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Abstract Given an arbitrary Lorentzian metric gab and a
nowhere vanishing, timelike vector field ua , one can con-
struct a class of metrics ĝab which have Euclidean signature
in a specific domain, with a transition to Lorentzian regime
occurring on some hypersurface � orthogonal to ua . Geome-
try associated with ĝab has been shown to yield some remark-
able insights for classical and quantum gravity. In this work,
we focus on studying the implications of this geometry for
thermal effects in curved spacetimes and compare and con-
trast the results with those obtained through conventional
Euclidean methods. We show that the expression for entropy
computed using ĝab for simple field theories and Lanczos–
Lovelock actions differ from Wald entropy by additional
terms depending on extrinsic curvature. We also compute
the holonomy associated with loops lying partially or wholly
in the Euclidean regime in terms of extrinsic curvature and
acceleration and compare it with the well-known expression
for temperature.

1 Introduction

The conventional method of Wick rotation, which involves
the transformation t → i t is known to be problematic when
applied to the metric tensor itself since the procedure does
not always produce real Euclidean metrics, and the inter-
pretation of imaginary part of the metric is quite ambiguous
[1–4]. The flat spacetime provides us with a preferred choice
of the time coordinate, i.e., the one used by inertial observers,
but there is no such preferred choice available in a general
curved spacetime. Moreover, the transformation t → i t is not
covariant as it stands. However, for the interpretation of phys-
ical effects usually associated with Euclideanization, such as
thermal properties of horizons and tunneling amplitudes, it
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is desirable to have manifest covariance. The above issues
are best demonstrated in non-stationary and stationary met-
rics with off-diagonal “time-space” components. Such odd-
ities are easily illustrated with a simple example of the de
Sitter metric in two different coordinate systems. In the posi-
tive spatial curvature slicing, the conventional Wick rotation
yields

ds2 = −dτ 2 + cosh2 τ d�2
3 −→ dτ 2 + cos2 τ d�2

3

= d�2
4 (1)

allowing us to consider τ as angular coordinate with τ ∈
[−π/2, π/2] [5–7]. On the other hand, in the negative spatial
curvature slicing, the analytic continuation yields

ds2 = −dτ 2 + sinh2 τ dH
2
3 −→ dτ 2 − sin2 τ dH

2
3 (2)

with dH
2
3 the line-element on a unit hyperboloid. The resul-

tant metric has signature (3, 1)! It should be clear that conven-
tional Wick rotation through imaginary time does not guaran-
tee any unique structure for the corresponding geometry. As
mentioned above, many of the above oddities and ambiguities
are tied to a lack of manifest covariance in the standard ana-
lytic continuation of the time coordinate. A covariant alterna-
tive to Wick rotation can indeed be given if one introduces an
observer field ua , which is essentially a non-vanishing time-
like field associated with the original Lorentzian spacetime
(M, gab). Let λ be the parameter along ua , and consider the
class of metrics

ĝab = gab − �uaub, (3)

with an arbitrary function, �, that smoothly goes from � =
−2 to � = 0, with the signature of ĝab going from Euclidean
to Lorentzian respectively. We take ĝab as the candidate met-
ric with a Euclidean regime for � < −1 and Lorentzian
regime for � > −1 while being degenerate for � = −1. We
call the co-dimension one hypersurface defined by � = −1
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as �0. The above formalism was given in [1,2], motivated
essentially by observation in Hawking and Ellis [8] (which
corresponds to purely Euclidean metrics with � = −2).
It goes beyond the conventional constructions which aim
to obtain Euclidean counterparts of Lorentzian geometries
because it describes geometries with both Euclidean and
Lorentzian regimes. Several new features arise in the above
formalism, which is not present in the conventional Wick
rotation, including terms that have compact support on �0.
We refer the reader to [1] for a more detailed discussion rel-
evant from the context of Euclidean quantum gravity and
[2] for a discussion on how it results in a Euclidean action
with an interesting mathematical structure. We can imme-
diately apply this construction to the examples (1) and (2)
discussed above, which should already highlight the key fea-
tures and differences from the conventional case. For both
cases, choose ua = (1, 0, 0, 0) as the direction field. It is then
easy to show that the metric ĝab, for both the examples, is a
well-behaved Euclidean metric (it is, in fact, the same as gab
except that −ĝ00 = 1 +�). References [1,2,4] have studied
the geometric aspects of curvature associated with geodesic
congruences (characterizing freely falling frames) in well-
known spacetimes [1] and the implications for Euclidean
action and quantum gravity [2].

Given that Euclidean methods have most prominently
been used in the study of thermal properties associated with
the presence of horizons, in this paper, we analyze these
thermal aspects using the above class of Euclidean met-
rics. More specifically, we shall focus on the computation
of Euclidean entropy a la the physically well-motivated def-
inition of Visser [9], and follow it up with an analysis of how
the existence of a hypersurface �0 (across which Euclidean
to Lorentzian transition occurs) affects the holonomy associ-
ated with certain loops. This holonomy is related to surface
gravity for cases when �0 is chosen close to a horizon. This
latter analysis is closely related to the recent work by Samuel
[10], except for certain differences which we highlight. As
will become evident, our analysis and results differ from the
conventional Euclidean ones [5–7] through terms involving
extrinsic curvature, which only sometimes vanish and might
contribute non-trivially for non-stationary foliations. Moti-
vated by a recent analysis by Samuel [10] based on simi-
lar considerations, we also analyze the compelling case of
holonomy associated with loops that cross the hypersurface
�0. This holonomy is related to twice the surface gravity for
cases when �0 is chosen close to a horizon.

