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value for the spontaneous electroweak symmetry breaking,
and gives tree-level top quark mass. A natural VEV split-
tings in the 331 breaking Higgs fields gives tree-level masses
to both bottom quark and tau lepton. The 125 GeV SM-like
Higgs boson discovered at the LHC can have Yukawa cou-
plings to bottom quark and tau lepton as in the SM predic-
tion, and this suggests the 331 symmetry breaking scale to
be ~ O(10) TeV.
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1 Introduction

Grand Unified Theories (GUTs) [1,2] were proposed to
unify all fundamental interactions and elementary particles
described by the Standard Model (SM) at the electroweak
(EW) scale. Meanwhile, a unified description of the gen-
erational structure as well as the SM fermion mass hierar-
chies have not been realized in terms of the SU(5) or SO(10)
GUTs. This is largely due to the fact that three generations
of SM fermions are accommodated in the SU(5) or SO(10)
GUTs by simple repetition of one anomaly-free fermion gen-
eration. Consequently, the symmetry breaking patterns do
not provide any source for the observed SM fermion mass
hierarchies. It was pointed out and discussed in Refs. [3—
7] that multiple fermion generations, such as n, = 3 for
the SM case, can be embedded non-trivially in GUT groups
of SU(7) and beyond.! Therefore, it is natural to conjecture
that the SM fermion mass hierarchies may originate from the
intermediate symmetry breaking scale of some non-minimal
GUT with SU(N > 7) [4,5]. Historically, the embedding
of the SM generations as well as fermion mass hierarchies
were studied in the context of technicolor and extended tech-
nicolor models [8—12], where the symmetry breakings are
due to the fermion bi-linear condensates. Given the discov-
ery of a single 125 GeV SM-like Higgs boson at the Large

! Such a scenario is different from the flavors with certain flavor sym-
metries, and is named as “flavors without flavor symmetries”, see Refs.
[6,7] for the recent discussions on the fermion mass generation from
non-minimal GUTs.
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Hadron Collider (LHC) [13, 14] until now, it is pragmatic to
revisit the flavor issue in the framework of GUTSs, where the
spontaneous symmetry breakings are achieved by the Higgs
mechanism.

Besides of addressing the flavor puzzle, it was also pointed
out that the non-minimal GUTs can automatically give rise to
the global Peccei—Quinn (PQ) symmetry [16] for the strong
CP problem.” This is due to the emergent global symmetry
of SU(N) ® U(1) in the rank-2 anti-symmetric SU(N + 4)
gauge theories (with N > 2), which was first pointed out
by Dimopoulos, Raby, and Susskind [17]. In this regard, the
longstanding flavor puzzle as well as the PQ quality problem
[18-20] may be simultaneously addressed within the non-
minimal GUTs.?

Before the ambitious goal of understanding the known SM
fermion mass hierarchies in realistic non-minimal GUTs, it
will be useful to ask whether the minimal version of this class
already had some general properties in producing the SM
fermion masses. Among various non-minimal GUTs with
SU(N > 7), indeed, an extended gauge symmetry of G331 =
SUB). ® SUB)w ® U(1)x above the EW scale is usually
predicted.* This class of models are collectively known as
the 331 model, and were previously studied in Refs. [22-50].
This motivates us to consider the SU(6) as a one-generational
toy model,® which can be spontaneously broken to G331 by its
adjoint Higgs field of 35y. An advantage of considering the
one-generational SU(6) instead of the 331 model is that one
can uniquely define the electric charges for both fermions
and gauge bosons in the spectrum. Meanwhile, the previous
studies based on the 331 model itself often allowed different
charge quantization schemes [24,37,39,44,48], which could
potentially lead to fermions with exotic electric charges.

After the GUT symmetry breaking, there can be three
SUQ3)w anti-fundamental Higgs fields in the 331 model. In
the previous studies, only one of them developed a vacuum
expectation value (VEV) of V331 for the symmetry breaking
of SUB)w @ U(l)x — SUR)w ® U(1)y, while two oth-
ers developed VEVs of vgw =~ 246 GeV for the electroweak
symmetry breaking (EWSB). According to the Yukawa cou-
plings, one can identify a type-II two-Higgs-doublet model
(2HDM) at the EW scale for the 331 model. By extending to
larger non-minimal GUTs for ng = 3, such as SU(9) as our
example, the conventional symmetry breaking pattern in the
331 model predicts more than two EW Higgs doublets. This

2 The first example was based on the rank-2 SU(9) theory [15], where
the fermion content of [5 x 9g] @ 36 enjoys the SU(5) ® U(1) global
symmetry.

3 Recently, it was realized [21] that the non-minimal GUTs withng = 3
can generally lead to sufficiently large dimensional PQ-breaking oper-
ators for the later problem.

4 A specific example will be given for the SU(9) GUT in Sect. 2.2.

> The SU(6) turns out to be a toy model for the third generation in
particular.
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is certainly very problematic given that the direct searches
for the second Higgs doublet at the Large Hadron Collider
(LHC) give null results so far. Motivated by the general fea-
tures in the Higgs sector of the non-minimal GUT, we study
the alternative symmetry breaking pattern with only one EW
Higgs doublet coming from the 15y of the SU(6). An imme-
diate question is how do bottom quark and tau lepton acquire
masses given the vanishing tree-level Yukawa couplings. It
turns out their masses can only be obtained when two SU (3) w
anti-fundamental Higgs fields from Epzm develop VEVs
both for the 331 and EW symmetry breaking directions. A
natural mass splitting between the top quark and the (b, 7)
in the third generation can be achieved with O(1) Yukawa
couplings. The corresponding 331 breaking scale is found
to be V331 ~ O(10) TeV from the Yukawa couplings of the
SM-like Higgs boson with the (b, 7). Historically, a univer-
sal O(1) Yukawa coupling was motivated by observing the
natural top quark mass at the EW scale, and this was gener-
alized as the anarchical fermion mass scenario in the studies
of the neutrino masses [51,52]. We also wish to remind the
readers, the whole discussions are based on the 331 model
due to the minimal one-generational SU(6) symmetry break-
ing. Aside from the SM fermion masses, we do not address
some general questions of gauge coupling unification or pro-
ton lifetime predictions. Neither do we determine whether a
supersymmetric extension to the current model is necessary,
with the belief that this would better be studied in more real-
istic models with n, = 3. Some related discussions can be
found in Refs. [41,43,46].

The rest of the paper is organized as follows. In Sect. 2, we
motivate the possible symmetry breaking pattern from two
independent aspects in the toy SU(6) model, which leads
to only one Higgs doublet for the spontaneous EWSB. In
Sect. 3, we describe the Higgs sector in the SU(6) GUT, with
the emphasis on the reasonable mass generations to the bot-
tom quark and tau lepton through the Yukawa couplings. In
Sect. 4, we describe the bottom quark and tau lepton masses
in the toy SU(6) model based on the reasonable symmetry
breaking pattern as well as the VEV assignment. Some com-
ments will be made for the necessary condition of the radia-
tive mass generation in the current context. We summarize
our results and make discussions in Sect. 5. An Appendix A
is provided to summarize the gauge sector as well as the
fermion Yukawa couplings of the 331 model. All Lie group
calculations in this work are carried out by LieART [53,54].

2 One-generational SU(6)

The minimal anomaly-free SU(6) GUT contains the left-
handed fermions of

{fLlsue = 68" @158, p=1,2. 1)
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The fermion sector enjoys a global symmetry of
Glavor = SUQR)r ® U(l)PQa (2)

according to Ref. [17]. The most general Yukawa couplings

that are invariant under the gauge symmetry are expressed
6

as

—Ly = (YD) o 15565 65" +Y,15p15p155+H.c.,  (3)

where we allow the explicit SU(2) p-breaking term in the
Yukawa couplings, so that (Yp) s # Ypdpo.

Below, we motivate our Higgs VEV assignments for the
viable symmetry breaking from three different aspects, which
include

2 the null results in searching for a second Higgs doublet
at the LHC,

B the extension to the non-minimal GUTs with ng, = 3,
e.g., the SU(8) GUT [6,7],

¢ the natural mass generation of the bottom quark and tau
lepton with Yukawa couplings of ~ O(1).

