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Abstract In supersymmetric theories the Higgs boson
masses are derived quantities where higher-order correc-
tions have to be included in order to match the measured
Higgs mass value at the precision of current experiments.
Closely related through the Higgs potential are the Higgs
self-interactions. In addition, the measurement of the trilinear
Higgs self-coupling provides the first step towards the recon-
struction of the Higgs potential and the experimental verifi-
cation of the Higgs mechanism sui generis. In this paper, we
advance our prediction of the trilinear Higgs self-couplings
in the CP-violating Next-to-Minimal Supersymmetric exten-
sion of the SM (NMSSM). We provide the O(α2

t ) correc-
tions in the gaugeless limit at vanishing external momenta.
The higher-order corrections turn out to be larger than the
corresponding mass corrections but show the expected per-
turbative convergence. The inclusion of the loop-corrected
effective trilinear Higgs self-coupling in gluon fusion into
Higgs pairs and the estimate of the theoretical uncertainty due
to missing higher-order corrections indicate that the missing
electroweak higher-order corrections may be significant.
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1 Introduction

The measurement of the trilinear Higgs self-coupling is one
of the most important tasks at the LHC and future colliders
[1]. It is the first step towards the experimental reconstruc-
tion of the Higgs potential and hence the direct experimen-
tal verification of the Higgs mechanism sui generis [2–4].
In the Standard Model (SM), it is accessible through the
challenging measurement of Higgs pair production at col-
liders. In models with extended Higgs sectors, the Higgs
self-couplings are also involved in Higgs-to-Higgs decays.
Through the Higgs potential, the trilinear Higgs self-coupling
is related to the Higgs boson mass. While in the SM the Higgs
mass is an ad hoc input parameter, in supersymmetric theo-
ries [5–18] it is derived from the parameters of the model. In

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-023-11215-5&domain=pdf
mailto:christoph.borschensky@kit.edu
mailto:nhung.daothi@phenikaa-uni.edu.vn
mailto:martin.gabelmann@desy.de
mailto:margarete.muehlleitner@kit.edu
mailto:heidi.rzehak@itp.uni-tuebingen.de


118 Page 2 of 20 Eur. Phys. J. C (2023) 83 :118

the Minimal Supersymmetric extension of the SM (MSSM)
[19–22] the Higgs quartic couplings are given in terms of the
gauge couplings leading to an upper bound of the tree-level
mass of the order of the Z boson mass so that consider-
able higher-order corrections are required to shift the SM-
like Higgs boson mass to the observed value of 125.09 GeV
[23]. In the Next-to-MSSM (NMSSM) [24–35] the situation
is somewhat more relaxed due to the tree-level contribution
stemming from the inclusion of the additional complex sin-
glet field. In the last years, a lot of effort has been put to pro-
vide precise predictions for the Higgs mass values at higher
loop level both in the MSSM and the NMSSM. For recent
reviews, see [36,37]. For the trilinear Higgs self-couplings
the corresponding corrections have not yet been provided at
the same level of precision as for the masses. In the MSSM,
the one-loop corrections to the effective trilinear couplings
have been provided many years ago in [38–40]. The process-
dependent corrections to heavy scalar MSSM Higgs decays
into a lighter Higgs pair have been calculated in [41,42]. The
two-loop O(αtαs) SUSY-QCD corrections to the top/stop-
loop induced corrections have been made available within
the effective potential approach in [43]. In the NMSSM, we
provided the full one-loop corrections for the CP-conserving
NMSSM [44]. They are sizeable so that the inclusion of the
two-loop corrections is mandatory to reduce the theoretical
uncertainties due to missing higher-order corrections. Con-
sequently, we subsequently calculated the two-loop O(αtαs)

corrections in the limit of vanishing external momenta in
[45], in the CP-violating NMSSM. The full one-loop correc-
tions to the Higgs-to-Higgs decays and other on-shell two-
body decays were implemented in [46]. For corrections to the
trilinear Higgs self-couplings in non-supersymmetric (non-
SUSY) Higgs models, see for example Refs. [47–52] for one-
loop and Refs. [53–56] for two-loop results, and Refs. [57–
66] for the process-dependent Higgs-to-Higgs decays at one-
loop level.

In this paper we continue our effort in increasing the preci-
sion for the predictions of the trilinear Higgs self-couplings
in the context of the NMSSM. We calculate the two-loop
corrections at O(α2

t ) to the trilinear Higgs self-couplings
of the complex NMSSM. They are obtained in the limit of
zero external momenta and vanishing gauge couplings. We
consistently apply the same renormalisation schemes as in
our computation of the loop-corrections to the Higgs boson
masses, based on a mixed on-shell-DR renormalisation in
the Higgs sector and the possibility to choose between on-
shell (OS) and DR renormalisation in the top/stop sector.
Our corrections have been implemented in our Fortran code
NMSSMCALC [67,68] and can be downloaded from the URL:
https://www.itp.kit.edu/~maggie/NMSSMCALC/

The paper is organized as follows. In Sect. 2 we introduce
the tree-level sectors of the NMSSM that are relevant for
our calculation and set up our notation. In Sect. 3 we give

the definitions for the loop-corrected effective trilinear Higgs
self-couplings and for the loop corrections to the Higgs-to-
Higgs decays. We specify the approximations that we apply
and the renormalisation schemes that we use. In Sect. 4 we
briefly present the set-up of our numerical analysis and the
scan that we performed. Sections 5 to 7 are dedicated to
our numerical analysis. In Sect. 5 we discuss the impact of
our corrections on the effective trilinear Higgs self-couplings
and on the Higgs-to-Higgs decays for two specific parameter
points, in Sect. 6 we investigate these effects for our whole
sample to get a more general picture. The effects of our cor-
rections in the context of Higgs pair production are analysed
in Sect. 7. Our conclusions are given in Sect. 8.

2 The tree-level NMSSM

In order to set our notation we briefly introduce the two
sectors relevant for the renormalisation, the Higgs and the
top/stop sectors. While the computation of the O(α2

t ) contri-
butions to the Higgs self-energies and tadpoles involves neu-
tralinos and charginos, they do not need to be renormalised
as vertices and propagators with these particles only enter at
the two-loop level. For the definition of the electroweakino
masses and mixing angles in the gaugeless limit we refer to
Ref. [69]. We work in the Z3 symmetric NMSSM includ-
ing CP violation. For the computation of the two-loop cor-
rections to the trilinear Higgs self-couplings of the neutral
Higgs bosons at O(αtαs + α2

t ) we apply the gaugeless limit
and follow the notation of our previous calculations [45,69–
71]. Note that in contrast to the MSSM, the trilinear and
quartic Higgs couplings in the NMSSM do not vanish in the
gaugeless limit, but involve the parameters λ, κ, Aλ, Aκ . The
NMSSM superpotential is given by

WNMSSM =
[
ye Ĥd · L̂ Êc + yd Ĥd · Q̂ D̂c − yu Ĥu · Q̂Û c

]

