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Abstract We study three dimensional topologically mas-
sive gravity (TMG) in presence of a generic codimension one
null boundary. The existence of the boundary is accounted
for by enlarging the Hilbert space of the theory by degrees
of freedom which only reside at the boundary, the bound-
ary degrees of freedom. The solution phase space of this
theory in addition to bulk massive chiral gravitons of the
TMG, involves boundary modes which are labeled by surface
charges associated with large diffeomorphisms. We show
boundary degrees of freedom obey a local thermodynamic
description over the solution phase space, null surface ther-
modynamics, described by a local version of the first law, a
local Gibbs—Duhem equation, and local zeroth law. Due to
the expansion of the boundary and also the passage of the
bulk mode through the boundary, our null surface thermody-
namics describes an open boundary system that is generically
out of thermal equilibrium.
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1 Introduction

Formulating gravity theories in presence of boundaries brings
in new degrees of freedom (d.o.f) which only reside at the
boundary: boundary d.o.f. Therefore the existence of bound-
aries requires enlarging the solution space of the theory in
such a way it captures these new boundary d.o.f. The first
natural question in this regard is how can we describe these
boundary modes? To answer this question we revisit more
carefully gauge theories or diffeomorphism invariant theo-
ries of gravity in presence of boundaries.

Gauge theories enjoy local symmetries and we usually
treat them as redundancies in description of theory. But in
presence of boundaries a part of these transformations, large
gauge transformations/diffeomorphisms, can become phys-
ical. They are large in the sense that they act non-trivially
on the boundary (Cauchy) data. Different boundary data cor-
respond to different solutions, so these transformations by
definition act as nontrivial maps on the solution space of
the theory. In this sense large diffeomorphisms are symme-
tries and boundary data can be labelled by their associated
charges. We now have all the ingredients to answer the above
mentioned question: We use the surface charges associated
with large diffeomorphisms to label our desired boundary
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d.o.f. Dynamics of these boundary d.o.f is constrained by
the “refined equivalence principle” [1] which also takes into
account the features and properties of the boundary.

Motivated by these, we study gravitational theories on
spacetimes with a null boundary. This boundary can be an
arbitrary null surface in spacetime and is not necessarily hori-
zon of a black hole or asymptotic infinity of an asymptotic
flat space time. This has been the research program pursued
in some recent works [2-5] and in particular in [6-21]. In
reference [6], D-dimensional Einstein gravity in presence of
a null boundary was studied. In this case, the solution phase
space of the theory was constructed and its symmetries and
corresponding charges were analyzed. The solution phase
space of this theory is parameterized by D(D — 3) infalling
and outgoing bulk propagating gravitons and also D bound-
ary d.o.f. It was shown in [22] that these boundary d.o.f along
with the bulk modes describe an open thermodynamic sys-
tem with local laws. These local laws of thermodynamics
account for the dynamics of the part of spacetime behind the
boundary.

There is another way to view the null surface thermo-
dynamics: One can interpret the standard first law of black
hole thermodynamics as a relation between hard charges (i.e.
mass, angular momentum, and...). The content of the stan-
dard first law is actually the conservation of energy. It states
how the black hole’s hard charges should be changed through
a perturbation. The soft hair proposal [23,24] indicates that
black holes carry an infinite number of soft charges. So we
expect through a perturbation which carries the soft hair, the
black hole soft hair should be changed in such a way that the
total amount of the soft hair remains intact. Now the ques-
tion is whether we have a similar first law for soft charges.
Because of the conservation of soft charges, we expect to
exist such a soft version of the first law.

As pointed out in [22,25], the local laws of thermody-
namics which describe the dynamics of boundary d.o.f are
a direct consequence of diffeomorphism invariance of the
action. One can ask how crucial is the diffeomorphism invari-
ance to get the thermodynamic description for the boundary
d.o.f. In order to answer this question we go beyond the grav-
itational theories with covariant action and consider a theory
that is covariant only at the level of the equations of motion.
An important example of these kinds of theories is three-
dimensional Topologically Massive Gravity (TMG) [26,27].
The TMG action involves the gravitational Chern—Simon
term which is not diffeomorphism invariant but transforms
up to a total derivative term under a general coordinate trans-
formation. A distinctive feature of this theory is that it has a
massive propagating graviton. Therefore, another motivation
to consider TMG is to explore the role of massive gravitons
on boundary thermodynamics.
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Null boundary analyses for topologically massive gravity
at a finite distance have been carried out in [5].! In this case,
the solution space of the theory is described by four functions.
Three of them describe the boundary d.o.f and the fourth rep-
resents the massive chiral propagating mode of TMG. In this
paper, we show these boundary d.o.f in presence of this chiral
mode describe an open thermodynamic system. We present
a local version of the first law and Gibbs—Duhem equation.
The form of these equations is the same as [22], but the local
thermodynamic quantities also receive contributions from the
Chern—Simon term in the action of this theory. We also dis-
cuss the local zeroth law for boundary thermodynamics. As
we will see the local zeroth law yields the Heisenberg &
Vir algebra among the thermodynamic quantities, where the
central charge of the Viraroso algebra is proportional to the
gravitational Chern—Simons coupling, as the one obtained
in [5]. To perform our analyses we first construct the solu-
tion phase space of the theory perturbatively around the null
boundary (which is located at a finite distance) and analyze
the symmetries over the solution space. We recognize two
class of solutions, the vanishing Cotton tensor (VCT) and
the non-vanishing Cotton tensor (NVCT) cases. The former
coincides with what we have in the absence of the Chern—
Simons term, analyzed in [5].

This paper is organized as follows. In Sect. 2, we review
the solution phase space and boundary symmetries for the
TMG [5]. Sections 3 and 4 contain our main results for the
local thermodynamics of TMG for expanding null hyper-
surfaces in the VCT and NVCT cases. They involve a local
version of the first law, a local Gibbs—Duhem equation, and
a statement for the local zeroth law. In Sect. 5, we consider
the thermodynamics of non-expanding null boundaries. In
Sect. 6, we discuss further our results and conclude with an
outlook.

2 Null surface solution phase space: a review

Topologically massive gravity (TMG), with negative cos-

mological constant A = —1/¢2, is described by the action

[26,27],

I ]—# dBx Lg), Llgli=+/— R+3+1L
8l=15 x Llgl, Ligl=v~-g @t les

2.1)

where R is Ricci scalar and Lcg is the gravitational Chern—
Simons term,

1 2
Lcs = EGNVP <F;’iﬁaul"ga + ngﬂnyF;a> 2.2)

1 Various aspects of topologically massive gravity has been extensively
studied in the recent literature, see e.g. [28—47].
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with €, being the Levi—Civita tensor which in our conven-
tions \/=ge""® = 1, and I'%, is the Christoffel symbol. This
action has three parameters of dimension length, G, £ and
the Chern—Simons coupling 1/u. Equations of motion are
a system of third order partial differential equations which
may also be written as [5]

