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Abstract In this short note we identify a family of par-
tition functions recently introduced by Wang, Liu, Zhang,
and Zhao with certain specializations of the generating func-
tion for dessins d’enfant. This provides a new W-description
for orbifold strongly monotone Hurwitz numbers and new
examples of superintegrability in matrix models.

1 Introduction

Recently Wang, Liu, Zhang, and Zhao [1] described a fam-
ily of the W-operators with a relatively simple action on the
Schur functions. These operators generate the partition func-
tions with nice Schur function expansions.

In this short note we identify these partition functions
with specifications of the partition function for double
strictly monotone Hurwitz numbers (or, equivalently, dessins
d’enfant). This identification allows us to construct a dou-
ble matrix integral representation for these partition func-
tions. Moreover, this family provides a new example of
the superintegrability phenomenon in matrix models (actu-
ally, two examples associated with two different types of
matrix models). Therefore, for the considered family of
tau-functions we explicitly describe a set of complimentary
descriptions, which include matrix models, superintegrabil-
ity, W-operators, and enumerative geometry interpretation.

The β-deformed case is a straightforward generalization
and will be considered elsewhere.

2 W-operators

Let us describe a family of the partition functions recently
introduced by Wang, Liu, Zhang, and Zhao [1]. These par-
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tition functions are described by the operators ̂W−n , con-
structed recursively.

Consider

̂W0 = 1

2

∑

k,m≥1

(

kmtktm
∂

∂tk+m
+ (k + m)tk+m

∂2

∂tk∂tm

)

+N
∑

k≥1

ktk
∂

∂tk
, (1)

an N -deformation of the cut-and-join operator for the simple
Hurwitz numbers. With the operator

̂E1 =
∑

k≥1

(k + 1)tk+1
∂

∂tk
+ Nt1 (2)

we construct

̂W−1 = [

̂W0, ̂E1
] =

∑

k,m≥1
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∂

∂tk+m−1
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+2N
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k≥1

(k + 1)tk+1
∂

∂tk
+ N 2t1 (3)

and

̂W−2 = [

̂W−1, ̂E1
]

. (4)

The operators ̂Wn for negative n < −2 are defined recur-
sively

̂W−n−1 = 1

n

[

̂W−1, ̂W−n
]

. (5)

Operators ̂W−n are homogeneous with deg ̂W−n = n if
one puts deg tk = − deg ∂

∂tk
= k. Let us stress that all these

operators belong to gl(∞) algebra of symmetries of the KP
hierarchy because ̂W0 and ̂E0 obviously do. With these oper-
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ators we associate the partition functions

Z−n(t) = exp

(

1

n
̂W−n

)

· 1. (6)

The action of the operators ̂W−n on the Schur functions
was investigated in [1]. This allowed the authors to show
that the generating functions Z−n have a very simple Schur
function expansion, namely for n ≥ 2

Z−n(t) =
∑

λ

sλ(1)
sλ(δk,1)

sλ(δk,n)sλ(t). (7)

Here we denote sλ(δk,n) = sλ(t)
∣

∣

∣

tk=δk,n/n
and sλ(1) =

sλ(t)
∣

∣

∣

tk=N/k
, so that

sλ(1)
sλ(δk,1)

=
∏

i, j∈λ

(N + i − j). (8)

For n = 2 the function (6) coincides with the partition
function of the Gaussian Hermitian matrix model, and the
description in terms of the operator ̂W−2 is equivalent to the
description originally obtained by Morozov and Shakirov
[2]. In the next section we will describe matrix models for
all Z−n .

3 Matrix model and superintegrability

Let us consider a partition function, parametrized by two
infinite sets of variables, tk and sk ,

Z(t, s) =
∑

λ

sλ(1)
sλ(δk,1)

sλ(s)sλ(t). (9)

It belongs the hypergeometric family of 2-component KP
tau-functions, which can be easily deformed to a family of
hypergeometric tau-functions of the 2d Toda lattice hierarchy
[3,4]. This family has a very interesting enumerative geome-
try interpretation, namely, the hypergeometric tau-functions
of 2-component KP hierarchy are the generating functions
of the weighted Hurwitz numbers [5,6]. The tau-function (9)
is the generating function for the dessins d’enfant (or dou-
ble strictly monotone Hurwitz numbers, or hypermaps, or
bipartite maps) and is well studied.

