
Eur. Phys. J. C (2023) 83:175
https://doi.org/10.1140/epjc/s10052-023-11319-y

Regular Article - Theoretical Physics

Black hole thermodynamics from logotropic fluids

Salvatore Capozziello1,2,3,a, Rocco D’Agostino2,3,b, Alessio Lapponi2,3,c, Orlando Luongo4,5,6,d

1 Dipartimento di Fisica “E. Pacini”, Università di Napoli “Federico II”, Via Cinthia 9, 80126 Naples, Italy
2 Scuola Superiore Meridionale, Largo San Marcellino 10, 80138 Naples, Italy
3 Istituto Nazionale di Fisica Nucleare (INFN), Sezione di Napoli, 80126 Naples, Italy
4 Divisione di Fisica, Università di Camerino, Via Madonna delle Carceri 9, 62032 Camerino, Italy
5 Dipartimento di Matematica, Università di Pisa, Largo B. Pontecorvo 5, 56127 Pisa, Italy
6 Institute of Experimental and Theoretical Physics, Al-Farabi Kazakh National University, 050040 Almaty, Kazakhstan

Received: 4 November 2022 / Accepted: 12 February 2023 / Published online: 23 February 2023
© The Author(s) 2023

Abstract We show that the Einstein field equations with
a negative cosmological constant can admit black hole
solutions whose thermodynamics coincides with that of
logotropic fluids, recently investigated to heal some cosmo-
logical and astrophysical issues. For this purpose, we adopt
the Anton–Schmidt equation of state, which represents a gen-
eralized version of logotropic fluids. We thus propose a gen-
eral treatment to obtain an asymptotic anti-de Sitter metric,
reproducing the thermodynamic properties of both Anton–
Schmidt and logotropic fluids. Hence, we explore how to
construct suitable spacetime functions, invoking an event
horizon and fulfilling the null, weak, strong and dominant
energy conditions. We further relax the strong energy condi-
tion to search for possible additional solutions. Finally, we
discuss the optical properties related to a specific class of
metrics and show how to construct an effective refractive
index depending on the spacetime functions and the thermo-
dynamic quantities of the fluid under study. We also explore
possible departures with respect to the case without the fluid.

1 Introduction

Over the last years, studies on the black hole (BH) entropy
have revealed close connections between the thermodynamic
properties and the event horizon of a BH [1–3]. Among all
different kinds of BHs provided with different geometries
and thermodynamic features, Schwarzschild BH represents
the simplest case, where part of the radiation is absorbed by
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the BH mass [4,5]. Other interesting BH solutions include
Reissner-Norström BH, whose thermodynamics is similar to
that of regular BH [6–8], Hořava-Lifshitz BH [9,10], char-
acterized by rich thermodynamic properties and so forth.

Moreover, asymptotic BH solutions to the de Sitter space
can be obtained from the Einstein equations with a positive
cosmological constant (� > 0) [11,12]. In such a case, it has
been shown that the surface gravity of the BH horizon would
determine the temperature of particles emitted from the BH
[13]. The same, however, happens even for the cosmological
event horizon, so that a thermal equilibrium may occur only
if the two surfaces coincide [14–16]. Further, BHs that are
asymptotic to the anti-de Sitter (AdS) space can be found as
solutions to the Einstein field equations with � < 0 [17]. As
in the case of the asymptotically flat space, the entropy and
temperature of AdS BH are equal to 1/4 of the event hori-
zon area, whereas, differently from the flat space case, such
objects admit, at a given temperature, a stable equilibrium
with radiation, and a positive specific heat [18]. Through-
out recent years, the physics of asymptotically AdS BHs has
gained a renewed interest due to the AdS/CFT duality [19–
21]. In this context, particular attention was given to the study
of thermal field theories living on the AdS boundary and,
from the bulk perspective, to the several phase transitions
that these types of BH exhibit.

Furthermore, in treating the cosmological constant as the
thermodynamic pressure, it has been shown that the thermo-
dynamics of a charged/rotating AdS BH exactly coincides
with that of Van der Waals’s fluid [22–24]. Subsequently, an
asymptotically AdS solution to the Einstein equations was
obtained by matching the BH thermodynamic parameters
with those of a particular class of polytropic gas [25]. Then,
an additional AdS BH solution was found in the thermody-
namic framework of modified Chaplygin gas [26,27].
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Motivated by those findings, in the present study, we focus
on the class of logotropic models, whose thermodynamic fea-
tures permit to heal astrophysical issues related to dark mat-
ter distribution in galaxies, and unify the cosmological dark
sector [28–31]. As a prominent result, these models can be
generalized to the well-known Anton–Schmidt fluid [32,33].
These scenarios have been recently proposed in the cosmo-
logical context as a unified dark energy model [34–37].1 In
this respect, the Anton–Schmidt fluid has been also stud-
ied in the Tolman-Oppenheimer-Volkov formalism [45,46]
to obtain analytical solutions for a static and spherically sym-
metric BH [47]. In particular, from the relation between the
Anton–Schmidt free parameters and the BH mass, one can
find spacetime solutions describing Schwarzschild-de Sitter
BH and naked singularities. Thus, it appears natural to inves-
tigate the thermodynamic consequences to check whether the
inclusion of a logotropic and/or the Anton–Schmidt equa-
tion of state (EoS) may lead to reasonable results in the BH
description.

In this paper, we search for a BH solution to the Ein-
stein field equations, whose corresponding thermodynam-
ics coincides with that of logotropic models. Starting from
the Anton–Schmidt EoS, we propose a general treatment
to obtain an asymptotic Schwarzschild-AdS metric, which
reproduces the thermodynamic properties of the involved flu-
ids, i.e. the pressure and the density. In particular, we motivate
this choice since in a homogeneous and isotropic universe,
those quantities appear crucial in order to write the energy-
momentum tensor, as it will be clarified later in the text. Thus,
to determine the most suitable metric functions, we present a
general method involving any possible density term contribu-
tion. Moreover, in order to have a physical BH, we invoke the
existence of an event horizon and investigate under which cir-
cumstances the energy conditions may hold. We also explore
the possibility of violating the strong energy condition, in
order to find additional physical properties. We then discuss
the physical consequence of this recipe in view of the free
constants emerging from the integration procedure. With the
aim of distinguishing among different thermodynamic BHs,
we consider the optical properties of our solutions and show
how to construct an effective refractive index, following the
standard procedure adopted for static and spherically sym-
metric spacetimes. In particular, we show that the net depen-
dence of the refractive index on the underlying spacetime
can lead to different outcomes. The refractive index increases
significantly under the choice of particular constant values,
whereas the asymptotic regime is investigated in terms of
density, showing the limit to Schwarzchild-AdS. Hence, we
explore possible departures with respect to the case without
the logotropic fluid, corresponding to a pure Schwarzschild-
AdS case.

