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Abstract We have studied the polarized image of an equa-
torial emitting ring around a rotating black hole surrounded
by a cold dark matter (CDM) halo. Results show that the
CDM halo density has the similar effects of the halo’s char-
acteristic radius on the polarized image for the black hole.
The effects of the CDM halo on the polarized image depend
on the magnetic field configuration, the fluid velocity and
the observed inclination. With the increase of the CDM halo
parameters, the observed polarization intensity decreases
when the magnetic field lies in equatorial plane, but in the
case where the magnetic field is perpendicular to the equato-
rial plane, the change of the observed polarization intensity
with CDM halo also depends on the position of the emitting
point in the ring. The change of the electric vector position
angle (EVPA) with the CDM halo becomes more compli-
cated. Our results also show that the influence of the CDM
halo on the polarized image is generally small, which are
consistent with the effects of dark matter halo on black hole
shadows. These results could help to further understand dark
matter from black hole images.

1 Introduction

The releasing of black hole images of M87* [1–6] and Sgr
A*[7] by the Event Horizon Telescope (EHT) collaboration,
together with the corresponding polarized patterns [8,9],
means that the observational black hole astronomy has been
entered an new era of rapid progress. It is helpful to confirm
the existence of black holes, to test general relativity and to
explore matter distribution around black holes. The polarized
image of M87* [8,9] revealed that there is a strong magnetic
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field around the black hole. It is beneficial to understand the
process of accretion and the generation of jet in the vicin-
ity of black holes in universe. Therefore, a lot of polarized
images of black holes have been studied in both theoretical
and experimental aspects [10–30].

In general, numerical simulations are applied to obtain an
accurate description of polarization image of a black hole.
However, they are computationally expensive because of
the broad parameter surveys and the complicated couplings
among astrophysical and relativistic effects. Recently, a sim-
ple model of an equatorial ring of magnetized fluid has been
proposed to study the polarized images of synchrotron emis-
sion around Schwarzschild [10] and Kerr black hole [11].
Although only the emission from a single radius is consid-
ered in this model, it can clearly reveal the dependence of the
polarization signatures on the magnetic field configuration,
the black hole spin and the observer inclination. In addition,
the studies [10,11] also indicate that the ring model image
is broadly consistent with the polarization morphology of
the EHT image, even though there is a high fractional polar-
ization after blurring. Thus, the simple ring model has been
recently applied to study the polarized image of an equa-
torial emitting ring in various spacetimes, such as, a 4D
Gauss-Bonnet black hole spacetime [12], a rotating black
hole spacetime in the STVG-MOG theory [13], regular black
hole spacetimes [16], a Schwarzschilld-Melvin black hole
spacetime [17], and so on.

Dark matter is a theoretical model to explain the discrep-
ancy between the observed dynamics and the amount of lumi-
nous matter. However, the nature of dark matter is still open.
Dark matter is assumed to be an invisible matter and has
feeble couplings with the common visible matter at most.
Despite extensive observational data supporting its presence
on a large scale [31–33], dark matter has not been directly
detected at present. The CDM model is one of the most pop-
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ular dark matter models [34,35], which has a good consis-
tency with the observation of large scale structure of cos-
mology. The spacetime metric of Schwarzschild black hole
and Kerr black hole surrounded by a CDM halo were stud-
ied in [36] and the effects of the CDM halo on the quasinor-
mal modes have also been studied in the spherical symmetric
black hole spacetime [37]. The studies of black hole shadows
[38,39] show that the effects of the CDM halo on shadows
are generally small and only become significant when the
CDM parameter k = ρc R̃3 increases to order of magnitude
of 107. However, they are very important for understanding
dark matter from black hole shadows. Along this line, we here
will study the polarized image of the equatorial emitting ring
around a rotating black hole surrounded by a CDM halo and
probe the effects of the CDM halo on the polarization image.

The paper is organized as follows: Sect. 2 briefly intro-
duces the rotating black hole surrounded by a CDM halo and
presents the calculation formulas for the observed polariza-
tion vector in the image of an emitting ring in this spacetime.
Section 3 presents the polarization images of the synchrotron
emitting ring and probes the effects of the CDM halo. Finally,
this paper ends with a summary.