− λŜ Ĥd · Ĥu + 1

3
κ Ŝ3, (1)

in terms of the quark and lepton superfields Q̂, Û , D̂, L̂ , Ê , the
Higgs doublet superfields Ĥd , Ĥu and the singlet superfield
Ŝ. Charge conjugated fields are denoted by the superscript c.
We have suppressed color and generation indices for better
readability. The symplectic product x · y = εi j x i y j (i, j =
1, 2) is built with the anti-symmetric tensor ε12 = ε12 = 1.
Working in the CP-violating NMSSM, the parameters λ, κ

are in general complex. All yx (x = e, d, u) are taken to
be real by rephasing the left- and right-handed Weyl-spinor
fields as xL ,R → xL ,ReiϕL,R . In our computation, the Yukawa
couplings yx are assumed to be diagonal in flavour space, and
we only include yt while all other Yukawa couplings are set
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to zero. The soft SUSY breaking Lagrangian is given by

Lsoft, NMSSM = −m2
Hd

H†
d Hd − m2

Hu
H†
u Hu − m2

Q̃
Q̃† Q̃

−m2
L̃
L̃† L̃ − m2

ũ R
ũ∗
RũR − m2

d̃R
d̃∗
Rd̃R

−m2
ẽR
ẽ∗
RẽR − ([ye AeHd · L̃ ẽ∗

R

+yd Ad Hd · Q̃d̃∗
R − yu AuHu · Q̃ũ∗

R] + h.c.)

−1

2
(M1 B̃ B̃ + M2W̃i W̃i + M3G̃G̃ + h.c.)

−m2
S|S|2 +

(
λAλSHd ·Hu − 1

3
κAκ S

3 + h.c.

)
, (2)

where again quark and lepton generation indices are sup-
pressed. The Q̃, ũ R , d̃R and L̃ , ẽR denote the complex scalar
components of the corresponding quark and lepton super-
fields. The soft SUSY breaking gaugino mass parameters
Mi (i = 1, 2, 3) of the bino, wino and gluino fields B̃,
W̃i (i = 1, 2, 3) and G̃ as well as the soft SUSY break-
ing trilinear couplings Ax (x = λ, κ, u, d, e) are com-
plex in the CP-violating NMSSM in contrast to the soft
SUSY breaking mass parameters of the scalar fields, m2

X
(X = S, Hd , Hu, Q̃, ũ R, d̃R, L̃, ẽR), which are real.

2.1 The Higgs boson sector

The tree-level Higgs boson potential is obtained from
Lsoft, NMSSM, the F-terms ofWNMSSM and the D-terms orig-
inating from the gauge sector,

VH = (|λS|2 + m2
Hd

)H†
d Hd + (|λS|2 + m2

Hu
)H†

u Hu + m2
S |S|2

+1

8
(g2

2 + g2
1)(H†

d Hd − H†
u Hu)

2 + 1

2
g2

2 |H†
d Hu |2

+|κS2 − λHd ·Hu |2 +
[

1

3
κAκ S

3 − λAλSHd ·Hu + h.c.

]
.

(3)

In the gaugeless limit, the U (1)Y and SU (2)L gauge cou-
plings g1 → 0 and g2 → 0 while tan θW = g2/g1 is
kept constant, with θW being the weak mixing angle. This is
equivalent to the limit of vanishing electric charge and tree-
level vector boson masses, e, MW , MZ → 0, while keeping
tan θW constant.

The Higgs boson fields are expanded around their vacuum
expectation values (VEVs) vu , vd , and vs as

Hd =
(

vd+hd+iad√
2

h−
d

)
, Hu = eiϕu

(
h+
u

vu+hu+iau√
2

)
,

S = eiϕs√
2

(vs + hs + ias) , (4)

where ϕu,s denote the CP-violating phases. We can replace
the three VEVs by tan β, the SM VEV v and the effective μ

parameter μeff as

tβ ≡ tan β = vu/vd (5)

v2 = v2
u + v2

d ≈ (246 GeV)2 (6)

μeff = eiϕs√
2

vsλ . (7)

Note that the MSSM limit is smoothly retraced by taking the
limit λ, κ → 0, vs → ∞ and at the same time keeping μeff

and κ/λ constant. From the Higgs potential of Eq. (3) we
obtain the tree-level tadpoles, the Higgs mass matrices and
the trilinear Higgs self-couplings. For the tadpole coefficients
we have

(t)l = tφl = ∂VH

∂φl

∣∣∣∣
φ=0

, l = 1, . . . , 6 , (8)

with

φ = (hd , hu, hs, ad , au, as)
T . (9)

Only five of the tadpoles are independent, since tau = tad /tβ .
The neutral Higgs mass matrix in the interaction basis is
obtained as

Mφlφm = ∂2VH

∂φl∂φm

∣∣∣∣
φ=0

(10)

and the charged one as (r, s = 1, 2)

Mh+
r h

−
s

= ∂VH

∂hc,†r ∂hcs

∣∣∣∣
hc=0

, with hc = (h−∗
d , h+

u ). (11)

The trilinear couplings which need to be renormalised at two-
loop level for the calculation of the O(α2

t ) corrections in this
paper, are obtained as

λφlφmφn ≡ λlmn = ∂3VH

∂φl∂φm∂φn

∣∣∣∣
φ=0

. (12)

The explicit expressions for the tadpoles and the squared
mass matrices Mφφ and Mh+h− are given in Ref. [69] and
those for the trilinear Higgs self-couplings can be found in
the Appendix of Ref. [45]. The neutral Higgs mass eigen-
states are obtained by a two-fold rotation that first sepa-
rates the Goldstone component through the rotationRG(βn),
i.e. it transforms from the basis (hd , hu, hs, ad , au, as) to
(hd , hu, hs, a, as,G0), and afterwards rotates into the mass
basis (h1, h2, h3, h4, h5,G0) with the rotation matrix R,

Mhh = RG(βn)Mφφ(RG(βn))
T (13)

M′
hh = RMhhRT

= diag
(
m2

h1
,m2

h2
,m2

h3
,m2

h4
,m2

h5
,m2

G0

)
, (14)

where the neutral Goldstone boson mass is equal to the Z
boson mass, mG0 = MZ , in ’t Hooft Feynman gauge. It
vanishes in the gaugeless limit. The charged Higgs fields
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are rotated to the mass eigenstates with a single rotation
RG−

(βc),

RG−
(βc)Mh+h−(RG−

(βc))
T = diag(m2

G± , M2
H±) . (15)

In the ’t Hooft Feynman gauge the charged Goldstone boson
mass is equal to the charged W boson mass, mG± = MW ,
and vanishes in the gaugeless limit. At tree-level the rotation
angles βn and βc coincide with β, βc = βn = β. They are
distinguished here as βn and βc are mixing angles and do
not need to obtain a counterterm which is not the case for
β that arises from the ratio of the VEVs. It has to be renor-
malised and receives a non-vanishing counterterm. After the
renormalisation they are set equal to the tree-level value of
β again. Our tree-level masses are denoted by small letters
m, apart from the charged Higgs boson mass. When we talk
about loop-corrected masses, they are denoted by capital M .
In our renormalisation of the trilinear coupling we will adopt
the same renormalisation conditions as those used in the two-
loop corrections of the masses.