2.1 The symmetry breaking pattern

The viable SU(6) breaking pattern is expected to be

SU6) 29 Gy 225 Gaw,

G331 =SUB) ® SUB)w ® U(D)x,
Gsm = SUB) @ SU2)w ® U(D)y, “)

where the GUT scale symmetry breaking is achieved by an
SU(6) adjoint Higgs field of 35g. The U(1)x charge for the
6 € SU(6) and U(1)y charge for the 3y € SU3)w are
defined by

X(6) = di b 11 +1 +1 +l (5a)
=diag|—5,—5,—5.+5.+5.+3 a
T3y 737333 )
/1 | 1
YBw) = diag (6 XX g X) . (5b)

The electric charge operator of the SU(3) fundamental rep-
resentation is expressed as a 3 x 3 diagonal matrix

2 1 1
0Bw) = Tgy +Y = diag <§+X, -3+ —§+X) (6)
with the first SU(3) Cartan generator of

L.

6 Other Yukawa couplings of epa@pag (15g + 21y) + H.c. are also
possible. These terms are only relevant to neutrino masses, and we will
neglect them in the current discussions.

Accordingly, we find that Higgs fields in Eq. (3) are
decomposed as follows

e e
= (3148 o131
=703, " T3)y

oL
2 32
15H=<§,1,——) @(1,§,+—> ©G.3.0u0  ®
3 H 3 H

for the symmetry breaking pattern in Eq. (4). Two (1,3, — %)ﬁ
C 65" contain SM-singlet directions after the second stage
symmetry breaking in Eq. (4). Meanwhile, the (1, 2, +%)H C
1,3, +%)H C 15y can only develop VEV to trigger the
spontaneous EWSB of SU2)w ® U(1)y — U(1)em. Under
the symmetry breaking pattern in Eq. (4) and the charge
quantization given in Eqgs. (5a), (5b), and (6), we summarize
the SU(6) fermions and their names in Table 1. For the SM
fermions marked by solid underlines, we name them by the
third generational SM fermions. This will become manifest
from their mass origin within the current context.

In previous studies of the 331 model [22,24-38,45-49],
there were two Higgs doublets at the EW scale, which come
from the Gl (chosen to be p = 1 without loss of generality)
and the 15y, respectively. Schematically, one expresses the
VEVs of SU(3) anti-fundamentals as follows

<13 1>1 ()

y oy T = = v
3Ju) V2 )\ o

_ ! 8 <<1§+2> >— 1 18{ )
\/5 V331 3 H \/E ()

with vb% + v§ = U%W ~ (246 GeV)Z. In such a scenario, the
bottom quark and tau lepton masses are given by Yukawa
couplings as follows

1

| - 1
15F6H16F1 +H.c. D |:(3, 3.0 r ® <3, 1, +§>
F

_ 2 - 1\
1,3, +— 1,3, ——
@(’ +3)F®( 3>J

—_1\!
® (1, 3, ——) + H.c.
3 H

1 _ 1\!
S5 1(3,2,+- 3,1, +-
[( +6>F®< +3)F

— 1\ !
&M, 1L,+Dp® (1,2,——) i|
2/

_ 1\ !
®(1,2,—§> + H.c., (10)
H

@ Springer



259 Page4of 18

Eur. Phys. J. C (2023) 83:259

while the top quark mass is given by Yukawa coupling as
follows

- 2
15p15p15g + Hc. ©2 (3,3, 0)p ® (3, 1, —§>
F

= 2
®<1,3,+—> + H.c.
3 H

1 _ 2
3,2, +- 3,1, ——
3( +6)F®< 3>F

=~ 1

®(1,2,+—> + H.c. (11)
2)u

All charged fermion masses in the third generation are due

to the spontaneous EWSB. Therefore, the Higgs sector at the

EW scale is described by a type-1I 2HDM.” Furthermore, the

other Yukawa coupling of ISFGZ@ + H.c. give fermion
masses of mp = mgp = my ~ O(V331) [46], according
to the VEV assignment in Eq. (9). By integrating out these
massive fermions, the residual massless fermions are found
to be anomaly-free under the Gsy. Loosely speaking, one
anti-fundamental fermion of Gz acquires mass with one
Higgs field of (1,3, —1)% C 6n" developing its VEV of
O(V331).8 Thus, we name such symmetry breaking pattern
as the “fermion-Higgs matching pattern”.

However, the ongoing probes of the second Higgs dou-
blet at the LHC lack direct evidences for the predicted neu-
tral and charged Higgs bosons from various channels [56—
67]. In the type-1II 2HDM, hierarchical Yukawa couplings
of Y74 > Yp can be expected for the third-generational SM
fermion masses. As will be shown below, the suppressed
(b, T) masses can be realized with a more natural Yukawa
couplings of Y7, ~ Yp ~ O(1) in the current context. Aside
from the experimental facts, it is most natural to consider the
following VEVs for the Higgs fields

<< o p=1,2> 1 0
1,3, ——) =—10
3 H \/§ Vp

T

= 2
1,3, += =—1 01, 12
<( 3>H> \/5 0 ( )

purely from the group theoretical point of view. Obviously,
two G331-breaking VEVs in Eq. (12) are in the SM-singlet
components, and one expects the natural hierarchy of V| ~
Vo ~ O(V331) > v, = vgw. By taking the SU(2)p-
invariant Yukawa couplings of (Yp),, = Ypd,s in Eq. (3)
for simplicity, we have the following mass terms

7 This was also pointed out in Ref. [55], though a different symmetry
breaking pattern was considered there.

8 Inthe current context, we do not discuss the mass origin for neutrinos
of NI c 6§”.
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L, _ 1\”
Yp15p6u’ 65" + H.c. D Yp [(3, 3,0F® (1, 3, —§>
H
B 1\” )
® (3, 1, +—> ® (1, 3, +—>
3 F 3 F

_ 1 P _ 1 P
® (1,3,__) ®<1,3,__> }+H.c.
3/u 3)¥
1 - - 0 0 br
— (b, By) - .
ﬁ( L ) (YDVl YDV2> (BR)

1 _ - 0 —-YpV; TR
+—ﬁ(TL1EL)' <O —YDV2> . (ER +H.c.,
(13)

=

with the alternative VEV assignment in Eq. (12). Clearly,
both bottom quark and tau lepton remain massless after
the spontaneous breaking of the 331 symmetry. Meanwhile,
there is still only one anti-fundamental fermion of Gz
becoming massive. In this regard, the alternative symme-
try breaking pattern achieved by both (1, 3, —%)ﬁ Cc 6y’ is
also valid from the anomaly-free condition. Thus, we name
the VEV assignment in Eq. (12) as the “fermion-Higgs mis-
matching pattern” of symmetry breaking. As we shall show
below, this VEV assignment leads to a distinct Higgs spec-
trum from the 2HDM at the EW scale.