1 For alternative approaches to dark energy, see also [38–44].

The paper is organized as follows. After this introduction,
in Sect. 2 we introduce the Anton–Schmidt EoS and its limit
to logotropic models. There we postulate the metric ansatz
for a static, spherically symmetric metric that is consistent
with an asymptotic AdS spacetime. We thus analyze the ther-
modynamic properties of the Anton–Schmidt BH in terms of
its mass, temperature and entropy. In Sect. 3, we constrain
BH solutions requiring the presence of an event horizon and
checking the validity of the energy conditions. In particular,
we discuss how the violation of the strong energy condition
may lead to a metric solution containing a factor that can be
associated with a refractive index. Finally, in Sect. 5, we sum-
marize our findings and draw the conclusions of our work.
In this study, we use Planck units c = h̄ = G = 1.

2 Logotropic black holes

Let us start by considering the Einstein field equations with
the cosmological constant in the form

Gμν + �gμν = 8πTμν, (1)

where Gμν ≡ Rμν − 1
2 Rgμν is the Einstein tensor, gμν is the

metric tensor, and Tμν is the stress-energy tensor of the source
fluid. According to recent studies [48,49], in the extended
phase space one can interpret � as a thermodynamic pres-
sure, namely2

P = − �

8π
= 3

8πl2
, (2)

where l is the AdS curvature constant. Our aim is to construct
an asymptotic AdS BH whose thermodynamics matches that
of the Anton–Schmidt fluid with pressure given by

P = A

(
ρ

ρ∗

)−n

ln

(
ρ

ρ∗

)
, (3)

where the density ρ is normalized to a reference density ρ∗,
while A > 0 and n �= −1 are constants.

This class of fluid has been introduced in [33] for crys-
talline solids, where the Anton–Schmidt EoS gives the empir-
ical expression of crystalline solid’s pressure under isotropic
deformation. Afterwards, in the field of cosmology, see e.g.
[34], it has been argued that, in analogy with solid state
physics, the pressure naturally changes its sign, showing
how the cosmic speed-up naturally emerges as the universe
volume changes under the action of cosmic expansion. To
account for this mechanism, one can assume the n parameter
to depend upon the Grüneisen index, γG , i.e., n = n(γG),
related to the specific heat at constant volume and to the bulk

2 Alternatively, it is possible to work out the same recipe adopting the
conjugate variable of pressure, namely the volume [49].
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modulus. This semi-empirical relation provides a tempera-
ture dependence of the free parameter n that can be tested
experimentally. We here consider fixing the index n to a
constant, namely without assuming the temperature depen-
dence through the Grüneisen index. In fact, this allows one
to investigate a given epoch of the universe dynamics that
may correspond to our time, where the temperature effects
are negligible. Hence, we shall model our BH configuration
through the pressure and the density only, which clearly rep-
resent the main ingredients of the energy-momentum tensor
at late times. In so doing, our black hole configuration shows
a cosmological constant contribution to density and pressure
that matches the Anton–Schmidt fluid given by Eq. (3).

Our strategy is to start from Eq. (3), which generalizes the
logotropic models with n = 0. In so doing, we recover the
logotropic thermodynamics as a limiting case of the Anton–
Schmidt fluid. The logotropic thermodynamics is of utmost
importance, especially in the framework of dark matter con-
figuration. Indeed, it is possible to show that pressureless dark
matter leads to cuspy density profiles, disfavoured by obser-
vations that, instead, suggest a constant density core. If the
dark matter halo shows a polytropic EoS, that describes both
dark matter halos and the cosmological evolution, then the
logotropic solution appears as the most natural one. Again,
we thus require that our main thermodynamical properties
to investigate are pressure and density as above reported. In
addition to what we discussed above, for the sake of com-
pleteness, generalized versions of logotropic models have
been also investigated [31,35,50] and criticized, see e.g. [51],
but lie beyond the purposes of this work.

Bearing in mind the above considerations, we shall con-
sider the static and spherically symmetric line element

ds2 = f (r, ρ)dt2 − dr2

f (r, ρ)
− r2d�2, (4)

where

f (r, ρ) = −2M

r
+ r2

l2
− h(r, ρ). (5)

Here, M is the BH mass, and h(r, ρ) is an unknown auxiliary
function to determine. Clearly, in the case of h(r, ρ) → 0, the
postulated metric represents an asymptotic AdS spacetime.
In this scheme, the term h(r, ρ) represents a correction when
it is considered different from zero. Using Eq. (2), we can
rewrite Eq. (5) as

f (r, ρ) = −2M

r
+ 8

3
πr2P − h(r, ρ). (6)

In what follows, we seek a class of metrics such that the BH
thermodynamics predicted by the latter coincide exactly with
the Anton–Schmidt EoS, containing the logotropic models in
the limit n = 0. The cosmological pressure P , affecting the
BH thermodynamics, can be therefore associated with the
pressure of the fluid P(ρ). In this way, the function h(r, ρ)

accounts for the metric correction that occurs by consider-
ing an EoS different from the case of a pure cosmological
constant,3 namely P = −ρ.

2.1 Black hole thermodynamics

To find the most suitable form of h(r, ρ), we start from the
standard BH entropy in terms of the horizon radius rh and
area A as [3,55,56]

S = A

4
= πr2

h . (7)

We can thus relate the BH thermodynamic properties to the
parameters of the Anton–Schmidt and logotropic fluids. In
particular, the BH mass could be obtained from the definition
of horizon radius, namely f (rh, ρ) = 0:

M = 4

3
πr3

h P − rh
2
h(rh, ρ). (8)

Since the EoS of the cosmological constant is ρ + P = 0,
the enthalpy associated with � is vanishing. For a BH with
volume V , the total energy within V is E = M − PV , and
then M = E + PV . Hence, it is natural to associate the
mass of the BH with its enthalpy H , such that M = H(S, P)

[57,58].
One can thus use the standard thermodynamics relations to

calculate the volume and temperature of the BH by exploiting
Eqs. (7) and (8):

V =
(

∂H

∂P

)
S

= 4πr3
h

3
− rh

2

∂h(rh, ρ)

∂ρ

(
∂P

∂ρ

)−1

, (9)

T =
(

∂H

∂S

)
P

= 2rh P − 1

4πrh

∂(rh(r, ρ))

∂r

∣∣∣∣
rh

. (10)

From the first law of thermodynamics, dE = TdS − PdV ,
and assuming the following integrability condition

∂2S

∂T ∂V
= ∂2S

∂V ∂T
, (11)

one finds

S =
(

ρ + P

T

)
V . (12)