We apply the SUSY Les Houches Accord (SLHA) [72,73]
and in accordance with this accord decompose the complex
parameters Aλ and Aκ into their imaginary and real parts.
While in our program code NMSSMCALC also λ and κ are
read in in terms of their real and complex part in accordance
with the SLHA, internally, we choose a different, more con-
venient, parametrisation. We decompose λ and κ into their
absolute values and phases ϕλ and ϕκ . We note that the phases
enter the tree-level Higgs mass matrix in two combinations
together with ϕu and ϕs ,

ϕy = ϕκ − ϕλ + 2ϕs − ϕu (16)

ϕw = ϕκ + 3ϕs, (17)

where ϕy is the only CP-violating phase at tree level in the
Higgs sector. If ϕy = 0, the CP-even components, hu, hd , hs ,
hence do not mix with the CP-odd ones,ad , au, as . We use the
tadpole conditions to replace ImAλ,κ as well asm2

Hu,d ,S by the
tadpole parameters tad ,as and thd,u,s , respectively, cf. Ref. [69]
for details.

In NMSSMCALC, we have two possibilities to choose the
set of input parameters in the Higgs sector, either

{
thd , thu , ths , tad , tas , M

2
H± , v, sθW , e, tan β, |λ|, vs, |κ|,

ReAκ , ϕλ, ϕκ, ϕu, ϕs

}
, (18)

or

{
thd , thu , ths , tad , tas , v, sθW , e, tan β, |λ|, vs, |κ|,
ReAλ, ReAκ , ϕλ, ϕκ, ϕu, ϕs

}
. (19)

In the first choice the charged Higgs mass is an input parame-
ter while in the second one we have ReAλ as an input param-
eter.

2.2 The top/stop sector

For the calculation of the Higgs self-couplings at the order
O(α2

t ), the top/stop sector needs to be renormalised atO(αt ).
The top mass and the top-quark Yukawa coupling are related
as,

mt = vu yt√
2
ei(ϕu+ϕL−ϕR), (20)

with mt and yt being real in our convention. Applying the
freedom of choice of the phases ϕL, ϕR of the left- and right-
handed top-quark fields, we define ϕL = −ϕR = −ϕu/2.
Thereby the stop mass matrix in the (t̃L , t̃R)T basis in the
gaugeless limit is given by

Mt̃ =
⎛
⎝ m2

Q̃3
+ m2

t mt

(
A∗
t e

−iϕu − μeff
tan β

)

mt

(
Ateiϕu − μ∗

eff
tan β

)
m2

t̃R
+ m2

t

⎞
⎠ (21)

diag(m2
t̃1
,m2

t̃2
) = U t̃Mt̃U t̃ †, (22)

where U t̃ denotes the rotation matrix for the left- and right-
handed stop fields t̃L ,R into the mass eigenstates t̃1,2. We
set the bottom quark mass to zero everywhere so that the
right-handed sbottom states decouple and only left-handed
sbottom states appear in the computation. In the stop sector
the parameters to be renormalised at one-loop level are

mt , mQ̃3
, mt̃R and At . (23)

3 The loop-corrected couplings

3.1 Definition

The renormalised trilinear Higgs self-coupling λ̂i jk at two-
loop order between the interaction states hi , h j and hk is
given by

λ̂i jk = λi jk + �(1)λi jk + �(2)λi jk . (24)

Here the indices i, j, k refer to the interaction basis (hd , hu,
hs, ad , au, as). We denote the trilinear tree-level Higgs self-
coupling byλi jk and the one- and two-loop corrections to it by
�(1)λi jk and �(2)λi jk , respectively. The explicit expressions
for the tree-level couplings in the interaction basis are given
in Appendix A of [45].

Applying the description in [45], we define the so-called
effective trilinear Higgs self-couplings as follows. Both one-
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loop and two-loop corrections are computed in the approxi-
mation of zero external momenta, more specifically:

• In the one-loop corrections, �(1)λ (for simplicity, here
and in the following we drop the indices ’i jk’ where they
are not needed), we include only corrections at O(αt ).1

These are coming from the top/stop sector and are hence
the dominant ones. They have been discussed in detail in
[45].

• For the two-loop corrections, �(2)λ, we include the dom-
inant contributions of O(αtαs) and O(α2

t ),

�(2)λ = �αtαsλ + �α2
t λ, (25)

where the QCD corrections �αtαsλ have been computed
in [45]. In this paper the �α2

t λ corrections are calculated
for the first time.

• After calculating λ̂i jk in the interaction basis (hd , hu, hs,
ad , au, as) we rotate it first to the basis (hd , hu, hs, a, as,
G0) with the rotation matrix RG(βn) to single out the
couplings with the neutral Goldstone bosons as

ˆ̂
λnmq = RG

niRG
mjRG

qk λ̂i jk . (26)

• To obtain the effective trilinear couplings in the mass
eigenstate basis we use the loop-corrected rotation matrix
Rl,eff. This matrix diagonalizes the loop-corrected mass
matrix evaluated in the approximation of vanishing exter-
nal momentum,

λ̂eff
abc = Rl,eff

an Rl,eff
bm Rl,eff

cq
ˆ̂
λnmq , (27)

where the indices a, b, c refer to the mass basis (H1, H2,

H3, H4, H5) and n,m, q to the interaction basis (hd , hu,
hs, a, as). The matrix Rl,eff is a 5 × 5 matrix and
returned as an SLHA output of NMSSMCALC in the block
NMHMIXC. Note that we denote the loop-corrected Higgs
boson masses by capital letters (Hi ) and the tree-level
ones by lower letters (hi ).

