 4zg

3(z3 — 24 — 25 — 326 — 527 — 228) L2

— (4z3 — 624 — 525 — 976 — 1477 + 4z3)HL
+2(2z3 — z5 — 326 — 10z7 — 4z3) L’

4

L
+3Q2z4 + 25 + 26 — 227 — 428)KL — 4Z7f

—2Qz1 +z4 +z5)H

/

L
KL
— 2(z1 + 224 + 225)H? + 2(3z6 — 423) 7
+2(z5 — 227)K' — 2(3z4 + 25 — 326 — 227)HK
E/Z
— (324 — 626 + 428)K* + 4(z7 — ZS)F =22A%p,

(101b)

+2(3z6 + 2z7)

/

4(3z6 — 428)HK — 6(23 — 24 — 25 — 326 — 527 — 228) L>

+6(z6 +227) QH: + H)
+3(4z3 — 2724 — 375 — Tz — 1827 — 4z3)HL
—3(2z4 + 25 + 26 — 227 — 428)KL + (626 — 8z3)K’

2 " _ 9 l
+ 8z3 LT LL HEL 22 A (0 +3Ho +3Lx) ,

£2
(101c)

2(za+25) QH2+H')~2(23—24—25—326—577—228) L*

+2(z4 — 26) QHK 4+ K') + (423 — 624 — 525

—9z¢ — 1427 + 4z)HL — 224 + 25 + 26

—2z7 —4z3) (KL + L)

L? —L£L" —2HLL
2

+ 226 =2A (¢ +3Ho + L) .

(101d)

while in the branch 1b they become

/

L
+ 277 — 4z9)HL + 6(z1 — 226 — 4z7)H?

—2(3z4 + 325 + 3z6 — 627 — 823)HK
— 6(z6 + 227)H — (324 — 626 + 425)K?

—2(3z¢ + 627 + 8z3) —3(4z3 — 25 + 326
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2LL" - LP
—9(z3+z7 — 2Zg)£2 — 418—2
L
KL + LK
— (626 — 8z8) —————
L
KL =2c%A%p,
2(z5 — 227)K — (23 + 27 — 228) L2
— (473 4+ 25 — 326 — 227 + 4z8)HL

—4z3L — (z5 — 326 — 227 + 429) KL
"

427 — (B4 — 626 + 429K

— 2221 + 24 + 25)H' — 2(21 + 224 + 225)H?

+3(z5 — 3z¢ — 227 + 4z3)
(102a)

! /

KL
—2(3z6 — 423) . 2(3z6 + 227) i

—2(3z4 + 25 — 326 — 227)HK
[:,2 s
—4(27 +ZS)F =2k“A p,

(102b)

4(3z6 — 428 HK + 6(23 + 27 — 228) L2
+ (626 — 828)K + 6(z6 + 227) QH* + H'Y’
4+ 3(4z3 — z5 + 326 + 227 — 4z3)HL
—3(z5 — 326 — 227 + 4z0) KL’
L% —LL —2HLL

— 828

L =22 A (0 +3Ho —3LY) | (102¢)
2(z4 + 25)QH* + H') + 2(z3 + 27 — 228) L7
L2 — L’ —2HLL
£2
+2(z4 — 26) CHK + K'Y’
4+ (4z3 + 25 — 326 — 227 + 4z8)HL
+ (z5 — 326 — 227 + 428) (L' — KL)’

=2k*A (¢ +3Ho — L) .

— 226

(102d)

Studying the full dynamics arising for the different branches
and all possible parameter choices is a major task that would
exceed the scope of this article. We therefore restrict our-
selves to a few particular classes of theories which are moti-
vated by a field theoretical perspective, which considers
general teleparallel quadratic gravity as a theory of three
dynamical fields A, H,, B}, propagating on Minkowski
spacetime, where A, is the metric perturbation, while H,,,
and By, are the symmetric and antisymmetric parts of the
connection perturbation [6]. The first class of theories we
mention here are those from which the field B, which
is a two-form which transforms non-trivially under local
Lorentz transformations of the teleparallel connection, is
absent. From [6], such kind of local Lorentz invariance is
realized by the conditions

ar» —2ay = a3 +4a; = by — by =0. (103)

Theories satisfying these conditions necessarily have zo = 0.
Observe that z only enters the field equations (98) in the
branch 2a, where it governs the terms involving the curvature
parameter u2, and is absent in all other branches. This is
related to the fact that B, contributes to the axial torsion
component, which is non-vanishing only in the branch 2a,
and enforced to vanish by the cosmological symmetry in the
other branches. Alternatively, one may consider the weaker
condition that By, is a propagating two-form with a U(1)
gauge symmetry. This is the case if the theory parameters
satisfy the conditions

2a1 +azx +a3 =b3 — b1 =0, (104)

which by themselves have no immediate consequence on
the linear combinations zj g relevant in the cosmological
dynamics, but will contribute if they are combined with other
conditions as we will see below.