2.2 An example: SU(8) with three generations

Besides of the above phenomenological consideration, a bet-
ter motivation of the current study can be made for non-
minimal GUTs with multiple generations. Let us take the
SU(8) GUT as an example, which can automatically lead to
ng = 3 with the following fermion content [6,7]

{fLIsu®) = [@p ® ZSF] &b [@p ® 56F] ; (14)

according to the rule in Ref. [3]. This setup enjoys an
emergent global symmetry of [SU#); ®@U()1] ®
[SUB)2 ® U(1);] [8,21], with the flavor indices of p =
1,...,4andp =5, ..., 9. Tofocus on the third-generational
fermions, we only consider the rank-2 sector in Eq. (14).
SU(4)1-invariant Yukawa couplings of ZSFQ'ng + H.c.
can be expected to give bottom quark and tau lepton masses,
which are analogous to ISFGP@'O + H.c. in the one-
generational SU(6) model. Another gauge-invariant Yukawa
coupling of 28r28r70g + H.c. is expected to give the top
quark mass. A possible symmetry breaking pattern of SU(8)
can be expected as follows

SU®) 29 SUMA). ® SU@w ® U(1)x, -5 SU3).
RSUWDw @ U(D)x,

B9 SUB) ® SUG)W ® U(l)x, 25 SUB),
®SUR2), @ U(D)y. (15)
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Here, (Vaa1, V341, V331) represent three intermediate
symmetry-breaking scales above the EW scale. The corre-
sponding U(1) charges in Eq. (15) are defined by

Xo(8) Ediag(—i,—i, i, i,+i,+%,+%,+%> (16a)
X1(4e) zdiag(—i+xo,—i+xo,—i+x0,1+x0>, (16b)
12 12 12 4
X2 (4w) Ediag(i+X1,L+X1,L+X1,—1+X1), (16c)
12 12 12 4
Y (4y) Ediag(1+X1,1+X1,—1+X|,—1+X1>. (16d)

4 4 4 4

Following the above symmetry breaking pattern and charge
quantizations in Egs. (16), one can decompose the minimal
set of Higgs fields as

_ 1\? _ 1\”
sH03(4,1,+7) @<1,4,—7) , (17a)
4/u 4/u
a1+ YY) 2 Gl ea o (17b)
" 4)p "7 3)m oH
1,4 lp—lj lpqa(110)”
4 H_ k] £l 3 H k) k) H
5 1Y p o
= (1,2,—5)H@(1,I,O)H@(1,1,0>H (17¢)
_ 1 _
7 4,4, +- 1,4+
0H3<, ,+2)H3<, ,+4>H

n "

3(1,3,+%) =(1,i,+1) © 1.1 +hy. (17d)
3/n 2/n

Both the Ep and the 70y contain the EWSB components of
{,2, —%)ﬁ and (1, 2, —i—%)H, respectively. Besides, the four
8u’ Higgs fields contain three singlet components for the
intermediate symmetry breaking in Eq. (15). A more careful
counting by the anomaly-free condition at each stage of sym-
metry breaking shows that the Higgs spectrum is left with one
EW Higgs doublets from the 81" and one from the 70y if one
adopted the “fermion-Higgs matching pattern” of symmetry
breaking, as can be expected for the ng, = 3 case. In this
regard, to have a realistic Higgs spectrum at the EW scale,
a “fermion-Higgs mismatching pattern” of the intermediate
symmetry breaking can be generally expected.

3 The Higgs sector of the SU(6)

In this section, we describe the Higgs sector according to
the symmetry breaking pattern in Eq. (4), which consists of
SU@3)w anti-fundamentals of @3, p = 1,3, —%)ﬁ - Eﬁ
(with p = 1,2) and CD% = (1,3, +%)H C 15y after the
SU(6) GUT symmetry breaking.

3.1 The Higgs potential
The most general SU(6) Higgs potential contains Higgs fields

of (GP, 15, 35y). The adjoint Higgs field of 35y is respon-
sible for the GUT symmetry breaking of SU(6) — G33;.

For our purpose, only the Higgs fields of 65", 155) will
be relevant for the sequential symmetry breakings. At the
GUT scale, the following terms can be expected in the Higgs
potential

—1 —— —1 2.
V S m?j6n [+ m6m 2 — (m%26H ) +H.c.)
A —1g4 A2y
—|6 — 16
+ 516 [+ 56w |
—1 .9 =2 —] 2. —27—1
FA316m 12160 1 + M (6H 61 )(6n 6 )
As [ —1li—21
+7[(6H 6n°) —I—H.c.]
+m?15g|% + A|15g|*
—1 —2 —1 T
+ (ktf6' 12 + 216 ) 15 + k3 6n ' 15w)
—1 —2 —2
x(15560") + k4 (6" 155) (151 6x°)
+ (v 6n 61 154 + H.c.) . (18)

The Higgs potential contains the mass squared parameters
of (m%1 , m%z, m%z, mz), dimension-one parameter of v, and
dimensionless self couplings of (A1, 5, A, k1,...4). After the
GUT symmetry breaking, we assume all SU(3). colored
components of (Gp, 15g) obtain heavy masses of Agyr.-
The residual massless Higgs fields transforming under the
SUQB)w ®U(1)x symmetry form the following Higgs poten-
tial

Vi = V(@3 )+V (@) +V (D3, @5,

Vid3,) = m%1|®§,1|2+m%2|¢§’2|2

(19a)

2 ot
— (m},0] @3 +H.c.)
A1 A2
+ o 13 [P+ 13,1 s |03 13,1
i i
A (D5 P3,)(05,P5))
STl @52 +H
+3 [( P50 c]
'N — 21 12 /4
V(DY) = m*|OL A 0L,

(19b)
(19¢)
V@3, 0 = (k1|3 Pl 3, ) |9
%Tq)?,l)
+K4(<1>g 2c1>’§)(<1>’§T @3,)

I ’
i3 (D] (@

+ (VEIJK(q)j,l)I (CD§’2)J(CD/§)K+H-C-) .
(19d)

The last v-term in Eq. (19d) is inevitable by both the gauge
symmetry and the emergent global SU(2)r symmetry in
Eq. (2), with I, J, K = 1,2,3 being the SUB)w anti-
fundamental indices.

@ Springer
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We denote the Higgs fields under the SUQ)y ® U(1)x
representations as follows

\/z(,b; 1 hy +imy,
C3,=—7= | —in, |. ¥5=—7| vt |,
V2 hy —im, V2 V2t
(20)

where the electric charges are given according to Eq. (6).
According to the VEV assignment in Eq. (12), we expect the
non-vanishing Higgs VEVs of

(hy) = Vo = V3315/3» (hy) = vy,
(21)

(h1) = Vi = Va3icg,

with

V2
b=y,
parametrizing the ratio between two 331 symmetry breaking

VEVs. Accordingly, the minimization of the Higgs potential
in Egs. (19) leads to the following conditions

(22)

oV 2 2 7\1
a_Vl =0=>m1] =m12t/§— 7‘/12
A3+ Mg+ As K1
—f 2 > 5, (23a)
aV m? A2
A S R R R
Vs M = 27
A3 +Aq+A
_va - Qvg (23b)
2 2
oV 1
— =0=>m? = A2 — (ki VE + VD). (23¢)
vy 2

Note that the v-term that mixes the ®3  and the @’3 does not
enter the minimization condition with the VEV assignment
in Eq. (12), while this term will be important in generating the
fermion masses. Correspondingly, this leads to an unwanted
tadpole term of — v (¢1 Va2 — 2 V1), in the Higgs poten-
tial.

To resolve the tadpole problem, the only way is to develop
EWSB VEVs of

(1) = u1 = vgcg, (P2) = uz = vysgp, 24

presumably with vy ~ O(vgEw) as was considered in Refs.
[40-43]. The Nambu—Goldstone boson (NGB) of &° can be
obtained from the following derivative terms

——=g3L(Ny — u)au

N’
X [(urhy + uz2h2) — (Vg1 + Vo)l

= £ = co(cpdr + 55¢2) — sa(cphi +sgha),  (25)
with
V¢
ty = — (26)
V331

@ Springer

parametrizing the ratio between two symmetry-breaking
scales in each SU(3) y anti-fundamental Higgs of d>§‘ o With
a natural assumption of the following VEV orthogonal rela-
tion of

Zu,,vpzo:ﬁ’zﬁ—%, @7)
0

the potential mixing between the (Wi, Cff), as well as the
(Ny, N ws Z;L), can be avoided. This can be confirmed with
the explicit gauge fields in terms of a 3 x 3 matrix given in
Eq. (66). Thus, the VEVs in Eq. (24) become

(28)

(P1) = ur = vpsz,  (p2) = uz = —vycy.