We will later also calculate the Higgs-to-Higgs decays
where we have to ensure the proper on-shell conditions of

1 The full one-loop correction in the zero momentum approximation to
the effective trilinear couplings has been computed and analysed in our
previous publication [44]. We verified that for the effective coupling
of the SM-like Higgs boson the contribution from other sectors at one-
loop level is less than 2% for the parameter points chosen in our study.
For parameter points that contain very light scalars and large mixing
between singlet- and doublet-like states the one-loop contribution from
the Higgs sector can be much larger than 2%. However, in such cases the
zero momentum approximation used to compute the effective couplings
is not reliable anymore.

the external Higgs bosons. In this case the one-loop correc-
tions �(1)λ include the full electroweak corrections together
with non-vanishing momentum effects. They have been com-
puted by us in the context of the CP-conserving and CP-
violating NMSSM in Refs. [44,45], respectively. The two-
loop part �(2)λ contains the O(αtαs) and O(α2

t ) part, com-
puted in the zero-momentum approximation as described
above. Throughout, at two-loop order we apply the gaugeless
limit. In order to ensure the proper on-shell conditions of the
Higgs bosons, to the maximum extent possible in the con-
text of our calculation, the amplitude for the decay process
Ha → Hb +Hc is computed by including the effect from the
finite wave-function renormalisation factor matrix Z which
is defined by

MHa→Hb+Hc = Rl
anRl

bmRl
cq

ˆ̂
λnmq , (28)

where

Rl = ZR, (29)

with R being the matrix that rotates the interaction eigen-
states (hd , hu, hs, a, as,G0) to the tree-level mass eigen-
states (h1, h2, h3, h4, h5,G0). The definition of the matrix
Z can be found in Ref. [44] for the CP-conserving case and
Ref. [46] for the CP-violating case.2

3.2 One- and two-loop corrections

To be consistent, we compute the one- and two-loop cor-
rections to the trilinear Higgs self-couplings in accordance
with the corresponding one- and two-loop corrections to the
Higgs boson masses. This means we use the same renor-
malisation conditions in the higher-order corrections to the
trilinear couplings as the ones we used in our computation
for the masses. For our mass calculations, the detailed pre-
sentation of the one-loop corrections can be found in [74,75]
and of the two-loop corrections up to order O(αtαs) in [70],
to order O(α2

t ) in [69] and to order O((αt + αλ + ακ)2) in
[71], together with the corresponding renormalisation con-
ditions and the explicit definitions of the counterterms. The
one-loop corrections to the trilinear Higgs self-couplings in
the real NMSSM have been presented in [44] and to two-loop
orderO(αtαs) in the CP-violating NMSSM in [45]. Through-
out our computations we apply a mixed on-shell (OS)-DR
renormalisation scheme. In the two-loop corrections which
require the renormalisation of the top/stop sector we provide
the option to choose between OS and DR renormalisation.
All details can be found in the respective papers. Here we
focus on a minimal description and refer the reader for fur-
ther information to this literature.

2 For the complex MSSM this has been derived in Ref. [41].
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In case the charged Higgs mass is used as independent
input the parameters related to the Higgs sector that need to
be renormalised are given by3

thd , thu , ths , tad , tas , M
2
H± , v︸ ︷︷ ︸

on-shell scheme

,

tan β, |λ|, vs, |κ|, ReAκ , ϕλ, ϕκ, ϕu, ϕs︸ ︷︷ ︸
DR scheme

, (30)

and by

thd , thu , ths , tad , tas , v︸ ︷︷ ︸
on-shell scheme

,

tan β, |λ|, vs, |κ|, ReAλ, ReAκ , ϕλ, ϕκ, ϕu, ϕs︸ ︷︷ ︸
DR scheme

, (31)

for Re(Aλ) as independent input. Note, that we apply the
gaugeless limit in which the gauge boson masses, MZ and
MW , and the electric coupling e vanish, but the VEV defined
as v = 2MWsθW /e is kept as an on-shell input param-
eter. Only the ratio of the gauge boson counterterms and
their respective masses enter the counterterm of the on-shell
defined v; the corresponding counterterms are calculated in
the approximation of vanishing external momenta. At one-
loop O(αt ) and two-loop O(αtαs) the VEV counterterm con-
tributes to the finite part of the effective trilinear couplings
but at two-loop O(α2

t ) the VEV counterterm does not con-
tribute. For the Higgs fields, which need to be renormalised
as well, we choose DR conditions. The details of the renor-
malisation procedure and the counterterms are given in the
above mentioned papers so that we do not repeat them here.

The one-loop corrections �(1)λ of the trilinear Higgs self-
couplings can be decomposed as

�(1)λ = �(1)λUR + �(1)λCT, (32)

where the first term denotes the unrenormalised part given by
the genuine one-loop diagrams. For the O(αt ) corrections,
they comprise the one-loop diagrams with top and stops run-
ning in the loops and we restrict ourselves to the gaugeless
limit. For the trilinear couplings used in the Higgs-to-Higgs
decays we include the complete one-loop corrections at non-
vanishing gauge couplings. The explicit expressions for the
order O(αt ) corrections to the trilinear self-couplings are
given in App. B and the counterterm expressions �(1)λCT

are given in App. C of Ref. [45].
The two-loop corrections �(2)λ of the trilinear Higgs self-

couplings are composed of

�(2)λ = �(2)λUR + �(2)λCT1L + �(2)λCT2L. (33)

3 Note, that for the two-loop O(α2
t ) corrections computed in this pub-

lication, we only need to renormalise the parameters of the top/stop
sector.

The unrenormalised part �(2)λUR consists of the genuine
two-loop diagrams contributing at orderO(αtαs) andO(α2

t ).
Some sample diagrams for the newly computed O(α2

t ) are
depicted in Fig. 1. In the approximation of zero external
momenta all two-loop three-point functions can be written
in terms of products of one-loop integrals or the two-loop
tadpole integral. Their analytic expressions are given in the
literature [76–82]. The counterterm contributions �(2)λCT1L

arise from one-loop diagrams containing top and stop contri-
butions combined with one insertion of a counterterm of the
order O(αs) (for the O(αtαs) corrections) or the order O(αt )

(for the O(α2
t ) corrections) from the top/stop sector. The

counterterm contribution �(2)λCT2L consists of the O(αtαs)

and O(α2
t ) counterterms and is manifestly zero when only

top/stop contributions are considered.

4 Set-up of the calculation and of the numerical
analysis

4.1 Tools, checks and NMSSMCALC release

For the computation of the loop-corrected trilinear Higgs
self-couplings we made use of our setup for our computa-
tion of the loop-corrected Higgs masses [71]. There we used
SARAH 4.14.3 [83–88] to generate theFeynArtsmodel file
including the vertex counterterms. The file was then used in
FeynArts 3.10 [89,90] to generate all required one- and
two-loop Feynman diagrams for the calculation of the cor-
rections to the trilinear Higgs self-couplings. The evaluation
of the fermion traces and the tensor reduction of the one- and
two-loop integrals and the amplitudes with the counterterm-
inserted diagrams was done with the help of FeynCalc
9.2.0 [91,92] and its TARCER plugin [93]. We performed
three independent calculations which all agreed. We also
explicitly checked the ultraviolet (UV)-finiteness of the loop-
corrected Higgs self-couplings.

The calculation of the trilinear Higgs self-couplings at
one- and two-loop order as well as the Higgs-to-Higgs
decays including these corrections, has been implemented
in NMSSMCALC [67] both for the CP-conserving and the
CP-violating NMSSM. The new NMSSMCALC version 5.1
can be downloaded from the URL: https://www.itp.kit.edu/
~maggie/NMSSMCALC/

The input file inp.dat includes the option to choose
between the different loop orders in the trilinear couplings
and correspondingly the Higgs-to-Higgs-decay widths. The
effective trilinear Higgs self-couplings as defined above are
given out in the output file.