El=DHlgTF, =0, (2.3)
where

2 w ® 1 na
Zw =Ry, + Z_zg;wa DF, =", + ;E wVa. 24

We split the solution space of this theory in two different cat-
egories: 7, = 0 and 7, # 0. They are respectively called
vanishing Cotton tensor (VCT) and non-vanishing Cotton
tensor (NVCT) sectors [5]. The first class only involves the
Einstein solutions but the second class contains solutions that
do not appear in the solution space of 3-dimensional Ein-
stein gravity. The latter one contains a massive propagating
mode which due to the appearance of the Levi—Civita tensor
we call, chiral massive news. We adopt Gaussian null-type
coordinate system

8rr = 0, 8r¢ = 0, 8rgrv =0 (25)

in which v, r, ¢ are respectively advanced time, radial and
angular coordinates. By this kind of gauge fixing, the three
dimensional line-element is given by [4—6]

ds? = =V dv? + 2ndvdr + R? (d¢ + U dv)? (2.6)

where V, R, and U are generic functions on spacetime and
n depends only on v, ¢. In this coordinate system, we take
r = 0 to be a null surface, V(r = 0) = 0, and we denote
it by V. By assuming the Taylor expandability of the line
element around our desired null boundary (r = 0), we do the
following expansions

V(v,r,¢) = —n (1" + ?) r+ r2V2 + (’)(r3), (2.7a)

U, r,¢) =U— r"Q;Z + 0P, (2.7b)
R, r, ) = Q2(1 — 2rn®,) + OF?). (2.7¢)

All functions which appear in these expansions are generic
functions of null boundary coordinates, v and ¢. These func-
tions have nice geometrical meanings. For example, we could
think about I', U, 7, ®,,, and 2 as the surface gravity, veloc-
ity aspect of the boundary, angular momentum aspect, expan-
sion, and the area density of the null boundary respectively
[5]. For latter convenience, we introduce the differential oper-
ators D, and Lz, which their action on a codimension one
function Oy, (v, ¢) of weight w is defined through [6,48]

Dy Oy := 0,0y — L14 0y, (2.8a)

Table1 Weight w for various quantities defined and used in this Section

u,y,y

n, T, W.71,01,0,,c,I' N,E,
Va,&u, T ,W,0,,Dy

w=1 Q,0, Ty, R, Ep . ONE » Ip
Tpp » T » T » INvVCT » INE

w=-—1

w=0

L3Oy :=Up Oy + w0y, U, (2.8b)
where U is a function of weight —1. Weights of different
functions can be found in Table 1.

To describe the geometry of the null boundary, we define
the following two null vector fields

1
l:=1,dx" = —EVdv+ndr,

n:=n,dx* = —dv, (2.9)

they satisfy /> = n?> = 0 and [.n = —1. The vector field

"9, = 0y —UIp + O(r) is the generator of the null surface
r D

[-VI*=kl" onN, x=——+11 (2.10)
2 2n

here « is the non-affinity of null boundary generators. In the
rest of the work, the on-shell divergence-free and traceless
tensor 7, (2.4) will be of great relevance. The components
Ty = M1, Tig = "7, and Tyy = Tps computed at
r = 0 are given by

Ty = —D,O; +xO; — O, (2.11a)
Tip = Dy + O — gk, (2.11b)
Tpp = 227 [Dy®, + Opn(k + O))

13(”) o 1 2.11¢)
—— — )=+ dle
e\ a2
Equations of motion (2.3) lead to
2V, 377 2 Jogn
E=el=-"2422 4 2 _
H n? + 204 1 2 Q3
@gn) | 2Tgy
“ogit e = 0, (2.12a)
1
Ep =1 =Ty — E[Dva + Ty
92
+ (O — 1) Tjp — 03T} — UTDUS] =0, (2.12b)

!
Eip :=1"Eup =Ty — M*Q[Dv%eb —oTig

1 T |
— SOrTgy + Q20,7 — Qi (g) - 592(—)15] —0,
(2.12¢)

@ Springer



182 Page 4 of 17

Eur. Phys. J. C (2023) 83:182

Table 2 List of frequently occurring symbols

Symbol Description

VCT Vanishing cotton tensor
NVCT Non-vanishing cotton tensor
NE Non-expanding

" Coupling constant of Chern—Simon term
N Null boundary

u Angular velocity of null boundary

K Non-affinity of null boundary generators
O} Expansion of null vector /

(O Expansion of null vector n

w Twist field

T Generator of supertranslations

w Generator of superscaling in the radial direction
Y Generator of superrotations

T, Local temperature

Q Area density of null boundary

Q

Entropy aspect in VCT case

QNE Entropy aspect for non-expanding null
boundaries

J Angular momentum aspect in VCT

JNVCT Angular momentum aspect in NVCT

JNE Angular momentum aspect for non-expanding
null boundaries

N Chiral massive news

Dy Comoving derivative along the null boundary

~ On-shell equality

where

L D, L LT  0¢n

are respectively expansion and twist fields. For later conve-
nience, we also introduce?

o n
P:=In <Q2812)

here we have assumed ®; # 0. For the non-expanding case,
we will define another related quantity. We have summarized
the definition of different symbols in Table 2.

(2.14)

Solution phase space. The solution phase space is parame-
terized by four functions, {2, n, J; 7;;}. The first three func-
tions label the boundary d.o.f while the last one captures the
information about the chiral massive news. In the VCT case,

2 It is important to emphasize that 7 does not have a well-defined
weight. We define its derivative as

DyP :=0,P — LuP, LyP :=UP — 204U.

@ Springer

we lose the bulk propagating mode, and hence, in this case,
the dynamic of the theory only arises from the boundary [5].

Null boundary symmetry (NBS). The vector field [4-6]

E=T 3, +r(D,T — W) a,+(Y - r&aﬂ) 9y + O(r?),
(2.15)

preserves the form of metric (2.6) and hence rotates us in the
solution space. Here symmetry generators, 7', Y, and W are
generic functions of null boundary coordinates. They respec-
tively generate the supertranslations in v-direction, super-
rotations in ¢-direction, and superscaling in r-direction. It
is worth to emphasis these three generators are in one to
one correspondence with three labels of the boundary d.o.f

{€Q.n, T}

Null boundary symmetry algebra. The vector fields (2.15)
make an algebra. Due to the field dependency of (2.15), we
should use the adjusted Lie bracket to read the algebra [49,50]

[E(T, W1, Y1), (T2, W2, Y2)ludj. bracket =6 (T12, W12, Y12)

(2.16)
where
T = (Tla,, + Y18¢) T — (1 < 2), (2.17a)
Wip = (Tlav + Y18¢) Wy — (1 < 2), (2.17b)
Yo = (T13u + Y 8¢,) Y, — (1 < 2). (2.17¢)

This is a Diff(AN) & Weyl(N) algebra [4,5]. The Diff part of
this algebra is parameterized by supertranslations and super-
rotations and the Weyl part is also described by the generator
of superscaling in the r direction.

