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Abstract In this paper we perform a semi-tetrad
decomposition of the Kerr spacetime. We apply the 1+1+2
covariant method to the Kerr spacetime in order to describe
its geometry outside the horizon. Comparisons are drawn
between an observer belonging to the Killing frame and a
ZAMO (zero angular momentum observer), a locally non-
rotating observer in a zero angular momentum frame, and
their resulting geometrical quantities that generate the evo-
lution and propagation equations. This enhances the study of
the Kerr geometry as the results are valid in the ergoregion
from where energy can be extracted. Using this formalism
allows us to present the kinematic and dynamic quantities
in a transparent geometrical manner not present in alternate
approaches. We find significant relationships between the
properties of shear, vorticity and acceleration. Additionally
we observe that in the Killing frame, the gravitational wave
is a direct consequence of vorticity and in the ZAMO frame,
the gravitational wave is a direct consequence of shear. To
our knowledge, using the 1+1+2 formalism to investigate the
Kerr spacetime is a novel approach, and this provides new
insights into the spacetime geometry in an easier manner
than alternate approaches. Furthermore we make corrections
to earlier equations in the 1+1+42 formalism applied to the
Kerr spacetime.

1 Introduction

The Kerr spacetime, discovered in 1963 by Roy Kerr, is
extremely relevant to the understanding of black hole physics
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and modern astrophysics. It is known that outside a rotating
star the geometry asymptotically approaches the Kerr geom-
etry. Hence, to a very good approximation, the spacetime near
each rotating black hole in the observable universe is given
by the Kerr solution. The Kerr metric [1] is a unique exact
solution of Einstein’s vacuum field equations which extends
the Schwarzschild metric to include angular momentum. It is
crucially important to study the effects of gravity in the Kerr
geometry. Only then will it be possible to build a complete
model of a rotating isolated body in general relativity which
is an unsolved problem in astrophysics.

Examples of well known tetrad or semi-tetrad methods are
the complex null tetrads of Newman and Penrose [2], the 1+3
covariant approach developed by Ehlers and Ellis [3,4] and
the 1+1+2 covariant approach developed by Clarkson and
Barrett [5]. The 143 formalism has generated new results in
areas like gauge-invariant study [6,7], the cosmic microwave
background [8] and specific spacetimes [9-12]. An exten-
sion of the 1+3 covariant approach is the 1+1+2 covariant
approach which has generated new results in locally rota-
tionally symmetric spacetimes in general relativity [13] and
f(R) gravity [14], and spacetimes with conformal symmetry
[15]. In a breakthrough manner the 1+142 covariant approach
was utilized to prove that tidal forces are gravitational waves
[16]. It is clear that the 1+1+2 formalism is capable of gen-
erating new results when applied to current and previously
analyzed astrophysical problems.

Through the years particular interest in the Kerr geome-
try has been generated through various studies [17-19]. In
[17] the Newman-Penrose formalism involving null tetrads
was used to explore the solution of Maxwell’s equations in
the Kerr geometry. However, our approach in this paper is
different, here we use both the 1+3 and 1+1+2 semi-tetrad
covariant approaches to describe the Kerr spacetime geom-
etry. The advantage of using these approaches is that the
physics and geometry of the spacetime are described by ten-
sor quantities and relations which remain valid in all coor-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-023-11433-x&domain=pdf
http://orcid.org/0000-0002-1967-2849
https://doi.org/10.1140/epjc/s10052-023-11433-x
https://doi.org/10.1140/epjc/s10052-023-11433-x
mailto:chevarrahansraj@gmail.com
mailto:goswami@ukzn.ac.za
mailto:maharaj@ukzn.ac.za

321 Page?2of 15

Eur. Phys. J. C (2023) 83:321

dinate systems. The purpose of using these methods is to
extract the geometrical features of the spacetime in an easier
manner as the geometric variables have well defined physical
interpretations. These geometric variables have been defined
explicitly in this paper. A partial study of the Kerr metric
in the 1+3 formalism was done in [20]; we complete this
analysis and write down the full set of 1+3 equations for the
Kerr metric. Noteworthily, we apply the 1+1+2 formalism
to the Kerr spacetime and explicitly write down the 1+1+2
Kerr geometrical quantities and the evolution and propaga-
tion equations they satisfy. This application is done in two
frame choices, the Killing frame and a zero angular momen-
tum frame, to provide a well rounded description of the Kerr
geometry. To our knowledge, using the 1+1+2 formalism to
investigate the Kerr spacetime is a novel approach and it pro-
vides new insights into the spacetime geometry. All quanti-
ties and equations have been validated with the mathematical
software Maple and the software package GRTensorlIII [21].

The paper is structured as follows: in Sect. 2 we define the
Kerr metric, consider its key features, and explain our frame
choices. In Sect. 3 and Appendix A, we briefly review the 143
formalism. Then, in Sect. 4 we explicitly write down the 143
Kerr quantities and the equations they satisfy. Section5 and
Appendix B contain a brief review of the 1+1+2 formalism. In
Sect. 6 and Appendix C, we apply the 1+1+2 formalism to the
Kerr spacetime, a novel approach, and explicitly write down
the 14142 Kerr geometrical quantities and the evolution and
propagation equations. Some errors in the 1+1+2 formalism
equations found earlier are identified and corrected for the
Kerr spacetime. Note that these corrections do not alter the
linear perturbation results presented in [5,22]. In Sect. 7, we
comment on interesting results arising from Sects. 4 and 6.
Concluding remarks are made in Sect. 8.

2 The Kerr metric and frame choice

The Kerr metric describes the vacuum, stationary axisym-
metric solution corresponding to stationary rotating black
holes and depends on angular momentum (relating to a)
and the physical mass (m) of the central object as parame-
ters. One of the key features of the Kerr spacetime geom-
etry is that it is Ricci flat (R, = 0). Additionally, there
are three off-diagonal terms in the first version of the line
element in [1]. Considering the Kerr spacetime in Boyer—
Lindquist [23] coordinates which involves a coordinate sub-
stitution, results in only one off-diagonal term. Starting from
the Boyer—Lindquist coordinates (, r, 8, ¢), a new coordi-
nate y = cosf so that x € [—1; 1] is introduced, and we
can write the Kerr spacetime in terms of “rational polyno-
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mial” coordinates (z, r, x, ¢) as

2mr 4dmar (1 — Xz)
2 _ 2

s 12+ aly? e 2+ aly? i
r2 —2mr + a2 1—x2
2ma?r (1 — x2
+<1 —xz) [r2+a2+—( X )}dwz- (1)

2+ aly2

For the purpose of this paper we will consider the Kerr
spacetime in rational polynomial coordinates. The advan-
tage of using these coordinates is that it eliminates trigono-
metric functions so that computational calculations can be
performed more efficiently. Recent studies on the Kerr space-
time have been done in the context of unit-lapse forms [24],
vortex forms [25], its topology [26] and coding simulations
[27]. For a comprehensive review of the Kerr spacetime the
reader is referred to [28].