4.2 The parameter scan

For the numerical discussion of our results we used the data
set that we had generated for Ref. [71] by performing a scan
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Fig. 1 Sample diagrams
contributing to the trilinear
Higgs self-coupling at O(α2

t )

in the NMSSM parameter space and keeping only those data
sets that are in accordance with the relevant experimental
constraints. We briefly summarise them here for convenience
of the reader. We ensured compatibility with experimental
constraints from the Higgs data by using HiggsBounds
5.9.0 [94–96] and HiggsSignals 2.6.1 [97]. The required
effective NMSSM Higgs boson couplings normalised to the
corresponding SM values were generated withNMSSMCALC.
For valid points, χ2 computed by HiggsSignals-2.6.1
needs to be consistent with an SM χ2 within 2σ .4 For this
analysis, we checked the sample again with the updated
HiggsBounds 5.10.2 and HiggsSignals 2.6.25 and
found that more than 90% of the points (and in particular
the two benchmark points discussed below) are still in the
allowed region. We required one of the neutral CP-even Higgs
bosons, called h from now on, to behave as the SM-like Higgs
boson and to have a mass in the range

122 GeV ≤ mh ≤ 128 GeV, (34)

when including the two-loop corrections at O((αt + αλ +
ακ)2 + αtαs) in the default mixed DR-OS scheme speci-
fied above and with OS renormalisation in the top/stop and
charged Higgs boson sectors as well as an infrared mass reg-
ulator MR with M2

R = 10−3μ2
R to treat the Goldstone prob-

lem.6 For details, we refer to [71]. The SM input values have
been chosen as [98,99]

α(MZ ) = 1/127.955 , αMS
s (MZ ) = 0.1181 ,

MZ = 91.1876 GeV , MW = 80.379 GeV ,

mt = 172.74 GeV , mMS
b (mMS

b ) = 4.18 GeV ,

mc = 1.274 GeV , ms = 95.0 MeV ,

mu = 2.2 MeV , md = 4.7 MeV ,

mτ = 1.77682 GeV , mμ = 105.6584 MeV ,

me = 510.9989 keV , GF = 1.16637 · 10−5 GeV−2 .

(35)

4 InHiggsSignals-2.6.1, the SM χ2 obtained with the latest data set
is 84.44. We allowed the NMSSM χ2 to be in the range [78.26, 90.62].
5 In HiggsSignals-2.6.2, the SM χ2 obtained with the latest data
set is 89.62.
6 Note that the Goldstone problem does not occur in the trilinear Higgs
self-couplings at the considered loop order O(αt (αs + αt )). It appears
at O((αt +αλ +ακ)2) which we use only in the Higgs mass calculation
in order to check whether the Higgs mass of the SM-like Higgs boson
is in accordance with the experimental result.

Table 1 Scan ranges for the random scan over the NMSSM parameter
space, with X̃ = b̃R, L̃, τ̃ and i = b, τ, κ . Values of κ = λ · ξ > 0.7
are omitted

Parameter Scan range [TeV]

MH± [0.5, 1]

M1, M2 [0.4, 1]

M3 2

μeff [0.1, 1]

mQ̃3
,mt̃R [0.4, 3]

mX̃ 
=Q̃3,t̃R
3

Parameter Scan range

tan β [1, 10]

λ [0.01, 0.7]

κ λ · ξ

ξ [0.1, 1.5]

At [−3, 3] TeV

Ai 
=t [−2, 2] TeV

In accordance with the SLHA format the soft SUSY breaking
masses and trilinear couplings are understood as DR param-
eters at the scale

μ0 = MSUSY = √
mQ̃3

mt̃R . (36)

This is also the renormalisation scale that we use in the com-
putation of the higher-order corrections. The scan ranges of
our input parameters are given in Table 1. Note, that both λ

and κ are required to remain below 0.7 in order to roughly
ensure perturbativity below the GUT scale. Also λ, κ , μeff

and tan β are understood to be DR parameters at the scale
MSUSY according to the SLHA format. For the scan we kept
all CP-violating phases equal to zero. We discarded parame-
ter points with any of the following mass configurations,

(i) m
χ

(±)
i

,mhi > 1 TeV, mt̃2 > 2 TeV

(i i) mhi − mh j < 0.1 GeV, m
χ

(±)
i

− m
χ

(±)
j

< 0.1 GeV

(i i i) mχ±
1

< 94 GeV, mt̃1 < 1 TeV.

With the first condition (i) we avoid large logarithms in
our fixed-order calculation. The second condition (ii) omits
degenerate mass configurations for which the two-loop part
of the NMSSMCALC code is not yet optimised. The third con-
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Table 2 P2OS: Mass values in
GeV and main components of
the neutral Higgs bosons at
tree-level, one-loop, two-loop
O(αtαs), two-loop
O(αt (αs + αt )) and at two-loop
O(α2

λκ ) obtained by using OS
(DR) renormalisation in the
top/stop sector. Italic numbers
relate to states that are
dominantly hu-like. Bold
numbers relate to dominantly
hs -like states

h1 [hu] h2 [hs ] h3 [hd ] a1 [as ] a2 [ad ]
Tree-level 96.86 112.10 926.25 511.34 925.86

One-loop 129.01 135.09 926.69 512.55 925.08

(116.3) (130.1) (926.33) (512.66) (925.18)

Two-loop O(αtαs) 121.36 129.7 926.37 512.62 925.11

(121.65) (130.39) (926.46) (512.61) (925.15)

Two-loop O(αt (αs + αt )) 126.09 130.04 926.49 512.62 925.11

(121.54) (130.38) (926.45) (512.61) (925.15)

Two-loop O(α2
λκ ) 125.25 129.91 926.62 511.91 925.07

(121.67) (130.20) (926.52) (512.12) (925.14)

dition (iii) takes into account lower limits on the lightest
chargino and the lightest stop mass. The experimental lim-
its given by the LHC experiments ATLAS and CMS rely on
assumptions of the mass spectra and are often based on sim-
plified models. The quotation of a lower limit therefore neces-
sarily requires a scenario that matches the assumptions made
by the experiments. For our parameter scan we therefore
chose a conservative approach to apply limits that roughly
comply with the recent limits given by ATLAS and CMS
[100,101].

5 Investigation of specific benchmark points

In the following, we present results for two benchmark
points. One point is the benchmark point P2OS from our
investigation of the Higgs mass corrections at O(α2

λκ) ≡
O((αt + αλ + ακ)2 + αtαs) in [71]. The other point is the
benchmark pointBP10 of Ref. [102]. They have been chosen
such that the SM-like Higgs boson mass complies with our
required mass window Eq. (34) at O(α2

λκ) when we choose
OS renormalisation in the top/stop sector. The charged Higgs
mass here and in all other results presented in the following
is renormalised OS. The first parameter point P2OS features
a large singlet admixture to the hu-like mass and is defined
by the following input parameters:

Parameter Point P2OS: All complex phases are set to zero
and the remaining input parameters are given by

|λ| = 0.59 , |κ| = 0.23 , Re(Aκ) = −546 GeV ,

|μeff| = 397 GeV , tan β = 2.05 ,

MH± = 922 GeV , mQ̃3
= 1.2 TeV ,

mt̃R = 1.37 TeV , mX̃ 
=Q̃3,t̃R
= 3 TeV ,

At = −911 GeV , Ai 
=t,κ = 0 GeV ,

|M1| = 656 GeV , |M2| = 679 GeV , M3 = 2 TeV.