2 Observed polarization field in a rotating black hole
spacetime surrounded by dark matter halo

The metric analytical form of a rotating black hole sur-
rounded by a CDM halo was obtained in [36]. In the Boyer-
Lindquist coordinates, it has the form

ds2 = −
[

1 − r2 − f (r)r2

ρ2

]
dt2 + ρ2

�
dr2

+ 2
[
r2 − f (r)r2

]
a sin2 θ

ρ2 dφdt

+ ρ2dθ2 + sin θ2

ρ2

[(
r2 + a2

)2 − a2� sin θ2
]
dφ2,

(1)

with

f (r) =
(

1 + r

R̃

)− 8πGρc R̃3

c2r − 2GM

rc2 ,

� = r2 f (r) + a2, ρ2 = r2 + a2 cos θ2, (2)

where M is the mass of the black hole,G and c are Newtonian
gravitational constant and the speed of light, respectively. ρc
is the density of the halo at the moment when the dark mat-
ter halo collapsed and R̃ is the corresponding characteristic
radius. According to the observations on the Sgr A∗ [38], the
best fit values of the rotation curve of the Galaxy are ρc =
1.936×107 M�kpc−3 and R̃ = 17.46 kpc. The metric can

reduce to the Kerr metric in the limit ρc = 0. Here, we set
G = 1 and c = 1.

In the spacetime of a rotating black hole surrounded by
a CDM halo (1), the geodesic equation for photons can be
expressed as

ρ2

E
pt = r2 + a2

�

(
r2 + a2 − aλ

)
+ a

(
λ − a sin θ2

)
,

ρ2

E
pφ = a

�

(
r2 + a2 − aλ

)
+ λ

sin θ2 − a,

ρ2

E
pr = ±r

√
R(r),

ρ2

E
pθ = ±θ

√
�(θ). (3)

The conserved quantities λ and η are the energy-rescaled
angular momentum parallel to the axis of symmetry and
Carter constant, respectively. The radial potential R(r) and
the angular potential �(θ) take the form

R(r) =
(
r2 + a2 − aλ

)2 − �
[
η + (a − λ)2

]
,

�(θ) = η + a2 cos θ2 − λ2 cot θ2. (4)

Utilizing the null geodesic Eq. (3), the coordinates (x, y) for
the photon’s arrival position on the observer’s screen can be
obtained as

x = − λ

sin θo
, y = ±o

√
�(θ), (5)

where θo is the observed inclination angle from the normal
direction of the accretion disk. The radial and angle integrals
of the photon trajectories from the initial position (rs, θs) to
the final initial (ro, θo) can be expressed as [11,40]

Ir ≡
 ro

rs

dr

±r
√R(r)

=
 θo

θs

dθ

±r
√

�(θ)
≡ Gθ . (6)

The slash in the path integral denotes that the sign of ±r

or ±θ changes when the photon passes through at the radial
or angular turning point. For a photon’s trajectory with m
turning points, the angular path integral can be written as

Gm
θ = 1√−u−a2

[
2mK

(
u+
u−

)
− sign(β)Fo

]
, (7)

where

Fo = F

(
arcsin

cos θo√
u+

∣∣∣u+
u−

)
,

u± = �θ ±
√

�2
θ + η

a2 , �θ = 1

2

(
1 − η + λ2

a2

)
. (8)

Combining Eqs. (5), (6) and (7), one can numerically get the
set of celestial coordinates (x, y) for a photon emitted on an
equatorial ring with a radius rs . The four-momentum of the
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photon at the source (rs, θs = π
2 ) is given by

pt = −1, pr = ±r

√R(rs)

�s
, pθ = ±s

√
η,

pφ = λ. (9)

Here, the sign of pθ at the source ±s = (−1)m±o and the
sign of ±r can be computed by a semi-analytic method [11,
40]. The four-momentum pμ of photon at the source can be
obtained as

pt = 1

r2
s

{
r2
s + a2

�s

(
r2
s + a2 − aλ

)
+ a(λ − a)

}
,

pr = ±r
1

r2
s

√
R(rs),

pφ = 1

r2
s

{
a

�s

(
r2
s + a2 − aλ

)
+ λ − a

}
, pθ = ±s

√
η

r2
s

.