In order to further highlight the geometrical properties
of the Kerr spacetime, we consider two different types of
observers in two different frames. Firstly, we consider a
Killing observer belonging to the Killing reference frame
(referred to as the chronometric reference frame in [20]). It is
named accordingly because the worldlines of the observers in
the Killing reference frame are along the timelike Killing vec-
tor field of the Kerr spacetime. Secondly we consider what is
called a “ZAMO’ (zero angular momentum observer) which
is a locally non-rotating observer belonging to a zero angular
momentum frame. ZAMOs have zero angular momentum in
their proper frame but as they approach any compact object
with nonzero angular momentum, frame dragging pulls it
along with the geometry so that they acquire the frame drag-
ging angular velocity. At the spatial infinity both frames are
the same. For more information about the Kerr spacetime
in the context of the ZAMO frame we refer the reader to
[29].

In the Kerr model two surfaces have coordinate singu-
larities and the main singularity is a strong curvature ring
singularity. The Kerr metric has two physically relevant sur-
faces on which it appears to be singular: the horizon and the
ergosphere. The definition of a Killing frame is that the time
axis is along the Killing direction. The frame is moving rela-
tive to the black hole so angular momentum is not zero but the
observer is staying still in the frame. However this is not pos-
sible within the ergoregion which mandates that the observer
must co-rotate with the inner mass. Hence the Killing frame
only holds outside the ergoregion which is a limitation. This
restriction will arise later in our description of a timelike
vector which entirely depends on > — 2mr + a®x2. How-
ever the ZAMO frame extends till the outer event horizon
and consequently our results are valid till the outer event
horizon. This means that our results explore the ergoregion
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3D hypersurface

Fig. 1 Diagram illustrating the 1+3 formalism. The 4D spacetime is
split according to the timelike vector #“ into ‘time’ and a 3D hypersur-
face

which has generated specific research interest in the context
of rotating black holes as this is where energy can be extracted
from.

3 1+3 formalism

In the 143 formalism, the timelike unit vector u® (u“u, = —1)
is split in the form #Z ® ¥/, where Z is the timeline along u*

and 7 is the 3-space perpendicular to u?. The 1+3 covariantly

decomposed spacetime is represented by

8ab = hap — uqitp, ()

where hp, is a tensor that projects onto the rest space of an
observer moving with 4-velocity u“. A visual representation
of the 143 spacetime is given in Fig. 1.

The covariant time derivative along the observers’ world-
lines, denoted by “*’, is defined using the vector u?, as

Zambc...d = uevezambc...da 3)

for any tensor Z%?. 4. The fully orthogonally projected
covariant spatial derivative, denoted by ‘ D ’, is defined using
the spatial projection tensor %, as

DgZambc...a' — hrehpc‘“hqdhaf...hbgvrzf'”gp...qv (4)

with total projection on all the free indices. The covariant
derivative of the 4-velocity vector u“ is decomposed irre-
ducibly as follows

. 1 .
Valtp = —ugqitp + ghab@ + 0ab + Eape©, (5)

where 1y, is the acceleration, ® is the expansion of u,, o4
is the shear tensor, w“ is the vorticity vector representing
rotation and g, is the effective volume element in the rest
space of the comoving observer. The Weyl tensor may be
split relative to u“ as

Eqp = Cacbducud, (6)

1
Hgup = Egadecdebcucv @)

where E,, represents the electric part and H,, represents
the magnetic part of Weyl curvature and more information
can be found in [30]. We refer the reader to [31] for a more
detailed review of the 1+3 formalism.

4 The 143 Kerr quantities and equations

We apply the 143 formalism to the Kerr metric and find the
following quantities which have been confirmed by the math-
ematical software Maple and GRTensorIII [21]. The timelike
unit vector for the Killing frame is defined as

4= r24+ax? 54,
r2 —2mr +a?%x?

= [ /%, 0, 0, 0] where u%u, = —1, )

and for the ZAMO frame it is defined as

u o4 (1 2mar6i >
u = )
F (r? = 2mr + a?) 7 7
/ z 2mar
= [ (r2—2mr+a?).7° 0,0, \/EZ‘(rz—2mr+a2)«?i| ’ ©)

where u®u, = —1,.F =r2+a*x*and & = (r2 + a2)2 —
a? (r* = 2mr 4 a*) (1 — x?), according to the definitions in
[20] (where we have taken the charge quantity to be zero). We
apply the 1+3 formalism to the Kerr metric and find the fol-
lowing quantities for the Killing frame and the ZAMO frame
which have been confirmed by the mathematical software
Maple and GRTensorIII [21].

The set of the Kerr 1+3 geometric variables is given by
(O, wip, &%, oup, Ug, Eqp, Hyp), and they have the fol-
lowing values given in Table 1

where

B=—r>+a’x% € =r>—2mr+a*y>
%:rZ—Zmr—i—az, /:)(2—1, J£/=3a2)(2—r2,
%:azxz—?arz, W:azxz—3a2+4mr—2r2,
@=2a2X2—3a2—r2+2mr,

4.2 222 22 4
Q=a"x"—r‘a“x —a’r°-—=73r",

= a6X2 +2a4x2r2 _4ma2x2r3 +a2)(2r4 —a4r2

+4mazr3 —2a%r* — r6,
9=2r4—a4()(2—3>+a2r (—r<X2—5)+2m/),
U =r*—2d°r <2m —2r+(r — 2m)x2>

at (3 —2)(2),

¥ = =2t +a?r (Zm —5r+ (r —2m) Xz)
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Table 1 The 1+3 Kerr quantities in the Killing frame and the ZAMO frame

Killing frame ZAMO frame
® 0 0
[0 0 0 0
%
0 0 o Mt
T
Wb 0 0 0 2mar x4 0
SF
0 ma g% 2marx¥
L T NCIF
- g
o 0. _2mar)(% ma/J, O] 0
€ F? € F?
B 0 2m2a2r/3 ij/? 0 T
NEEX S NE AP
2m?a’r g9 0 0 ma g 2
Oub 0 N F3g %3 NFIGy
“ B Q/\/(? 0 0 2ma’ry /ﬁ
N F3Y3 F3y
0 ma g2 2madrx NG 0
i NN T i
e maABYG Zmazrxf my 2mra*y (r2 +a2) 7
> %z gz 0 > %7 T Z 72 0
) 0 0 0 = B 4a2r3m3){4’ 7 0 0 72am2r2:j{,/ p 7
mr N 3ma® .M 0 0 it T 3ma®x 2 0
€T’y € F? 7Y F? 9@0922
Eap 3ma’x. M mrH P 3malx 2 mr AU
w7t ety ’ 27 gz7?
S omrg A g 2am*r A ’ mrk g ¥
L CF L 74 T4 |
00 0 0 [ amiarPx g o _xamixga]
Fy F4
0 _may AN 3mar 0 max AV  3marW
H €T’y ¢ 7?2 0 - %fffz - Qﬂg,:Z 0
ab 0 3mar X may H P 0 3marW mayx #HU
¢.F? CFJ 0 27t g¥F? 0
0 0 0 w _2ra2mzxj% 0 0 may § MY
L CF L 4 T4
+a* ( X2 — 3) , shear component is zero and in the ZAMO frame the vorticity
W = 3dh 2 4 3PP — P — o= sty components are zero so they will be absent accordingly.