Field variations of chemical potentials. Under the action
of &, we get

8T =Dy(W +TT) + YouT, (2.182)
8sU = D,Y, (2.18b)
8P = (TDy + Ly)P — W, (2.18¢)
8:Q =(TDy + L)Q, (2.18d)

where ¥ = Y +UT. We will interpret {I", /; P, 2} as chem-
ical potentials in thermodynamic equations. The distinctive
common feature of these quantities is that they do not depend
on the underlying theory and are only geometrically deter-
mined. As the last point, it is worth to emphasis that these
field variations are totally off-shell.
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3 Null surface thermodynamic, VCT case

In this section, we consider the vanishing Cotton tensor
(VCT) sector of the solution phase space of the theory. In
all of this section, the on-shell equality ~ means we apply
the VCT equations of motion

T =Ty = Tpp = 0. (3.1

The first two equations 7;; = 0 and 7,4 = 0 are the standard
Raychaudhuri and Damour [51] equations respectively. We
introduce two further quantities which will play important
roles in our null surface thermodynamic

] 1 0P | 059
G- | L %P W)
pl2e 2 T e

_ 1/ aN\> [\ ., 9P\
7 “ﬁ[(ﬁ) +(7) reree - ()

35204 P 3,2\2 205
_u+2<¢_> _ %

R ) R 3.2)
From now on, the barred notion will be used for the quan-
tities which take corrections from the Chern—Simon term in
TMG action (2.1). In other words, these barred quantities are
defined in such a way that they reduce to the corresponding
unbarred quantities (Einstein counterparts) for © — 0.

Symplectic potential. We start by calculating the Lee—Wald
symplectic potential [52] for the VCT case. Up to total deriva-
tive terms w.r.t ¢ we get

167G Oy = —J8U + Q8T + D, Q8P

~Lo,a+ Lon (3.3)
0 0
where the last two terms are a total derivative term w.r.t v
coordinate and a total variation on solution phase space which
their explicit form is given by
dndpn Q2

50,92
0P
202 a2 Tg%

A=8w+ 920, U +
+18778P
4°n 0

1 J
B=d0+ Eszze),ﬂ)],u — E(r+2@,) (3.4)

3592 9P
— (4 01+ L (T 420 + 3,U)

dpU 2 T 050; 3049
—— | UQB —t =—— - —).
2 ( gt )] Q
To remove these terms, we use the freedoms/ambiguities in
the covariant phase space method [53]. To do so, we introduce

the following W and Y terms

V=8

o /LV}»B So:
167rGu6 2[88: gl

YH'[bg: gl =

(3.5)

with B, depending on the (variations) of metric and Christof-
fel symbols and the quantity P

! 3Q 1
B)‘[(Sg; g] = Z Fgﬂsgg_nalﬂsrgﬂ‘FEa)LP + 28773,\73,
(3.6)

It should be noted these freedoms are proportional to 1/u
and vanish in Einstein limit @ — oo. By adding these Y and
W terms to the Lee-Wald symplectic potential, we find

167G O = —T8U + QST + D, Q8P. 3.7)

From now on, we add these freedoms (3.5) to any Lee-Wald
quantities in the VCT case and drop their LW index. It is
worth emphasizing that these kinds of Y-terms (3.5) were
used to obtain integrable surface charges for TMG in VCT
case [5].

Symplectic form. One can compute the Lee-Wald pre-
symplectic form [52] over the set of geometries (2.6). After
the addition of Y-term (3.5), it yields

1 - _ _
Q:%/Ndvdqb [UABST — 8T ASQ— 8P AS(DyQ)].
(3.8)

This pre-symplectic form has a nice property: similar to the
Einstein gravity in 3 dimensions, it involves three conjugate
pairs. In each pair, one accepts corrections from the Chern—
Simon term and the other one does not. In this regard, we
interpret unchanged quantities, {I", {/; P}, as chemical poten-
tials, which do not depend on the underlying theory, they are
only geometrical quantities.3 We consider {S_Z, J: DUS_Z} as
their corresponding thermodynamic conjugate charges which
carry information about the underlying theory (3.2). In this
sense, they are actually dynamic variables. It is important to
emphasize the pre-symplectic form (3.8) involves off-shell
quantities. These thermodynamic quantities are subject to the
VCT equations of motion (3.9).

Equations of motion in terms of charges. VCT equations
of motion (3.1) in terms of thermodynamics variables yield

D@ ~©022-Q), DP~T, DJ~
) ) _agu
—Q3y — DyQogP — 20y | D2+ — | .
"
(3.9)

The second and third equations are the Raychaudhuri and
Damour equations which now have been written in terms of

3 For an exception see [54].

@ Springer
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thermodynamics variables. They capture the time evolution
of expansion and angular momentum.

Charge variations. Under the action of large diffeomor-
phisms (2.15), the thermodynamic charges transform as

8eQ ~ (TDy + L),
8¢ (DUQ) ~ Dv(TDvQ) + E?(DUQ) >
8T ~ (TDy + L) T + QW +T9sT)

(3.10a)
(3.10b)

_ 2 N
—2D,Q0,T + = (Toju - 337) . (3.10¢)
n

3.1 Surface charge variation

One can compute the charge variation associated with large
diffeomorphisms for topologically massive gravity by using
an extension of the covariant phase space method [5,55, 56].4
Explicit calculations lead to the following expression for the
charge variation

1
$OE) ~ ——

21
dplWsQ +Y8T +T (UST
167G Jo ¢{ +Y8T + T (UST

—FSQ+DU§28P)}. 3.11)
To get this result, we have used the VCT equations of motion
(3.1) and we have also added Y -term (3.5) into the Lee-Wald
surface charge formula. Obviously, in this slicing of the solu-
tion phase space (67 = Y = §W = 0), the charge variation
is not integrable. So, to obtain well-defined labels for the
boundary d.o.f, we need to split it into the integrable and
non-integrable (flux) parts

2

1 - - o
I(g) = —
OO =105 ) 9 (WQ+YT+TUT -TQ)].
(3.12)
and
1 [ . § §
F& =10c 5 dp T (=T U + Q0T + DyQSP).

(3.13)

By using the modified bracket [49] for this splitting of the
charge variation,

5, OL = {Qél, ng] Gy 9) (3.14a)

1 1 1
{Qél ’ QSZ] BT = Q[Elv&]adj.bracket + Ksl’& (314b)

4 Aswe mentioned the Chern—Simon term in the TMG Lagrangian (2.1)
makes this action to be non-covariant (it has the covariance only at the
level of the equations of motion). So, we need to revisit the standard
Noether-Wald method [52,53,57,57,58] for computing surface charges.

@ Springer

we obtain an algebra the same as the NBS algebra (2.17) with
the following central extension term

Ke g = 167G 1 (3.15)

2
/O dg (V20,71 — Y10,12).
This result is consistent with the representation theorem in the
covariant phase space method [52,57]. Due to the existence
of U in the definition of )A’, this central extension term is
actually field dependent. This central charge is related to the
gravitational anomaly of the presumed dual 2d CFT [59-61].
This matches with the usual statement that central charges are
“anomalies” for conserved charges.

One can read the zero mode charges from the full non-
integrable form of the charge variation (3.32)

1 2w B
4 167G Jo

(3.16)

They have obtained by putting § = —r9,, & = dy and & =
dy in (3.32) respectively. One can do the same job with the
integrable part of the charge variation (3.12),

o= S =L [Tusa
T 4 T 160G Sy :
_ 1 2 _
0'(3y) == J = e | 48 (3.17)
0
_ 1 2 _ B
Iqy.— F— B
Q@) =E=1—= ; dp (UT —TQ).