(37)

We apply the SLHA format in which μeff is taken as input
parameter. From this we compute vs by using Eq. (7) (ϕs is
set to zero).

Since the trilinear Higgs self-couplings and the mass val-
ues are closely related through the Higgs potential a dis-
cussion of the higher-order corrections to the trilinear Higgs
self-couplings should be completed by the information on the
Higgs mass corrections. In Table 2 we hence give the mass
values obtained for P2OS at tree level, at one-loop order and
at two-loop level at O(αtαs), O(αt (αs + αt )) and the lat-
est computed two-loop order O(α2

λκ) for OS renormalisation
in the top/stop sector, and in round brackets those for DR
renormalisation in the top/stop sector. Note that the num-
bers slightly changed compared to those given in [71] due to
a bug in the VEV counterterm. The changes are in the sub
percentage level.

In the table we also list in square brackets the main
singlet/doublet and scalar/pseudoscalar component of each
mass eigenstate. At O(α2

λκ) the lightest Higgs boson h1

obtains a mass of around 125.3 GeV. Since it is hu-like it
couples maximally to top quarks so that the LHC Higgs sig-
nal strengths are reproduced and it hence behaves SM-like.
In the following plots we will always label the Higgs bosons
according to their dominant admixture,7 as this determines
the Higgs coupling strengths and consequently the size of the
loop corrections. This allows us to consistently compare and
interpret the impact of the loop corrections.

The second parameter point BP10 features a resonantly
enhanced Higgs pair production cross section in gluon fusion
and is given by:
Parameter Point BP10: All complex phases are set to zero
and the remaining input parameters are given by

|λ| = 0.65 , |κ| = 0.65 , Re(Aκ ) = −432 GeV ,

|μeff| = 225 GeV , tan β = 2.6 ,

MH± = 611 GeV , mQ̃3
= 1304 GeV , mt̃R = 1576 GeV ,

7 They are mass eigenstates, however. The labeling only refers to the
nature of these mass eigenstates.
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Table 3 BP10: Mass values in
GeV and main components of
the neutral Higgs bosons at
tree-level, one-loop, two-loop
O(αtαs), two-loop
O(αt (αs + αt )) and at two-loop
O(α2

λκ ) obtained by using OS
(DR) renormalisation in the
top/stop sector

h1 [hu] h2 [hs ] h3 [hd ] a1 [as ] a2 [ad ]
Tree-level 97.21 307.80 626.13 556.71 617.22

One-loop 131.46 299.65 625.96 543.58 615.82

(114.81) (299.28) (625.52) (543.69) (616.01)

Two-loop O(αtαs) 118.90 299.40 625.78 543.73 615.90

(120.36) (299.38) (625.58) (543.60) (615.96)

Two-loop O(αt (αs + αt )) 123.53 299.44 625.89 543.73 615.90

(120.14) (299.38) (625.57) (543.60) (615.96)

Two-loop O(α2
λκ ) 122.36 300.27 625.94 543.34 615.91

(119.97) (299.90) (625.65) (543.47) (616.01)

mX̃ 
=Q̃3,t̃R
= 3 TeV ,

At = 46 GeV , Ab = −1790 GeV ,

Aτ = −93 GeV , Ac = 267 GeV ,

As = −618 GeV , Aμ = 1851 GeV ,

Au = −59 GeV , Ad = −175 GeV ,

Ae = 1600 GeV , |M1| = 810 GeV , |M2| = 642 GeV ,

M3 = 2 TeV. (38)

The mass values that are obtained at the different loop levels
are summarised in Table 3 for OS (DR) renormalisation in
the top/stop sector.

The impact of the loop corrections on the Higgs boson
masses has been discussed extensively in [71]. Let us there-
fore here state only the main features. The hu-like tree-
level Higgs mass value changes considerably when one-loop
corrections are included, with a smaller change in the DR
scheme, as in this scheme we already partly resum higher-
order corrections.8 The relative O(αtαs) corrections com-
pared to the one-loop result are at the several per-cent level
and move the obtained mass values in the two renormali-
sation schemes closer to each other, whereas the additional
inclusion of the O(α2

t ) corrections increases the difference
again (in the OS scheme). The newest corrections at O(α2

λκ)

move the two values a little bit closer again.

5.1 Impact on the effective trilinear Higgs self-coupling

In Fig. 2 (left) we present for the parameter point P2OS
with the large singlet admixture the effective trilinear Higgs
self-coupling λ̂eff

111, as defined in Eq. (27), of the dominantly
hu-like Higgs boson for OS (full) and DR (dashed) renor-
malisation in the top/stop sector as a function of the stop

8 In the top/stop sector in accordance with the SLHA approach, which
we apply, the top mass is an OS input parameter whereas the soft SUSY
breaking mass parameters and trilinear coupling are DR parameters.
When we choose the DR renormalisation scheme the top mass has
therefore to be converted to the DR scheme. The conversion procedure
has been described in Ref. [69], App. C. It includes the renormalisation
group running up to the SUSY scale and thereby resums higher orders.

trilinear coupling At . The dominantly hu-like Higgs boson
here always is the lightest mass eigenstate. Note, that here
and in the following the At is always the DR value.9 Shown
are the results at one-loop order (black), two-loop O(αtαs)

(blue) and at the newly calculated two-loop O(αt (αs + αt ))

(red). Note that the loop-corrected rotation matrix Rl,eff for
the rotation to the mass eigenstates is taken consistently at
the respective loop order. We plot here only the variation of
At between −500 and +500 GeV. In this region the phe-
nomenology at O(αt (αs + αt )) is in accordance with the
LHC Higgs data.10

The steep decrease of the full red curve towards negative
At values is due to the approach to the cross-over point where
the singlet-like and doublet hu-like Higgs state interchange
their roles with respect to their mass ordering. This point
is located outside of the shown region in the plot, at At =
−900 GeV, cf. Fig. 3 in Ref. [71]. The interchange of the
roles of the two lightest mass eigenstates takes place due
to the large singlet admixture for this parameter point which
induces the transition between the hs- and hu-like interaction

state. For the trilinear coupling ˆ̂
λi jk in the interaction basis

after singling out the Goldstone boson, cf. Eq. (26), this of
course does not occur. The multiplication with the mixing
matrices Rl,eff causes the mixing of the singlet and doublet
states and also mixes in higher orders, as we do not evaluate
the mixing matrix multiplication strictly at the considered
loop order.