(10)

A 1+3 decomposition on the Kerr spacetime was partially
investigated in [20]. We highlight that the quantities of accel-
eration (%) and vorticity (w,p) are consistent with the find-
ings of Frolov and Novikov [20]. Now we present the full set
of 143 Kerr equations, generated by the above tabled quan-
tities, named according to [32]. These equations as well as
the relevant identities in Appendix A have been checked in
Maple. The 143 equations below appear in a similar form to
[32] except that the Kerr features come into effect. For exam-
ple, the expansion scalar @ is zero in both frames and will not
appear in the resulting 1+3 equations. In the Killing frame the

@ Springer

The equation is written first for the Killing frame and
thereafter for the ZAMO frame. The first set of equations
is derived from the Ricci identities for u“ given by

2V} Vipu€ = Rap©qu, (11)

where R,,¢; is the Riemann curvature tensor and its 143
splitting is given in Eq. (A.1). Then using (5) and (A.1) and
separating out the orthogonally projected part into trace, sym-
metric trace-free and skew symmetric parts, and the parallel
part, three propagation equations and three constraint equa-
tions are obtained as seen in [32]. They are given in the fol-
lowing two subsections.
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4.1 Propagation equations I

The Raychaudhuri equation [33] describes gravitational

attraction and is a fundamental result to singularity theorems

and finding exact solutions to general relativity. It provides

an evolution equation for the expansion scalar.
Raychaudhuri equation:

Dot = —iigii® — 2w,0°, (12)

Dot = —iigii® + ogpo®. (13)

Killing frame:
ZAMO frame:

Vorticity propagation equation:
1
Killing frame: &~9> — Ee“”fDl,ac =0, (14)
1 abc .
ZAMO frame: 58 Dy, =0, (15)

where angle brackets denote orthogonal projections of
covariant time derivatives along u“ as well as represent the
projected, symmetric and trace-free part of tensors hence-
forth as follows

1
Z<a> = hbazh’ Z<ab> = (hc(ahdb) - ghahh6d> ch-

Shear propagation equation:

Killing frame:
D<ab-lb> — _L~t<all-tb> +w<awb> + Eab (16)
ZAMO frame:
d_<ab> _ D<a1,.lb> _ ﬂ<aﬂb> _g=<a 0b>c _ Eab (17)
= ¢ .

4.2 Constraint equations I

Shear divergence equation:

Killing frame: 0 = £ [ Dpwe + 2ipwe] (18)
ZAMO frame: 0 = Dyo . (19)
Vorticity divergence equation:

Killing frame: 0= D" — ;0" (20)

The vorticity divergence equation is zero in the ZAMO frame.
Magnetic constraint equation:

Killing frame: 0 = H 4 24<%"> + D<%u">, 21
ZAMO frame: 0= H — ¢“<1pob> . (22)

The next set of equations is derived from the Bianchi iden-
tities given by

V[a Rbc]de =0. (23)

Using the 1+3 splitting of the Riemann curvature tensor
(A.1), the once-contracted Bianchi identities give two further
propagation equations and two further constraint equations.
As seen in [32], these equations are similar to Maxwell’s

field equations in an expanding universe. They are given in
the following two subsections.

4.3 Propagation equations II

These equations describe gravitational radiation.
E-equation:
Killing frame:

E'~<ah> _ Scd<aDcHh>d — 8cd<a I:zuch>d + chh>d:| ,

(24
ZAMO frame:
f<ab> _ged<ap pb>, _ 3g5<a pb>c | ged<ay pb>
(25
H-equation:
Killing frame:
f<ab> 4 ged<ap pb>
— _ged<a [2uCEb>d — a)CHb>d] , (26)
ZAMO frame:
H <> 4 ged<ap pb>,
=3¢ <4 Hb>¢ — 2gd=<ay EP>,. (27)

4.4 Constraint equations II

The divergence (denoted by ‘div’) of the electric Weyl tensor
and also the magnetic Weyl tensor is given below.

(div E)-equation:
0= (Cs)* = DpE® — 3w H, (28)
0= (Cy)" = DpE™ — %oy yH.2. (29)

Killing frame:
ZAMO frame:

(div H)-equation:

0= (Cs5)* = DpyH 4+ 30, E*?, (30)
0= (Cs)* = DpyH™ + 00 E4L. (31)

Killing frame:
ZAMO frame:

5 1+1+2 formalism

In the 1+142 formalism, the 3-space 7 is now further split by
introducing the unit vector e“ orthogonal to u® (e“e, = 1,
ue, = 0). The 1+142 covariantly decomposed spacetime
is given by

8ab = —UqUp + eqep + Ngp, (32)

where Ny, (e“Ngp =0 = u“Nyp, N%, = 2) projects vec-
tors orthogonal to u“ and e“ onto 2-spaces called ‘sheets.’
The further splitting is shown in Fig. 2.

@ Springer
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u a
3D hypersurface
|
|
I
| "

Fig. 2 Diagram illustrating the 1+1+2 formalism. The 3D hypersur-
face is split further according to the spacelike vector e“ resulting in a
2D sheet

We introduce two new derivatives for any tensor v, ,o-d:

~

&, =l Dpw, o, (33)
Sfllfa._ibc"'d = ijNal...N},gNhC...NidDj Wl__.gh"'l , (34

defined by the congruence ¢“. The hat-derivative (33) is the
spatial derivative along the e“ vector field in the surfaces
orthogonal to #“ and the delta-derivative (34) is the projected
spatial derivative onto the 2-sheet, with projection on every
free index.

Taking e“ to be arbitrary, the 143 kinematical quantities
and Weyl electromagnetic variables are split irreducibly as

i = e 4 o (35)
o = Qe 4 2O (36)
1
oup = % (eaeb - EN@) +2Xep) + Zap, 37
1
Eyp= & <eaeb - ab) +26wes) + Eup, (38)
1
Hy— <eaeh _ ENa,,> 2 gery + Aoy, (39)

respectively, using (B.1) and (B.2).