The paper is structured as follows: In Sect. 2, we study
Euclidean entropy within our formalism and present pre-
cise results for non-gravitational (scalar and electromag-
netic) and gravitational (Einstein–Hilbert and the more gen-
eral Lanczos–Lovelock) theories. In Sect. 3, we compute the
holonomies associated with loops and evaluate them for the
case of spacetime with horizons. Finally, in Sect. 4, we sum-

marize and briefly discuss the implications of our results.
Since the results derived require a general expression for
the curvature and its concomitants associated with ĝab, we
present several of these in Appendix A. The expressions for
the Kretschmann invariant and the Weyl tensor are of partic-
ular relevance, which might be of interest for further work
along these lines. Before moving on to the main results, we
would like to briefly highlight the following relevant fea-
tures of the expressions presented in the Appendix: (i) These
expressions make it clear that the behaviour of curvature
scalars such as Ricci, Kretschmann, etc., do not exhibit any
singularity in the limit � = −1 – the transition surface,
although the metric is degenerate there. This absence of any
curvature singularities is certainly reassuring. (However, note
that this does not guarantee that quantities constructed from
additional vector/tensor fields and their derivatives would
remain finite.) (ii) For static spacetimes, the curvature scalars
come out to be the same in both regimes (67), this explains
the fact of how the usual Wick rotated results match with our
formalism.

2 Euclidean actions and entropy

In this section, we will investigate the structure of Euclidean
entropy within our formalism. As we shall see, this leads to
non-trivial results that match standard ones for static cases
but differ in more generic cases.

Our analysis and derivation will be tailored to the argu-
ments sketched in Visser [9]. The basic idea there is phys-
ically well motivated and yields an expression for entropy
which matches with Wald entropy [11,12] for a class of
Lagrangians of the form L(gab, Rabcd). We summarise below
some key facts of the original argument that will be directly
relevant to our analysis here and refer the reader to Visser’s
original work [9] for an extended discussion. Let LE be the
Euclidean Lagrangian constructed from L by Wick rotation,
t → i t , which is well defined for static spacetimes. Let tab
be the “stress–energy” tensor defined by

I =
∫

L
√−gd4x,

δg I = −1

2

∫

tabδg
ab√−gd4x . (4)

Therefore, the object tab is the conventional metric stress–
energy tensor if L is the matter Lagrangian. However, one
may define tab similarly for gravitational Lagrangians as
well, in which case we will obtain

tab = −2Eab (gravitational Lagrangian), (5)

where Eab represents the gravitational equation of motion
tensor; for example, for Einstein–Hilbert Lagrangian, Eab =
(16πG)−1Gab. Given these definitions, the key observa-
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tion made in [9] is that the difference between tabuaub and
−LE is a measure of entropy contributed by the fields with
Lagrangian L . Although the discussion in [9] separated out
the Einstein–Hilbert part, as we will show below, this is not
necessary.1

In this section, we will use the above setup and check
how it works when the Euclidean regime is defined by the
� < −1 domain of the metric ĝab. We will see that, in
general, the entropy obtained by using the above method, but
computed using our formalism of covariant Wick rotation,
differs from known results due to the presence of foliation-
dependent terms associated with the extrinsic curvature of
�, which does not vanish in general (although we recover
standard results when � = −2, as expected). In particular,
such terms will contribute, for instance, in the presence of
non-stationary horizons and may have a physically relevant
role in considerations such as the generalized second law.

To proceed with the calculation, we define, following [9],
the so called “anomalous” entropy (density) as

Sanomalous = tabu
aub + LE. (6)

The tag “anomalous” was used in [9] since, as men-
tioned above, that work focussed on deviations from the
Bekenstein–Hawking entropy SBH = A/4 in Einstein–
Hilbert theory. We will keep the tag, but as we will see, there
is, in fact, no need to separate out the Einstein–Hilbert part.
We will analyze the above expression for some well-known
Lagrangians, both gravitational and non-gravitational, and
thereby deduce the structure of resultant entropy.

2.1 Scalar field theory

We start with the simplest example of a scalar field theory in
curved space time, with the Lagrangian and the stress–energy
tensor given by standard expressions

L = −1

2
gab∇aφ∇bφ − V (φ), (7)

tab = ∂aφ ∂bφ − (1/2)gab
(

gi j∂iφ∂ jφ
)

− gabV (φ). (8)

The above Lagrangian, for metric ĝ, becomes

̂L = −1

2
ĝab∇aφ∇bφ − V (φ)

= L + 1

2
�

(

ua∂aφ
)2

. (9)

1 There are some crucial sign differences to take note of when com-
paring our definition with the one in [9]. The relative sign differences
appear in: (i) the definition of L , (ii) the relation between LE and L ,
and (iii) the identification of tabuaub with ρ and tab with Gab. Overall,
the entropy expressions we quote must be multiplied by (−1) to give
the proper entropy a la Visser [9].

From the given expressions, it trivially follows that

tabu
aub + ̂L�=−2 = 0. (10)

Therefore, if we define LE = ̂L�=−2, we get

Sanomalous = 0. (11)

Establishing the above analysis for more general scalar field
Lagrangians is straightforward. However, it must be clear
that unless there are higher derivative terms and/or curvature
couplings, the extrinsic curvature terms will not explicitly
appear in the final result.

2.2 Electromagnetic field theory

For the EM field, the Lagrangian and the stress–energy tensor
are

L = −(1/4)gacgbd FabFcd , (12)

tab = −FamF
m
b + Lgab. (13)

For the metric ĝ, the Lagrangian becomes

̂L = −(1/4)ĝac ĝbd FabFcd

= L − 1

2
�FamF

m
b uaub. (14)

Once again, if we define LE = ̂L�=−2, we get

Sanomalous = 0. (15)

2.3 Vector field theory

The apparent triviality of the results above for scalar and
electromagnetic cases is, in fact, deceptive, as can be illus-
trated by considering a more non-trivial example of a general
vector field theory with Lagrangian and corresponding stress
energy tensor

Lvector = gabgmn∇aV
m∇bV

n, (16)

tab = −2
(

gmn∇aV
m∇bV

n + gmn∇mVa∇nVn
)

+gabLvector. (17)

The Euclidean Lagrangian LE = ̂L�=−2, where ̂L =
ĝabĝmn∇aVm∇bV n , and the anomalous entropy for this
action becomes,

Sanomalous = 8
(

a tmV
m)2 + 6tl V

lai∇uV
i + 4

(

tm∇uV
m)2

+ 7Kl
mKlnV

mV n + 6Ka
j V

j tm∇aV
m . (18)