In order to quantify the impact of the new additional cor-
rections we define – for a given renormalisation scheme –
the relative change in the trilinear coupling value when going
from loop order αi to the loop order αi+1, which includes the

9 The corresponding value of AOS
t differs by 0–20% from ADR

t such
that the overall shape of the plots remains the same.
10 Different higher-order corrections to the SM-like Higgs boson mass
obviously imply different mass values and mixing angles and hence
affect the compatibility with the Higgs data.
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Fig. 2 Upper: Effective
trilinear coupling λ̂eff

111 of the
hu-dominated Higgs mass
eigenstate as a function of ADR

t
for P2OS (left) and BP10
(right) at one-loop order (black),
two-loop O(αtαs) (blue) and
two-loop O(αt (αs + αt )) (red)
in the OS (full) and DR scheme
(dashed). Middle: The relative
correction as defined in Eq. (39).
Lower: The relative
renormalisation scheme
dependence as defined in
Eq. (40) for all three loop
orders. The label �/2 refers to
the black line

next level of corrections, as

�
αi+1
αi = |λαi+1 − λαi |

λαi
. (39)

The relative corrections amount to �
αtαs
one-loop = 14–19% in

the OS scheme when we include the O(αtαs) corrections
beyond one-loop order. When we include the O(αt (αs +αt ))

corrections in addition to the available two-loopO(αtαs) cor-
rections the relative change is smaller with �

αt (αs+αt )
αtαs = 1.5–

18%. As expected the relative change decreases with increas-
ing higher-order in the corrections. Note, that the relative cor-
rections can be positive or negative. In the DR scheme the cor-
rections are much smaller. We have for the relative O(αtαs)

corrections compared to one-loop order 0.8–4%, and the new
corrections change the coupling by about 1%. The reason is
that the DR scheme already partly resums higher-order cor-
rections.

The lower panel in Fig. 2 shows the relative change in
the corrections to the trilinear Higgs self-coupling at fixed
loop order when we change the renormalisation scheme in
the top/stop sector,11

�ren =
∣∣∣λmt (DR) − λmt (OS)

∣∣∣
λmt (DR)

. (40)

The comparison of the results in the two different renor-
malisation schemes can be used to estimate the uncertainty
on the trilinear Higgs self-coupling due to missing higher-
order corrections. As expected, the renormalisation scheme
dependence is reduced when more higher-order corrections
are included. The renormalisation scheme dependence con-
tinuously decreases from one-loop order with 26–33%, to
9–13% at O(αtαs) and to 0.01–8% at O(αt (αs + αt ))—the

11 In the DR scheme of the top/stop sector, we have to consistently
convert the OS top mass to DR top mass while in the OS scheme all DR
inputs, mDR

Q̃3
,mDR

t̃R
, ADR

t , are converted to the mOS
Q̃3

,mOS
t̃R

, AOS
t values.

value of 0.01 at O(αt (αs + αt ) is accidentally small due to
the cross-over behaviour.

In Fig. 2 (right) we show our results for the benchmark
point BP10. For this point, the relative corrections in the
OS scheme are slightly larger than for P2OS. We have
�

αtαs
one-loop = 17–24% and �

αt (αs+αt )
αtαs = 9–17%. In the DR

scheme the corrections are smaller, the relative O(αtαs) cor-
rections compared to one-loop order are of 4–7%, and the new
corrections change the coupling by 0.4–2%. The renormal-
isation scheme dependence decreases from one-loop order
with 26–39% to 0.7–1.4% at O(αtαs). The scheme depen-
dence increases again at O(αt (αs + αt )) where it is 7–13%.
This is a behaviour that we already observed in the loop cor-
rections to the Higgs boson masses [69].12

In summary, for both benchmark points the inclusion of
the new two-loop corrections has an impact of a few per cent
and we find a renormalisation scheme dependence of typical
two-loop order. The behaviour is similar to the one we found
for the Higgs mass corrections.
CP violation In Fig. 3 we show for the parameter point
P2OS the loop corrections to the effective trilinear Higgs
self-coupling λ̂eff

111 of the dominantly hu-like Higgs boson

as a function of the CP-violating phase ϕAt of ADR
t . The

colour and line codes are the same as in Fig. 2. In order
to avoid too large singlet-doublet mixing effects we chose
|ADR

t | = 250 GeV. CP violation due to the phase ϕAt is a
loop-induced effect. Since At enters at one-loop level, the
trilinear Higgs self-coupling shows a dependence on the CP-
violating phase, which for this parameter point turns out to
be larger in the OS than in the DR renormalisation scheme.
The almost flat dependence on the CP-violating phase of the

12 Incomplete two-loop corrections cannot necessarily be expected to
reduce the uncertainty when including further corrections as there might
be missing cancellations. The complete two-loop corrected results, how-
ever, should reduce the renormalisation scheme dependence compared
to the complete one-loop result in a perturbative expansion in the cou-
pling constants.
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Fig. 3 Effective Higgs self-coupling λ̂eff
111 of the hu-dominated Higgs

mass eigenstate for P2OS as a function of ϕAt for |ADR
t | = 250 GeV.

Color and line codes are the same as in Fig. 2

OS curve atO(αtαs) is due to accidental cancellations which
we explicitly checked. At O(αt (αs + αt )), we see a stronger
dependence again. In the DR scheme both two-loop orders
show about the same dependence on the phase ϕAt . Note that
the measurements of the electric dipole moment (EDM) put
severe constraints on the amount of allowed CP violation.
The electron imposes the strongest constraints [103], with
the current best experimental limit given by the ACME col-
laboration [104]. After taking into account these constraints,
the effect of the CP-violating phases on masses and mixing
angles is only marginal and would not affect the overall dis-
tribution of the allowed points from a parameter scan of the
model.

5.2 Impact on the Higgs-to-Higgs decays

We now turn to the impact of the computed higher-order
corrections on the partial decay widths for Higgs-to-Higgs
decays. The decay width for the Higgs decay hi into a Higgs
pair h j hk is given by

�(hi → h j hk) =
β1/2(M2

hi
, M2

h j
, M2

hk
)

16π(1 + δ jk)M3
hi

|Mhi→h j hk |2,
(41)

where β(x, y, z) = (x − y − z)2 − 4yz is the two-body
phase space function and the decay amplitude Mhi→h j hk is
calculated according to Eq. (28). We show in Fig. 4 (left) the

partial decay width of the doublet-like CP-even Higgs boson
hd into a pair of a SM-like Higgs boson hu and a singlet-
dominated Higgs hs , �(hd → huhs), at one-loop level and
at two-loopO(αtαs) andO(αt (αs+αt )) forP2OS, as a func-
tion of At .13 This decay is the largest of the Higgs-to-Higgs
decays for this parameter point. For BP10 the largest one is
given by hs → huhu which we show in Fig. 4 (right). This is
also the resonant contribution that increases the production
process of an huhu Higgs pair which we will discuss later.
We include both the Z matrix of (29) and the Higgs mass val-
ues calculated at the corresponding same loop order as the
one for which we calculate the higher-order corrections to
the trilinear Higgs self-coupling. This of course also implies
that the kinematical factor in the decay amplitude changes
with the loop order. For both parameter points, we observe a
reduction of both the relative correction and the renormali-
sation scheme dependence when we move from one- to two-
loop order with the effect being less pronounced in the DR
than in the OS scheme as the former already partly resums
higher-order corrections.