@ Springer

The covariant derivative of ¢“ is given by

1
Dyep = eqap + §¢Nab +&cap + Cabs (40)

where traveling along e, a,, is the sheet acceleration, ¢ is the
sheet expansion, & is the vorticity of ¢ (the twisting of the
sheet) and ¢, is the shear of ¢ (the distortion of the sheet).
The 14+1+2 split of the full covariant derivatives of u“ and e“
are as follows

1
Vatly = —uy (L ep + o) + eqep <§(~) + Z’)

+e, (Z‘b + 8;,0.{2") + (Z‘a - saC.QC) ep

1 1
+Nap (5@ — §E> + Q¢eap + Zap, 41

1
Vaep, = = uqup — uqap + (58 + E) eqitp + Lap,

1
+ (Za — €ac82) up + eaap + §¢Nab +&€an,
(42)

where &7, = u;, o, = é; and g, is the natural 2-volume
element carried by the sheet. The bar on indices denotes pro-
jections on the sheet (see (B.1)). The scalars {.<7, 2, X, &,
H, ¢, &} and vectors { Ay, 24, Xy, aa, Eay Has Zaps Sab,
Eub, Hyp) are the geometric variables that govern the 1+1+2
formalism. The geometric quantities are defined relative to
the timelike and spacelike congruences and consequently we
can show how the spacetime evolves and behaves in terms
of those quantities. The concept of the 1+1+2 splitting was
introduced by [34,35] and further expanded upon in [5,36].
A more detailed review of the formalism can be found in
Clarkson [22].

6 The 1+1+2 Kerr quantities and equations

The 1+1+2 quantities are defined relative to u“ and e and
hence the quantities of u“ for the Killing frame (8) and the
ZAMO frame (9) still apply. Coincidentally the quantity for
¢“, the preferred spatial direction, is the same for both frames
and is given by

e =0, [Z52HE 0,0] where efe =1 (43)

We took the radial direction as the preferred spatial direction
because far away from the rotating black hole, it coincides
exactly with the radial direction of the Schwarzschild model
which is the preferred spatial direction.

We now apply the 1+1+2 formalism to the Kerr metric.
The set of 1+1+2 Kerr geometric variables is given by

{JZ{’ Qa Evé()v%’d)?%.a %»Qaa Eavaavaavgaa %7
Zabs Sabs Eabs Hab} (44
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Table 2 The 1+1+2 Kerr quantities in the killing frame and the ZAMO frame

Killing frame ZAMO frame
O 0 0
o —2mar)(«/§ 0
CN F3
— 77
. [o, 0, ;;j, o] 0
0 0
0 _2rm2a2£/ 0 am2 7
a i T@’:ﬁyz k) k) s T ;72&'92
_ N
0 0 _ﬂ 0
g352-3
0 0 0 0
b 0 _Q/«/? 0 0 2mra3x/«/€?
N ¥3F3 yF3
0 0 2mra3x /\/? 0
L ¥ T3
o —mBNG m¥
' GV 73 2NGF?
r 2 r 2 2 2
oy 0. 0. 2mra X7 :| 0. 0, 2mra X(r +a)?0i|
L €T L FF
P —mr AN mr X T
CF3 T3y
P -O 0 Smazx///«/f? 0 _0 0 3ma2)(2«/€? 0
a | s Uy 7 ,—Egs s I , 0, 7§3g s
00 0 0 B 6a4r3fj:,¢22§41/ 0 0 73a3r2m42(,)¢2%)£/
00 0 0 i 0 0 75z
£ 3 warx _ 2
SEub 00 —3 ”ﬁ;‘ ,;2 0 0 3;;35% 0
3 nalre 72x
00 0 SREELE —3a32m? g9 A 3mra®y g2 A
) L T 0 0 274
» —max MN mayx XV
’ ¢ F3 T3y
_0 0 3mar # NG 0 _0 0 3marN/GW 0
a L ) ) (g ,—’3_55 9 i ) ) ﬂ‘s;@?‘ )
~ Fom3a>r?x 7244 M 7244
00 0 0 =y 0 —— 5
00 0 0 s 0 0 Dz
3 mu3)(,%/ _ 3
Hab 00 555 . 0 0 331;2)}//154 0
3 2 -
00 0 ZEELT M 209 3mady 729
) L s O 0 274
B 2 B 2
—a%y —acx
aq _0, 0, 7 0:| _0, 0, 7 0}
® K (ma2X2 —raz)(2 —ma? — ra? —2r3)«/€?
CN F3G NEE
& 0 0
r 2m?a*r? 7240 0 0 mra® _g2\4G3
00 0 0 Neets Nets
00 0 0 0 0 0 0
Sab 00 - Lam-nyF 0 A
20T 0 22V7 0
— N7 Z
oo 0 lrwensed wat ST @77
= NIy 2V .FS
w —0 0.0 ma%f«/?} [ 2rm*a® 7 2 0 maf@]
a hehaie Gl Gl P
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and they have the following values given in Table 2.
where

W = ab%2 +2a* 22 — dmr3d®x? + a2y 2rt — a*r?

+4ma’r® = 2a%r* — O,
J :r2(3m+r) +a2X2(r —m),
K = —2r3 (r — 2m)2 — a4X2 (r+m) +a4x4 (m—r)
—a*r? (r —3m + X2 (3r — Sm)) ,
M = 3rm?a’y. (45)

All the identities that are listed in Appendix B corresponding
to the variables have been confirmed in Maple. The full set of
the 1+1+2 Kerr equations for the above covariant variables
are obtained by applying the 1+1+2 decomposition procedure
to the 143 equations, and also by covariantly splitting the
Ricci identities for e“ as follows

Rape = 2V[avb]ec - Rabcded =0. (46)

Splitting (46) using u® and e“ the evolution (along u“) and
propagation (along e“) equations below are obtained. We
present the full set of the 1+142 Kerr equations according
to Clarkson [22]. The equation is written first for the Killing
frame and thereafter for the ZAMO frame. We note that we
corrected some of the equations in [22] and these equations
are denoted by the diamond symbol ¢. A comparison between
Clarkson’s result and the corrected result for the particular
frames can be found in Appendix C. We emphasise that the
linear perturbation results in [5,22] still hold as the identified
errors are higher order terms.