We must then conclude, along the lines of [9], that in
this case, the “anomalous entropy” will generically be non-
zero even for static spacetime and must be interpreted as the
correction to the “(1/4) area” for spacetimes with horizons.
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2.4 Einstein–Hilbert

We now apply the same method as above to gravitational
Lagrangians, starting with the Einstein–Hilbert action L =
(16πG)−1R. As stated in the introductory paragraph of
this section, in this case, tab = −2Gab/(16πG) and the
Lagrangian ̂L = ̂R/(16πG), where G is the universal grav-
itational constant, we will use absolute units for the calcu-
lation purpose. Using the Eq. (53) explicitly given in the
Appendix A and standard differential geometric identities, it
is easy to prove that entropy density has additional foliation-
dependent terms:

(16πG)Sanomalous = tabu
aub + LE

= −2Gabu
aub + ̂R,

= 2Rabu
aub + 2KmnK

mn

− 4∇ma
m − 2K 2, (19)

where LE is Euclidean Lagrangian constructed from
Einstein–Hilbert Lagrangian by covariant Wick rotation. For
static spacetime above expression reduce to

(16πG)Sanomalous = −2Rabu
aub = −2∇ma

m . (20)

We get the associated entropy for static spacetime perceived
by the accelerated congruence after integrating the above
equation

(16πG)Sanomalous =
∫

Sanomalous
√
gEd

4x = A

4
. (21)

The time integral in Eq. (21) reduces to multiplication
by β(inverse temperature). Since only the spatial compo-
nents of am are non-zero, the divergence becomes a three-
dimensional one over �, which is converted to integration
over its boundary ∂�. Using the Gauss divergence theorem,
the Eq. (21) becomes,

(8πG)Sanomalous = β

∫

∂�

√
σd2x(Nnμa

μ). (22)

Where nμ is the normal to the surface ∂� and N is the lapse
function, we have removed the minus sign according to the
convention stated in footnote 1. N tends to zero if the bound-
ary ∂� is a standard black hole horizon, and the quantity
(Nnμaμ) will tend to a constant surface gravity κ and the
using βκ = 2π , we get

Sanomalous = SBH = A/4. (23)

A is the area of the horizon. Our formalism reproduces the
usual A/4 entropy law only for static spacetimes, for which
our covariant alternative to Wick rotation reduces to the usual

Wick rotation. It must be evident that, in general, additional
terms will involve extrinsic curvature.

2.5 Lanczos–Lovelock gravity

One of the most direct higher curvature generalizations of
the Einstein–Hilbert Lagrangian is the so-called Lanczos–
Lovelock (LL) Lagrangians, which become non-trivial in
D > 4 and share several features of the Einstein–Hilbert
Lagrangian. In particular, yielding equations of motion are
second order despite the appearance of higher curvature
terms in the Lagrangian. These features arise from the
extraordinary structure of these Lagrangians, reviewed at
length in [13]. We refer the reader to this review for the
derivation of various identities that we will use below.

In D-dimensions, the LL Lagrangian is given by the sum:

L =
∑

m

cmLm . (24)

L(D)
m = 1

16π

1

2m
δ
a1b1...ambm
c1d1...cmdm

Rc1d1
a1b1

· · · Rcmdm
ambm

, (25)

where the tensor appearing in the right-hand side of the equa-
tion (25) is the completely antisymmetric determinant tensor
defined as:

δ
ia1b1...ambm
jc1d1...cmdm

= det

⎡

⎢

⎢

⎢

⎢

⎣

δij δic1
· · · δidm

δ
a1
j
... δ

a1b1...ambm
c1d1...cmdm

δ
bm
j

⎤

⎥

⎥

⎥

⎥

⎦

(26)

for m ≥ 0. The lowest order terms, m = 0, 1 correspond to
the cosmological constant and the Einstein–Hilbert action,
respectively, as can be easily seen by expanding the alter-
nating determinant. For m = 1, L1 = (16π)−1R, the fac-
tor of 16π in the definition of Lm essentially changes the
right-hand side of equations of motion from the conventional
8πTab to (1/2)Tab. The equations of motion for a generic LL
Lagrangian L = ∑

m cmLm are given by the following two
equivalent forms:

Ea
b =

∑

m

cmE
a
b(m) = 1

2
T a
b ,

where

Ei
j (m) = 1

16π

m

2m
δ
a1b1...ambm
j d1...cmdm

Rid1
a1b1

· · · Rcmdm
ambm

− 1

2
δij Lm

= −1

2

1

16π

1

2m
δ
ia1b1...ambm
jc1d1...cmdm

Rc1d1
a1b1

· · · Rcmdm
ambm

. (27)

We may now proceed with our computations in the following
two steps:

1. Compute the Euclidean LL Lagrangian: This is easily
done by replacing Rab

cd → ̂Rab
cd in the Eq. (25) above.

2. Compute Ei
j ti u

j .
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3. Compute the difference between the above two quantities,
hence compute Sanomalous.

Right at the outset, it is obvious that the resultant expression
will differ from Wald entropy [11,12] due to the additional
terms involving the extrinsic curvature tensor Kab. We will
discuss these terms momentarily. Before that, let us consider
the trivial case of Kab = 0, applicable to, say, the case of
static Killing horizons. Using one of the relations given in
the Appendix A (67)

̂Rab
cd = Rab

cd . (28)

The Euclidean version of the Lagrangian is:

̂L(D)
m = L(D)

m . (29)

One can obtain anomalous entropy for the case of Kab = 0,
Sanomalous = ̂L(D)

m − 2E00, where E00 := Ea
btau

b.

Sanomalous = −2R00 (30)

where Rab is defined by Ea
b = Ra

b − (1/2)Lδab and R00 =
Ra

btau
b. It is obvious that Rab is the analog of the Ricci

tensor for LL models and reduces to it for m = 1. The above
expression is known to give correct entropy that matches with
Wald entropy for Lovelock gravity [11,14].