The minimization conditions of the Higgs potential in
Eqgs. (23) are modified to be

Vv 0 Mo 5
aV] 0:> m“ —m12t (Vl ul) — _(V2 +M2)
)\ + A
42 5(u1u2+V1V2)t~—?v5
+‘:/_”2L"i“, (29a)
1
A% m? A3
m=0:>m§2=?12——(v2 +ud) — 7(v1 +u?)
?\ + A
: 5(M1u2+V1V2)———2v5
2 ﬁ 2
p)
v 2 2 K, o o0 K20 o
vy, 2 2
vV
+\/§ (w1 Vo —uz V), (29¢)
Uy
v mi, A\ A3
— =0=mi =2 - (Vi +ud) - 2V +ud)
ouy t/§ 2 2
A+ A 1
+ 4 5(u1u2+V1V2)———1v2
2 l‘g 2
\%
_‘i/;”", (29d)
uj
oV A3
@inm%Z— —mists— (V2 u%)—E(Vlz—i-u%)
As+As K2
+ (u1u2+V1V2)t5—?v3
vViv,

. 29
N (29e)

By equating Eqgs. (29a) with (29d), and Egs. (29b) with (29e),
we have a constraint of
3 V2vu, 24 2m7, )
- - 0

(Ag +)\5)V3231 ¢ 5305(7\4 +7\5)V3231
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2
[UUu 5 =0, (30)
Ag +As5) Vi3,

with the relation in Eq. (27). Consider the scale hierarchy of
m%z ~ (’)(V323 1> v~ v, ~ O(vgw). It is straightforward to
expect tg ~ O((vEw/ V331)2) from Eq. (30). Thus, a natural
scale of vy can be further suppressed from the EW scale of
vEw, suchas ~ O(1) GeV. This was not noted in the previous
Refs. [40-43] with the similar VEV assignment. Here and
after, we will consider the following parameter inputs’

v ~ —0(100) GeV, v, ~ 246 GeV, vy ~ O(1) GeV,
V331 ~ O(10) TeV

iz~ O(D), m3, ~ O(100) TeV?, (31)

instead of performing the detailed parameter scans. The
choice of V331 ~ O(10) TeV will become clear from the
(b, v) Yukawa couplings with the 125 GeV SM-like Higgs
boson. Notice that in the decoupling limit of m 12 ~ V331 —
00, one naturally has #g — 0 and vy — 0 from Eq. (30).

3.2 The charged and CP-odd Higgs bosons

The charged Higgs bosons of ®1 = (¢iF, ¢5, x T, x'*)
form the mass squared matrix of

ng— Z%r«ﬁ; Z«En Zgrx'
(M%) = 993 ¢3¢y M‘ZP;)F Mgz*x'*
Y A R
o't ey x't My—yre Myriy-
I 1 € €
~ i i :2 :2 Vi, (32)
e € € 1

with a small parameter given by € = % ~ UT"’ ~ 0(0.01).
The orthogonal transformations to gauge eigenstates of &4

are expressed as follows

- %
G 5 ¢
+ | =Vx
Hlj: XZ:‘:
H2 X/:E
c; 00 —sq
~ 0 1 0 0
=10 01 o
Sty 0 0 ¢
1 0 0 0 g S 0 0
0 ¢ =5, O S g 0 0
0 s, ¢, O 0 0 1 0
0 0 0 1 0 0O 0 1

9 A negative v is chosen so that the physical Higgs boson mass squares
are positive in the current context. This may not be necessary with
additional terms included in the Higgs potential.

CriCg  Crsg 0 =517

_ —Crsg  (nlg —Sn 0 ’ (33)
—S1yS5  SuC Cn 0
sT¢q 57155 0 ¢y

Uy
V331 4
eigenvalues for two charged Higgs bosons of H|, are given

by

B [ A
M, =——— 1 /1+= ],
H; 16V331v,v¢ < +Bz>
B [ A
M, =——— |1 1+—=1,
Hy 16V331v,v¢ ( + +Bz>

A = 32V200,05 (03405 (3 + ks + (i3 — ka)c5) Vi

with Iy =

v, .
and 1, = U—‘:’. Two corresponding non-zero

—64v3 (2 + v3) (217 + K3K4V]) Vi,
+32v/ 200,05 (v + v3) (Vg + v3) (k3 + Ka)
+(vy — V) (k3 — Ka)e,3) Vi
—64v5v3)(v5 + 11(%)(2\12 + K3K4U3)V3231
—32V2vu,03 (v + v3) (3 — Ka)cpg — K3 — Ka)
Vaat ~ vupu; Viyy

B = 2V331v,0 [025(K3 — k) (Vi3 — v3)
(3 +1ea) (Vi + )]
—8«/§VV3231 vé — 4\/§vv3(V3231 + vé)
+4V331v3v¢(/<3 + k4)

~ Uy V¢ ‘/3331 . (34)

A simple expansion of Eq. (34) in terms of the mass hierarchy
assumed in Eq. (31) leads to the approximated mass scales
of

2 2 2 2

The CP-odd Higgs bosons form the mass squared matrix
of

2 2 2 2 2
Mguﬂu Mguﬂl Mguriz Mgu”l Mguﬂ'z
) Tu M’%l’?l Mgmz M‘fzflm Mgzm
M-Dsxs = | Mz, Mgmz Mgzﬂz My My,
2 M M M2 M2
Tui i Tim 71 Tim
Mimy, Muym Mayyy  Miyn,  Miyn,
2 e e & &
€ 1 1 2 €2
~ 1 € 1 1 &2 €2 V3231 (36)
| 1
S 2 & 1
in the basis of ®yp- = (my, 71,2, 71,2). We find three zero

eigenvalues corresponding to three massless NGBs with the

@ Springer
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constraintin Eq. (30). The orthogonal transformations to ®-
are expressed as follows

el Ty
GY B )
GY | = Vo o | m
Al T
A0/ o)
0 cocg cosg 5055 —Spcg
0 5953 S9Cg cocp oSg
VO_ =| ¢ stcasy  —sccgeg  stsecy  sesasp |, 37
—St Crepsg  —Ctegeh  CSeCy  Crspsg
0 s0¢g 5055 —cosg cocs
. vy V- v .
with t; = —233L _ ~ 2 Two corresponding non-zero

4/ V323 1 +Ué Uy Vu

eigenvalues for two CP-odd Higgs bosons are given by

) —V20(Viy +03)v7 + Aa — As) Va310p (Vi) + v3) v,

A0 =

2V331080y
~ O(V3y)),
V2 (U2+1)2)+U2U2
My, = —v 331«5\/ oLt OVE). (38)
331V¢ Uy

Hence, we do not expect the discovery of these two CP-odd
Higgs bosons at the current LHC direct searches.

3.3 The CP-even Higgs bosons

There are five CP-even Higgs fields of (A, ¢1,2, h12) in the
gauge eigenbasis, and one of their linear combination will
be identified as the NGB. Their masses and mixings play
the key role in generating the bottom quark and tau lepton
masses, as well as determining their Yukawa couplings with
the SM-like Higgs boson. It takes two steps to obtain their
mass eigenstates. To see that, we first perform the orthonor-
mal transformations to (¢1 2, /1,2) as follows

E((J) & C@CB CQSB —SQS/; S()Cﬁ

~ ~ —CoS 5 coCph —SpCp —S9S8z

¢/ . (03] e = 053 0Cg 6Cp 0S5

h hy 50CG 5055 CoSg —Cocy

h/z ) —S@SB S@CB‘ CQCE C@SB
(39)

with £° being the massless NGB. Under the basis of
(hy, (]bo, h/l,z)’ the remaining four CP-even Higgs fields form
the mass squared matrix and can be expanded as follows

2 2 2 2
Mhuhu Mhu¢0 Mhuh/ Mhuh/
M M2, M3, M?
M2 s = | e Pggr Moo Hgon
o+/4x4 = M2 M2 M2 M2
hyh ¢>0h’1 hyh hh,
2 2 2 2
Mh Y M¢>0h’2 Mh’ Y Mhzh’
62 € € €
e 1 € € V2
€ 62 1 1 331
e € 1 1

@ Springer

= MG+ MGV + MGHP, @0

with a small parameter given by € = V’i‘;l ~ 0(0.01).
The further diagonalization of Eq. (40) transforms into mass
eigenstates of (H,, Hy, Hy, H>) such that