Another type of conditions on the parameters can be
obtained that the two fields 4,,,, and H),, propagate two mass-
less spin-2 fields. This can be obtained if one enhances the
diffeomorphism invariance of the theory by another gauge
symmetry, such that /4 ,,, and H,,, become individually invari-
ant under diffeomorphisms. This is the case for

2ci—cs=ci+c3=2c14+cy+c4 =b; +by =0, (105)

and implies z7 = zg = 0. Further demanding that the
two spin-2 fields decouple leads to the additional condition
b1 = 4c1, which then further implies z5 = 0. Finally, com-
bining these conditions with the condition (104) of a prop-
agating two-form yields another condition zg = 0. Under
these conditions, the cosmological dynamics simplify sig-
nificantly. For the branch 2a and its flat limit 1a, the variable
L decouples completely, and only X contributes to the cos-
mological dynamics. For the remaining three branches, £
remains in the cosmological field equations, but its equa-
tion of motion changes from a second-order to a first-order
differential equation, as the second-order derivative terms
disappear from the cosmological field equations.

The propagation of two massles spin-2 fields can also be
achieved by imposing transverse diffeomorphisms and Weyl
symmetry as an additional gauge symmetry. The former gives
the condition 2¢; + ¢ + ¢4 = 0, while the latter is realized
by

82(2a; + ax)wy — 2(c2 + ¢4 — 8¢z — ¢5)(wp — wp)
—b1QRwy —3wy) —by(dwy, —Twy) =0, (106a)
biwp +2(b2 + c2 + ¢4 + 2¢5)(wp — wy) — 2ay + az)

wy =0, (106b)
2(c2 +c4 —8cz — ¢5)(wp — wy) — (b1 +3b2)wy =0,

(106¢)

2(co + ¢4 + 2¢5)(wp, —wg) +biwyg =0 (106d)
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with two constants wj, and wy. Imposing these conditions
implies that the linear combinations appearing in the cosmo-
logical dynamics must satisfy the condition

(2z1 + 24 + 225 — 2z7)wp, = (25 — 227)WH. (107)

Imposing in addition the two-form gauge condition (104)
yields a more involved set of equations among the cosmo-
logically relevant parameters, and so we restrict ourselves to
two special cases. For wy = 0 the conditions become

271 +z4 + 225 — 227 =25 + 26 = 327+ 223 = 0,  (108)
while in the case w;, = wy # 0 one finds
21=24+25=26+227=0. (109)

The former set of conditions does not have any particular
relevance for the cosmological dynamics. Under the latter
conditions, however, the cosmological dynamics enjoy the
curious property that all derivatives of the Hubble parameter
‘H disappear from the equation, and it becomes a purely con-
strained quantity. In this case the dynamics is fully carried
by the connection variables K and L. The physical implica-
tions of this case, which still has 5 free parameters, as well
as those of the other cases discussed above, need to be deter-
mined by a more detailed case-by-case analysis, which we
defer to future work, and hence conclude our discussion of
general teleparallel quadratic gravity at this point.

6.3 Scalar-teleparallel gravity

As the last example, we consider a class of scalar-teleparallel
gravity theories, which is defined by the action [10,20]

Se = 52d*x /=g [ [~A®)G — B(®)g"" 3, D3, P

2«2
+C(®)QT,"" — QM) + 0,9, P — 22 V(D) ],
(110)

where @ denotes a scalar field, and A, B, C, V are free func-
tions, whose choice determines a particular theory within this
class. The field equations are given by the metric equation

AR, — ?ég,w +CV,V,® + (A +0C)
<%(M(DM’0V)P - Mp(;w)%pq) + Mlﬂfflo%pcpgw)
—(B—CHV,dV,d + [(g - c’) V, oV
—CV, VP D + sz] Suv = KOy, (111)
the connection equation

(A +0) [ M7V, @+ P, V'