6.1 Evolution equations

The evolution equations for ¢, & and ¢, are obtained from
the projection of u® R, as follows:
NP R pe:

oKilling frame: ¢ = 8,a® + oy (,Q%a — a“)
—eap$2 (a* — ), (47)
©ZAMO frame: ¢ = 8,0° + a, (7 — a®)
+Z (a — ) — £ Sy (48)
u4eP R pe
. 1
Killing frame: £ =0 =2 <@7 — §¢> 2
(0" + ) [Qu + eane® |+ eadal + A, 49)
©ZAMO frame: £ = 0 = g4p (a” + @/“) [ab + Eb]
+eapd®al + ecalpt XY + A (50)
1 Re(aby:

Killing frame: é'{ab} = QSC{u{b}c + Sga0py + le{aOlb}
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—agatp) + Fiaepya R + apuepa 2t — ecia %), (51)

. 1
ZAMO frame: {yup) = (ﬂ — 5(}5) Xab — Lefa Z;Ia}c

810} + Hah) = a1a@y — Fa Z)
—aa Xpy — EclaIlh)° . (52)

Not all information needed to determine the complete
set of 1+142 equations is contained in R,p.. Hence the
1+1+42 decomposition of the standard 1+3 equations is used to
obtain the remaining evolution equations given below. When
the 1+3 equations are decomposed, separate equations are
obtained for the scalars, 2-vectors and 2-tensors therefore
the number of 1+1+2 equations increases.

Vorticity evolution equation (from (14), (15)):

o1
Killing frame: 2 = Esabaasz/’ + 240, (53)

1
ZAMO frame: 0= Eeabﬁadl’. (54)
Shear evolution equation (from (16), (17)):

Killing frame: Z‘{Qh} =0 = 81u ) + Hju )

—82(aR2p) + A Sap — Eup, (55)
ZAMO frame: Xyup) = 81q. 9y + Ha )

— 10 Zpy — 2Z(a0py + A Eap — Zeta X} — Eap. (56)

6.2 Mixture of propagation and evolution equations

A mixture of propagation and evolution equations is obtained
by either projecting R, as indicated or by a further decom-
position of the 1+3 equations.

ueb Rupe = eaubRabgt

Killing frame: &z — az = — (%qﬁ + sz/) o + 8ap2°
x (%¢ - @7) ttap (72 — o) — ean #. (57)
ZAMO frame: 4z — ag = — <%¢ + ;zf) oy + X, <%¢ - d)
e (20— o) — e (58)

¢ For the sake of completeness we mention that the identity
uePu Rype = —e“ubu’ Rype, as seen in Clarkson [22], is
identically satisfied. However, the resulting equation 54 in
Clarkson [22] does not appear correctly; we believe there is
an error in the calculation.

Raychaudhuri equation (from (12), (13)):

Killing frame: & = —8,. 7% — o (o + ¢) + A (aq — )
—202% - 20,0° (59)
ZAMO frame: o = —84.% — of (A + ¢) + A (ag — Ay)

3
+5>:2 +25, 5%+ 3, 5. (60)
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Vorticity evolution equation (from (14), (15)):

. 1 N 1
Killing frame: §2; + Egubd” = —Qu, + Egab

1 1
x (—mﬂ’ + 8Pt — sz") - zeab;”c% (61)

1 A 1
ZAMO frame: Esabﬂb = Egab ( —da® + b

1 1
—=p ") = Zeapt" . (62)
2 2
Shear evolution equations (from (16), (17)):

AN 2 1 2
o Killing frame: — —.«/ = g e — Z0?
3 3 3 3

1 2 1
—gsa,;z%“ — gtzz/aa“ - g,sz(,,,d"

+%rzam _e, (63)

2, 2 1 1
0ZAMO frame: — =/ = ~/* — ~po — ~5,.°
3 3 3 3
+X 201“—12“ —Eﬂaa
a 3 3 a

1 1
—gl%w + 3 T b _ g (64)

1 - 1 1 1
Killing fi o —dly = 28 Ay | A — — —da,
illing frame > 2 + ( 4¢> + > a
1
799(1 - Eé‘ab%h - @@aa (65)

. 1 - 1 1
ZAMO frame: X; — 5427;, = ESaW + A, (p{ — Z¢>

1
+§,sz¢aa —

> (ab - zb) —&,. (66)

1
Egab'db

Additionally the magnetic and electric Weyl evolution
equations are listed below.
Electric Weyl evolution equations (from (24), (25)):

Killing frame: & = g4,89 7 + &° (2% — e 9”)

260 A AP + a7, (67)
ZAMO frame: & = £,58° H# + &% Qaty + o)
+260p, A AP — Ty &P + £y L.
(63)

- e Ly 3y L
©Killing frame: &; + Zsab,}f = 48(,175 I+ 25;,68 Iy

3 3 3
+Z£ga,,szb + E%’eab%” - Eé"aa

> Heapd — L 2eans® — Lpep
——Hegpa” — =S2¢ — —¢¢
4 ab ) ab 4 ab

1
— A eap A + Epa — Eoﬂabs’”ﬂc

3 : . 1 . .
+§§,,bgb‘jfc — Hpe o, + Eeabaa;fbc + eqpecst e,
(69)

.1 .3 1
©ZAMO frame: & + Esabjfb = Zeaba”% + Esb(,.ébjfca
3

3 3 3
+Zg>:a + E%”sabp/’ - E(g’a,, - Z;faahab

1 3 3
—qusahffh — e’ + Ezahé’b + Eeszhz” + Egpat®

3 . 1
+§§ab5hL%é — Hape" ot + Esaba‘f}’c + eapecd®E.

(70)

Killing frame: &iap) — ecia?th)’ = —c(ad Hh)

—gﬁfsc{a{h)c + R6c1abb) + ecla ) (%(ﬁ + 2%)

=204 b} — Ec(abp}2° + 2800 My (a° — H°)

+ectahyat, (71)
ZAMO frame: &ap) — eciaHth)S = —8c(ad by — %é"Eab

3 1

—E%sc(acb,c + ecla )¢ (§¢ + 2;&) — 204 p)

+3Z 0y + 2ec(a iy (a° — ) + 3Ze(a by

+ectaHhyatd. (72)

Magnetic Weyl evolution equations (from (26), (27)):

Killing frame: H = —ep8°EY — 26,y A EP + 7

1
x (20 — ear2") = Sear6™ ¢ 73)
ZAMO frame: 7 = —e,p8°EP — 26,0 EP + H#°
1
X (2aq + Zy) — Zap 0 — Eeabfb%“c. (74)

. 1 A 3
oKilling frame: 723 — Eaabcg’b = —ZsabSbéa

1 3 3 1
—zsbcabé“a + Z%eabgb - E@%deb - Emabif"

3 3 1
—E%O{u + Zéosabab + Zd)&‘abéah + %Sabgb

+%8ab§bcc§c + et e + Hopa®
—% 752, — %eaba%bc — eapecd’EC, (75)
©ZAMO frame: %% — %eabgAb = —isab(Sbé‘)
—%e,,cabg’fa + %%Ea - %&abﬂb — %%aa
+§é”8abab + %¢8abéab + o eap&P + %Eab«%”b
2 et bt Gty + Ao (a” + §2b>