HM hM
Hy | @Y
H; = Vor h/l ’
H> h/z

Vor (MG Ve = diag(M, , My, . M, My).  (41)

Among them, H, is the lightest CP-even Higgs boson with
mass of 125 GeV, while others have masses of ~ O(V331).
To have positive definite eigenvalues for CP-even Higgs
boson mass squares in Eq. (40), one cannot have the v param-
eter as large as V33;1. That is why we chose v ~ O(100) GeV
in Eq. (31). However, a v-problem emerges, namely, why is a
mass parameter from a 33 1-invariant Higgs potential takes a
value comparable to the EW scale. This problem is analogous
to the well-known p-problem in the minimal supersymmet-
ric Standard Model (MSSM) [68]. One can thus expect this
v-term to originate from some non-renormalizable terms in
the realistic non-minimal GUTSs with n, = 3.10 This type of
terms are inevitable due to the gravitational effects that break
the global U(1) symmetry explicitly.!! Taking the SU(8)
GUT as an example again, one such possible d = 5 non-
renormalizable term is expected to be
SU(®) : Lem_“mﬁp' .84 - 70h
My

1
D —e€p. o |41, +— ) < 4, ——)
Lo
_ 1 P% _ 1
4 H 2 H
D _6 oo 17 9 - ® 4 -
My P
- 1\~ - 3 V441V341
® (1’ 4, _Z) ( ’ Z) Ty €pips

_ 1M _ P4 N\
1,3, —— 1,3, — 1,3, .42
(13.55), 2 (1353), o +3)H “

Here, the decompositions are achieved according to Egs. (17).
Obviously, this non-renormalizable term induced by the
gravitational effect reproduces what we considered as the
v-term in Eq. (19d). Thus, the value of v ~ O(100) GeV in
Eq. (31) can be naturally realized with Va4 ~ O(10'%) GeV
and Va4 ~ O(10%) GeV.

10 T the MSSM case, this was known as the Kim-Nilles mechanism
for the p-problem [69,70].

' In the axion models, this effect leads to what is known as the PQ
quality problem [18-20].
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With the hierarchies of mass parameter in Eq. (31), the
diagonalization of mass matrix in Eq. (40) can be achieved
in terms of perturbation. Hence, we express the mixing matrix

in Eq. (41) as
Vor = DO, 43)

At the leading order, it is straightforward to diagonalize the
(M%Q(O) by an orthogonal matrix of

_ D2
U0 = @ —Sa |, (44)
Se  Cq
into
0O (Mg) O - TOT = diag(0. Mo 0. My . My ).
(45)

2
where f, =[M h T h/h’ \/( P h/) +4 h/h’]/
(ZM}f, i ). The mixing matrix of U for the higher-order terms
17°2

can be expanded up to O(€?) as
U=Lx+U0D+0?+ 0, (46)

with T ~ O(e) and U@ ~ O(€?). Similarly, Vy+ can

also be expanded as:
Vor =00 +vP +v2 + 0. (47)

For our later usage, we find that the V( )i is expressed as

follows
2 M? M?
_ M,,M¢0 huh’l huh’z
2 2 y)
M¢0¢0 Mh " Mh A
2
Mhu¢0
e
V(l) _ q;%o
=
0 Mhuh/1
2
Mh’lh’l
2
Mhuh/2
y)
Mh’zh’z
—€ —€ —€
€
~ , (48)
€

. 2 2N 7H0) . 2 2
with (0.0, 87 . M7 1) = U©-(0,0. M7 .. M. ). By

using the perturbation expansion in Eq. (47), we find the
SM-like CP-even Higgs boson mass of

MH = (27\— vi;)_‘;%]) 2 [(V(l))n ¢0¢0]
_ [(V(l))13 ] _ [(V(l))14 2 h,] _

Since the mixing elements are (V( ))1] ~ (O(e), all terms
here are of the EW scales.

(49)

3.4 Summary of the Higgs spectrum

In the end of this section, we briefly summarize the Higgs
spectrum in the current context. The symmetry breaking
of G331 — Gsm and the sequential EWSB require eight
NGBs, while the Higgs sector contains three SU(3)y anti-
fundamentals of ®3 , and CI>$ Therefore, we have ten
real scalars in all. Through the above analysis, we find
the 331 Higgs spectrum is consist of: two charged Higgs
bosons of H fz from Eq. (35), two CP-odd Higgs bosons of
(A%, A%) from Eq. (38), and four CP-even Higgs bosons
of (H,, Hy, Hy, Hy) from Egs. (40) and (41). The explicit
expressions for Higgs mass matrix in Egs. (32), (36), and (40)
will be given in Appendix A.3. At the EW scale, our Higgs
spectrum only contains one CP-even Higgs boson of H,,
while all other Higgs boson masses are decoupled. There-
fore, our effective theory at the EW scale is distinct from the
2HDM, where a total of four Higgs bosons with masses of the
EW scale are generally expected. Here, we list two bench-
mark models for the Higgs spectrum in Table 1 to demon-
strate our results explicitly.

4 Bottom quark and tau lepton masses in the SU(6)
4.1 The Yukawa couplings
By taking the Higgs VEVs in Egs. (21) and (24), we have

the following mass matrices for the down-type (b, B) quarks
and charged (7, E) leptons

N A A\

YD) po [(3, 3,0 ® (1,3, —*) ® (3, 1, +f>
3/u 3§

- 2 - 1\”? - 1\?
o (132 o (15 1) o (13 1)]
3)F 3/u 3)F

L b -
+H.C.=>(bL,BL)~MB‘<Bl;>+(TL,EL)

Mg - (;’; ) tHe, (50a)

1 ((YD)llul + (pliouz  (Yplojui + (YD)22M2>
L2 \NED) Vi + Fp)iaVa ¥paiVi+ ¥p)aVs
(7 ) (50)
1 ((YD)11M1+(YD)12M2 -(Yp)uvi _(Y’D)12V2>
V2 \Fphius + ¥p)nuz  —(¥p)aiVi — (¥p)aVa
( _ >V331‘ (50c)

Given the seesaw-like mass matrices according to the mass
hierarchy given in Eq. (31), a suppressed bottom quark and
tau lepton masses of ~ (O(1) GeV can be realized with the
natural Yukawa couplings of (Yp);; ~ O(1).

@ Springer
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Table 1 The Higgs spectrum

and the parameters in the Higgs M, M, My M, Mo Mo My My
ial
potentia A 125GeV  132TeV  141TeV  107TeV  134TeV  132TeV  132TeV  7.1TeV
B 125GeV ~ 29.5TeV  50.1TeV  333TeV  2.9TeV 2.9TeV 2.9TeV 15.8 TeV
A Al A A3 A4 As tan B
A 0.51 2.0 1.0 1.0 0.2 0.1 1.7
B 0.13 1.0 1.0 1.0 0.1 0.1 10.0
K1 K2 K3 K4 vy Vg v V331
A 0.8 1.0 1.0 1.0 246 GeV 1.0GeV —100GeV 10 TeV
B 0.2 0.2 0.2 0.2 246 GeV 2.0GeV —200GeV 50TeV
4.2 The bottom quark mass the CP-even Higgs bosons
. . + — S0
Specifically, we first 1llustra.1te the b(.)ttom quark mass, and the _r )@,0 S —mpb} by [ ( cz + % )¢°
tau lepton mass can be obtained straightforwardly. In general, V331
the mass matrix in Eq. (50b) can be diagonalized through the N < co > 0,
- . sLer
bi-unitary transformation as Vaag
So 2 (o] ,
B Byt _(mp O +<c2 - >h]+H.c.
U Mp(UR) _( 0 mB), Lv¢ LV331 2
o= (1 ) () <o (B ). 6D - ¢ Oy STy
/ SL/R  CLJR Bk R\ Byr PUL7R () Vasr
+H.c., (53)

with (b', B") being the mass eigenstates. We find that the
corresponding Yukawa couplings are expressed in terms of
masses and mixing angles as follows

55
Ypu = \/_[(CLCRmb +SLSRmB)—¢ + (—=spcrmyp

s
+CLSRmB)V_i| (52a)