The first zero mode, S, is equal to the Wald entropy [57,62]
and two other ones correspond to the angular momentum and
energy respectively.

Balance equation. Now, we consider the conservation of
our surface charges. Due to the non-integrability and explicit
v-dependence of the charge variation, we do not expect our
charges to be conserved. In this case, we should consider the
balance or generalized charge conservation equation [2,49]

(3.18)

d
35 0~ T, (85 0) + Ko,

This equation relates the time evolution of the integrable part
of the surface charges to the non-integrable (flux) and anoma-
lies of the charges. In other words, it states there exist two
sources for the non-conservation of the surface charges: flux
and anomalies of charges.
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3.2 Null boundary thermodynamical phase space, VCT
case

As we discussed one can use the boundary charges to label
our boundary d.o.f. In this regard, the VCT part of the solu-
tion phase space is parameterized by three boundary d.o.f,
{Q, T; P}. These boundary d.o.f are led to the following
thermodynamic picture [22].

I. The null boundary solution space for the VCT case
consists of the following two parts:

(I.1) thermodynamic sector: parametrized by (I, /) and
conjugate charges (2, 7). They are subject to the
equations of motion (3.9).

(I.2) P, which only appears in the flux (3.13) and not in
the integrable charge (3.12). As we mentioned, this
quantity is not affected by the Chern—Simon term.
The thermodynamic conjugate associated with P is
equal to the time derivative of the entropy aspect.

II. The VCT part of the solution phase space does not
involve any bulk modes. So, our boundary thermody-
namics is only affected by boundary effects. In this
regard, P is a boundary effect which takes our boundary
system out of thermal equilibrium (OTE).

III. The time derivatives of entropy aspect D, and area
density D,<2 measure the OTE from the bulk and
boundary viewpoints respectively. In the Einstein grav-
ity because we have Q = Q, so D, (or expansion
®;) is a measure of OTE from both bulk and boundary
viewpoints.

In the rest, we clarify this picture by going through the
equations.

3.3 Local first law at null boundary

One can read the standard first law of black hole thermody-
namics for stationary black holes (e.g. BTZ black holes in
TMG) from (3.32) by putting W =Y =0and T = 1,

8§Ho = TodSo + U T o (3.19)

where H on the left hand side is the energy of the black hole
and on the right hand, the first pair (heat term) involves the
temperature, Ty, and the entropy, 5’0, and the second term
(work term) involves Uy and J o which are angular velocity
and angular momentum respectively. We refer to (3.19) as
the global first law.

In this work we generalize this global equation in three
different ways: (1) We present a local version of the first law
which holds in each point of the null boundary. (2) We gen-
eralize this equation such that it captures the OTE effects. As

we will see, in the VCT case the expansion of the null bound-
ary makes our boundary system to be OTE. In the NVCT case
in addition to this effect, the passage of bulk news through
the boundary is another source of OTE in the boundary sys-
tem. (3) This local equation holds on any null surface and
in this description, black holes do not play any key roles.
It should be emphasized that all of these analyses are direct
consequences of diffeomorphism invariance (at the level of
equations of motion).

Now, we present a local version of the first law which char-
acterizes the dynamics of boundary d.o.f. To obtain the local
first law we start from the full form of the charge variation
(3.32) and calculate itfor W =Y =0and T = §(¢ — ¢’).
Then, it yields the following local equation

§H =T8S +UST + DS 5P (3.20)

where

- Q P . r - J

=15 P=_ Ty=—-~DP J="
(3.21)

This equation is a local equation in boundary coordinates, v
and ¢. Let us look at the right hand side of this equation: the
first term is the heat term, T, is the local temperature which
is proportional to the surface gravity and its thermodynamic
conjugate is the entropy aspect, 8. The second term is a work
term, U is the angular velocity aspect of the boundary and
its conjugate denotes the angular momentum aspect, J . We
interpret the last term in (3.20) as an entropy production term.
Because of the expansion of the null surface, the left hand
side unlike the global first law of thermodynamics (3.19) is
not a total variation on the thermodynamic phase space. The
integrated version of the local first law (3.20) for stationary
spacetimes reduces to the usual global first law (3.19).

3.4 Local Gibbs—Duhem equation at null boundary

In this subsection, we study the global and local Gibbs—
Duhem equations. From the integrable part of the charge
variation (3.12), we find the standard Gibbs—Duhem equa-
tion by substituting W =Y =0and T =1,

Eo=ToSo +UpTo (3.22)

Similar to the previous section we call this equation the global
Gibbs—Duhem equation and we generalize it in the three men-
tioned ways. Todoso,weput W = Y = 0and T = §(¢p—¢’)
in the integrable part of the charge variation (3.12), then we
reach a local equation

E=T,S+UJ

(3.23)

which we interpret it as the local Gibbs—Duhem equation.
Similar to the local first law, this equation is also a local equa-
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tion and its integrated version reduces to the usual Gibbs—
Duhem relation for stationary cases (3.22). It is important
to note the thermodynamic variables which appear in this
equation are subject to the equations of motion (3.1).

3.5 Local zeroth law

The goal of this subsection is to present a local expression for
the zeroth law. Basically, we can think about the zeroth law
as a statement of thermal equilibrium. In the usual thermody-
namics, the flux of charges is proportional to the gradient of
the chemical potentials, so we can take the absence of these
kinds of flux as a statement of the zeroth law. So, these kinds
of interpretations motivate us to put the flux part of the charge
variation equal to zero. But we are going to take a weaker
condition than what was mentioned. To do so, we start from
the on-shell variation of the action

1 . - -
81 on-shell = T—= /N dvde [-T U + QST + D,Q5P].
(3.24)

Here we have added W-term (3.5) into the action. As a state-
ment of local zeroth law, we require
dvde¢ §G,

8” on-shell = (3~25)

16w G Jnr
here we can interpret G as a boundary Lagrangian. This
requirement (3.25) results

8G = —T U — S8T,, + D, S 6P. (3.26)

where G = G/167 G. From the combination of the local first
law (3.20) and the local zeroth law (3.25), we reach

SH =UST + T3S +D,S§P,
H=G+T,S+UJ. (3.27)

The integrability condition of this equation, §(H) = 0,

leads to

§H SH

o
T u=""
%

T, = 5 -DyP, D,S = P (3.28)
The first two equations are the Hamilton equations. It simply
shows H plays the role of the Hamiltonian in the boundary
system and (S, P} are Heisenberg conjugate and satisfy a
Heisenberg algebra. It should be stressed that this boundary
Hamiltonian (3.27) does not determine from our analysis,
because it involves an arbitrary function G 3 A careful anal-

5 Determination of G is equivalent to the choice of boundary conditions
(thermodynamic ensemble).

@ Springer

ysis of Raychaudhuri and Damour equations and also the
above integrability conditions lead to the following algebra

(S, ), Pv,¢)} =8¢ —¢), (S, ), Sw,¢)}
={P(v, ¢), P(v,¢")} =0,
(S, ¢), T, )} = S(v,¢)338(¢ — ¢,

{(P(v,¢), T, )} = (P(v,¢)dy + P (v, $)dy
1 /
+ga¢,/)8(¢ -9,
(T, ), T (v, ¢}

= / - 1 /
= (J(v, )0y — T (v, $)dy + %aj,) 59— ).