2

1
—Eeabac@@bc — eapecSPES. (76)

oKilling frame: f%)@ab} + &cla é%b}c = (a0 Eh)
3 1
+§c§’8c{a§b}c - §¢8c{a5h}c
—Z,Qfecmé”b}” + Qec{a%}c
_5c{a%}gc + 2f(g{agb}cac - 207@{&‘9})}()’2/6
—2a4 ) — ctabhyat, (77

. ~ X 3
©ZAMO frame: %ab} + 8C{a6@b}c = 80{056517} — E%Eab
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3 1
+§éogc{u§b}c — §¢8c{a<50b}'3 — 297 €c1abh)”

+3E{a<%7,} + 2(?{,18]7}0(16 - 2(5’{a8;,}0£76 + 326{61%}6
200 My — Ectabhjal”’. (78)

6.3 Propagation equations

Following a similar procedure, the propagation and con-
straint equations are obtained by either projecting R,p. as
indicated, by contracting with e“ or by projections involving
N9 of the 1+3 constraint equations:

NP R,pe:

.
Killing frame: ¢ = = + 40" — aga’ — Lap*”

+2eap’ 20 + 2,2 - &, (79)
ZAMO frame: ¢ = —%452 + 8,a% — aza®
~Lap = T, 2 8. (80)
e R e
oKilling frame: & = 0 = £,,8%a" + 20,27, (81)
©ZAMO frame: £ = 0 = g,8%". (82)

e Rabey:

Killing frame: Z(ap) = —$Zap — £ (albje + Slah) — Alatp)
+2aap)c 2 — 2 R2p) — Eap, (83)

ZAMO frame: jap) = —$Zab — £ (aLb)e+S(atb) —alaap)
— 21Xy — Eab. (84)
Additionally, the divergence equations for the shear, vor-
ticity and the electric and magnetic Weyl parts are written

below.
Shear divergence equations (from (18), (19)):

Killing frame: 0 = — 48920 — 26, IR,
ZAMO frame: 0 = —8, X% + 2X,a" + X0,
Killing frame: — eabf?b = —ep80 2

(85)
(86)

1
+5ab9b <§¢ + 2427) + Qeyp (ab - 253(1)) + SabeCQc,

(87)
A 3
ZAMO frame: X; = —Ed)Z‘a — 8% — a3

+Xpal. (88)
Vorticity divergence equations (from (20)):
Killing frame: 2 = —8,2% + 2 (o — ¢)

+2% (ag + ) , (89)
ZAMO frame: 0 =0. 90)

@ Springer

The projected, symmetric and trace-free part of (21) and (22)
according to (B.3):

Killing frame: 0 = —Sc{g5cgb} —2¢¢(a {b}c —2&¢{a Qb}%c

_Ec{a%}cv 1D
. 1
ZAMO frame: X4y = 814 Xpy — §¢>2ub — 2Xap
—Xe(alp) — Ectadlh)”. (92)

Electrical Weyl divergence equations (from (28), (29)):

o 3
Killing frame: & = —§,6“ — zqﬁé‘) + 3R + 26,4

+32,7° + E P, (93)
A 3
©ZAMO frame: & = -5, — 5(}55’ +2&,a°
+eap DAL + Ept + eqp B
(94)
. A 1 b 3 3
Killing frame: &; = §8a5 — 878 — E%Qa — Eé"aa

3
— 58 +3Q2Ha — &P + Epab + 34,20, (95)

N 1 3
©ZAMO frame: &; = E(Sa@@ —8v&,, + Ejfeabfjb

3 3
_Eéaaa - §¢ga - Cabgb + gabab - SabZC%bc
+8ab2b0%. (96)

Magnetic Weyl divergence equations (from (30), (31)):

A 3
Killing frame: 57 = —8,.7/° — E(bjf —3QR8E +29,a°

—302,6 + Lp Y, 97)
n 3
©ZAMO frame: 57 = —§,. ¢ — zq&ﬁf 4+ 2.,a"
+§ab%ab - 5ab2ac£}bc
—ep XL (98)

Killing frame: %%1 = %(M%—(Sl’%b—}—gﬁ.@a — ;%”aa
~3Q6, - %«Ma + Hapa” — cap A —360,2°, (99)
©ZAMO frame: j‘% = %Saj‘f — 8t — %é"sabxb
S Wt = S0+ Hana® — G A + e, 6",

—eap St (100)

6.4 Constraint equations

The following constraint equations are obtained by perform-
ing contractions on R, involving £*?, u®, e% and N,
U Rype:

Killing frame: §,2¢ = 2 Q& — ¢) + I, (101)
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ZAMO frame: £,,8° X? = 64509 Xb, + 2. (102)
NbCRa},C:

1
Killing frame: ESGQ) — Sb;a;, = -0, +2Q¢ema’ — &,

(103)
1
ZAMO frame: - 8u¢p - ey = —Zpxt — &, (104)
e“UR .
Killing frame: 25802 = ey 20 — 426497
+2eap(" Qe — 2eqp A7 (105)

©ZAMO frame: 28" X = —p X, + 20ap X — 264 7.
(106)

All the above equations have been validated in Maple and
GRTensorIII [21].

7 Comments

In Sect. 4 we applied the 1+3 covariant method to the Kerr
spacetime for a Killing frame and a ZAMO frame. Analyz-
ing the 1+3 quantities, we immediately note that the expan-
sion scalar (®) is zero in both frames. This means that all
the timelike observers in the frames we chose are stationary.
It is interesting to note that in the Killing frame, the shear
quantity is zero and the vorticity quantities are nonzero. On
the contrary in the ZAMO frame, the vorticity quantities are
zero by definition and the shear quantity is nonzero. The left
hand side of Eq. (15) is actually the expression for the curl
of acceleration which is equal to zero. This means that the
acceleration can be written as a gradient of a scalar in the
ZAMO frame. In the Killing frame, Eq. (14) relates the curl
of acceleration to the vorticity and in turn Eq. (18) relates the
curl of vorticity to the acceleration. This shows a significant
relationship between the kinematical quantities, acceleration
and vorticity.