331

—c;
(Yp)12 = V2 | (cLermp +SLSRmB)_¢ + (=spcrmyp

SB T
+cLSgRmp) ——

(52b)
V331 |

55
(Yp)a1 = V2 | (—crsgmy +SLCRmB)— + (spsrmyp
L)

g
+cpcrmp) —— (52¢)
V331 |

—¢;
(YD) = V2 | (—cLsgrmp + SLCRmB)v_ + (sLSpmyp
¢

S8
+CLCRmB)V—] . (524d)

331
Under the reasonable limit of ¢;,g — 0 and 3 ~ 1, we
find the natural Yukawa couplings of (Yp)11 ~ (¥Yp)12 ~
mp/vg ~ O(1) and (Yp)a1 ~ (Yp)oo ~ mp/ V31 ~ O(1).
By performing the orthogonal transformation in Eq. (39),
we find the following bottom quark Yukawa couplings with

@ Springer

from Eq. (83b), and with the approximation given under the
decoupling limit of vg/ V331 — 0. By using the orthogonal
transformation to CP-even Higgs fields in Eq. (41), the bot-
tom quark Yukawa coupling with the SM-like Higgs boson
of H, reads

—_— S
—Ly[H,] > —myb] bl [( +ive )( Vi

co S 1
+spcr < +—— ) (V( N3
vy Vi3i

S C
+<cii— 2 )(V(i))14:| H,+H.c.

— c
~ —mpby by |:v_L(V0(1))1 +— ” (V<1))13

2
‘L (1
+— (V )14:| H,~+H.c.
V33

—_— C S;cC
fw—mbb;b;[ VD p+= L(V“))B] H,+H.c.,
v
(54)

with the mixing matrices in Egs. (41), (43), (48) for the CP-
even Higgs bosons. Likewise, we find the Yukawa couplings
of the SM-like Higgs boson of H, with the heavy B’ quark
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as

2
I Sg +spcp

— Ly[H,) ~ —mpB) By [S%C@ﬂv—(voq))lz

¢

o
—chLU—(VO(P)B] H,+ H.c. (55)
¢

One can expect two constraints from the SM sector,
namely,

X the EW charged currents mediated by W, )
) all SM-like Higgs boson couplings, including H, f f,
H,VV (V = W%, 2), H,gg, and H,yy.

From the EW charged currents given in terms of the gauge
eigenstates in Eq. (79), it is straightforward to find that V;, =
cr. It is thus natural to take the limit of ¢;, — 1, according
to the measurement of the CKM mixing angle of |V;;| =
1.013£0.030 [71]. Under this limit, the SM-like Higgs boson
couplings to the heavy B’ quark vanishes in Eq. (55) as ¢;, —
0. Thus, the potential heavy B’ quark contributions to the
effective H,gg and H,yy couplings are vanishing in this
limit. Let us return to the bottom quark Yukawa coupling in
Eq. (54) when ¢; — 0, it is further simplified to

mp —
— Ly[H] ~ —E(Vo(i))lz b, by H, + H.c.. (56)

By requiring that the tree-level H,b'b’ Yukawa coupling in
Eq. (54) is the same as the SM prediction [72,73], we find
the relation of

2

v
Ve~ 1= —E (57)
Ve V331

Y
Vg
with the mixing angle of (V)12 ~ ¢ = VY in Eq. (48).
For simplicity, the sub-leading correction term suppressed
by 1/ V331 in Eq. (54) is neglected. Apparently, this relation
leads to the natural new physics scale for the 331 symmetry

of

] Vaz1 ~ O(10) TeV |, (58)

with the reasonable choice of vy, ~ O(1) GeV for the bottom
quark Yukawa coupling. This confirms our previous assump-
tion of the benchmark parameter input in Eq. (31). We have
also checked that a new physics scale of V331 in Eq. (58)
is even consistent with the most stringent limit to the rare
flavor-changing lepton decay process of Br(u — ey) [74]
when generalizing to the three-generational case [45].

4.3 The tau lepton mass
The tau lepton mass and Yukawa couplings follow closely

from the bottom quark case, and we present the discussion
here for completeness. The general £ = (t, E) mass matrix

in Eq. (50c) is related to the B = (b, B) mass matrix in
Eq. (50b) by

Mg = ML - o3. (59)

It is straightforward to find that the bi-unitary transformation
for the £ = (7, E) is simply related to those for the B =
(b, B) as below

!
£ Ei_(mc O LR\ _ e [ TL/R
imew = () () =vin (2
£_(crR —SR e_(cL s
T I ) F

—S  cL

Immediately, this leads a result of sg = 0 from leptonic

sector of the EW charged currents in Eq. (79). Analogous to

Egs. (52), the Yukawa couplings can also be expressed as
§s

Yp)i = ﬁ[(CLCRmr - SLSRmE)£

e
+(spcrmy + cLSRME) ﬁ} , (61a)

V331
—c;
Yp)iz2 = ﬁ[(CLCRmr - SLSRmE)W
_SB A
+(spcgpme +cLspme) —— |,
V331 |
5p
(Yp)a1 = V2 | (—cLsgmy — SLCRmE)E

(61b)

s
B
+(sLSRMy — CLCRME) ;
V31 |

(61c)

s
(Yp)2 = V2| (cLsrm: + SLCRmE)£ + (sLSrM

—chRmE)S—’éi| . (61d)

V331
Obviously, Egs. (52) and (61) lead to the degenerate fermion
mass predictions of mp = m; and mp = —mpg.12 Thus, the
b-t mass unification issue cannot be addressed at the tree
level. Their mass splitting can be attributed to the renormal-
ization group running. This was first discussed in the context
of the Georgi—Glashow SU(5) model [75]. However, results
therein cannot be naively applied to the (b, ) mass ratio in
the non-minimal GUTs. To fully evaluate their mass splitting,
we expect two prerequisites of: (i) evaluation of the interme-
diate symmetry breaking scales from an appropriate GUT
group, and (ii) the identification of the SM fermion represen-
tations with the extended color and weak symmetries. Both
are distinctive features of the non-minimal GUTSs, and we
defer to analyze the details in the future work. By perform-
ing the orthogonal transformation in Eq. (39), we find the
tau lepton Yukawa coupling with the SM-like Higgs boson

12 The relative negative signinm g = —mg can always be rotated away
by redefining the right-handed component of E.
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the same as that for the bottom quark case in Eq. (54), with
myp — my. Therefore, the scale of V331 in Eq. (58) can be
similarly determined from the tau lepton, given the current
LHC measurements of the H, Tt coupling [76,77].

4.4 The possible radiative mechanism

We comment on the possible radiative fermion mass genera-
tion in the current scenario, which was proposed and consid-
ered to produce fermion mass hierarchies in various context
[78-86]. In such a paradigm, the general assumption is that
some light fermion masses can be radiatively generated with
vanishing tree-level masses. Specifically, we should check
that whether the bottom quark and tau lepton masses can be
generated with m, = 0 in Eq. (51) and m,; = 0 in Eq. (60).
Let us consider the B = (b, B) case without loss of gen-
erality, the Yukawa couplings are reduced to the following
expressions

m

(Yp)u = _BSR(SLSB‘ +tocreg), (62a)
Vg
mpg

(Ypliz = —sr(tocrsg — srcg) = (Yp)ntr, (62b)
Vg
mp

(Yp)a1 = —cr(sLsz +tocreg) = (Yp)ii/1r, (62¢)
Vg
m

(Yp)n = —BCR(lecLsg —sLep), (62d)
Vg

under the vanishing tree-level mass of m;, = 0. The bot-
tom quark and its heavy partner B can be mediated through
the flavor-changing neutral vector bosons of (N, N,L) as in
Eq. (78a), while this only happens for the left-handed com-
ponents. Thus, the neutral vector bosons of (N, Nu) can-
not lead to a radiative mass terms as was suggested in Refs.
[80,81]. The remaining possibility may be due to the medi-
ation from the Higgs sector, as in Ref. [84]. By taking the
mp = 0 1in Eqgs. (83a) and (83b), the neutral Higgs bosons
can only mediate the left-handed b’ and right-handed B’.
Thus, it is impossible to generate a radiative mass term of
mip) by + H.c. with a vanishing tree-level m, = 0. The
same argument also applies to the £ = (r, E) case with the
m¢ = 0 limit.