Therefore, plugging Eqs. (3), (7), (9) and (10) into Eq. (12)
and considering the solution for a generic r ≥ rh , we obtain

8πr2(P − 2ρ)Pρ + 6(ρ + P)hρ − 3(rh)′Pρ = 0, (13)

where the subscript ρ and the prime denote the partial deriva-
tives with respect to the density and radial coordinate, respec-
tively. Starting from the theoretical setup presented in [22],
we seek a solution of Eq. (13) for a generic r by implementing

3 Although degenerating with a pure cosmological constant, the case
of dark fluid [52–54] has not been explored here.
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a general method that makes use of combinations of linearly
independent functions of the density. In particular, a similar
approach has been employed in [25,26], but imposing a pri-
ori the functional expressions for Ri (ρ). In our treatment, we
relax this hypothesis as illustrated in more detail in Appendix
A. We thus write

h(r, ρ) =
∑
i

Xi (r)Ri (ρ), (14)

where the coefficients Xi depend on the radial coordinate, r .
In this way, Eq. (13) takes the formal expression∑

j

ξ j (r)Fj (ρ) = 0, (15)

where j labels the linearly independent density functions,
Fj (ρ), accounting for the information on the fluid EoS, and
the relative weights, ξ(r). In this way, we obtain a system
of equations, whose solution provides the coefficients of
h(r, ρ), i.e. Xi (r). We report all the calculations in the case
of the Anton–Schmidt fluid in Appendices A and B. The final
result leads to

h(r, ρ) = c1

r
+ 8

3
πr2P(ρ) + c2r

2
B2

−1
(a(ρ))1/B2 . (16)

where c1, c2 and B2 are free parameters, whereas

a(ρ) ≡ exp

(∫
Pρ

P + ρ
dρ

)
. (17)

Clearly, the above solution leads to a f (r, ρ) that, once
plugged into Eq. (5), implies a solution to the vacuum field
equations plus a constant term that mimics the constant aris-
ing from the AdS assumption made above.

In the following, we analyze the solutions resulting from
Eq. (16) and the relative energy conditions.

3 Metric solutions and energy conditions

Inserting h(r, ρ) from Eq. (16) into Eq. (6), we find the metric
solution

f (r, ρ) = −2M + c1

r
− c2r

2
B2

−1
a(ρ)1/B2 . (18)

Here, c1 has the only effect to modify the value of the BH
mass without affecting the underlying physics,4 so that we
can safely set c1 = 0. Also, to lighten the notation, we rede-
fine B2 = β.

In order to obtain an event horizon, we impose the condi-
tion f (rh, ρ) = 0, namely

rh =
(

2M

−c2

) β
2 1√

a(ρ)
, (19)

4 Even if we do not consider changing the mass sign, repulsive gravity
effects are possible in arbitrary spacetimes, see e.g. [59–61].

requiring the condition c2 < 0. Therefore, for simplicity,
hereafter we set c2 = −1.

A further condition is f (r, ρ) → 0 as approaching the
horizon from outside, i.e. for r → rh . We thus require
f (r, ρ) > 0 in the range r > rh , namely f (rh + ε, ρ) > 0
for very small ε:

0 < − 2M

rh + ε
+ (rh + ε)

2
β
−1a(ρ)1/β

∼ f (rh, ρ) + ε

[
2M

r2
h

+ r
2
β
−2

h

(
2

β
− 1

)
a(ρ)1/β

]
. (20)

Since f (rh, ρ) = 0 by definition, the last inequality becomes

2M

r2
h

+ r
2
β
−2

h

(
2

β
− 1

)
(a(ρ))1/β > 0. (21)

Now we shall insert the expression for the horizon radius
(19) into (21), obtaining

(2M)1−βa(ρ) + (2M)1−β

(
2

β
− 1

)
a(ρ) > 0, (22)

which implies β > 0 in order to have a BH.
It is worth mentioning that the horizon existence is mathe-

matically plausible, although, physically, the corresponding
compact object can also be different from a BH.5 To bet-
ter clarify this point, one may consider the Hartle-Thorne
metric [62], whose well-known horizon describes massive
and compact stars [63]. However, the size of these objects is
usually larger than the size of the event horizon, so the latter
has not a precise meaning. Moreover, the Hartle-Thorne met-
ric possesses its internal counterpart, which is meaningless
for the event horizon, albeit mathematically one can always
calculate it in analogy to the Sun and Earth. For the afore-
mentioned reasons, we intend to clarify that our BH solution
is that of a thermodynamic BH, i.e. a BH-like counterpart
exhibiting the same thermodynamics of logotropic models.
Nevertheless, this does not limit the validity of our solution.
In principle, we can apply our outcomes to some precise
cases, e.g. compact objects, quite different from genuine BH
configurations. In fact, our recipe may be extended to other
cases that may require, in astrophysics, an event horizon to
determine.

3.1 Matching the energy conditions

In order to guarantee the energy conditions to hold and to
investigate their effects in the framework of our solution,
we shall now compute the stress-energy tensor induced by
Eq. (4). It is convenient to adopt the tetrad formalism, in

5 In other words, any BH is provided with a horizon, but not all objects
exhibiting horizons are BHs.
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which the stress-energy tensor can be written as

Tμν = �eμ
0 e

ν
0 +

3∑
i=1

pi e
μ
i e

ν
i . (23)

The latter becomes the source of the Einstein field equa-
tions that might be imposed in order to obtain a BH solution.
Indeed, we consider the static and spherically symmetric line
element prompted in Eq. (4) and we impose that this metric
satisfies the Einstein equations by virtue of the additional
condition found in Eq. (18). Specifically, since we are inter-
ested in having a de Sitter-like contribution, under the form
of cosmological constant, as in Eq. (2), we obtain that the
Einstein field equations give

� = −p1 = 1 − f − r f ′

8πr2 + P, (24)

p2 = p3 = r f ′′ + 2 f ′

16πr
− P. (25)

These results agree with the outcomes given in [22,25,26],
where p1 the longitudinal pressure, whereas p2 and p3 are the
transversal pressures that will be denoted by ptr . As above
stressed, the term P , entering Eqs. (24) and (25), is requested
to provide the cosmological constant presence in the Einstein
field equations (1). Therefore, our solution resembles a BH,
since it guarantees that the Einstein equations are solved.
However, we stress that the obtained objects are more similar
to BH-mimickers, whose existence has been recently raised
[64]. These configurations have been investigated even with-
out external thermodynamic sources, but assuming only dark
energy fields (see e.g. [65,66]). Clearly, future efforts are
needed to disclose the nature of our solutions in view of the
arising BH astronomy. It is worth remarking that ρ is the
density of the Anton–Schmidt fluid, while � is the density
arising in the spacetime whose thermodynamics is emulated
by such a fluid. After simple manipulations, Eqs. (24) and
(25) read

� = P − a(ρ)1/β

4πβ
r

2
β
−3 + 1

8πr2 , (26)

ptr =
(

1

β
− 1

2

)
a(ρ)1/β

4πβ
r

2
β
−3 − P. (27)

It is worth noting that the energy density and the pressure
of the Anton–Schmidt/logotropic fluid have different nota-
tion, as one can see in Eqs. (24) and (25). Indeed, we built up a
thermodynamic analog of the BH horizon, including the cos-
mological constant. The above energy density and pressure,
in general, depend on the radial coordinate. The assumption
to consider the analog fluid density ρ to be independent of r
is only for simplification purposes and may be generalized.
In any case, Eqs. (23), (24) and (25) show that our choice

leads to localized solutions of the Einstein field equations
[67].