(3.29)

This is a Heisenberg & Witt algebra. It has been shown [5]
that there is a direct sum slicing in which the charge algebra
becomes Heisenberg @ Virasoro. In summary, we can take
the existence of an algebra among the surface charges as a
statement of the local zeroth law.

Integrable slicing. In this part, we write the charge variation
in another slicing which yields an integrable expression for
the charge variation: integrable slicing [2,4-6,48,63]. Let
us look at the following field dependent combination of the
symmetry generators

W=W-TT Y=Y+UT, T=D,QT. (3.30)
In terms of these generators, we get
1 27 o o .
Q@) ~ —— dp(WsQ+YS8J +TsP). (3.31)
167G Jy

Now, if we assume our new generators are field indepen-
dent, §T = §Y = W = 0, then we will find the following
integrable expression

0)~ ﬁ Ozn dp(WQ+ YT +TP). (3.32)
In this slicing, the symmetry algebra yields

Tip = 05(1T2) — (1 < 2), (3.33a)
Wia = Y195 Wa — (1 < 2), (3.33b)
Yio = Y19,Y2 — (1 < 2). (3.33¢)

An interesting property of this integrable slicing is that its
structure constants are v-independent. The charge algebra is
the same as the symmetry algebra with the following central
terms

1 2w ~ A N N 1 R n
Ke gy = %/0 d¢ [TQWI +2028,T1 + ;Yzang -1« 2)].
(3.34)

Surprisingly, this algebra is the same as (3.29). So, we learn
the zeroth law brings us to integrable slicings [22].
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4 Null surface thermodynamic, NVCT case

In this section we consider the null boundary thermodynamic
for the full NVCT solution phase space. In comparison with
the previous section, we turn on the chiral massive news in
the solution phase space of the theory. As we will see, this
bulk mode through interactions with boundary d.o.f takes
our boundary thermodynamics out of thermal equilibrium. In
this section, we present a local first law, local Gibbs—Duhem
equation, and local zeroth law in presence of this hard mode.
In the whole of this section, the on-shell equality &~ means
we apply the NVCT equations of motion

E1=E&p=E=0. “.1)

The following quantities will play key roles in our null bound-
ary thermodynamic description for the NVCT case

Tig
=7 — — |74 Q0
Fwer =7 u[d’“ "’(sz@zﬂ
2T

N = |:2£2 Q+ Zis :|
Q@l noe;

From now on the index NVCT for different quantities indi-
cates they take corrections w.r.t the VCT case. In other words,
these quantities reduce to the corresponding quantities in the
VCT case for 7y = T;y = Ty = 0. The news function, N,
is a crucial part of our thermodynamic picture in NVCT case.
It is proportional to 7;; and captures the information about
the massive bulk propagating mode of TMG.

4.2)

Equations of motion in terms of charges. NVCT equations
of motion (4.1) in terms of thermodynamic variables yield

_ - 1 T
DO =0,2Q-Q) + — [m + 9 (l)} . (4.3a)
1 )]

2Ty
DyP =T+ —, (4.3b)
)]
DujNVCT ~ —5_23¢F — DU§_23¢77 + Ny 2
205U
— 3¢y | N + 2D, Q2 + , (4.3¢c)
I

Symplectic potential. A straightforward calculation yields
the following expression for the Lee-Wald symplectic poten-
tial

Olw = —Inver 8U + Q8T + Dy Q8P — N5
T16P T
—8¢< . >+8 L6
no; w ©;

1 1
——dyAnver + —8Bnver.
1 M

“4.4)

where we have dropped out the total derivative terms w.r.t ¢
coordinate and the second line only involves a total deriva-

tive term w.r.t v coordinate and a total variation term. Their
explicit form is given by

Anver = A+ 28Q —— Tig
QOe;’

T L (T P 20, T
Baver = B+ -2 |2q— ~ (L4 %0 20 .
nver +ol[ u<9+2+ a o

(4.5)

One can absorb Anyct and Byt terms into the following
appropriate ¥ and W terms

v —8
Yiverlds: g1 = “lonGp e BYVCT [sg: g1,
%7,
BNVCT = B, 4 25Q——% (4.6)
QO;°
v/ —gBnver
Wiverlegl = G nt.

Again similar to the VCT case, we add these freedoms (4.6)
to any symplectic quantities and drop out their LW index.
In [5], these kinds of freedoms were used to obtain genuine
slicings in the NVCT case.

Symplectic form. The Lee-Wald symplectic form for the
NVCT case after the addition of Y-term (4.6) leads to

=—— | dvde [sU AT — ST ASQ
167G )y vdg [8U A STnver A

—8P AS(DyQ) +8QASN]. (4.7

Compared to the VCT case, we have an extra conjugate pair,
Q2 and N, associated with chiral massive news. We treat N as
a charge and 2 as its chemical potential. It is consistent with
our previous criterion to distinguish chemical potentials and
charges. Here N carries information about the propagating
mode and hence it depends on the theory. A comparison with
the Einstein gravity in higher dimensions is also helpful. In
[6] it has been shown that the conjugate of news tensor is
the metric on a co-dimension two cross section of the null
boundary (transverse surface). In our three dimensional case,
this transverse surface is a circle and 2 plays the role of its
metric. In summary in the NVCT case, we have four chemical
potentials, {¢/, I'; P, €2}, and their four associated charges,
{Inver, Q5 Dy, N

Charge variations. The transformation laws for the labels
of the boundary d.o.f are

- = TyogT
8eQ=(TDy, + L:)Q + , (4.8a)

§ Y n ®;
8P =(TDy+LyP-W, (4.8b)

8:(Dy2) = Dy (TDyQ) + L(DyQ)

04T
+D, ( 1% ) i (4.8¢)
no;
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5§jNVCT ~ (TD, + [,);)jNVCT + 5_23¢W
. TidsP
- <2DUQ+ Qr + QN + 120 )8¢T
n O

10T
) )i|, (4.8d)

-/

2 3 35

and the bulk d.o.f transforms under the large diffeomor-
phisms as

8:N = Dy(T N) + LyN. (4.9)

The variation of N has a nice property: it is homogeneous in
N [6,64]. This means by large gauge transformations we can
not create the bulk gravitons (hard propagating mode). This
is the property that we expect to be true for any hard modes.