5 Conclusions

In this work, we study the bottom quark and tau lepton mass
generations in the framework of one-generational SU(6)
GUT. The symmetry breaking stage of G331 — Gsw is found
to be general for more realistic non-minimal GUTs with
ng = 3. A different assignment to the Higgs VEVs from the
previous studies is considered so that the bottom quark and
tau lepton can obtain tree-level masses with ~ O(1) Yukawa
couplings. We consider this fermion-Higgs mismatching pat-
tern to be general, such as in more realistic unified model with

@ Springer

the SU(8) symmetry. Thus, we prevent the pattern leading
to multiple EW Higgs doublets, which is very problematic
with the ongoing LHC searches. An automatically generated
small Higgs VEVs of ~ O(1) GeV is found to be possible as
long as a gauge-invariant v-term in the Higgs potential can
be of ~ O(100) GeV. Notice that this v-term is also invari-
ant under the emergent global symmetry of Eq. (2), which
emerges automatically from the anomaly-free condition. By

requiring the Yukawa coupling of the SM-like Higgs boson

to SM fermions of y?M = ﬁ'&f , we find the 331 symmetry-

breaking scale of V331 ~ 10 TeV in the current context. This
was not mentioned in the previous context. With the distinct
VEV assignments in Egs. (21) and (24), we find a Higgs sec-
tor consisting of one single CP-even Higgs boson at the EW
scale. All other Higgs bosons have masses of ~ O(V331), as
we have described in Sect. 3. Therefore, the effective theory
at the EW scale contains only one SM-like CP-even Higgs
boson, and is not described by a 2HDM.

Historically, it was proposed that three-generational SM
fermions may be embedded non-trivially in a non-minimal
GUT [3]. Through our recent analysis [21,87], we find that
the SU(8) GUT can be the minimal model that have three-
generational SM fermions transform differently under the
extended gauge symmetries beyond the EW scale. Through
the current discussion, we wish to mention the relations
between the SU(6) toy model and the realistic SU(8) model.
First, the SU(6) subgroup of the G331 can be generic in the
context of the SU(8) GUT, as was shown in Eq. (15). There-
fore, the results such as the G33; gauge sector and part of the
Higgs sector in the current discussion can become useful in
the context of the SU(8) model. Second, the symmetry break-
ing pattern can be generalized, where the seemingly unnat-
ural v-term in Eq. (19d) that generates the EWSB VEVs
for the (b, T) masses are natural due to the gravitational
effect in the SU(8) model. This means a potential relation
between the gravitational effect and the flavor sector, which
was never mentioned in any previous GUT literature accord-
ing to our knowledge. Since the one-generational SU (6) GUT
is a toy model, there are several issues beyond the scope of
the current discussions. They include: (i) the b-7 mass unifi-
cation, (ii) the three-generational SM fermion mixings. Fur-
thermore, the SM fermions in the non-minimal GUTs are
usually accompanied with heavy partners from the SU(N)
anti-fundamentals. They can be mediated through the heavy
charged and/or neutral vector bosons as well as heavy Higgs
bosons during the intermediate symmetry breaking stages of
the non-minimal GUT symmetry. It is therefore necessary to
carry out detailed analysis of their experimental implications
in some rare flavor-changing processes. All these issues will
be studied elsewhere when extending to more realistic non-
minimal GUTs such as the SU(8), where three-generational
SM fermions are embedded non-trivially.
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G (Ap+ 5 AR +28x X X,
8L(A] +iA2)

All
g3LAZ—2 tex XXy, = 5
&L(A} +iA2)

Generically, the covariant derivative for the SU(3)y funda-
mental representation is defined according to the convention
in Refs. [35,44]"3

a

. A .
D, ®3= (3, — lg3LAZ7 —igx XI3X,)®3, (64)

with A (a = 1, ..., 8) being the SU(3) Gell-Mann matri-
ces. For the SU(3)w anti-fundamental representation, the
covariant is defined as

ayx
D, &3 = <8H + ig3LAZ 7 igXXH3X,L> o3
LT
= 3M+1g3LAﬂ —igxXI3X, @3, (65)

with the hermiticity of (A%)" = A%. Note that the definitions
in Egs. (64) and (65) are applicable to the SU(3)w fermions.

Explicitly, we express the gauge fields in terms of a 3 x 3
matrix as follows

8L(A),—iA7) &L(Ay—iA3)

LA+ £ AN +20x XX g3L(A, —iA]) (66)
83L(AS +iA]) — LAY + 28x XX,
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right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
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A The gauge symmetry breaking in the 331 model
In this section, we summarize the necessary results of the

gauge symmetry breaking of Giz; — Gsm for the current
discussions as well as for the future studies.

A.1 The 331 gauge bosons

The kinematic terms for the SU(3)w Higgs fields are

L= |D,®5 >+ D, D (63)
P

One can identify the charged gauge bosons of WMi =
\/LE (A}L :FiAi), Cf = % (A;i q:iAz),_and the neutral gauge
bosons of N, = JLE(Ag —iA]),and N, = JLE(A;'; +iAl).
The electric charges of gauge bosons can be obtained by the
relation of [Q, A%A“] = Q// (A%4A%);, with X = 0 (since
the SU(3)w gauge bosons do not take the U(1)x charges) in
the electric charge operator given in Eq. (6).

The charged and neutral 331-gauge boson mass squares
at the tree level read

1
2 2 2 12
Mmee =my oy, = 785V (67)

with the VEV assignment in Eq. (21) for simplicity. The
other neutral gauge boson is due to the linear combination of
(A8 , X 1), whose mass matrix is

N (Va31)? (ASK, Xy 3g3, —V/3831.8x
2 9 ' —/3g3.8x 8%
8
"
1
= my, = 58k +385) (V). (68)

13 In some 331 literatures, e.g. Ref. [37], the U(1) charge is defined

. . . T
with a 3 x 3 unity matrix of %Hy

@ Springer
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It is straightforward to define a mixing angle 0x for the 331
symmetry breaking as

Z _(cx  —sx A8
(BZ>_(SX cx )(XD (©9)

with

txy =tanfy = (70)

8x
V3¢
Thus, Z;L and B, can be expressed in terms of Ai and X,
as

;o ~/583LA,8L —gx Xy, gXAz + 383X,
n D ————— = ——
8% +383, V8% +385

The U(1)y coupling of ary is related to the SUGB)w @ U(1) x
couplings of (w31, ax) as

(71)

1 1
-1 1 -1 -1.2 -1 -12
ay 30‘3L +oay, 30‘3L =0y Sy, Oy =0qy Cx.
(72)

Correspondingly, the diagonal components of the SU3)w ®
U(1)x covariant derivative in Eq. (66) become

1. 1
Edlag (83LA;3; + gy <§ + 2X> By, —g3LAi

1 2
+gy(§ +2X)By, gy (—5 + 2X) Bu>

1 1
—i—g—Ydiag (—6th + —, —6Xtx + —,
6 tx Ix
6Xt 2 z! (73)
X I w

Clearly, the Ai and B, terms from first two components
recover the covariant derivatives in the EW theory with X =
%. The off-diagonal components in Eq. (66) become

o Wi ¢

83L _

E Wﬂ _0 Ny |. (74)
C; Ny, 0

Below, we call five massive gauge bosons of
{C Ny Ny, Z),} (75)

at this stage of symmetry breaking as the 331 gauge bosons,
while the remaining ones of {W/f, Ai, BM} are the usual
EW gauge bosons.