We can now restrict the possible solutions of Eq. (18),
investigating when the energy conditions are satisfied.
Specifically, we have:

• the null energy condition (NEC): � + pi ≥ 0 for i =
1, 2, 3. In our case p2 = p3 and p1 = −�. Thus, the
NEC becomes � + ptr ≥ 0;

• the weak energy condition (WEC): � ≥ 0.
• the strong energy condition (SEC): � + ∑

i pi ≥ 0,
which, in our case, becomes ptr ≥ 0;

• the dominant energy condition (DEC): ρ ≥ |pi | that
becomes ρ ≥ |ptr |.

We can prove that there is only one metric function f (r, ρ)

satisfying all of them. In particular, the WEC reads

P − a(ρ)1/β

4πβ
r

2
β
−3 + 1

8πr2 ≥ 0, (28)

while the SEC becomes(
1

β
− 1

2

)
a(ρ)1/β

4πβ
r

2
β
−3 − P ≥ 0. (29)

Moreover, the NEC condition becomes

� + ptr = 1

8πr2 +
(

1

β
− 3

2

)
a(ρ)1/β

4πβ
r

2
β
−3 ≥ 0. (30)

The inequality for the DEC depends on the sign of the lon-
gitudinal and transverse pressures. In our case, if the SEC is
satisfied, the DEC becomes

2P + 1

8πr2 −
(

1

β
+ 1

2

)
a(ρ)1/β

4πβ
r

2
β
−3 ≥ 0. (31)

Let us check when the WEC and the SEC are satisfied
considering four different ranges of values for β.

i. 0 < β < 2/3. In this case, the term a(ρ)1/β

4πβ
r

2
β
−3 in

the WEC dominates when r is high, since 2
β

− 3 > 2.
However, this term is also negative, therefore the WEC
is not satisfied for high radii.

ii. 2/3 < β ≤ 2. One can easily prove that, in this case,
the WEC is satisfied when

P(ρ)r2 − a(ρ)1/β

4πβ
r

2
β
−1 + 1

8π
≥ 0. (32)

Since 0 ≤ 2
β

− 1 < 2, the WEC is satisfied both in the
limits r → 0 and r → ∞. However, it may happen
that the WEC is not satisfied in a certain finite range
of r . Nevertheless, ignoring this possibility, the SEC is
certainly not satisfied for high radii, since the dominant
term becomes −P .
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iii. β > 2. For small radii, we have a negative term in the
WEC dominating over the positive ones. Thus, the WEC
is not satisfied for small radii.

iv. β = 2/3. The WEC and the SEC read, respectively,

P − 3

8π
a(ρ)3/2 + 1

8πr2 ≥ 0, (33)

3

8π
a(ρ)3/2 − P ≥ 0. (34)

Since they must be satisfied for all the radii, we conclude
that

P(ρ) = 3

8π
a(ρ)3/2. (35)

Thus, � = −p1 = 1
8πr2 and ptr = 0, which implies

that also the NEC and the DEC are satisfied. Moreover,
we note that the asymptotic AdS spacetime is exactly
recovered in this case. Indeed, inserting Eq. (35) into
Eq. (18), we obtain

f (r, ρ) = −2M

r
+ 8

3
π P(ρ)r2. (36)

Now, we shall study the restrictions on the parameters
of the Anton–Schmidt fluid emulating the situation β = 2/3
just described. From Eq. (35), since a(ρ) is positive, it is clear
that the pressure must be positive. By applying the logarithm
on both sides of Eq. (35), we obtain

3

2

∫
Pρ

P + ρ
dρ = ln

(
8π

3
P

)
, (37)

where we have used the definition in Eq. (17). Then, it is
possible to solve Eq. (37) by simply computing the derivative
with respect to ρ. Thus, we immediately find

• a physical solution, namely P = const ,
• a unphysical solution, namely P = 2ρ.

Even though the first case appears appealing, it just repre-
sents the widely-studied trivial cosmological constant case.
It appears clear that, in order to have it from Eq. (3), one
needs ρ = const , having both the pressure and density to be
perfectly constant. On the other hand, the second case would
imply a sound speed faster than light. Consequently, in the
case of the Anton–Schmidt and logotropic models, an inter-
esting scenario would arise from the violation of at least one
energy condition.

In view of the aforementioned considerations, in what fol-
lows we analyze the case that corresponds to relaxing the
SEC.

3.2 Relaxing the strong energy condition

As previously stated, it appears interesting to relax the
SEC. Previously, we computed possible values of h(r, ρ)

in Eq. (16), in order for the WEC and the SEC to hold. In
so doing, we proved that two solutions for P satisfy both
of them, implying automatically that the NEC and the DEC
hold as well. Since the only plausible outcome is the one with
constant pressure, it is of utmost importance to investigate a
wider range of possible solutions for Eq. (18).

We limit ourselves to those ranges where WEC is satis-
fied,6 having 2/3 < β ≤ 2. Then, the NEC (as the DEC)
becomes(

1

β
− 3

2

)
a(ρ)1/β

4πβ
r

2
β
−3 + 1

8πr2 ≥ 0. (38)

The above condition is never satisfied when 2/3 < β < 2,
since the first term is negative in this range and it dominates
over the second. The only possibilities are then β = 2/3 or
β = 2. In the first case, we have exactly the same situation
studied before satisfying the SEC, i.e. Equation (35). Instead,
in the case β = 2, we find that the WEC, the NEC and the

SEC are all satisfied when a(ρ)1/β

4πβ
≤ 1

8π
, implying

exp

(
1

2

∫
Pρ

ρ + P
dρ

)
≤ 1. (39)

Applying the logarithm to both sides, we obtain∫
Pρ

ρ + P
dρ ≤ 0. (40)

which is satisfied as long as the integral is upper-bounded.
In the case of the Anton–Schmidt and pure logotropic fluids,
we respectively have

Pρ

P + ρ
=

A
ρ∗

(
ρ
ρ∗

)−n−1 [
1 − n ln

(
ρ
ρ∗

)]

ρ + A
(

ρ
ρ∗

)−n
ln

(
ρ
ρ∗

) , (41)

and

Pρ

P + ρ
= A

ρ
[
ρ + A ln

(
ρ
ρ∗

)] . (42)

The condition P = |�|
8π

ensures the positivity of P(ρ) and,
thus, ρ > ρ∗. The sign of the right side of Eq. (41) depends
on the value of n:

• If n > 0, the numerator is positive for ρ < ρ∗e1/n and
negative for ρ > ρ∗e1/n . As a consequence, the function
ln a(ρ) reaches its maximum at ρ = ρ

1/n∗ , being upper-
bounded, so that and condition (39) is satisfied.