(10)

The emitted ring around a rotating black hole surrounded
by a CDM halo (1) is assumed to lie in the equatorial plane
(θs = π

2 ). In the local orthonormal zero-angular-momentum-
observer (ZAMO) frame of the point P , the boosting velocity
of the boosted emitter is assumed to be in the r -φ plane and
has a form

�β = βν

(
cos χ

(
r̂
) + sin χ(φ̂)

)
. (11)

In the boosted orthonormal frame, the four-momentum p(a)

of point emitter can be obtained by the four-momentum pμ in
a rotating black hole spacetime surrounded by a CDM halo,
i.e.,

p(a) = 
(a)

(b)η
(b)(c)eμ

(c) pμ. (12)

where η(b)(c) is the flat Minkowski metric. The zero-angular-
momentum-observer (ZAMO) tetrad eμ

(c) and the Lorentz

transformation 
(a)

(b) are respectively given by

eμ

(c) =

⎡
⎢⎢⎢⎢⎣

1
rs

√
�s
�s

0 ωs
rs

√
�s
�s

0

0
√

�s
rs

0 0
0 0 rs√

�s
0

0 0 0 − 1
rs

⎤
⎥⎥⎥⎥⎦ , (13)

and


(a)

(b) =

⎡
⎢⎢⎣

γ −βνγ cos χ −βνγ sin χ 0
−βνγ cos χ (γ − 1) cos χ2 + 1 (γ − 1) sin χ cos χ 0
−βνγ sin χ (γ − 1) sin χ cos χ (γ − 1) sin χ2 + 1 0

0 0 0 1

⎤
⎥⎥⎦ ,

(14)

where γ = 1√
1−β2

is the Lorentz factor. In the local frame,

the temporal components of polarization vector f (t) = 0.

Since the three-dimensional electric vector �E of photon is
along the direction of vector �p × �B, the spatial components
of polarization vector �f can be expressed as

f (r) = p(φ) × B(θ)

| �p| , f (φ) = p(θ) × B(r)

| �p| ,

f (θ) = p(r) × B(φ)

| �p| . (15)

Thus, the photon polarization vector in the black hole space-
time can be obtained from the local polarization vector by
using an inverse transformation as

f μ = eμ

(c)
(c)

(a) f (a), (16)

where 
(c)

(a) is the inverse matrix of 
(a)

(b). And the photon
polarization vector satisfies the relationship as

f μ fμ = sin ζ 2| �B|2. (17)

Here, the ζ is the angle between photon momentum �p and
the magnetic field �B and has the form

sin ζ = | �p × �B|
| �p|| �B| . (18)

As the photon propagate along the null geodesic in the
rotating black hole spacetime surrounded by a CDM halo
(1), the polarization vector f μ obeys

f μ pμ = 0, pμ∇μ f ν = 0. (19)

Since the black hole spacetime (1) belong to a type-D
spacetime, the conserved Penrose–Walker constant κ can be
expressed as

κ = pi f j (li n j − l j ni − mim̄ j + m̄im j )�

(
− 1

3

)
2 , (20)

with

κ = κ1 + iκ2 = (A − i B)�
− 1

3
2 ,

A = (pt f r − pr f t ) + a sin θ2(pr f φ − pφ f r ),

B =
[
(r2 + a2)(pφ f θ − pθ f φ) − a(pt f θ − pθ f t )

]
sin θ.