A.2 The gauge couplings of fermions

The SUQB)w ® U(l)x covariant derivatives for chiral
fermions in Table 1 are expressed as follows in terms of

@ Springer

gauge eigenstates

1
iD,BR O gx <—§> X, BY, (76a)

. 0 o AT 1 P

iDL} D —g3L A, > +gx X3 —3 L7, (76b)

. 2

iD,ytr D gx <+§) X,tR, (76¢)
a

iD,ErR D <+g3LA 5 —gxXul3= )ER, (76d)

iD,Qr D gSLAﬁ?Qb (76e)

Analogous to the SM, we should find the charged currents
and neutral currents for the SUQ3)w ® U(1)x gauge bosons.

The flavor-changing SU(3)w & U(1)x charged currents
are mediated by le as follows

83L
ﬁglcja)w = «/5 [ILVMBL +NR)/ TR —NLly 7L
—I\N/_z)/MEL] Ch+Hec. (77)

The SUB)w ® U(1)x neutral currents contain both the
flavor-changing components mediated by (N, N ), and the
flavor-conserving components mediated by Z ;L In the chiral
basis, they read

3L - -
ﬁg‘g(’gﬁ = f/—[Nz)/ UL+N y*NL + Eryttr +bLV“BL]N;4

+%[ULV"NL + NP N? +Fry " Eg +Ey”bL]NM

(78a)

1
tL+b bp+B B
( G Co L L
1
>IR+bRV < >bR+BRV <3 >BR
" 1 1
fx TL+vLy gtx " iy VL
t 1 E;+NpyH lt ! N,
X" o ) EE Lyt \3x ory ) NE
o)
Ng
X
1 ~1 TZ l 1 ~3
tx+— | N;+Nsy* | =txy+— | N
X+3tx> LHNLY <3 Xt )L

! Egr + —tx — 71 ]Z/
T T .
R RY 3 X 3t R (“pu

(78b)

LNC F
SUG)w — gY Ly

+igyH

—_

+TyH

/—\/\

+E y*

+Ngy*

>
+
9

+ﬁiy“

+Egy"

=
+
2|

N TN/ T

WM W] — Wl W=

Apparently, the EW charged currents should reproduce
the SM case, which are

cc 83L

LSOy = «/5 [tLy“bL +7TLy vL] W+ + H.c. (79)
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A.3 The mass matrices of the Higgs bosons

The matrix elements for the charged Higgs bosons in Eq. (32)
read

vy [fv <Y (v —an)—v >+K3V33]v¢vu:|

M. = 80a
¢1+¢1 2V331v¢ ( )
vogssces (V2 51 vi)
Mr, = OB ) (80b)
903 V233104
) vy |:\/§v <c§(v V331) —v ) +K4V331v¢vu]
M, _ = . (80c
¢7;¢2 2V331v¢ ( )
1
M - = -s; -2
e 23}3(/(31)(151&, V20 Va3)), (80d)
1
2 — - _
M¢1iX2:F = 2cﬂ(l(3V331vu \/Evvd,), (806)
1
M;zixl¥ = Eclg(ﬁUVSSI — K4V Vy), (80f)
1
2 — - _
M¢§:qu: = zsﬁ(K4V331U” x/ivvqg), (80g)
v¢(7ﬁvV331 + K3v¢vus2_ + K4v¢vucz.)
My = £ L, (80h)
X1 X1 2uy
1 .
2 [ ~(ka —
ExF 4V331v¢S2ﬁ(K3 K4), (801)
V331 (k3 V33100 + ka Va1 vus2 — v/2vvg)
M= ! ¢ : (80j)
X2 Xp 2uy

The matrix elements for the CP-odd Higgs bosons in
Eq. (36) read

M2, 0 = —”33;‘)5“’ (81a)

Fom = UVES‘} : (81b)
M2 = —chﬁ , (81c)
M2, = wjgg , (81d)
Mz = % (81e)

vy |2V, — 2 +v2]

My = %vicgm—m— : [ ’5;;133”:) ) (81f)
M%mz _ [«fv( 331 2V3)3UluU;- V331U3(}\4_7\5)], Elg)
M72!1711 = j]v331v¢52,§0‘5 — M), (81h)
M3, = % [V331“¢"?;(7\4 —2As) — ﬁvvu] . (811)

o [cé(vg —V3) _vg] L |
My, = NG +5vpsiha=2s). (81))
Mz, = % 3310953 (s = M) + % (81K)
M%Mz = £V331v¢525(7\4 —As), (81D

vy [sé(vé — V323l) - vé]

1
M2 = SVE 520 —As) + ., (81m
T T 2 331 /3( 4 5) ﬁV331U¢ ( )
3 2 2
2 . 54 |:V331v¢(7\5 — A+ \/EU(V331 — v¢)vu] 81n)
T 2V331v9 ’
Vo [c%(v;_ 3231>_u;}
M2 = lv%]c%m —As) + il . (810)
722 Pl V2V33104

The matrix elements for the CP-even Higgs bosons in
Eq. (40) read

Mjy 4, = 2\v; — ”%”“’ (82a)
"2 - fv Vizy +2Va31vp00 (k] +12) +ﬁvv£’ (82b)
ut 2,V + g
M40 = —‘W (Vw3 + 2 + 20
+%<V§31 - vi)zvu} : (82¢)
M"Zluh/l = vusgeg k) —k2)y/ V3231 + vé, (82d)

vy |:sf2}(K2V3231 - /qv(%) + cé(/q V323] — szi)]
M2, = (82¢)

huh/z 2 2 ’
VVas g

M;Oh,1 = V331U¢SI§C/§(?\2 — A1), (82f)
1
2
Myon, = 3 [V331v¢02,§(7\2 =MD
(Vi —3) (V331v¢(?\1 T A 420+ 2ﬁuvu)
_ s .
Vi3 +vg
(82g)
M3 = —; (V2 + vz) (V33109¢, (A1 + A2
oy 8Vis1vp \ BT Y8 bCap
—2(A3 + A4+ As5))
—V33106 (M + A2 +2(=A3 + Mg +A5)) + 4v/2vw), (82h)
1
2 _ . 2 2
Misw, = 3528 [‘2ﬂ <V331 + v¢> M
A2 =200 + A+ A) + Ay = A)(Vy — v, (82i)
1
M2, = | (Vi +vDGA 430
R g (Va4 2) [ ’
2 2?2
+205 + A A + ey (Vi +03) a2
“200 + M+ As) +deps (A — M) (Vi — vf)
—2Vi51 05\ + A2+ 6M3 — 20\ +As)) — 16v2v
V33104v4)] - (82))

A.4 The Yukawa couplings of fermions

In terms of the fermion mass eigenstates of (b’, B'), the CP-
odd and CP-even Higgs Yukawa couplings are expressed as

@ Springer
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follows

—E?’Oi D imbzb% (&1m1 + Loma + L3y + L47m2)

+impb} By (¢{n1 + &yma + §3m1 + §4m2)

+impB) b (—5301 — Gamz + G111 + Lo72)

+impB) By (—¢3m1 — §4m2 + ¢ + §m2) + Hec.,
(83a)

Q.0% 7

=Ly Dmpbpbp (11 + o¢2 + §3h1 + Laho)

+mBEB}e (¢id1 + 0o + S5h1 + 4ha)

+mp B by (—L3¢1 — Sagpo + L1hy + $2h2)

+mpB] By (=361 — S4¢2 + C1hi 4+ &ho) + Hoc.,
(83b)

where we parametrize the couplings as follows

56 2 B

Sz Ci
2B B /
{y=spcp— +cfp—,
! Vg Lvas

i =c— —sLcL——,
Ly V331
(84a)
Cp Sz Cp Sz
2B B ’ B 2 "B
H=—cp— =81 —, §H=—-StcL— +cp——,
Lv¢ Va31 2 Vg L V331
(84b)
Sz Ca
B B
{3=—spcL—+sp——, {4=-s;— —spcp——
v Vel P Loy V331
(84c¢)
Ch Sz
B B
é" = s2— —SLCL———.
‘T Vg V331
(84d)

Cz Sz

B 2 "B
{4 =spep— + 57—,

Vg Lvas

For the fermion mass eigenstates of (t/, E’), their Yukawa
couplings can be obtained by replacing (mp,mp) —
(my, —mEg) in the above Egs. (83a) and (83b).
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