6 As SEC is not satisfied in this ranges, ptr < 0 and consequently, the
DEC coincides with the NEC, Eq. (30). So, the NEC is necessary and
sufficient to prove the DEC.
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• If −1 < n ≤ 0, Eq. (41) and Eq. (42) are both always
positive, and a maximum for ln a(ρ) cannot be found.
However, it is easy to show that, when ρ � ρ∗, ln a(ρ)

behaves as α − 1
ρ1+n , where α is an integration constant.

Since n > −1, then ln a(ρ) has an asymptote identified
with α, and thus it is upper-bounded also in this case.

• If n < −1, one can easily prove that Eq. (41) is always
positive. However, in this case, the second term of the
denominator dominates over the first and the whole
expression behaves as ρ−1 for large ρ. This means that
ln a(ρ) increases always as ln(ρ), so it is not upper-
bounded and the condition (39) is never satisfied.

4 Optical properties of logotropic black holes

In order to study optical properties of the above BH solution,
we first focus on the validity of Eq. (39), holding for ρ > ρ∗,
which requires n > −1 and thus

√
a(ρ) ≤ 1. Since n > −1

ensures that a(ρ) is upper-bounded, we can always find an
integration constant for a(ρ) such that the WEC is satisfied.
Hence, we select this integration constant such that a(ρ) = 1
at its maximum value. This occurs when ρ → ∞, if n < 0,
and when ρ = ρ∗e1/n , if n > 0 (i.e. when Pρ = 0). As the
first case is unphysical, since it would imply an infinite value
of the pressure, we limit our prescription to n > 0, selecting
the function a(ρ) such that a(ρ∗e1/n) = 1. In this way, we
ensure that

√
a(ρ) ≤ 1 is satisfied for each ρ �= ρ∗ and that√

a(ρ) = 1 when P reaches its maximum.
Therefore, by virtue of Eq. (18), one easily finds

f (r, ρ) = √
a(ρ) − 2M

r
, (43)

implying that the metric (4) reads

ds2 = √
a(ρ)

(
1 − 2M√

a(ρ)r

)
dt2

− dr2

√
a(ρ)

(
1 − 2M√

a(ρ)r

) − r2d�2. (44)

Adopting the following coordinate transformations

t → (
√
a(ρ))−

1
2 t, (45a)

r → (
√
a(ρ))

1
2 r, (45b)

and preserving the angles, Eq. (44) describes a Schwarzschild
BH with a mass rescaled by

M → M(
√
a(ρ))−3/2, (46)

The stress-energy tensor arising from this metric is

Tμν =
(
P + 1 − √

a(ρ)

8πr2

)
(eμ

0 e
ν
0 − eμ

1 e
ν
1) − P(eμ

2 e
ν
2 + eμ

3 e
ν
3),

(47)

where the standard Schwarzschild case is recovered as√
a(ρ) → 1 and the stress-energy tensor reduces to

Tμν = |�|
8π

(
eμ

0 e
ν
0 −

3∑
i=1

eμ
i e

ν
i

)
= |�|

8π
gμν. (48)

The latter represents a source for the Einstein field equa-
tions that cancels with the term |�|gμν , thus leading to a
vacuum solution and allowing to recover completely the
Schwarzschild solution. In this respect, it appears evident
that an Anton–Schmidt fluid is thermodynamically equiva-
lent to a Schwarzschild BH when its density is ρ = ρ∗e1/n .
As the fluid pressure takes its maximum value P = A

ne , P
being associated to the cosmological pressure, we can fix A
as A = ne|�|

8π
, for n > 0.

4.1 The effective refractive index

We here investigate the properties of our solution arising from
the condition

√
a(ρ) �= 1, which implies modifications of the

Schwarzschild metric. In particular, we relate this effect to
optical properties of the spacetime in presence of a medium
made by logotropic fluids.

To do so, we study the refractive index that could lead
to different results due its double interpretation, namely the
optical refractive index [68,69], no, and theFermat refractive
index [70], nF . Specifically, we check whether the effects of a
logotropic fluid medium are significant to change the optical
configuration around a BH. We also show that our proce-
dure is general and can be adapted to other thermodynamic
models.

4.1.1 Optical refractive index

The effective optical refractive index, no, emerges by modi-
fying the metric as [68]

ds2 = f 2(r̂)
[
dt2 − n2

o

(
dr̂2 + r̂2d�2

)]
, (49)

and we can find plausible transformations to match Eq. (44)
with Eq. (49). For the sake of simplicity, we only consider
the time rescaling (45a) neglecting the rescaling of the radius
(45b). One can easily prove that the refraction indices are the
same up to a mass rescaling M → M(

√
a(ρ))−1/2. Equating

the components of the two metrics, we thus obtain

f (r̂) =
(

1 − 2M√
a(ρ)r

)1/2

, (50)
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f (r̂)no(r̂)dr̂ = dr√√
a(ρ)

(
1 − 2M√

a(ρ)r

) , (51)

f (r̂)no(r̂)r̂ = r. (52)

Dividing Eq. (51) by Eq. (52), we get the following differen-
tial equation:

dr̂

r̂
= dr

r

√√
a

(
1 − 2M√

ar

) , (53)

which, once integrated, gives

Kr̂
4√a = r

√
a

M
− 1 +

√
r

√
a

M

√
r

√
a

M
− 2, (54)

where K is an integration constant. Then, inverting Eq. (54)
yields

r(r̂) = M√
a

(
1 + Kr̂

4√a
)2

2Kr̂
4√a

. (55)

so that, from Eq. (50), we have

f (r̂) = Kr̂
4√a − 1

Kr̂
4√a + 1

. (56)

Hence, the optical refractive index could be computed from
Eq. (52) as

no(r̂) = M√
a

(
1 + Kr̂

4√a
)3

2Kr̂
4√a+1

(
Kr̂

4√a − 1
) . (57)