(21)

Here �2 is the Weyl scalar with the form

�2 = 1

r2 + a2 cos θ2

[
r2

12
h′′(r) −

(
r2 + 2iar cos θ

)
6 (r − ia cos θ)

h′(r)

+
(
r2 + 4iar cos θ − a2 cos θ2

)
6(r − ia cos θ)2 h(r)

−6Mr + r2 + a cos θ(6iM + 4ir − a cos θ)

6(r − ia cos θ)2

]
, (22)

where h(r) =
(

1 + r
R̃

)− 8πGρc R̃3

c2r . The Walker–Penrose con-

stant build a bridge between polarization vectors at the source
and at the observer. Using the celestial coordinates (x, y) and
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Fig. 1 Effects of ρc on the polarized intensity and EVPA in the rotating black hole spacetime (1). R̃ is fixed to be 17.46kpc. Here rs = 6, a = 0.3,
θo = 20◦, βν = 0.3, and χ = −90◦

Fig. 2 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1). ρc is fixed to be 1.936×107 M�·kpc−3. Here
rs = 6, a = 0.3, θo = 20◦, βν = 0.3, and χ = −90◦
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Fig. 3 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different fluid direction angle χ . ρc is fixed
to be 1.936×107 M�·kpc−3. Here rs = 6, a = 0.3, θo = 20◦, βν = 0.3, Br = 0.87, Bφ = 0.5 and Bθ = 0

the Penrose–Walker constant κ at the source, the polarization
vector on the observer’s screen can be expressed as [41–43]

f x =
[
−1 − 5ξ

12
+ ξ

2
ln

(
R0

R̃

)] 1
3 yκ2 − μκ1

μ2 + y2 ,

f y =
[
−1 − 5ξ

12
+ ξ

2
ln

(
R0

R̃

)] 1
3 yκ1 + μκ2

μ2 + y2 ,

μ = −(x + a sin θo).

(23)

Where the quantity ξ = − 8πGρc R̃3

c2 . R0 is the distance
between the centre of the black hole and the observer. The
intensity of the linearly polarized synchrotron radiation from
hot gas near the black hole to the observer can be expressed
as [10,11]

|I | = g3+αν l p| �B|1+αν sin ζ 1+αν , (24)

Here, g is the redshift factor of the photon travelling from
the source to the observer. The quantity l p is the geodesic
path length which the photon through the emitting material

and has a form l p = p(t)
s

p(z)
s
H . The height of the disk H can be

taken be a constant 1. The power αν of the magnetic field �B
is related to the properties of the accretion disk and can be
set to αν = 1 [10,11]. Then, the observed components of the
polarization vector can be expressed as

f xobs = √
l pg

2|B| sin ζ f x , f yobs = √
l pg

2|B| sin ζ f y . (25)

The total polarization intensity and the EVPA in the observer’s
screen can be expressed as

I = (
f xobs

)2 + (
f yobs

)2
, EVPA = 1

2
arctan

U

Q
, (26)
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Fig. 4 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different observer inclination angle θo. ρc is
fixed to be 1.936×107 M�·kpc−3. Here rs = 6, a = 0.3, βν = 0.3, χ = −90◦, Br = 0.87, Bφ = 0.5 and Bθ = 0

where Q and U are the Stokes parameters

Q = (
f yobs

)2 − (
f xobs

)2
, U = −2 f xobs f

y
obs . (27)

For a rotating black hole surrounded by a CDM halo (1),
the polarization intensity and EVPA in the pixel related to
the point source can be obtained by making use of the set of
celestial coordinates (x, y) and Eqs. (20), (23), (25), (26) and
(27). The effects of dark matter halo on the total polarization
image can be presented through repeating similar operations
along the emitting ring.

3 Effects of the CDM halo on the polarized image of a
black hole

Now, we can probe the effects of the CDM halo on the polar-
ization image of the equatorial emitting ring with radius
rs = 6 around the rotating black hole (1). Figures 1 and 2
show the effects of the density ρc and the characteristic radius
R̃ of CDM halo on the polarized image of the emitting ring
in the case where the magnetic field lies in the equatorial
plane. With increasing ρc or R̃, the polarization intensity
decreases, while the EVPA decreases in the case with pure
radial magnetic field and the change of the EVPA depends
on the coordinate φ in the case of the pure angular magnetic
field. In other words, the effects of the density ρc are similar
to those of the characteristic radius R̃. It can be explained by

a fact that the metric function f (r) in Eq. (1) decreases with
ρc and R̃. Thus, in the following parts, we only discuss the
effects of the characteristic radius R̃ of the CDM halo on the
polarized image.