Let us now derive the general entropy relation for LL
Lagrangian with non-vanishing extrinsic curvature. Substi-
tuting the Eq. (51) into the Eq. (25). The mth order LL
Lagrangian for D- spacetime dimensions becomes

̂L(D)
m = L(D)

m + LK + L∂K (31)

LK = αδ
a1b1...ambm
c1d1...cmdm

m
∑

r=1

(−2�)r
(

m

r

)

Kc1[a1
Kd1
b1]

. . . Kcr[ar K
dr
br ]R

cr+1dr+1
ar+1br+1

. . . Rcmdm
ambm

(32)

L∂K = + 4�αmδ
a1b1...ambm
c1d1...cmdm

u[cm∇[am K
dm ]
bm ] (R

c1d1
a1b1

· · · Rcm−1dm−1
am−1bm−1

+
m−1(m>1)

∑

r=1

(−2�)r
(

m − 1

r

)

×Kc1[a1
Kd1
b1] . . . K

cr[ar K
dr
br ]R

cr+1dr+1
ar+1br+1

. . . Rcm−1dm−1
am−1bm−1

).

(33)

The above equation gives Euclidean LL Lagrangian for � =
−2. We write the final expression for mth order anomalous
entropy by using the Eqs. (31–33) and (27).

Sanomalous = −2R00 + SK + S∂K (34)

SK = αδ
a1b1...ambm
c1d1...cmdm

m
∑

r=1

4r
(

m

r

)

×Kc1[a1
Kd1
b1] . . . K

cr[ar K
dr
br ]R

cr+1dr+1
ar+1br+1

. . . Rcmdm
ambm

(35)

S∂K = − 8αmδ
a1b1...ambm
c1d1...cmdm

u[cm∇[am K
dm ]
bm ] (R

c1d1
a1b1

· · · Rcm−1dm−1
am−1bm−1

+
m−1(m>1)

∑

r=1

4r
(

m − 1

r

)

×Kc1[a1
Kd1
b1] . . . K

cr[ar K
dr
br ]R

cr+1dr+1
ar+1br+1

. . . Rcm−1dm−1
am−1bm−1

),

(36)

where α = 1
16π

1
2m ,

(m
r

) = m!
r !(m−r)! . This entropy relation

is much more general in the sense that it contains additional
terms apart from the term that gives the Bekenstein–Hawking
entropy for static Killing horizons in four dimensions. For
future work, it would be interesting to compare the terms we
obtain with similar terms arising in other approaches to com-
puting entropy. The closest to ours seems to be the approach
sketched in [15]. (Similar terms also appear, for instance,
in the discussion of holographic entanglement entropy – see
[16–18]. However, there does not seem to be any obvious
connection between our analysis and these approaches.) One
distinctive feature of the additional terms in our expression
for entropy is the presence of terms with derivatives of extrin-
sic curvature.

3 Holonomy of closed loops

It has long been known that thermal effects associated with
horizons can be understood in terms of holonomy about cer-
tain loops in the Euclidean spacetime, obtained by setting
t → i t , for a chosen time coordinate t . For example, for
Rindler horizons in flat spacetime, t is chosen to be the proper
time of an accelerated observer, while in Schwarzschild, it is
the time coordinate that appears in the standard form of the
metric. More recently, in [10], it was shown that demanding
the holonomy of null curves in the Euclidean spacetime to
be trivial indeed gives the standard temperature associated
with these spacetimes. Motivated by this, we aim to study
the holonomy of a special class of loops in spacetimes given
by ĝab, particularly when the loop crosses the transition sur-
face �0 so that part of it lies in the Euclidean domain. Our
setup a priori does not seem to bear any direct relation to
the work in [10], although it is in a similar spirit. Moreover,
there might be a curious connection that should be apparent
from the final result and comments presented at the end of
this section. Since accelerated observers play the central role
as far as thermal effects are concerned, we need to consider
ai �= 0. We note that for a small rectangle with sides given
by ui and Sm := am/|a|, the area form associated with the
loop is �mn = u[mSn].

123



194 Page 6 of 12 Eur. Phys. J. C (2023) 83 :194

3.1 Loops in Euclidean regime

It is straightforward to compute holonomy about such loops
as mentioned above by using the expression for the Christof-
fel connection ̂�a

bc given in Appendix A. We will discuss
this in the next section, but before proceeding, we analyze
the standard expression for change of a vector, say Xi , about
such a loop in terms of the curvature tensor. This analysis
should give a rough idea about the additional terms that
might arise due to � and �̇ terms in the curvature tensor:

δ̂Xi = ̂Ri
bcd X

b�cd δu δs, where δu and δs are parameters
along ui and Si respectively. From the previously established
identities, it is easy to see that

̂Ri
bcd X

b�cd = Ri
bcd X

b�cd + �

(

−Rabcdu
aui�cd

+ ui∇b|a| − 1

1 + �
gai tb∇a |a| + Ftbu

i∇u|a|

+ Sbu
i |a|2 − 1

1 + �
tbS

i |a|2
)

Xb

+ �̇

2

(

Kbmu
i Sm − 1

1 + �
tbK

i
m S

m
)

Xb. (37)

The above expression simplifies considerably in static space-
times if one chooses ui in the direction of the timelike Killing
vector. Using various standard identities (see, for example,
[19]), the above expression then reduces to

̂Ri
bcd X

b�cd = Ri
bcd X

b�cd

− FSi tbX
b
(

|a|2 + Sm∇m |a|
)

︸ ︷︷ ︸

additional term

,

(Static Killing Foliation) (38)

where F = �/(1 + �) and F = 2 in the Euclidean regime
with � = −2. The additional term above, which depends
purely on acceleration, is worth exploring further in some
physically relevant spacetimes. Let us consider static spher-
ically symmetric spacetime, described by the standard line
element

ds2 = −B(r)dt2 + 1

B(r)
dr2 + r2d�2, (39)

where B(r) is an arbitrary function such that B ′(r) vanish at
infinity and B(r) has a zero at some finite radius: B(r0) = 0.
In this case, the previous expression reduces to

̂Ri
bcd X

b�cd = Ri
bcd X

b�cd + (F/2)
(

Si tbX
b
)

(2)Rt,r ,

(40)

where (2)Rt,r = −B ′′(r) is the curvature scalar of the two
dimensional space θ, φ = constant.