All partition functions Z−n for n ≥ 2 are given by the
specializations of this partition function

Z−n(t) = Z(t, s)
∣

∣

∣

sk=δk,n/n
. (10)

These specifications of the partition function (9) gener-
ate strictly monotone orbifold Hurwitz numbers, see e.g. [7]
and references therein. Therefore, formula (6) provides a
W-representation for the strictly monotone orbifold Hurwitz
numbers. Moreover, these W-operators belongs to the gl(∞)

algebra, so these formulas describe the GL(∞) group ele-
ments for these Hurwitz numbers. Thus, the recursion rela-
tions (5) allows one to describe the point of the Sato Grass-
mannian and the Kac–Schwarz operators, associated with
the tau-functions Z−n . The quantum spectral curves for this
family were derived in [8], their semi-classical limit coin-
cides with the classical spectral curves, recently discussed
by Mironov and Morozov [9].

The tau-function (9) can be described by the two-matrix
model (see, e.g., [10]):

Z(t, s) =
∫

HN

[d�1]
∫

HN

[d�2]

× exp

(

Tr

(

�1�2 +
∞
∑

k=1

tk�
k
1 + sk�

k
2

))

. (11)

Here one integrates over the space of Hermitian (to be pre-
cise, normal matrices with properly chosen contours) N ×N
matrices with the properly normalized flat measures.

Therefore, we arrive at the matrix model

Z−n(t) =
∫

HN

[d�1]
∫

HN

[d�2]

× exp

(

Tr

(

�1�2 + 1

n
�n

2 +
∞
∑

k=1

tk�
k
1

))

. (12)

We expect that the W-description (6) can be derived from the
Virasoro and W-constraints for this matrix integral.

For any function f (X) of N × N matrix let us denote

〈 f 〉s =
∫

HN

[d�1]
∫

HN

[d�2] f (�1)

× exp

(

Tr

(

�1�2 +
∞
∑

k=1

sk�
k
2

))

. (13)

Then from the comparison of (9) and (11) and application of
the Cauchy formula we conclude

〈sλ〉s = sλ(1)
sλ(δk,1)

sλ(s). (14)

This provides us a new example of superintegrability, a nice
property of matrix models recently found to be surprisingly
universal [11].

For particular specifications, associated with the partition
functions (6), we have

〈sλ〉n = sλ(1)
sλ(δk,1)

sλ(δk,n), (15)

where

〈 f 〉n =
∫

HN

[d�1]
∫

HN

[d�2] f (�1)

× exp

(

Tr

(

�1�2 + 1

n
�n

2

))

. (16)

123



Eur. Phys. J. C (2023) 83 :147 Page 3 of 3 147

For n = 2 the integral with respect to �2 is Gaussian and
can be taken explicitly. This way one arrives at the Gaus-
sian Hermitian matrix model description of Z2, obtained
in [1],

Z−2(t) =
∫

HN

[d�1] exp

(

Tr

(

−1

2
�2

1 +
∞
∑

k=1

tk�
k
1

))

.

(17)

For n > 2 integral over �2 can also be taken explicitly with
the result given in terms of the higher Airy functions.

Another matrix model description for the partition func-
tion (9) was derived by Ambjørn and Chekhov [12]. Namely,
for any function f (t) we consider the Miwa parametrization

f ([�−1]) = f (t)
∣

∣

∣

tk= 1
k Tr �−k

, (18)

where � = diag (λ1, . . . , λM ) is a diagonal matrix. Then
[12]

Z(t, [�−1]) = (− det �)N
∫

H+
M

[d�]

× exp

⎛

⎝Tr

⎛

⎝(N − M) log � − �� +
∑

k≥1

tk�
k

⎞

⎠

⎞

⎠ .

(19)

Here the size of the integration matrix M is independent of
the parameter N and one integrates over the space of positive
defined Hermitian matrices.

Again, from the comparison with the expansion (9) we
have the following superintegrability property

(− det �)N
∫

H+
M

[d�] sλ(�)

× exp (Tr ((N − M) log � − ��))

= sλ(1)
sλ(δk,1)

sλ([�−1]). (20)

Using other matrix models for the families of hypergeometric
tau-functions, investigated in particular in [10,13], one can
describe more examples of superintegrability in multi-matrix
models associated with Hurwitz numbers.
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