—(M", + M"M")%pCD]

@ Springer

=23 (V. H,"" — M®,H,"" (112)
and the scalar field equation
2BV, V'® — BV, oV D
+CB+ A'G + 2%V =0. (113)
Note that in the case C = —.A’ this class of theories reduces

to the well-studied class of scalar-curvature theories [10,20].
We then take a look at the cosmological dynamics. For the
branch 2a the metric and scalar field equations become

6ACH? + u®) — BO? — 6CHD' — 2> A%V = 2> A%p,
(114a)
—2AQH +H? +u?) + (2C' — B)d? —2(2A + C)YHD'

+2CD" + 22 A%V = 262 A%p, (114b)
6CH' + 6(2C + A)YH> — 6.A'u>
+2B(®" + 2HD) + B D% 4+ 22A%V =0.  (114c)

The left hand side of the connection field equations vanishes
identically, and so these equations are accompanied by the
hypermomentum conservation equations

o +3Ho = ¢’ + 3H¢ = 0. (115)

By taking the limit # — 0, this branch reduces to the
branch 1la, and the field equations become

6AH?> — B®? — 6CHD' — 22 A%V = 22 A%p,  (116a)
—2AQH +H») + 2C - B)®?

—2QA +CYHD +2Cd”

+2k2A%Y =22 A%p (116b)
6CH' + 6(2C + AYH? 4 2B(®" + 2HD')

+ B % +2c2A%V = 0. (116¢)

Note that in these two cases the two functions I and £
describing the cosmologically symmetric connection do not
enter the cosmological dynamics. One finds that the obtained
cosmological dynamics agree with those of a class of scalar-
torsion theories of gravity for the axial branch of metric
teleparallel cosmology and its flat limit [15,15,20].

We continue with the spatially curved branch 2b. In this
case the metric field equations become

6AH? + u?) — B®? 4+ 3(A +C)
2
(c + %) & — 6CHD — 2u2A%Y = 22A%p, (117a)

—2AQH +H? +u?) + (2C' — B)®? —22A" + C)YHD'
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2
+ A +0) <3£ - Mf) O + 200" + 22 A%V

=2*A%p. (117b)

The connection equations are also non-trivial in this case and
read

u2
3(A"+0) <£ —+ Z) @’

(118a)

2
=2k’A (a)/ +3Ho +3Lyx — 3%1//) ,

2
(A +0) <£+ %) @’

2
— 2%2A <¢/+3H¢—|—£X—MZ1//> . (118b)

Finally, the scalar equation takes the form

6CH' + 6(2C + AYH* — 6 A'u> —3(A +C)

X[zu(c_”;)%(u”ﬁ—z)]

+2B(D" + 2HD') + B'd? + 22 A%V = 0. (119)

Before analyzing these equations, we also list the remaining
spatially flat branches. In the branch Ic, the field equations
become

6A(H? + u?) — BO? + 3(A +C) LD

— 6CHD' — 2k> A%V = 2«%p, (120a)

—2AQH +H*+u®) + 2C' — B)d”?

—2QA +COHP +3(A +C) LD

+ 209" + 22 A%V = 22 p (120b)
3(A +O)LD =2k>A(@ + 3Hw +3Lx), (120c)
(A +CO) LD =2k>A(@ +3Hp + L), (120d)

6CH +6(2C + AYH? — 6 Au*> —3(A +C)(L +2HL)

+2B(®" + 2HD) + B D% + 22 A%V =0,  (120e)
while for the branch 1b we find
6ACH? + u*) — BO? +3(A +CO) LD

— 6CHD — 2> A%V = 2%, (121a)

—2AQH +H? +u?) + (2C' — B)d? —2(2A + C)YHD'

— (A +C0)LD +2CD" + 262 A%V = 22p (121b)
3 A +C) LD

=2k A(0 + 3Ho — 3LY) (121¢)
(A +C) LD =2k>A(P' +3Hp — L), (1214d)

6CH +6(2C + AYH? — 6 Au”> +3(A +C)(L +2HL)
+2B(®" + 2HD) + B D% +22A%V =0. (121e)

Note that in all three cases only the parameter function £
contributes to the field equations, while & is absent.