We will now highlight a possible connection of the addi-
tional term above with the relationship between Euclidean
holonomy and temperature, particularly with the discussion
in [10]. Let us choose our vector Xi to be ui and imagine
moving this vector about a loop in the Euclidean domain
(� = −2, F = +2) defined by a rectangular region in the
t − r plane bounded by t = t1, t = t1 + β, r = r0, r = b.
Here, β > 0 is a constant parameter and consider b > r0 to
be some large radius (below, we assume b → ∞). The area
measure of such a loop is dtdr (the B(r) factor cancels out),
and the integration of the last term in Eq. (40) gives,

SiδX
i = −βB ′(r0). (41)

This is an instructive result. For spacetimes of the above form
(39), the quantity B ′(r0) = 2κ where κ is the surface grav-
ity of the horizon defined by B(r0) = 0. The RHS above
is, therefore, of magnitude 2βκ . Now, the surface gravity at
the horizon is 2πTH, therefore βB ′(r0) = 2π provided one
chooses β = (2TH)−1. The extra factor 2 is directly related
to the identification of the period of Euclidean time (π vs.
2π ) and has been noted before in a different context in [20]. It
has also been recently discussed in the semi-classical consid-
eration of Hawking radiation in terms of quantum tunneling
[21,22].

The above analysis, though suggestive, there are following
points that make it restrictive: First, let us point out that while
the last term Eq. (40) has been written in a nice geometric
interpretation (with no approximations made), the connec-
tion we have highlighted with surface gravity and the range
of time integration β depends on the choice of the vector and
the loop. It is unclear how to interpret Eq. (40) for a generic
case. Second, the expression for change of vector in terms of
Riemann tensor holds only for small loops, but we have here
taken b → ∞ so that the contribution from the r = b van-
ishes. Essentially, what we have given is an interpretation for
the contribution of this term due to the presence of the horizon
at r = r0. The last point we note is that the discussion above
is tied to static horizons, and it is important to repeat it for sta-
tionary horizons; this would require generalizing the whole
analysis to the case when ua is not hypersurface orthogonal.
Some results useful for this are given in Appendix C, but the
Riemann tensor seems more challenging to obtain, and we
leave it for future work.

3.2 Loops straddling the transition surface

As a more interesting case, we now comment on loops that
straddle the transition surface �0, so that part of these loops
lies in the Euclidean regime; see Fig. 1.
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Fig. 1 Loops straddling the transition surface �0

While using an analysis similar to the one in the preceding
section, one must be careful since the metric ĝ is degenerate
on �0; therefore, the area measure of the loop needs to be
appropriately defined. However, a more immediate analysis
can be presented in terms of the connection itself, which is
given in Appendix A.

Let us choose our vector Xi to be such that Xi ti = 0
everywhere in the region of interest and, similarly, let si be
a properly normalized vector orthogonal to ui . Imagine par-
allel transporting Xi about the loop in Fig. 1, whose legs
are defined by tangents ui and si . Then, we can estimate the
change in the vector using the expression for the connection,
which reads (see Eq. (50) in (Appendix A):

̂�a
bc = �a

bc + F
[

(1 + �)uaK(bc) − aatbtc
]

−(1/2)Ḟ(1 + �)tbtcu
a . (42)

Above the surface, � = 0 = F , while � = −2, F = +2
below the surface. Therefore, the legs of the loop tangential
to the surface will give different contributions to the change
in vector, and the additional contribution from the Euclidean
domain is easily shown to yield

tiδX
i = 2

(

Kabs
asb

)

δs, (43)

where δs is the parameter along si . Although instructive,
we cannot say anything further about a generic interpreta-
tion of the above result. Moreover, we have assumed that the
contribution of the legs normal to the surface can be made
arbitrarily small (say, by letting δu → 0). However, since
the metric is becoming degenerate on �0, how to handle the
divergent (1 + �)−1 terms is not very clear. At best, we can
evaluate the above quantity in a simple spacetime such as the
one in Eq. 39 with a suitable choice of ua and see if it yields
anything sensible. For this purpose, we consider the region
r < r0 of this spacetime and describe this in new coordinate
t̃ = r , r̃ = t , in which the metric becomes

ds2 = − 1
˜B(t̃)

dt̃2 + ˜B(t̃)dr̃2 + t̃2d�2 (44)

where ˜B(t̃) = −B(t̃) and t̃ < r0. Thus, for Schwarzschild,
we will have ˜B(t̃) = r0/t̃ − 1. As before, we focus on the
two-dimensional plane with θ, φ = constant. A trivial com-
putation then gives

Kr̃r̃ = 1

2

√

˜B
∂˜B

∂ t̃
, δs =

√

˜Bδr, (45)

Kabs
asbδs =

(

1

2

∂˜B

∂ t̃

)

δr. (46)

If we choose the transition surface as t̃0 = r0−ε and evaluate
everything at t̃ = r0, it is obvious that ∂˜B/∂ t̃ |t̃0 = −2κ and
the expression for change of vector now becomes tiδXi =
−2κβ with δr = β. This is the same as what we had obtained
in the previous section (the minus sign is easy to understand
since here, the time coordinate t̃ decreases from r0 to 0 as
we go into the Euclidean regime).

In this section, we have sought to demonstrate a fas-
cinating connection between holonomies about loops in
space(time)s with distinct Euclidean and Lorentzian regimes.
We emphasize that the calculations presented above are rig-
orous, including the factor of two. Our analysis shows that
one can naturally extract quantities such as temperature by
working within the covariant formulation for Euclideaniza-
tion without considering complex values of the time coordi-
nate, very much in the spirit of [10].