Figures 3, 4 and 5 present respectively the effects of the
radius R̃ of the CDM halo on the polarized image in the case
the magnetic field lies in the equatorial plane for different
fluid direction angles χ , observer inclination angles θo and
spin parameters of the black hole. When χ changes from
−120◦ to −180◦, the polarization intensity still decreases
with R̃, the change of the EVPA becomes more complicated.
The region where the EVPA increases with R̃ becomes grad-
ually broader with χ , so that the EVPA finally becomes a
increasing function of R̃. This is also shown in the change of
the quantity �EVPA ≡ EVPA − EVPAK, where EVPAK

denotes the corresponding EVPA in the Kerr black hole
spacetime. Similarly, with the increase of the observer incli-
nation angle θo, the polarization intensity decreases with R̃
and the region where the EVPA increases with R̃ becomes
gradually broader. However, the EVPA finally does not
become a increasing function of R̃ in the high spin case.
Moreover, one can find that in the rotating black hole case
the dependence of the polarization intensity and EVPA on
the CDM halo radius R̃ is qualitatively similar to that in the
non-rotating case.

Figures 6, 7 and 8 also present the effects of R̃ on the polar-
ized image in the case where the magnetic field is perpendic-
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Fig. 5 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different spin parameter a. ρc is fixed to be
1.936×107 M�·kpc−3. Here rs = 6, χ = −90◦, θo = 20◦, βν = 0.3, Br = 0.87, Bφ = 0.5 and Bθ = 0

ular to the equatorial plane. For different χ , the changes of
the polarization intensity are different from those in the case
with the pure equatorial magnetic field. As the χ changes
from −90◦ to −180◦, the region where the polarized inten-
sity decreases with R̃ becomes broad, while the region where
EVPA decrease with R̃ becomes narrow. However, in the

case of χ = −90◦, the decreasing of EVPA with R̃ is domi-
nated. With the increase of θo, the dependence of the polar-
ization intensity on the angular coordinate φ is changed, but
the polarization intensity still decreases with R̃. The region
where EVPA decrease with R̃ becomes narrow, which is sim-
ilar to that in the case where the χ changes from −90◦ to
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Fig. 6 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different χ in the case with the magnetic field
owned only the vertical component Bθ . ρc is fixed to be 1.936×107 M�·kpc−3. Here rs = 6, a = 0.3, θo = 20◦, βν = 0.3, Br = 0, Bφ = 0 and
Bθ = 1

123



Eur. Phys. J. C (2023) 83 :159 Page 9 of 13 159

Fig. 7 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different θo in the case with the magnetic field
owned only the vertical component Bθ . ρc is fixed to be 1.936×107 M�·kpc−3. Here rs = 6, a = 0.3, χ = −90◦, βν = 0.3, Br = 0, Bφ = 0 and
Bθ = 1

Fig. 8 Effects of R̃ on the polarized intensity and EVPA in the rotating black hole spacetime (1) for different a in the case with the magnetic field
owned only the vertical component Bθ . ρc is fixed to be 1.936×107 M�·kpc−3. Here rs = 6, χ = −90◦, θo = 20◦, βν = 0.3, Br = 0, Bφ = 0 and
Bθ = 1
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Fig. 9 Effects of R̃ on the Q −U diagram for different χ in the rotat-
ing black hole spacetime (1). Here rs = 6, θo = 20◦, a = 0.3, and
βν = 0.3. As ρc is fixed to be 1.936×107 M�·kpc−3. The red solid line

and the blue dashed line correspond to the cases with the R̃ = 0 kpc
and R̃ = 1500 kpc, respectively. Black crosshairs indicate the origin of
each plot

−180◦. Figure 8 shows the changes of the polarization inten-
sity and EVPA with R̃ are also qualitatively similar for the
different spin parameter a in this case.