4.1 Surface charge variation

The covariant phase space method [55-57] gives the follow-
ing expression for the charge variation

1 2 _ _ _
$ONvCT () ¥ —— /0 d¢ (WsQ + YsInver + THHNver)

167G
(4.10)
where
$Hnver = —T8Q +USInver + DyQ8P — N6Q
9 (73;7;) @.11)

Here we have used Y term (4.6) and on-shell conditions (4.1)
for the NVCT case. One can split the charge variation into
the integrable and flux parts as

2

1 _ _
O\ver€) = —— dg [WQ + Y Inver

167G 0

= = TuTiy
+T z/{1.7NVCT -Tre - 2 ) (412)
J7aCh

and
2 _ _
Fnver(€) =167/ d¢T{—JNVCT8u+QSF
7G Jo
= 16 17
+Dvs257>—1v5sz—a¢< i P>+5 AR
u®y nO;
(4.13)
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This splitting yields the same central charge as we had in the
VCT case (3.15). The zero mode charges for surface charge
variation (4.10) result

Onver(—ray) e = = /hdm
NVETUT ) = 4 = 167G o ’

- 1
dp) = = —
Onver(0g) := Jnver 162G /0

$Onver (@) i= §Hxver
1

2
= d¢ (-T8Q+UST DyQSP—N8Q).
l67rG/0 ¢ ( +USINveT+Dy )

(4.14)

We can also read zero mode charges for the integrable part
of the charge variation (4.12)

Q}\IVCT(_rar) =

47 167G
| _ 2 _
8y) = - | 4 ,
Onver(0g) == Jnver 162G ¢ INvCT
| _ 1 2
dy) = E =
Onver (0y) NVCT = 1 /0
- N TP
do | UINver —TQ — 5> |-
12 ®]

(4.15)

We observe the angular momentum and energy take correc-
tions in comparison with the VCT case but the entropy aspect
charge does not.

Balance equation. Similar to the VCT case we obtain the fol-
lowing balance equation among different parts of the charge
variation (4.10)

%Qé ~ —F, (068 8) + Ke o, - (4.16)
One can interpret this equation in several ways. The first way
is to consider this equation as a manifestation of boundary
equations of motion which have been written in terms of the
surface charges. The second interpretation of this equation is
that it states how our boundary d.o.f adjust themselves due to
the passage of bulk chiral mode. In other words, this equation
describes interactions between bulk and boundary d.o.f.

4.2 Null boundary thermodynamical phase space, NVCT
case

Here we present our general boundary thermodynamic pic-
ture for the full solution phase space of TMG.

I. Null boundary solution space for the NVCT case con-
sists of the following three parts:
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(I.1) thermodynamic sector: parametrized by (I", /) and
conjugate charges (2, Jxver). They are subject to
equations of motion (4.3).

(I.2) P, which only appears in the flux (4.13) and not in
the integrable charge (4.12). We observe again even
in the presence of bulk mode, this quantity does not
accept any corrections. We conjecture that it is a
universal property of any expanding null surface in
any general covariant theories of gravity. Similar
to the VCT case, its conjugate is equal to the time
derivative of the entropy aspect.

(I.3) The bulk mode is parameterized by €2 and its ‘con-
jugate charge’ N which appear in the flux (4.13).

II. We have two sources that make our boundary system
out of thermal equilibrium: bulk effect, N, through
interactions with boundary d.o.f, and boundary effect
which is parametrized by P.

III. The time derivatives of entropy aspect D, and area
density D,<2 measure the OTE from the bulk and
boundary viewpoints respectively.

4.3 Local first law at null boundary

By doing the same procedure as we have done in the VCT
case, we reach the following equation for the local first law

_ . } TusP
SHNveT =T\ 88 +US T Nver+Dy S 8P — N5S — 0, ( :@ )
1
(4.17)
where
Q N r - JNVCT 1y
S=—, =, T,i=——1, = , =1,
e N=1g wim—g Iwer=Tgc =46
(4.18)

Once again, this is a local equation in boundary coordinates.
In comparison with the VCT case, we have two further terms.
One of them which is parametrized by N arises due to the
existence of chiral massive news in the bulk. This is a bulk
effect which through interactions with boundary d.o.f takes
the boundary thermodynamic out of thermal equilibrium. The
last term in (4.18) is proportional to 1/ and hence is a prop-
erty of TMG. This term appears as a total derivative term w.r.t
¢ coordinate and is reminiscent of the fact that our equation
is local. It is a combination of bulk and boundary effects
(involves both P and 7j;).

4.4 Local Gibbs—Duhem equation at null boundary

The local Gibbs—Duhem equation for the NVCT case is

= < - 1 TT,
Enver = Ty S +UTNver — ——— 2.
2T

(4.19)

where 7T 1y = %f. In comparison with the VCT case, it has
an extra term, which is proportional to 7;; and parameterizes
the bulk effect of massive chiral news. This extra term does
not have any counterpart in D-dimensional Einstein gravity
[22] so it is a property of the underlying theory.

4.5 Local zeroth law

In this section, we discuss the zeroth law for the NVCT case.
We start with the on-shell variation of the action

1 - _
81| on-shell = —— / dvdeg | — Inver SU + Q8T
167G Jn

= TuéP
+DyQEP — NSQ — 9y (4.20)

no;
7
+8 ”77;’ .
w ®l

Similar to the VCT case, we take the following requirement
as a statement of the local zeroth law

dvde §Gnver, (4.21)

1
81| on- = —
| on-shell 167G i

hence, we get

8Gnver = —InverdU — 88T, + DS 8P — NS

() o)

no; MmO
The integrability condition, §(6GnveT) = 0, leads to an
equation such as Za’ﬁ CupdQy N 86Qp ~ 0, where Q4
denote generic charges and Cyg is a skew-symmetric matrix.
To get this result, we have used the equations of motion (4.3).
In other words, we need to substitute chemical potentials in
terms of the charges. Because our charges are independent
so the unique solution of this equation is Cog = 0. Animme-
diate consequence of this equation is 7;; = 0. The vanishing
of 7j; leads to the vanishing of the news function, N = 0.
Therefore we observe the zeroth law enforces us to turn off
the bulk mode [22]. Putting these conditions 7;; = 0 and
N = 0, into the zeroth law (4.22) and combining it with the
local first law (4.18) result

(4.22)

§Hnver = UsT wver + Ty 88 + Dy S 6P,

Hyver = G + TS +UT nver- (4.23)

The remaining integrability conditions to have nontrivial
solutions for (4.23), yield

SHNveT - SHnver SHNver
N P T U
NVCT

(4.24)

Again these equations enforce an algebra among the charges.
This algebra is the same as the VCT case (3.29).
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5 Thermodynamics of non-expanding null surfaces

In all previous calculations, we assumed ®; # 0. In this
section, we consider a special sector of the solution phase
space, the non-expanding case (®; = 0). From the definition
of 7;; (2.11) for the non-expanding case, we find 7;; = 0.
Because the news tensor is proportional with 7;; (4.2) so
in this case, we do not have any bulk propagating mode,
N = 0. In this section, we will show there is also a local
thermodynamic description for non-expanding null surfaces.
Similar to the expanding null surfaces, we will present local
thermodynamic equations for this case. It is important to
point out that this case is not corresponding to the VCT case,
because even though 7;; = 0, we still have 7,3 # 0 and

Ty # 0.

Symplectic potential. In this case the Lee-Wald symplectic
potential up to total derivative terms w.r.t ¢, yields

- - 1
167G ®f\IE,LW = —INESU + QNEST + ;7?4557)1\1]3

1 1
—— 0y ANE + —8BNE 5.1
m n

where the thermodynamic quantities for non-expanding case

are

l[j 2840 n )
272 )’
272

_ 1
ONE=Q+ — | — + 2= 4+ —9,Pnel. P =1
NE +M 29-i- a +2¢ NE] NE n(

. 1[/T\2 /9\? 3 PNE |
JNE”U[(m) #(7) -2 (477)
_23¢QB¢PNE 83, <3¢Q>i|.