4 Discussion and conclusions

In this work, we study the mathematical setup of covari-
ant Wick rotation with the aim of studying thermal effects in
curved spacetimes within this setup, and comparing and con-
trasting the results with those obtained through conventional
Euclidean methods. In this section, we will summarize the
key results of this paper:

1. We have obtained the expression for entropy for Ein-
stein as well as the more general Lanczos–Lovelock class
of gravitational actions, along the lines of generic argu-
ments in [9]. Our results reproduce the Wald entropy for-
mula for stationary foliations [11,12], but otherwise have
additional interesting terms that depend on derivatives of
extrinsic curvature. To the best of our knowledge, such
terms do not arise in any other method for computing
entropy. In particular, even the conventional Bekenstein–
Hawking entropy in Einstein gravity gets corrected by
these additional terms.

2. Having discussed the concept of entropy using our formal-
ism, we turned to explore the concept of temperature using
our Euclidean method. To understand how our approach
might work when used to study thermal effects associated
with accelerated or black hole horizons, we computed the
holonomy of some chosen vectors about the certain class
of curves, including ones that straddle the transition sur-
face separating Euclidean and Lorentzian domains. Inter-
estingly, the result comes close to the standard expression
for surface gravity, except for a factor 2 ambiguity.
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3. The appendix of this paper contains explicit mathemat-
ical expressions for the curvature tensor, the Weyl ten-
sor and Kretschmann scalar corresponding to the class of
Euclidean geometries studied here. From the expression
for the Ricci scalar, Appendix (53), we conclude that (i)
the boundary terms to Einstein–Hilbert action are inde-
pendent of the acceleration of the observers. (ii) Except
when the spacetime foliation has vanishing extrinsic cur-
vature, there is no valid reason to consider R (or −R) to be
the Euclidean Lagrangian. The additional terms will not
only affect classical geometrical variables, but they may
also affect quantum mechanically since the Euclidean
action appears explicitly in the phase of the saddle point
approximation to a system’s ground state wave function
[23].
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Appendix A: The curvature tensors associated with ĝ

Conventions: Latin indices run over 0, . . . , n while Greek
indices α, β, . . . , etc. run over 1, . . . , n. Except when indi-
cated otherwise, we choose the units with c = 1, h̄ = 1.

Lorentzian metric signature is (−,+,+,+) and Euclidean
metric signature is (+,+,+,+). Our convention for the
extrinsic curvature of a hyper-surface is Kab = ∇aub+uaab.
Useful formulae: We list some useful formulae associated
with the class of metrics studied in this paper. The expressions
below extend the ones given in [1] to include the acceleration
of ua .

ĝab = gab − �uaub, ĝab = gab + Ftatb,

gabu
b = ta, gabu

aub = −1. (47)

F = �

1 + �
, Ḟ = �̇

(1 + �)2 . (48)

∇a F = −Ḟ ta, ∇a Ḟ = −F̈ ta − Ḟaa . (49)

Here um is the observer’s velocity vector, am is the observer’s
acceleration vector, i.e., am = ul∇lum and am = gmnan . The
Christoffel connection is given by

̂�a
bc = �a

bc + Ca
bc,

Ca
bc = F

[

(1 + �)uaK(bc) − aatbtc
]

−(1/2)Ḟ(1 + �)tbtcu
a . (50)

The curvature tensors associated with ĝ: It is a lengthy,
though straightforward exercise to compute the various geo-
metrical quantities associated with the metric ĝab (47). We
listed out the useful formulae above. Using them, we present
the curvature tensor and its concomitants associated with ĝab.

The Riemann tensor turns out to be

̂R cd
ab = R cd

ab + 2�
(

−u[c R d]
abm um − K d[a K c

b]

+ 2t[aab]a[cud]+2u[c(∇[aad])tb]
)

+2�̇u[cK d]
[a tb].

(51)

We may similarly write down the expressions for Ricci
and Einstein tensors and the Ricci scalar. We quote the final
expressions below:

̂Ra
c = (1 + �)Ra

c − �
(

(3)Ra
c − tcC

a + tca
bKa

b − aaac

−glahrl ∇r ac + uatc∇ba
b
)

+ (1/2)�̇
(

πa
c + K δac

)

, (52)

̂R = (1 + �)R + �
(

− (3)R + 2∇ba
b
)

+ �̇K , (53)

̂Ga
c = (1 + �)Ga

c − �
(

(3)Ga
c + (1/2) (3)Ruatc − tcC

a

−tca
bKa

b − aaac + uatc∇ba
b − glahrl ∇r ac

)

+ (1/2)�̇πa
c, (54)

where we have used Gauss–Codazzi and Gauss–Weingarten
equations, Cm = DaKam − DmK , with Dm the natural
covariant derivative that acts on tangent vectors to the hyper-
surfaces �t , and πa

b = Ka
b − Khab, hab being the induced

metric on �t .
We also quote a few alternate forms for the Riemann tensor

and its concomitants; that help simplify certain expressions

̂Ri
bcd = Ri

bcd + 2�

(

Ki[cKd]b − 2t[cad]uiab

+ 2

1 + �
(tbt[c∇ i ad] − ui t[c∇bad] − ai tba[ctd])

− Fui tbt[c∇uad] − Fui t[c∇bad]
)

− �̇

1 + �

(

ui t[cKd]b − t[cK i
d]tb + �t[cKd]bui

)

.

(55)
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Above form is useful in the calculation for Eqs. (37) and (59).
A few steps using Gauss–Codazzi equations allow us to write
the curvature tensors completely in terms of the extrinsic
curvature and its derivative.

̂R cd
ab = R cd

ab + 2�
(

2u[c∇[aK d]
b] − K d[a K c

b]
)

+2�̇u[cK d]
[a tb] , (56)

̂R c
a = R c

a + �
(

uc∇aK − uc∇bK
b
a − ub∇aK

c
b

+ub∇bK
c
a − K b

a K c
b + KK c

a

)

+�̇

2
(K c

a − tau
cK ) , (57)

̂R = R + �(2∇uK + KmnK
mn + K 2) + �̇K . (58)

Next, we discuss quantities of direct physical significance
that can be immediately constructed from the above expres-
sions. In particular, we quote the expressions for the tidal part
of the Riemann tensor, Kretschmann scalar, and the Weyl ten-
sor associated with ĝ. These expressions were not given in
the closed form in previous literature but are expected to be
of prominent significance from the physical interpretation of
the geometry described by ĝ.