To study the dynamics of the three branches 2b, 1b and lc,
we restrict ourselves to the case of vanishing hypermomen-
tum, and start with the connection equations. For the spatially
curved branch 2b, these take the form (118) and can be solved
by any of the following solutions:

1. For theories which satisfy the condition A" + C = 0 one
can combine the terms containing .A and C in the action to
A(—G+B) = AR by integrating by parts, and the theory
reduces to an equivalent of scalar-curvature gravity [20].
The teleparallel connection variable £ does not appear in
the field equations, and the connection equations (118)
of motion become trivial, i.e., the left hand side of these
equations vanishes, and so they are solved identically for
vanishing hypermomentum. The same holds also for the
flat branches 1c and 1b.

2. The field equations (118) are also solved if the scalar
field is constant, ® = 0. Also in this case £ disappears
from the metric field equations (117), and they reduce
to the Friedmann equations, up to a constant rescaling
of the gravitational constant, mediated by .4, which can
be absorbed into «2, as well as a cosmological constant
determined by the potential ). The remaining scalar field
equation (119), which s a first-order differential equation
in £, can then be solved for L. Also these findings apply
in full analogy to the flat branches Ic and 1b.

3. For u? < 0, corresponding to negative spatial curvature,
the connection field equations (118) can also be solved by
L = *iu. Choosing the lower sign, both the metric field
equations (117) and the scalar field equation (119) reduce
to the dynamics of the vector branch in scalar-torsion
gravity [15,15,20], while for the upper sign one has a
trivial substitution u +— —u. The same statement holds
also for the spatially flat branches 1c and 1b, where in
this case one sets £ = 0 and the cosmological dynamics
reduce to that of scalar-torsion theory in the limit u = 0
of vanishing spatial curvature.

In summary, we find that for all branches of cosmolog-
ically symmetric teleparallel geometries the cosmological
dynamics of the class of scalar-teleparallel gravity theories
defined by the action (110) reduce to those of scalar-torsion
gravity [20], or one of its special cases, which are equivalent
to scalar-curvature gravity or general relativity with a cosmo-
logical constant. In order to obtain a non-trivial contribution
also from the nonmetricity to the cosmological dynamics,
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one needs to study more classes of general scalar-teleparallel
theories. We leave such studies for future work.

7 Example solution

We have already seen some example solutions of the connec-
tion equations of motion in f(G) gravity in the absence of
hypermomentum. Here we want to show another simple case
exemplifying effects of the connection and hypermomentum
on the metric. We consider the general quadratic gravity in
the simple branch 2a. One can show that one can find the
exact solution of the connection equations

Ko
IC:?
" (—3z6(z6 4+ 227) + 428(24 4+ 25))H + A(4z8¢ — Z6w)
322 — 42428 7
(122)
Lo (—3z5z6 + 6z2427)H + A(—3z6¢ + z40)
E = 2 + 2 )
A 3zg —4z478
(123)

with ICp and L integration constants, and we have to assume
here 3zé —4z4z8 # 0. For 3zé — 4z4z8 = 0 only the com-
bination z4/K + z¢L appears in the connection equations of
motion, so only this sum can be determined from them. We
also absorb here «? in the hypermomentum variables ¢ and
o. Plugging the connection functions in the metric equations
of motion yields

H? u?
2%%p = 6aﬁ + 6(z1 +22)ﬁ

2
+or + pr + (@ + 3How), (124)
w2
22 p =2a(H' +H?) — 2(z1 + )3
2 . -
+or+ o — 2 (¢'+3He), (125)
with
a=z|
_4—Zizg+225(—322—6Z6Z7+2ZSZS)+Z4(_3Z§+122%4—81528)
6z§—824zg ’
(126)
324K2 4+ 626K0 Lo + 4z5L3
pr:—Z4 0+ Z6A60 0 +4z8 0’ (127)
2 122392 — 2
Y= 6]C0¢) 4; ,C()(U ZS¢ . 6Z6¢w + 40 i (128)
A’ 3zg — 42428
- (6 —4 -2
§— G267 25282)¢ + (8526 — 2zaz7)00 (129)
3zg — 42428

@ Springer

The constant « determines the coupling to matter, which
should be unity to obtain the same coupling as in GR. Spatial
curvature again enters as an effective (z1 + z2)u?. We also
find a contribution coming from the connection, pr A0,
which shows that the connection behaves like stiff matter
pr = pr. Note that the sign of the energy density depends
on the signs of the z;, and one can achieve pr < 0. Such stiff
matter with negative energy density may be used to facili-
tate a bouncing universe. Hypermomentum enters in a more
complicated way.