In Sect. 6 we decomposed the Kerr spacetime further by
applying the 1+1+2 covariant approach to the Kerr spacetime.
The 1+1+2 formalism is an extension to the 1+3 formalism
and hence the 1+3 result regarding rotation and distortion in
the particular frames still holds. In the Killing frame there is
zero distortion and in the ZAMO frame there is zero rotation.
Further we note that the shear scalar (X') and sheet twist (£)
quantities are also zero in both frames. The value for the sheet
acceleration (a,) is the same for both frames since it entirely
depends on the definition of ¢?. The purpose of using the
1+1+2 decomposition method is to gain access to and high-
light the role of scalars. Constraint Eq. (101) for the Killing
frame and (102) for the ZAMO frame are both expressions of
the magnetic Weyl scalar 7#. However in (101) the magnetic
component of Weyl is entirely generated by the vorticity. In

comparison, in the ZAMO frame (102) it is entirely gener-
ated by the distortion (shear). This is physically significant
because the magnetic part of the Weyl tensor generates grav-
itational waves. We can conclude that in the Killing frame,
the gravitational wave is a direct consequence of vorticity
and in the ZAMO frame, the gravitational wave is a direct
consequence of the distortion of spacetime. These results
demonstrate that the 1+1+2 formalism also has the potential
to excavate new information in spacetimes that aren’t neces-
sarily spherically symmetric and this can involve higher order
terms. The equations presented in this section help build a
framework to study the Kerr spacetime’s electromagnetic and
kinematic properties.

8 Conclusion

In this paper we have given a complete 1+1+2 semi-tetrad
covariant description of the Kerr spacetime outside the hori-
zon. Since there are no matter quantities we explicitly wrote
down all the geometrical quantities and the evolution and
propagation equations they satisfy. During this process we
identified some errors in the equations of the previous 1+1+2
decomposition performed in [5,22] which we corrected in
this paper specifically for the Kerr spacetime. However the
affected terms in those equations were higher order terms.
Hence the linear perturbation results in [5,22] remain unaf-
fected.

As far as we are aware, the 1+1+2 description of the Kerr
geometry presented in this paper is the first comprehensive
treatment. Furthermore this highlights the role of geomet-
rical variables associated with the timelike congruence and
preferred spacelike congruence. That is, when one changes
the observers congruence for example from the Killing frame
to the ZAMO frame, the geometrical variables are affected.
This is reflected in both Tables 1 and 2. This work can be
extended in a number of different ways and we are already
working on a few of these extensions:

1. As a natural generalisation of the linear perturbation of
Schwarzschild geometry, where the Regge—Wheeler ten-
sor was found [5], we can perform a similar but extensive
calculation to find the corresponding Teukolsky tensor for
rotating geometry.

2. Due to our exploration of the ZAMO frame, details of the
geometry of the ergosphere can be investigated.

3. Since our results are valid in the ergosphere, the Penrose
process can be applied whereby energy can be extracted
from the rotating black hole.

4. The results relating to gravitational waves can give rise to
the gravitational wave equation in general.

5. Even though the formalism used in this paper applies to
the exterior including the ergosphere, the equations pre-
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sented in this paper may be a useful guide in finding inte-
rior rotating solutions for an isolated body which is an
unsolved problem in astrophysics.

In the future we can use this detailed geometrical descrip-
tion of the Kerr spacetime to find different physical properties
of the Kerr spacetime that would have been more difficult to
do using the usual coordinate approach or a standard 1+3
decomposition which was also performed in this paper.
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Appendix A: Additional 1+3 definitions

We write down important definitions and identities in the 1+3
formalism. Note that

eabe = +/|det g[6%1a8' 58787 qu,
Eabce™ =311 hph! o),
Eapce?®C = 209, h® .
The 143 decomposition of the Riemann curvature tensor
is given in [32] and in the context of Kerr is as follows
Rabcd = 4u[au[CEb]d] + 4h[a[ch]d] + Zsabeu[cHd]e

+2¢cqeul H. (A.1)

Appendix B: Additional 1+1+2 definitions

We write down the definitions of important components in
the 1+1+2 formalism. Any spacetime 3-vector @¢ can be
irreducibly split into x, a scalar component along ¢, and a
2-vector x“, which is a sheet component orthogonal to ¢“,

@ Springer

as follows

D¢ = ye' + x4, (B.1)
where x = ®,¢?, x% = N* @, = @@ and the bar on a
particular index denotes projection with N, on that index
such that the vector or tensor lies on the sheet. Similarly we
can split a projected, symmetric, trace-free tensor @, into
scalar, 2-vector and 2-tensor parts as follows

1
DPup = Peab> = X (eaeb - ENab> + 2X(aeh) + Xabs

(B.2)
where the components
x = e Pap = —N Py,
Xa = Nabec¢bc,
c d 1 cd
Xab = Xiab) = ( Na"Noy® = 3Nap N ) e, (B.3)

are defined. The curly brackets denote the part of the tensor
that is projected, symmetric and trace-free, with respect to
e’

We mention that in general the dot, hat and delta deriva-
tives do not commute. The commutation relations for any

scalar x are

o . 1
rc—fzz—m+<§(~)+z)fe

+ (Ea + Eabe - O[a) 8%, (B.4)
Sak — (8ak)| = —k + (Ola + X, - Sabﬂb) K
1 1
+ g@ - 52 (SaK
+ (Zap + 2eap) 8%k, (B.5)
— 1
811’2 - (SaK)J_ = _28ahgbk ‘|'aa/2 + E(f)&ﬂ(
+ (Cap + Eap) 8%k, (B.6)
Sadp)k = €ap (2K — k), (B.7)

where L denotes projection onto the sheet.

Appendix C: Corrections to Clarkson equations

This appendix contains the equations of Clarkson [22] that
contained errors and their subsequent corrections in the Kerr
formalism. We note once again that the errors were detected
in higher order terms hence the results presented in [5,22]
remained unaffected. These equations have been checked
using the mathematical software Maple and GRTensorlIlII
[21]. The corrected terms have been enclosed in boxes below.
Wehavetaken ® = ¥ = & = 0 which occurs in both frames.
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1. Evolution equations (47 and 48)
UNP R pe:
Clarkson:

¢ = 840 + A (aq — ag) + (a“ - 42%“) (Z‘a — 5ab.Qb)
(C.1

_é'abzalw

Correction:

Killing frame: ¢ = 8,0% + | g (d“ - a“)

—eap$2” (a* — ), (C.2)

ZAMO frame: ¢ = 8,0 + | oy (7 — a“)

+ 5, (a% — ) = ¢ Zap. (C.3)

2. Evolution equation (50)
u4eP R p.:
Clarkson:
E=0=22(A —¢)+ (a" + o)
X [Qa + &ap (ab + Eb>]

teapdial — ecqtpt XV + A (C4)

Correction:

ZAMO frame: & = 0 = &4 (a* + /°) [ab + Eb]

teapd?a!| +ealy' B |+ . (C.5)
3. Mixed equations (63 and 64)
Shear evolution equation:
Clarkson:
2~ 2 1 2 1
— A = — —pd — Q2 — 8,7+ 3,
3 3 3% 3 307 S
X 201“—12“ —zda“—i—ldd”
3 37 37
1 a 1 ab
~|—§.Qa.Q +§2ab2 - &. (C.6)
Correction:
2 . 2 1
Killing frame: — =&/ = ~a/* — ¢
3 3 3
2 1 2 1
—22% = 8, — S ya®| — < Ay A
3 3 3 3
1
+§.Qa!2“ -8, (C.7)
2, 2 1 1
ZAMO frame: — ggf = 54% - §¢,<af — gfsa@f”

1 2 1
+2a <20la — 52“) — g%aa —g%da

1
+§>:ab2“” - 6. (C8)
4. Mixed equations (69 and 70)

Electric Weyl evolution equation:
Clarkson:

| .3 1 .3
&+ Egab%b = Zsabéb% + Egbcabﬁca + Zgza

3 3 3 3
+Z@%ab9b + E%eabﬂb - Eéaaa - Z%”eabab

1 1 3

—Egsabgb - Zq)sabji”b — A egp P + Exab@@b
3 1 .