Tidal tensor: From the above, we can immediately write
down the components of the Tidal part of the Riemann tensor,
defined by Ei

d := Ri
bcdu

buc

̂Ei
d = Ei

d + F
(

gai∇aad + ui∇uad − tdacK
ic − aiad

)

+ �̇

1 + �
Ki

d , (59)

where F = �/(1 + �) and ∇uad = uk∇kad . Let us con-
sider ξ i be a vector orthogonal to ti (dual of ui given in
Appendix A), so that ξ i ti = 0. This vector could, for exam-
ple, represent deviation between members of the congruence
ui . From the above expression for tidal tensor, it immediately
follows that

̂Ai=̂Ei
d ξd=Ai+F

(

gaiξd∇aad+ξdui∇uad − aiξdad
)

+ �̇

1 + �
Ki

d ξd , (60)

where Ai = Ei
d ξd . The component of ̂Ai orthogonal to ui

is then given by ̂Ai⊥ = ̂Ai + ( ̂Ak tk)ui , and quickly checking
that ̂Ak tk = Ak tk , we obtain

̂Ai⊥ = A⊥i + �

1 + �

(

haiξd∇aad − aiξdad
)

+ �̇

1 + �
Ki

d ξd , (61)

where hai = gai + uaui is the standard projector. The astute
reader would have noticed that the quantityA⊥i we have con-
structed above is precisely the deviation acceleration associ-
ated with the congruence whenai = 0. One needs to consider
the Fermi acceleration for an accelerated congruence, which
can be easily done, but we skip it. What is worth noticing
here is that in the Euclidean regime (� = −2, F = 2),
for non-geodesic congruences, there is already an additional
term in the deviation acceleration solely due to the signature
change of the metric. Of course, to extract a direct physical
measure of this acceleration, one must properly consider the
normalization of vectors in the Euclidean sector. However,
this is straightforward, and we do not state it here.

Kretschmann scalar:

̂S = S + �
(

8R cd
ab u[a∇[cK b]

d] − 4R cd
ab K b[c K a

d]
)

+ 4�2((∇uK
d
b )(∇uK

b
d) + 2(∇uK

b
d)K

adKba

+ KdbKcd K
acKba

+ 1

2
(KmnK

mn)2 − 1

2
KcbKacK

daKbd)

+ 2��̇
(

Kb
c∇uK

c
b + KacKbaK

b
c

)

+ 2�̇u[aK b]
[ctd]R cd

ab + �̇2KbdKbd . (62)

Weyl tensor: Writing the expression for Weyl tensor is much
more tedious, though we write four dimensional Weyl tensor
using the Eqs. (51, 52) as follows,

̂Wabcd = Wabcd + �

(

1

3
(K 2 − KmnK

mn

+ R + 2∇ma
m − 2Rmnu

mun)(ga[cgd]b + 2Fg[a[ctd]tb])

+ 2R

3(1 + �)
g[a[ctd]tb] − 2

1 + �
t[at[c Rd]b]

− 2Kg[a[cKd]b] − 2g[a[cum∇mKd]b]

+ 2

1 + �
g[a[ctd]tb]∇la

l − 2am(Km[cgd][atb]

+ Km[agb][ctd]) − 2FKt[at[cKd]b]
− 2Ft[at[cnl∇l Kd]b] − 2Kd[aKb]c

+ 8

1 + �
t[c(∇[aad])tb] + 8

1 + �
t[d t[aab]ac]

)

− �̇

(

−K

3
ga[cgd]b − 2� + 3

3(1 + �)
Kg[a[ctd]tb]+g[a[cKd]b]

+2+�

1+�
K[a[ctd]tb]

)

, (63)

where we have used anti symmetric index notation e.g.
K[a[ctd]tb] = − 1

4 (Kactd tb − Kadtctb + Kbdtcta − Kbctd ta).
The above expression for the Weyl tensor looks complicated,
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so we try to write it in a simpler form by the following
expression,

̂W cd
ab = W cd

ab + �(4u[c∇[aK d]
b]

− 2K d[a K c
b] − 2δ

[c
[a u

d]∇b]K + 2δ
[c

[a u
d]∇mK

m
b]

+ 2δ
[c

[a u
m∇b]K d]

m − 2δ
[c

[a u
m∇mK

d]
b] + 2δ

[c
[a K m

b] K
d]
m

− 2δ
[c

[a K d]
b] K

+ 1

3
δ c[aδ d

b] (2u
m∇mK + KmnK

mn + K 2))

+�̇

(

2u[cK d]
[a tb]+δ

[c
[a tb]u

d]K−δ
[c

[a K d]
b] +1

3
K δ c[aδ d

b]
)

.

(64)

The above expression clearly shows that, generally, a con-
formally flat geometry g will not be mapped to a conformally
flat ĝ. The additional terms are characterized by extrinsic
curvature of the hypersurfaces orthogonal to ua . It will be
interesting to understand the consequences of this property,
specifically in the context of early universe cosmology. From
this point of view, let us consider the illustrative example of
the standard FLRW geometry

ds2 = −dt2 + a2(t)d�2
(k) (k = −1, 0, 1), (65)

where a(t) is scale factor. We choose as our congruence the
vector field is tm = −∂mt . A quick calculation gives K n

m =
∇mun = (ȧ/a)hnm, K = 3ȧ/a and plugging this in Eq. (64)
gives

̂W cd
ab = W cd

ab = 0. (66)

The above result would most easily be obtained by writing
down ĝ and noticing that it is easily put in a conformally flat
form. However, ̂W cd

ab will be non-vanishing in the Euclidean
regime of FLRW for an arbitrary ua . As stated above, it will
be interesting to extract the physical significance of this in
the context of quantum cosmology.
A note on static spacetime: From the Eqs. (56–58), (62) and
(64), It is easy to conclude that the following identities hold
for static spacetime:

̂R cd
ab = R cd

ab , ̂Ra
c = Ra

c,
̂R = R,

̂Ga
c = ̂Ga

c,
̂S = S, ̂W cd

ab = W cd
ab . (67)

Appendix B: Examples

We first discuss the example where the metric is time-
independent. In this case, our results match the expected
Wick rotation results. Then, we illustrate the time-dependent

case, where there is no straightforward way to apply Wick
rotation while keeping the spacetime metric real.