8 Conclusion

We have derived the most general class of homogeneous and
isotropic teleparallel geometries, defined by a metric and a
flat, affine connection, which are invariant under spatial rota-
tions and translations. We find that there are five branches of
such geometries, two of which exhibit a non-vanishing spa-
tial curvature for the metric Levi-Civita connection, while
the remaining three spatially flat cases arise as particular
limits from the spatially curved cases. We have also shown
how these branches are related to the more restricted classes
or metric and symmetric teleparallel geometries, in which
nonmetricity or torsion are imposed to vanish. Our findings
show that in addition to the lapse and scale factor appearing
in the homogeneous and isotropic Robertson-Walker metric,
the flat affine connection is described by two further functions
of time, which may participate in the cosmological dynamics
for a suitable gravity theory which couples to these degrees
of freedom.

We have then applied our findings to a number of gen-
eral teleparallel gravity theories and derived their cosmolog-
ical dynamics. In particular, we have considered the f(G)
class of theories, general teleparallel quadratic gravity and a
simple class of scalar-teleparallel gravity theories. We have
seen that for the different branches of cosmologically sym-
metric teleparallel geometries, which are distinct only by
the flat, affine connection, one finds, in general, qualita-
tively different cosmological dynamics, such as a different
number of dynamical functions appearing in the cosmolog-
ical field equations or a different differential order of these
equations. Further, our findings show that for the f(G) and
scalar-teleparallel theories the cosmological dynamics fully
reduces to that of related metric teleparallel or curvature
based gravity theories, in which nonmetricity and possibly
torsion are absent, such that the results found for the cosmo-
logical dynamics of these simpler theories also apply to their
general teleparallel counterparts as follows:

1. Already withoutimposing cosmological symmetry, f(G)
gravity reduces to general relativity with a cosmological
constant (GRA) for f” = 0, while the scalar-teleparallel
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theories reduce to scalar-curvature gravity (SCG) for
A +C=0.

2. In the branch 2a, the dynamics reduces to that of the
metric teleparallel counterpart (f(7") gravity or scalar-
torsion gravity (STG)) in the “axial” branch [15], and to
its flat limit in the branch la. The latter also holds also
for vanishing hypermomentum in the branches 1b and 1c
for £ = 0, while one finds the “vector’” branch of metric
teleparallel solutions for the branch 2b and £ = +iu.

3. For the spatially curved branch 2b and the two flat
branches 1b and Ic, one finds that if £ does not take the
values given in the preceding item, the connection equa-
tions with vanishing hypermomentum inevitably yield a
solution for which the metric field equations reduce to
that of general relativity with a cosmological constant.

It follows that the only possibility to obtain new dynamics in
the aforementioned classes of theories is to consider a non-
trivial coupling between matter and the teleparallel connec-
tion, leading to non-vanishing hypermomentum. For more
general theories, new dynamics is obtained. As an explicit
example, we have shown this for the class of general telepar-
allel quadratic gravity theories, but one may also consider
theories with a more general dependence of the Lagrangian
on the teleparallel geometry or more general scalar field cou-
plings.

Our results allow for several directions of further research.
Starting from the homogeneous and isotropic teleparallel
geometries we have determined, one can derive and study the
cosmological dynamics of further general teleparallel gravity
theories. Also among those classes of theories whose cosmo-
logical field equations we have derived in this article we find
several classes of general teleparallel quadratic gravity theo-
ries whose cosmological dynamics qualitatively differs from
the previously studied metric and symmetric teleparallel the-
ories, and deserves further attention. Finally, going beyond
the cosmological background dynamics one may consider
perturbations of the teleparallel geometry around this back-
ground and study their dynamics. For a general flat connec-
tion one finds that the perturbations are of the form

ST, = V,6A%, (130)

with 6 A%, an arbitrary matrix with 16 entries, in addition to
the ten perturbation variables of the metric. Even after gaug-
ing away four of these variables one is left with 22 perturba-
tion variables, leading to a much more cumbersome analysis
compared to the mere three free functions of the cosmological
background metric and connection. An important question to
be addressed in these studies is whether the so-called strong
coupling problem for linear perturbations around highly sym-
metric background, which has been found in metric telepar-
allel gravity theories [19,21-26], is also present in general
teleparallel gravity. FLRW solutions based on non-metricity

seem to provide a promising route for this purpose [27]. We
leave this question for future investigations.
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