Q Q

(5.2)

The total derivative term and total variation term are

dndgn
202 4n?

2692
+ Q%0, U + sw + o 8 PNE
1
+ ZSPNE%PNE,

1
BNE = 5sz%a,m,,u + o (5.3)

1 5 J 80p2  dpn
— U (SUQPO, + = - 2 2D
¢ (2 "taa T Ta Tay et

J 0pPNE ~ 204%2 r
4Q 4 Q

We introduce the following W and Y terms to remove these
terms

V8 G#U)‘BN

E
- 3g; 8l
167G 5 10g: gl

(5.4)

Whglel =

—gBNE AVre .
Lo M Yebsigl=

with

1 26Q2
B)I:IE[8g; gl = 2 l"j’fﬂ8g£ — nalﬁSFgﬂ+?8APNE
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1
+Z§PNE8A7DNE~ (5.5
By using these Y and W terms, we reach
- - 1
167G Ong = —INESU + QNEST + — 7148 PNE. (5.6)
I

We add these freedoms (5.4) to any Lee-Wald quantities in
the non-expanding case and drop their LW index. Again these
kinds of Y-terms lead to the integrable expression for the
surface charges in the non-expanding case [5].

Equations of motion in terms of charges. In this case, the
Einstein equations lead to the following simple equations

_ _ _ 4
Dy e = ~DyOnedy Pre — OnedgT — - Ay (’Z}¢ n 2a¢%u) ,

- 7
DyQNE = 7¢, DyPne =T. 5.7

Symplectic form. The symplectic form for the non-
expanding case is given by

N —

167G Jn
— 5Pxe A (D) |

dvde [5u A SINE — 8T A SQINE
(5.8)

here we have used (5.7). We recognize three thermody-
namic conjugate pairs: there are three chemical potentials
{I", U, Png} and their corresponding thermodynamic charges
(Q2NE, InEs Dy$ng]. The off-shell chemical potential asso-
ciated with Png is equal to 7;4/p. From the definition of
Ti4 (2.11) for the non-expanding case, one can interpret this
quantity geometrically as a time derivative of the twist field.
So, it seems for the non-expanding case, the twist field plays
the role of the expansion. On the other hand, the on-shell
chemical potential of Png is given by the time derivative of
the Wald entropy aspect. It is worth emphasizing that the last
chemical potential, Png, does not have any Einstein coun-
terpart.

Charge variations. The variation of the surface charges is
given by®

3¢ QNE = (TDy + L)QNE.
8¢PNe = (TDy + Ly)Png — W,
8¢ (DyQNE) = Dy(TDy2NE) + L (DyQNE).
8¢ INE = (TDy + L) INE + QNE@pW — T4 T)

8 Tig 3 35

6 It should be emphasized that Png does not have a well-defined weight.
We define its derivative as

DyPNE := 0yPNE — LuPNE,  LyPNE := Uy PNE — 40U 5.9)
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5.1 Surface charge variation

In this case for the surface charge variation, we get

P N 1
OnNE(§) ~ 162G Jy

_ _ 1
+T (USJNE —TI'6QNE + ;77¢57)NE> }
(5.11)

2
de¢ {W5QNE + Y3JNE

Similar to the previous cases, one can separate the charge
variation into the integrable and non-integrable parts

1 2T _ _ B B
Ohe(®) = 1 [ 40 [Wine + ¥ e + T ~ Poe)].

1 2 B B 1
FNE) = TonG /0 d¢ T (—jNESU + QNEST + ;7}¢B'PNE> .

(5.12)
This leads to the following central term
NE L O P
Kg g = m/o do (Y20,Y1 — Y10,Y2). (5.13)

This central term up to a numerical factor 4 is matched with
(3.15). In the non-expanding case, one can also read the zero
mode charges from the full form of charge variation (5.27)

. S‘NE B 1 2 _
ONE(—rdy) := Az 162G ‘/0 d¢ QNE,
_ 1 27 _
0p) = = — d s
ONE(9g) := JNE 167G Jo ¢ INE (5.14)

SONE(dy) = $HNE
_ 1
T 167G

2 B _
/0 d¢ (—T'8QNE + USINE + DuvQNESPNE) -

The zero mode charges for integrable non-expanding charges

(5.12) are
SNE 1 2 _

I _ = —=

QNE( roy) : - 167TG/0 d¢ QnE,
I j 67 5.15
0y) 1= = — d .
ONg(9g) = JNE 162G Jo ¢ INE, (5.15)
2

- 1 - _
ONg(3) = Exe= —— [ d¢ (UIne — TQne) .-

167G 0
As it is clear from the above expressions all zero mode
charges are different from the expanding cases.

Balance equation. As the last point of this subsection, we
mention that the balance equation in the non-expanding case
is also established as follows

d
5 O\e(®) ~ —FPGeg; ©) + KL, (5.16)

5.2 Null boundary thermodynamical phase space,
non-expanding case

Similar to the expanding cases, here we present our general
boundary thermodynamic picture for the non-expanding null
surfaces.

I. Null boundary solution space for the non-expanding case
similar to the VCT case consists of the following two
parts:

(I.1) thermodynamic sector: parametrized by (I", /) and
conjugate charges (Qng, Jng). They are subject to
equations of motion (5.7).

(I.2) Png, which only appears in the flux and not in the
integrable charge (5.12). Similar to the expanding
cases, its thermodynamic conjugate is equal to the
time derivative of the entropy aspect.

II. Png due to the entropy production takes our boundary
system OTE.
III. The time derivative of entropy aspect D, Q2Ng measures
the OTE from the boundary viewpoint.

5.3 Local first law at null boundary

Now, we are going to present a local first law for describ-
ing the thermodynamics of non-expanding null boundaries.
Similar to the previous cases, we read the local first law from
(5.11) as follows

—_ - - 1
$HNE = T, 8SNE +UST NE + ;T1¢5'PNE 5.17)
where
s QN INE PNE
8 o s = —, = —. 518
NTue TN T e TN T an ©.15)
By using the equations of motion (5.7), we find
$HNE = T\ 8SNE + USTNE + Dy Sned PrE. (5.19)

So, the local first law for the non-expanding case takes the
same form as what we obtained in the VCT case (3.20) but
now with different expressions for thermodynamic quanti-
ties.

5.4 Local Gibbs—Duhem equation at null boundary

For the local Gibbs—Duhem equation, one gets

(5.20)

ENE = TN‘§NE + UTNE.

Again, the form of this local equation is similar to (3.23) but
the explicit form of thermodynamic variables is different.
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5.5 Local zeroth law

For the non-expanding case, the on-shell variation of the
action leads to

31| on-shell

- _ 1
= dvde | — SU 4+ QNEST + — 7146 .
167G v ¢< INESU + QNE +M I¢ PNE)

(5.21)

On an equal footing with the previous expanding cases, to
get a local thermal equilibrium, we require 81| on-shell =
ﬁ [ 89nE and hence we reach

— - - 1
SHNE = USTNE + T\ dSNE + ;Tl¢5PNE»
HNE = ONE + Ty SN + UT NE- (5.22)

To have non-trivial solutions for this equation, we need to
impose the following integrability conditions

87'_(NE T, 57‘2NE
Ty ~ —DyPrg = -, 2~ D S\i = ,
N v/"NE SSNE m vONE SPNE
ST
y = Sne. (5.23)
SINE

Again these equations enforce an algebra among the surface
charges

[SNE(v. ¢). Pre(v. ¢)} =8(¢ — ¢). (Sxe(v. ¢).
Sne(v.¢)} = {PNe(v. ¢). Pre(. ¢)} =0,
{SNE(, 9), TNE(, ¢))
= Sxp(v. ¢)3y5(6 — ¢)).