The Schwarzschild case is recovered when
√
a = 1. To be

consistent with the notation of [69], in the Schwarzschild
case, we set K = 2

M , thus leading to

no(r̂) = 1√
ar̂1− 4√a

(
1 + M

2r̂
4√a

)3

1 − M

2r̂
4√a

. (58)

Two cases of interest occur for small and large radii. In
particular, for small radii, the index of refraction diverges at
the horizon radius [69,70], i.e. rh = 2M√

a
, as

no(r → rh) ∼ 2
1
2 +a−1/4

Ma−1/4

rh√
r − rh

. (59)

Instead, the case of large radii is not straightforward. In
particular, for

√
a �= 1, the optical refractive index seems to

tend to zero, rather than to the unity:

no(r̂ → ∞) ∼ 1√
ar̂1− 4√a

. (60)

Such a feature is shown in Fig. 1, where it appears evident
that no seems to break down at a given r , as it does not

Fig. 1 Effective optical refractive index as a function of the external
radial coordinate r (distance from the BH center) in a logarithmic scale.
The curves correspond to different values of

√
a(ρ):

√
a = 1 (solid),

corresponding to the Schwarzschild case);
√
a = 0.95 (dashed);

√
a =

0.9 (dot-dashed);
√
a = 0.85 (dotted). Units of 2M = 1 were adopted

tend to unity like in the Schwarzschild case. The physical
explanation for this behavior is related to the definition of
n0. Indeed, at very large radii, the density ρ cannot act as
a medium, since the corresponding BH would act as a fully
transparent point-like object whose index of refraction cannot
depart from no = 1. This can be seen if one does not fix√
a(ρ) to a given value, assuming that ρ distributes providing

a limiting case for the Minkowski spacetime. To see that, it
is straightforward to notice that, for varying ρ, when r̂ →
∞, a(ρ) → 0 in the denominator of Eq. (44), since there
is no evidence of logotropic fluids at very large distances.
To guarantee asymptotic flatness of Eq. (44), one requires√
a(ρ)r → ∞ as both r → ∞ and P → 0. This can be

generalized to any fluid whose density does not explicitly
depends on the radial coordinate. Indeed, if one considers
ρ = ρ(r̂), it would be possible to explore the above case
without the need to have

√
a(ρ)r → ∞ when both r → ∞

and P → 0.
The above considerations about the optical refractive

index imply that its validity still holds, but it highly depends
on the functional evolution of ρ in terms of r̂ . To overcome
this issue, one can search for an optical index that, on the
contrary, does not take into account how the EoS evolves
as a function of the radial coordinate. This subject is investi-
gated in the following, where we deal with effective refractive
index resulting from the application of the Fermat principle.

4.1.2 Refractive index from the Fermat principle

As stated above, a simpler approach to investigating the
refractive index involves the use of the Fermat principle. This
approach turns out to be quite different than n0, because it
does not depend on the radial distance r̂ . Its use spans within
several gravitational lensing contexts [70–72], and it is con-
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Fig. 2 Fermat refractive index as a function of the distance from the
BH center r in a logarithmic scale. The different curves correspond to
the values of

√
a(ρ) as in Fig. 1

structed by considering light rays, i.e. ds2 = 0, with constant
angles. Thus, from Eq. (44), we have

dt = dl√
1 − 2M√

ar

, (61)

where dl2 is the spatial part of Eq. (44). For a path �, the
Fermat principle reads

δ

∫
d�√

1 − 2M√
a(ρ)r

= 0. (62)

Hence, the corresponding refractive index is obtained by
comparing the latter with the Fermat principle in the flat case
δ
∫
nF d� = 0:

nF (r) =
(

1 − 2M√
a(ρ)r

)− 1
2

. (63)

The behavior of the latter, for different values of
√
a, is shown

in Fig. 2. We notice that, for large radii, the Fermat refractive
index tends to nF = 1, regardless of the value

√
a(ρ), con-

sistently with the fact that, far from the BH, the influence of
the fluid cannot be perceived. For small radii, nF diverges at
the event horizon rh as

nF (r → rh) ∼
√

rh
r − rh

. (64)

4.1.3 Horizon radius shift

From both the optical and Fermat refractive indices, it
appears evident that the BH event horizon is shifted when√
a(ρ) �= 1 from 2M to 2M√

a(ρ)
. The deviation of the horizon

radius from the Schwarzschild case can be expressed as a
function of the Anton–Schmidt density as

�rh(ρ) = rh(ρ) − 2M

2M
= 1√

a(ρ)
− 1. (65)

Fig. 3 Deviation of the horizon radius as a function of the density of
the Anton–Schmidt fluid. The values on the x and y axes are expressed
in powers of 104 and 10−6, respectively. The parameter n is fixed to
0.1, while the different curves correspond to different values of ρ∗:
ρ∗ = 0.5A (solid), ρ∗ = A (dotted) and ρ∗ = 2A (dashed). The
Schwarzschild solution is recovered at the minima of the curves, i.e.
when ρ/ρ� = e1/n  22 · 103. The top-right subplot enhances the
behavior of rh − 1 around such minimum

A plot of the latter quantity is provided in Fig. 3. It is inter-
esting to notice how different values of the Anton–Schmidt
parameters (namely, different ratios ρ∗/A) affect the behav-
ior of the horizon radius in the optical framework. Namely,
the greater ρ∗/A, the smaller deviations of the horizon radius
from the Schwarzschild one occur as ρ deviates from ρ∗e1/n .

5 Outlook and perspectives

In this paper, we investigated a class of asymptotic AdS BH
metrics whose thermodynamics matches that of logotropic
models. For this purpose, we considered the Anton–Schmidt
fluid, which contains the pure logotropic case as a limiting
case. We thus developed a general method to obtain a metric
solution and, by requiring the presence of a BH horizon, we
found plausible metric functions describing the physical sce-
nario under study. Our treatment has been carried out solving
the Einstein field equations, i.e., requiring our solution to be
physical BHs.

We then studied the most suitable values of the free param-
eters associated with our class of solutions. In particular, tak-
ing into account the energy conditions for the source fluid,
we showed that a BH solution of the Einstein field equations
is obtained for an asymptotic AdS spacetime, guaranteeing
that the Einstein equations fully hold in presence of the cos-
mological constant, and leading to two specific cases: (i) a
pure constant pressure, corresponding to a constant density
of the Anton–Schmidt fluid; (ii) an exotic outcome, which
should be physically discarded. In this respect, we checked
whether, by relaxing the SEC, more general classes of solu-
tions may be found. In particular, our analysis demonstrates
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that an Anton–Schmidt fluid with positive pressure is capable
of emulating the thermodynamics of a spherically-symmetric
compact object as soon as the pressure of the fluid is maxi-
mized.