B.1 Accelerated observers in anti-de sitter space

A similar example can be illustrated for de-sitter space,
though we are considering the accelerated observers in Anti-
de sitter space. The embedding equation of Anti-de Sitter
space in flat 5-dimensional space is,

−(z0)2 + (z1)2 + (z2)2 + (z3)2 − (z4)2 = −�2. (68)

Global coordinates are provided by writing the general solu-
tion to the equation as,

z0 = � cosh ρ sin τ, zα=�ωα sinh ρ, z4 = � cosh ρ cos τ,

(69)

where δαβωαωβ = 1. Then one finds the metric

ds2 = �2(− cosh2 ρdτ 2 + dρ2 + sinh2 ρd�2
2), (70)

with 0 ≤ ρ < ∞ and −∞ < τ < +∞. Let us choose
the spacetime foliation by the observers whose tangent vec-
tors are always in the direction of the global timelike Killing
vector, ua = ( 1

� cosh ρ
, 0, 0, 0). These are clearly accelerated

observers with am = (0, tanh ρ, 0, 0). We write Ricci ten-
sor, Ricci scalar, and Einstein tensor, respectively, as follows,
using ∇mam = 3

�2 , (3)R = − 6
�2 , K = 0.

̂Ra
c = − 3

�2 δac; ̂R = −12

�2 ; ̂Ga
c = 3

�2 δac. (71)

One can notice that all the quantities of the above equation
are � independent; the reason behind it is that the veloc-
ity vector is always in the direction of the timelike Killing
vector. In general, for orthogonal foliation, if we choose the
velocity vector in the direction of the timelike Killing vector,
the foliation will always be extrinsically flat [19]. Moreover,
the Eq. (67) will hold for extrinsically flat foliations. Another
thing to notice is that the Euclidean metric for (70) is again
maximally symmetric.

B.2 Accelerated observers in time-dependent spherically
symmetric spacetime

Any spherically symmetric metric can locally be expressed
in the following form

ds2 = γAB(x A)dx Adx B + r̃2(x A)d�2, A, B ∈ {0, 1}.
(72)
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There exist special fiducial observers called Kodama
observers in any time-dependent spherically symmetric met-
ric [24,25]. Given the metric (72), it is possible to introduce
the Kodama vector field k, and those components are

kA(x) = 1√−γ
εAB∂Br̃ , kθ = kφ = 0. (73)

From the above Eq. (73), we conclude that the Kodama
observers are characterized by the condition r̃ = C(r̃0),
where C is constant. Furthermore, the remarkable corre-
sponding conserved current is Ja = Ga

bk
b [26].

Let us consider an example of metric (72) by consider-
ing the following metric of de Sitter space for a comoving
observer,

ds2 = −dt2 + e2Ht (dr2 + r2d�2
2). (74)

Consider the observers (Kodama Observers) stay at a fixed
distance from its cosmological horizon and move along the
trajectory reHt = C(where C is constant) with four-velocity
in the direction of Kodama vector ka = (−1, Hr, 0, 0),

ua = ka

|k| = ka√
1 − H2C2

. (75)

These observers foliation space(time) into orthogonal hyper-
surfaces with acceleration,

aa =
(

H3C2

H2C2 − 1
,
H2C2r−1

H2C2 − 1
, 0, 0

)

. (76)

One can calculate the curvature tensor and its concomitants
possessed by ĝ by using Eqs. (51–64). We write the following

̂R = 12H2, Gabu
aub = 3H2. (77)

There is a locally conserved current Ja in terms of the Ein-
stein tensor and the Kodama vector,

̂Ja = ̂Ga
bk

b = (3H2,−3H3r, 0, 0). (78)

By using the relation (47), We write the metric as

ds2 = −
(

1 − F

1 − H2C2

)

dt2 + 2F H2C2r−1

1 − H2C2 dtdr

+ e2Ht
(

(1 + F H2C2

1 − H2C2 )dr2 + r2d�2
2

)

, (79)

where F = �/(1 + �), this gives the Euclidean metric with
real entries for F = 2 (� = −2). Contrary to this, the usual
Wick rotation gives the complex metric.

Appendix C: The case of non-hypersurface orthogonal
ua

Let us now consider arbitrary foliation. In this case, the basic
definition of F , Ḟ remains the same as above, but the key
differences arise in the gradient of various functions

∇a� = −�̇ta + f aa, ∇a F = −Ḟ ta + f ′aa, (80)

∇m Ḟ = f ′Am + f ′ab∇mu
b − (Ḟ − ḟ ′)am − F̈ tm, (81)

where f is some smooth scalar and f ′ and Am are given as
follows

f ′ = f

(1 + �)2 , Am = ∇uam . (82)

And the difference in Christoffel connection Ća
bc for

Nonorthogonal case is given in terms of Ca
bc of Orthogo-

nal foliation,

Ća
bc = Ca

bc − FKa
(btc) + FK a

(b tc)

+ f ′(a(btc)u
a(1 + �) − aatbtc). (83)

Unlike the orthogonal case, Kmn is not symmetric here i.e.
Kmn = K(mn) + wmn . We write Ricci scalar associated by
ĝ in terms of quantities associated with g, assuming that the
function � changes are in the direction of the observer’s
tangent vector and their direction of acceleration.

̂R = R+�
(

K 2+∇ma
m+∇nK+Fwabw

ab − Racu
auc

)

+ �̇K + f ′

2

(

2(1 + �)∇ma
m + (1 + �)2a2 + a2

+a2 f ′ − a2�2
)

+ am(1 + �)∇m f ′. (84)
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