{Pxe(v, §). TNE (. ¢)} (5.24)

1
= (PNE(Us ¢")0g + PNe(v, )3y + ;%’) s — ¢,
(TN, d), TNe(v, ¢))
_ - 1
= (Jma(v, ¢)8p — TNE, 9)dy + ma;/) 8¢ — o).

This is the same as the charge algebra in the VCT case (3.29),
but with different coefficients for the central terms.

Integrable slicing. Let us look at the following field depen-
dent combinations of the symmetry generators

W=W-TT Y=Y+UT, T=D,0eT. (525)
Then, the charge variation
1 2 o o
1) N — d WEQNE + Y6
ONEe(§) 167G Jo é( NE JNE (5.26)
+ T8PxE)

@ Springer

will take an integrable form if we assume 8T =8Y =W =
07
2 . . R

d¢ (WQNE + YINE + TPNE)-

(5.27)

1
OnNe(§) ~ 162G Jy

In this slicing, we get the same symmetry algebra as (3.33)
and the charge algebra also yields the following central term

1 27 A A on da oan
NE _ 45 35
K%, = 16”G/0 d¢ [Tle + 4504y + MY28¢Y1 a <—>2)].
(5.28)

It is similar to (3.34), but with different coefficients. This
algebra with these coefficients matches with (5.24).

6 Outlook

The main result in [22] is that diffeomorphism invariance at
the level of the action yields a local thermodynamic descrip-
tion for the boundary d.o.f. In this paper, we addressed the
question of how essential is the diffeomorphism invariance
to obtaining boundary thermodynamics. In this regard, we
focused on theories with generally covariant equations of
motion which are derived from actions which are gener-
ally invariant only up to some diffeomorphism non-invariant
boundary terms. In particular we considered three dimen-
sional topologically massive gravity theory. A careful analy-
sis yields the fact that diffeomorphism invariance at the level
of equations of motion is sufficient to guarantee a local ther-
modynamic description.

Specifically, we repeated an analysis similar to [22] for
the topologically massive gravity. We showed the boundary
d.o.f which are labeled by the surface charges associated
with large diffeomorphisms describe local boundary ther-
modynamics. We presented a local version of the first law,
Gibbs—Duhem equation, and zeroth law which appear as a
result of diffeomorphism invariance of equations of motion
and account for the dynamics of part of spacetime behind
the boundary. Our analyses extend the standard black hole
thermodynamics in three different ways: (1) Our thermody-
namic laws for the boundary system are local equations at
the codimension 1 boundary. (2) Due to the passage of the
bulk massive gravitons through the boundary and also the
expansion of the boundary, our boundary system is out of
thermal equilibrium. (3) Our analysis is true for any generic
null boundary which need not be horizon of a black hole.

The VCT sector of solution phase space is parameterized
by three surface charges. These surface charges describe local
thermodynamics with local first law (3.20), local Gibbs—
Duhem (3.23), and local zeroth law (3.25). As we discussed
the latter induces an algebra among the surface charges
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(3.29). The form of these laws is exactly the same as what was
obtained in [22] for D = 3 while the explicit form of ther-
modynamic variables receives contributions from the gravita-
tional Chern—Simon term of TMG theory. We repeated these
computations also for the full solution phase space NVCT,
and obtained a set of local thermodynamic equations (4.18),
(4.19), and (4.22).

In the NVCT case, in addition to the boundary d.o.f, we
also have a massive bulk mode which through the interac-
tions with the boundary d.o.f takes our boundary system out
of thermal equilibrium. In this case because of the presence
of news a comparison with the Einstein gravity in higher
dimensions would be helpful. The form of the symplectic
form (4.7) is comparable with what we have in the Einstein
gravity in higher dimensions [22]. The form of the local first
law (4.18) and local Gibbs—Duhem equation (4.19), except
for two additional terms, are precisely in line with [22]. These
further terms carry the information about the underlying the-
ory and hence we interpret them as the properties of TMG.
Both of these terms are proportional to the news mode (gravi-
ton through the boundary) and do not contribute to the ther-
modynamics of stationary spacetimes. We postpone more
detailed examination of them to future work. Here we would
like to discuss future projects and new directions.

Local second law. In order to complete our null surface ther-
modynamics, we need to present a local version of the second
law. Since null hypersurfaces are one-way membranes, we
expect the exchanged energy and entropy from the boundary
due to the passage of the flux of gravitons to have a defi-
nite sign. This property of null boundaries motivates us to
present a local second law for our thermodynamic picture.
In this regard, a careful analysis of the focusing theorem and
the idea of light-sheets [65,66] would be helpful.

Relation to the membrane paradigm. The common feature
of what we presented here and the membrane paradigm [67,
68] is the equivalence principle (diffeomorphism invariance
of the theory). The general picture in the membrane paradigm
is as follows: any observer which only has access to only the
outside of the horizon should give a complete local account
of physics without ever knowing what is inside the boundary.
In other words, for this class of observers, one may excise
the geometry at the horizon provided that we replace the
excised region with a “membrane” at the boundary of the
excised region, the horizon. This picture is closely related to
our thermodynamic picture. In the membrane paradigm, we
project equations of motion on the horizon and try to interpret
them in the hydrodynamics language. We believe our local
thermodynamic equations are manifestations of this kind of
boundary hydrodynamics. The main difference is that the
membrane paradigm is based on the equations of motion
but our local thermodynamics is based on the surface charge

analysis. The balance equation is the main link between these
two pictures.

Partially diffeomorphism invariant gravitational theo-
ries. In this work, we considered TMG as a theory that does
not have a diffeomorphism invariant action but the covariance
appears at the level of the equations of motion. We have seen
local thermodynamics describes the dynamics of the bound-
ary d.o.f. One can go further and consider the actions with
fewer diffeomorphisms. For example, in the Hotfava-Lifshitz
gravity [69] the time and space are not treated on an equal
footing and hence we have only spatial diffeomorphism. An
interesting question in this regard is whether one can asso-
ciate a local thermodynamic description for the boundary
d.o.fin these kinds of theories with a part of diffeomorphisms.

Higher curvature theories. As we mentioned the local
description of the boundary d.o.f is a result of the diffeo-
morphism invariance of the bulk theory. It is worth doing
the same analysis for higher curvature theories and driving
similar local equations for the first law, Gibbs—Duhem equa-
tion, and the zeroth law. We conjecture for expanding null
surfaces, the surface charge associated with supertranslation,
in the integrable slicing, does not admit any corrections from
the higher curvature terms. Furthermore, the chemical poten-
tial associated with this charge is always equal to the covari-
ant derivative of the null surface entropy. Examination of
this conjecture would be interesting and it may shed light
on dynamic processes such as the black hole formation and
evaporation.
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