Furthermore, we analyzed the optical properties of our
solutions. To do so, we followed the standard recipe to obtain
an effective refractive index in spherical coordinates. We thus
adopted two definitions, namely the optical and the Fermat
refractive indexes. In the first case, we showed the limits of
the model predictions, which mostly require knowing how
the density evolves as a function of the radial distance, and
provides an unphysical behavior for large radii. Moreover,
to overcome the aforementioned issues, we considered the
Fermat refractive index. In so doing, we discussed the func-
tional dependence on r , with particular regard to its asymp-
totic values. Likely divergences at small radii were discussed,
whereas a direct comparison with the Schwarzschild case
was prompted, showing where the deviations from the latter
case are much more evident. Quite clearly, the corresponding
optical effects imply that the refractive indexes increase due
to the presence of the thermodynamic medium constituted
by the Anton–Schmidt fluids.

Future works will focus on alternative fluids character-
ized by thermodynamic effects that are mainly different from
logotropic models. In particular, it would be interesting to
take into account real fluids and show, for instance, how tran-
sition phases could affect these scenarios. Another plausible
extension would be to promote our treatment to more general
compact objects [73] and/or on accretion disk contexts [74–
76]. A crucial point deserving future efforts will be investi-
gating the relation between the thermodynamic properties of
the fluid and the BH, in order to enable a richer use of ther-
modynamics and make the extended phase approach more
robust and fully justified from a physical perspective.
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Appendix A: Suitable forms of h(r, ρ)

As mentioned in Sect. 2.1, the ansatz (14) considered in [22,
25,26] made use of specific functions for Ri (ρ). However,
since we do not know a priori the best functions to choose,
we describe here a general procedure aimed at minimizing
the loss of generality of the solution.

Resuming, by inserting the solution (14) (once the func-
tions Ri (ρ) are known) into Eq. (13), the latter takes the form
of Eq. (15). By solving the equations {ξ j (r)Fj (ρ) = 0} j
separately, we get the functions Xi (r) from the equations
{ξ j (r) = 0} j . The equations ξ j (r) = 0 for Xi (r) can be
algebraic or differential. In particular, for a given j , i.e. con-
sidering ξ j (r)Fj (ρ) = 0, we can distinguish two cases:

• if the function Fj (ρ) is present in the third term of the
left-hand side of Eq. (13), then the equation ξ(r) = 0
is differential due to the presence of a partial derivative
with respect to r ;

• if the function Fj (ρ) is not present in the third term of
the left-hand side of Eq. (13), but it is in some of the other
two terms, then the equation ξ(r) is algebraic.

Since we search for a solution as general as possible, we
want all the equations for Xi (r), i.e. {ξ j (r) = 0} j to be
differential, so that for each one of them we can get an inte-
gration constant. For this purpose, we choose the functions
Ri (ρ) such that all the independent functions of ρ, i.e. Fj (ρ),
present in the first and second term, must be present also in
the third term. To do so, we consider the independent func-
tions of ρ present in each term. Therefore, we have

8πr2(P − 2ρ)Pρ = L(PPρ, ρPρ), (A1a)

6(ρ + P)hρ = L(ρ(Ri (ρ))ρ, P(Ri (ρ))ρ), (A1b)

− 3(rh)′Pρ = L(PρRi (ρ)), (A1c)

where L(. . . ) means “linear combination of . . . ”. First, we
set R1(ρ) = 1 (the motivation will be clarified later). Then,
to have the functions of ρ in the first term included in the
third one, we take R2(ρ) = ρ and R3(ρ) = P(ρ). We
thus have h = L(1, ρ, P) �⇒ hρ = L(1, Pρ). Then,
the third term becomes L(Pρ, ρPρ, PPρ) and the second
one L(ρ, P, ρPρ, PPρ). At this stage, we should take into
account the specific fluid under study in order to check
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whether some of the terms of above linear combinations are
linearly dependent.

In particular, recalling Anton–Schmidt’s pressure (3), we
have

P ≡ L(P1(ρ), P2(ρ)), (A2)

where P1(ρ) =
(

ρ
ρ∗

)−n
ln ρ and P2(ρ) =

(
ρ
ρ∗

)−n
. Taking

the derivative of P with respect to the density, we obtain

Pρ = 1

ρ
[−nA(P1(ρ) − ln ρ∗P2(ρ)) + AP2(ρ)] . (A3)

Hence, ρPρ = L(P1, P2), so that both ρPρ and P are differ-
ent linear combinations of the same functions P1 and P2. The
third term becomes L(Pρ, P1, P2, PPρ), while the second
one reads L(ρ, P1, P2, PPρ). As not all the terms in the sec-
ond term are present in the third, we can add to h a term pro-
portional to b(ρ), so that h = L(1, ρ, P, b(ρ)). In this way,
the third term becomes L(Pρ, P1, P2, PPρ, Pρb(ρ)) and the
second L(ρ, P1, P2, PPρ, ρbρ(ρ), Pbρ(ρ)). To have all the
functions of ρ in the second term and also in the third one,
we need the function b(ρ) to be a linear combination of ρ,
ρbρ and Pbρ , namely

Pρb(ρ) = B1ρ + B2ρbρ + B3Pbρ, (A4)

where B1, B2 and B3 are generic constants. Finally, the ansatz
for the function h(ρ, r) can be written as

h(r, ρ) = X1(r) + X2(r)ρ + X3(r)P1

+X4(r)P2 + X5(r)b(ρ), (A5)

with b(ρ) satisfying Eq. (A4).

Appendix B: Derivation of the metric function

In order to derive the unknown function h(r, ρ), we report
below some useful relations:

P = AP1(ρ) − A ln ρ∗P2(ρ), (B1a)

ρPρ = −nA(P1(ρ) − ln ρ∗P2(ρ)) + AP2(ρ), (B1b)

ρP1,ρ = −nP1 + P2, (B1c)

ρP2,ρ = −nP2. (B1d)

Thus, inserting Eq. (A5) into Eq. (13), we obtain

8πr2 (
A2P1P1,ρ − A2 ln ρ∗P1P2,ρ − A2 ln ρ∗P2P1,ρ

+A2 ln2 ρ∗P2P2,ρ − 2A(1 + n ln ρ∗)P2 + 2nAP1
)

+ 6
(
X2ρ − nX3P1 + (X3 − nX4)P2 + X5ρbρ + AP1X2

+ AX3P1P1,ρ + AX4P1P2,ρ + AX5P1bρ − A ln ρ∗X2P2

−A ln ρ∗X3P2P1,ρ − A ln ρ∗X4P2P2,ρ − A ln ρ∗X5P2bρ

)
− 3

(
A(r X1)