Finally, Figs. 9 and 10 show the effects of R̃ on the Q−U
loops patterns in the image of the emitting ring around a rotat-
ing black hole surrounded by the CDM halo, which depend
heavily on the magnetic field configuration, the fluid veloc-
ity, the observation inclination angle and the spin parameter
of the black hole. In the case with the lower observed incli-
nation, the size of the two loops decreases with the increase
of R̃ as the magnetic field lies in the equatorial plane, while
in the case of the magnetic field being perpendicular to the
equatorial plane, the size of the outer loop decreases and the
inner loop increases. For the case of the magnetic field lies
in the equatorial plane, the sizes of two loops decrease with
R̃ although the inner loop dramatically shrinks in the higher
observed inclination case. For the case where the direction
of magnetic field is perpendicular to the equatorial plane, the
size of the outer loops decreases and the inner loops increases
with R̃ in the lower observed inclination θo = 20◦. However,

in the higher inclination angle case, the inner loop vanishes
and the change of loop size with the CDM halo parameter R̃
becomes more complicated.

4 Summary

We have studied the polarized image of an equatorial emitting
ring around the rotating black hole surrounded by a CDM
halo. Results show that the effects of the CDM halo den-
sity ρc on the polarization intensity and EVPA are similar to
those of the characteristic radius R̃ of the halo. The changes
of the polarization intensity and EVPA with R̃ also depend
on the magnetic field configuration, the fluid velocity and
the observed inclination angle in the spacetime of the rotat-
ing black hole surrounded by a CDM halo. When the mag-
netic field lies in the equatorial plane, with the increase of
R̃, the polarization intensity decreases, but in the case of the
pure radial magnetic field, the EVPA only decreases and the
change of the EVPA depends on the coordinate φ. When the
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Fig. 10 Effects of R̃ on the Q − U diagram for different θo in the
rotating black hole spacetime (1). Here rs = 6, χ = −90◦, a = 0.3,
and βν = 0.3. As ρc is fixed to be 1.936×107 M�·kpc−3. The red solid

line and the blue dashed line correspond to the cases with the R̃ = 0 kpc
and R̃ = 1500 kpc, respectively. Black crosshairs indicate the origin of
each plot

angle χ changes from −90◦ to −180◦, the region where the
EVPA increases with R̃ becomes gradually broader, so that
the EVPA finally becomes a increasing function of R̃. When
the magnetic field is perpendicular to the equatorial plane,
as the χ changes from −90◦ to −180◦, the region where the
polarized intensity decreases with R̃ becomes broad, while
the region where EVPA decrease with R̃ becomes narrow.
However, in the case of χ = −90◦, the decreasing of EVPA
with R̃ is dominated. With the increase of θo, the polariza-
tion intensity also decreases with R̃, and the region where
the EVPA decreases with R̃ becomes narrow.

We also present the effects of R̃ on the Q − U loops,
which depend heavily on the magnetic field configuration,
the fluid velocity, the observation inclination angle and the
spin parameter of the black hole. In the case with the lower
observed inclination, the size of the two loops decreases with
the increase of R̃ as the magnetic field lies in the equatorial
plane, and the size of the outer loop decreases and the inner
loop increases as the magnetic field is vertical to the equa-
torial plane. In the higher inclination angle case, the inner

loop vanishes and the change of loop size with the CDM
halo parameter R̃ becomes more complicated. Moreover, for
the fixed R̃ or ρc, the dependence of polarization image on
the magnetic field configuration, the fluid velocity and the
observed inclination angle in rotating black hole surrounded
by a CDM halo are similar to those in other rotating black
hole cases.

Finally, our results also indicate that the influence of the
CDM halo on the polarized image of the emitting ring around
the black hole (1) is generally minor, which is consistent
with the effects of dark matter halo on black hole shadows
[38,39]. This implies that the detection of these effects from
the CDM halo is out of the reach of the current astronomical
instruments. With the increasing accuracy and resolution of
the future astronomical observations and the technological
development, it is expected that these effects of the CDM
halo on the polarize image of black holes can be detected.
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