—i—chabzb — gabab — Eéaabé‘bc 2.

1
+ = Lape? S — Hope .

(OXY)
> (C.9)
Correction:
. . 1 ~p 3 b
Killing frame: &; + Eeabif = Zsabﬁ H

+§‘9bc5b<%ma + fo«‘?abﬂb + Eﬁf&ab%b — Eé’aa

3 1 1
—Z%eabab - Eszeabéab — queab%b — A &gy I

1 3
- E abgbcgc + E{abgbcjfc

1
- abgbcﬁfc +§8abacjfbc + 3ab608b%6 s

(C.10)

. 1 n 3
ZAMO frame: &; + Esab%b = ZsabSb%

1 3 3 3
+§ebca%ﬂca + Z‘m" + z%ﬂgabgzb - Eé"aa

3
—Z%E‘abab —

3 3
+§t§’ab2b + E{gthC%

1 3
Z(I’)aab%b — ﬂsab%b + EEabgb

. 1 .
— Al o, +§ga,,aa%ﬂbc + eapecs® | (C.11)
5. Mixed equations (75 and 76)

Magnetic Weyl evolution equation:

Clarkson:
. 1 A 3 1 3

H — Eau,,éo” = —Zsababg - Eebca”gca + 37 %
3 3 3 3

+Z%8ab9b - Egé‘ahdb - E%Ola + Zé’eahab

1 1 3
+Z¢eab£b + A ey &P — EQeab%”b + zzabyfb
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3
+Zeap P 8 + eap Aol + Hpa®

2
3 b 1 bc
+§%h2 — 5 Habe 2. (C.12)
Correction:

. 1 ~ 3
Killing frame: J7; — Esabéab = —Zeabﬁbg

1 . 3
_Eghcsbéna + Z%é‘abgb

3 3 3
—Eéagabdb — E%aa + Zéagabab

1 1 3
+Z¢eabéﬂb + A eapb’ — Erzeab%” + Eeabﬂ”éz

R 1

1

—Egabacghc — £abec5béac , (C.13)
s Lz 3 b
ZAMO frame: J4 — Esabé" = —Zeaba &
Lo hpe 3, 3 b
—58]758 & at Z%Z‘a - Egé‘abﬂ
3

3
—E,}f’aa + Zé”sabah

1 3
+Z¢sab£b + A e P + Ezah%”

3 . .
L L

3
+ oy (o/’ + 52b>

1 . .
fisaba"éabc — Sahecsbé‘n . (C.14)

6. Mixed equations (77 and 78)
Magnetic Weyl evolution equation:
Clarkson:

o 3 3
Haby +Ec(a by =Ectad Epy— E%Eab + Eé"&{a in©

1 . .
—§¢8c{a®@b}° =297 cabp) — Recla I +3 X (0

—Q{asb}cj‘fc — Za{afﬁ,}+2@@{asb}cac—|—25{asb}cd“
+3Ze(0 ) —ectabpyat . (C.15)

Correction:

Killing frame: %ﬁab} + 8C{ad§b}c = €cad Ep)
3 1
+§c5"8c{a§“b}c - §¢8c{ac§’h}c — 2.4 8c(a6p)°

+~Q£c{a%}c

— Sc{ajﬁ,}ﬂc — 20[{(1%}

42800100 | —281a8b)e T | — EctaEnal’?, (C.16)
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ZAMO frame: «%%ab} + Sc{a(gab}c = SC{QSCéab}
3 3 o1 ) :
—E%”Eab + Eggc{agb}c — §¢8c{aé’b}‘ — 24 ecabh)”
+32{a%}

"l‘Zéa{a Sb}cac _2g{a “5\17}&(2{C

+320{a%}c —20t(q ) — Ec{aé‘)b}d{m. (C.17)
7. Propagation equations (81 and 82)
e Rype:
Clarkson:

. 1 1 1
E=0= Esabc‘iaab + Egabxaa” + a2+ Eaa.Q“.
(C.18)

Correction:

Killing frame: & = 0 = e4,6%" + 20, 22°, (C.19)
ZAMO frame: & = 0 = g4,8%". (C.20)

. Propagation equation (94)

Electric Weyl divergence equation:
Clarkson:

. 3
8 = =86 = S$& +302H +26,0" +3Qa
tEap DA+ E . (C.21)

Correction:

A~ 3
ZAMO frame: & = —§,&% — 5455 +2&,a°

. Propagation equation (96)

Electric Weyl divergence equation:
Clarkson:

.1 3 3
& = 58"@@ — P& + Aoy XV — 5%95, - zg’aa

3
—5$6u+ 324 — CabEP + Epab + 3,02
(C.23)

Correction:

. 1 3
ZAMO frame: &; = 536{5 — &y +§%8ub2h

3 3
_Egaa - §¢é§a - é'abéob

+Epa?| —egp ZCAP .+ e0p XA, (C.24)
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10.

11.

12.

Propagation equation (98)
Magnetic Weyl divergence equation:
Clarkson:
. 3
H = =8, — Eqb%” —38R2 + 2,0 — 32,8

+Lap P — £ X EPC (C.25)

Correction:

A 3
ZAMO frame: S = —§,57* — 54)% +2.,a"
+eap A

—sabZ‘“CéabC —Sabz‘—]aé"b .

(C.26)

Propagation equation (100)
Magnetic Weyl divergence equation:
Clarkson:

.1 3 3 3
I = ESa%—S”%b—chsabE”+559a—E%aa

3
—3Q6,- ¢ + Hapa® —Lap A — 38,025
(C.27)

Correction:

L1 3
ZAMO frame: 7% = 58“% —8v, — E@%abzb

3 3
—3 M da — S+ Hopa®

[+ 36"

Constraint equation (106)

e“u’R .

Clarkson:

b b _ b

26,802 +28° S, = —b (za — ey 2 )
—4Qeap A + 200 X"
260t 2 + Zua |
—2ea, 7. (C.29)

Correction:

ZAMO frame: 28° X =—¢ X, +2¢0 20 =260 7"
(C.30)
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