′P1,ρ − nA(r X2)
′P1 + A(1 + n ln ρ∗)(r X2)

′P2

+ A(r X3)
′P1P1,ρ + A(r X4)

′P2P1,ρ − A ln ρ∗(r X1)
′P2,ρ

− A ln ρ∗(r X3)
′P1P2,ρ − A ln ρ∗(r X4)

′P2P2,ρ + B1(r X5)
′ρ

+B2(r X5)
′ρbρ + B3(r X5)

′Pbρ

) = 0, (B2)

where the last three terms have been obtained by making
use of Eq. (A4). The independent functions of ρ are ρ, P1,
P2, P1,ρ , P2,ρ , P1P1,ρ , P2P2,ρ , P1P2,ρ , P2P1,ρ , ρbρ , Pbρ .
Hence, we have 11 differential equations for the functions
{Xi (r)}5

i=1. Namely, the differential equation ξ j (r) corre-
sponding to each Fj (ρ) are as follows:

ρ : 6X2 − 3B1(r X5)
′ = 0 ; (B3a)

P1 : 16πnAr2 + 6(AX2 − nX3) + 3nA(r X2)
′ = 0 ;

(B3b)

P2 : − 16πr2A(1 + n ln ρ∗) + 6(X3 − nX4)

− 6A ln ρ∗X2 − 3A(1 + n ln ρ∗)(r X2)
′ = 0 ;

(B3c)

P1,ρ : 3A(r X1)
′ = 0 ; (B3d)

P2,ρ : 3A(r X1)
′ ln ρ∗ = 0 ; (B3e)

P1P1,ρ : 8πr2A2 + 6AX3 − 3A(r X3)
′ = 0 ; (B3f)

P1P2,ρ : 8πr2A2 ln ρ∗ − 6AX4 − 3A ln ρ∗(r X3)
′ = 0 ;

(B3g)

P2P1,ρ : 8πr2A2 ln ρ∗ + 6A ln ρ∗X3 + 3A(r X4)
′ = 0 ;

(B3h)

P2P2,ρ : 8πr2A2 ln2 ρ∗ − 6A ln ρ∗X4 + 3A ln ρ∗(r X4)
′

= 0 ; (B3i)

ρbρ : 6X5 − 3B2(r X5)
′ = 0 ; (B3j)

Pbρ : 6X5 − 3B3(r X5)
′ = 0. (B3k)

We can immediately notice that Eqs. (B3d) and (B3e) are
degenerate, providing

X1(r) = c1

r
, (B4)

where c1 is a constant. From Eqs. (B3j) and (B3k), we thus
obtain

B2 = B3, (B5)

X5(r) = c2r
2
B2

−1
, (B6)

where c2 is an integration constant. In virtue of (B6), we can
easily compute Eq. (B3a) obtaining

X2(r) = B1

B2
X5(r) = c1

B1

B2
r

2
B2

−1
. (B7)

Then, Eq. (B3f) can be written as

X ′
3 − X3

r
= 8

3
π Ar, (B8)
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whose solution is

X3(r) = exp

(∫
dr

r

)(∫
8

3
π Ar exp

(∫
−dr

r

)
+ c3

)

= c3r + 8

3
πr2A, (B9)

where c3 is a further integration constant. The function X4(r)
can be obtained from Eq. (B3i) as

X4(r) = c4r − 8

3
πr2A ln ρ∗, (B10)

with c4 being an integration constant. Inserting Eqs. (B9) and
(B10) into Eqs. (B3g) and (B3h), we obtain the following
relation between the integration constants c3 and c4:

c4 = −c3 ln ρ∗. (B11)

From this, we find

X4(r) = − ln ρ∗X3(r). (B12)

Using the results obtained for the functions Xi (r) and the
restrictions on the coefficients given by Eqs. (B5) and (B11),
from Eqs. (B3b) and (B3c) we find, respectively,

nc3r − Ac2
B1

B2

(
1 + n

B2

)
r

2
B2

−1 = 0, (B13)

(1 + n ln ρ∗)c3r − Ac2
B1

B2

(
ln ρ∗ + 1 + n ln ρ∗

B2

)
r

2
B2

−1 = 0.

(B14)

From the study of Eqs. (B13) and (B14), we can infer the free
coefficients c2, c3, B1 and B2 and, thus, determine h(ρ, r).
The various possibilities are listed below.

• The simplest case is when c3 = c2 = 0, for which one
has

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

X1(r) = c1

r
,

X2(r) = X5(r) = 0,

X3(r) = 8

3
πr2A,

X4(r) = −8

3
πr2A ln ρ∗.

(B15)

In this case, we obtain

h(r, ρ) = c1

r
+ 8

3
πr2(AP1(ρ) − A ln ρ∗P2(ρ))

= c1

r
+ 8

3
πr2P(ρ), (B16)

where the last equality is due to (B1a).

• Suppose c2, c3, B1 �= 0. In this case, the system made by
Eqs. (B13) and (B14) becomes

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

B2c3

Ac2B1
r =

(
1 + n

B2

n

)
r

2
B2

−1
,

B2c3

Ac2B1
r =

(
ln ρ∗ + 1+n ln ρ∗

B2

1 + n ln ρ∗

)
r

2
B2

−1
.

(B17)

Since the system must be valid for each r , we need B2 = 1
so that the exponents on r in both sides are the same.
Then, we have

1 + n

n
= ln ρ∗ + 1 + n ln ρ∗

1 + n ln ρ∗
, (B18)

or, equivalently,

1 + n + n ln ρ∗ + n2 ln ρ∗ = n + ln ρ∗ + n2 ln ρ∗,
(B19)

which admits no solutions.
• Suppose c3 = 0, but B1 �= 0 and c2 �= 0. In this case, the

left hand sides of system (B17) become

⎧⎪⎨
⎪⎩

1 + n

B2
= 0,

ln ρ∗ + 1 + n ln ρ∗
B2

= 0.
(B20)

From the first equation, we obtain B2 = −n, so that

ln ρ∗ − 1

n
− ln ρ∗ = 0 �⇒ 1

n
= 0. (B21)

This is possible only in the limit n → ∞, corresponding
to a pressureless fluid.

• Consider c3 = B1 = 0 and c2 �= 0. The functions Xi (r)
then read

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X1(r) = c1

r
,

X2(r) = 0,

X3(r) = 8

3
πr2A,

X4(r) = −8

3
πr2A ln ρ∗,

X5(r) = c2r
2
B2

−1
.

(B22)

Therefore, we finally obtain

h(r, ρ) = c1

r
+ 8

3
πr2P(ρ) + c2r

2
B2

−1
(a(ρ))1/B2 .

(B23)
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