For P2OS the relative corrections for the partial decay
width in the OS scheme amount to more than 100% when
including theO(αtαs) corrections in addition to the one-loop
corrections. The reason is the small one-loop decay width. In
the DR scheme the relative corrections amount to 10–14%.
The relative effect of the new two-loop corrections is much
less as expected and reaches �

αt (αs+αt )
αtαs = 7–15% (0.4%)

in the OS (DR) scheme. The renormalisation scheme depen-
dence decreases fromO(71–90%) at one-loop level to a max-
imum of 13% at two-loop O(αtαs) and at most 14% at two-
loop O(αt (αs +αt )). For the benchmark point BP10 we find
that for most At values the relative corrections of our new
two-loop corrections are smaller compared to the relative
corrections when moving from one- to two-loop order. Note
that we cut some of the lines in the middle plot of Fig. 4
(right) as here the relative corrections become artificially
large due to comparatively very small widths at the previ-
ous loop order. The reduction in the renormalisation scheme
dependence when moving from one- to two-loop order is less
obvious as can be seen from the lower panel in Fig. 4 (right).
The renormalisation scheme dependence becomes artificially
large here where the DR result for the partial decay width is
very small.

In both scenarios the partial decay widths can be become
as large as about 1.7 GeV. In P2OS this leads to a branching
ratio of about 12% at most, taking into account the dominant
decay channels. In BP10 we get a maximum branching ratio
of more than 70%.

13 Note that, as stated above, the notation for the Higgs states only
relates to their dominant component, but still they are mass and not
interaction eigenstates.
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Fig. 4 Upper: Partial decay width of hd → huhs for P2OS (left) and
of hs → huhu for BP10 (right) at one-loop order (black), two-loop
O(αtαs) (blue) and two-loop O(αt (αs + αt )) (red) in the OS (full)
and DR scheme (dashed) as a function of ADR

t . In the right plot the
dashed blue and red lines nearly lie on top of each other. Middle: The

relative correction defined analogously to Eq. (39), but for the partial
decay width. Lower: The relative renormalisation scheme dependence
defined analogously to Eq. (40), but for the partial decay width, for all
three loop orders

Fig. 5 Left: The effective trilinear self-coupling λ̂eff
huhuhu

of the SM-

like hu-dominated Higgs mass eigenstate as a function of ADR
t at

O(αt (αs + αt )) in the OS scheme. Right: The renormalisation scheme

dependence as a function of ADR
t at one-loop order (black), at two-loop

O(αtαs) (blue) and at two-loop O(αt (αs + αt )) (red)

Our results show that the higher-order corrections to the
decay width have a substantial impact in particular when
moving from one-loop to two-loop order. Furthermore, also
at the two-loop level the inclusion of the O(α2

t ) corrections
on top of the available O(αtαs) corrections leads to signifi-
cant changes in the decay width both for P2OS and BP10.
At the phenomenological level, the impact of the changes
depends on the relative size of the Higgs-to-Higgs decay
widths compared to the other decay widths.14

14 The partial widths for the computation of the branching ratios are
obtained from the code NMSSMCALC [67]. It includes the dominant

6 Scatter plots

After the investigation of two specific benchmark points we
aim to get an overall picture of the corrections by investigat-
ing scatter plots. These plots contain all parameter scenar-
ios that we obtained from our scan and that comply with the
included constraints described above. Note that for the scatter
plots in order to save computational time, we took a subsam-
ple of the parameter points compatible with all constraints.

higher-order QCD corrections and in the Higgs-to-Higgs decays the
higher-order corrections up to O(αt (αs + αt )).
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Fig. 6 Relative size of the loop-corrected effective trilinear Higgs
self-coupling of the hu-like Higgs boson λ̂eff

huhuhu
w.r.t. the next

lower order in the OS (left) and the DR scheme (right) at O(αtαs)

(upper) and O(αt (αs + αt )) (lower) as a function of ADR
t . The

colour bar shows the corresponding values for the hu-like Higgs
mass

It consists of 1k randomly chosen points of the complete
sample.

6.1 The trilinear Higgs self-coupling

Figure 5 (left) displays for all generated valid parameter
scenarios the effective trilinear Higgs self-coupling λ̂eff

huhuhu
of the Higgs mass eigenstate that is dominantly hu-like, at
O(αt (αs + αt )) in the OS renormalisation scheme of the
top/stop sector as a function of At ≡ ADR

t . Note that, depend-
ing on the parameter point, the state hu is not necessarily
always the lightest Higgs mass eigenstate. The right plot
shows the renormalisation scheme dependence at the one-
and considered two-loop orders. We see the same trend as
observed for the benchmark points. The scheme dependence
at one-loop order is rather large, varying between about 20%
and more than 50%. It is considerably reduced upon inclusion
of the two-loopO(αtαs) corrections where it ranges between
about 1 and 5%. After the additional inclusion of the O(α2

t )

corrections the scheme dependence increases again to values
between 5 and 18% and reflects the necessity to include all
corrections at a given loop order in order to make a reliable
statement on the scheme dependence. The scheme depen-
dence at two-loop order is well below the one at one-loop
level as expected.

Turning to the values of the trilinear Higgs self-coupling
λ̂eff
huhuhu

we find that it lies between 190 and 228 GeV.15 For
the SM-coupling we have

λSM
HHH = 3M2

H

v
= 191 GeV, (42)

for MH = 125.09 GeV and v =
√√

2GF ≈ 246.22 GeV.
Taking into account the residual theoretical uncertainty at
O(αt (αs + αt )) due to missing higher-order corrections, the
NMSSM hu-like trilinear Higgs self-coupling for most of the
parameter points complies with the one found in the SM. This
means that taking into account the LHC Higgs data results
which push the discovered Higgs boson very close to the SM
expectation, we find that the NMSSM hu-like trilinear Higgs
self-coupling is also very SM-like once all dominant higher-
order corrections are taken into account. This has important
implications for the cross section values of Higgs pair pro-
duction (see our discussion in Sect. 7). Note also that these
values for λ̂eff

huhuhu
lie well within the present experimen-

tal limits on the SM trilinear Higgs self-coupling which are
between −0.4 and 6.3 times the SM value as reported by
ATLAS [105] and between −1.24 and 6.49 times the SM

15 Taking into account the whole sample and not only the subsample,
there are also a few parameter points that lie outside this range, as
e.g. P2OS.
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value as found by CMS [106] (both assuming a SM-like top-
Yukawa coupling).

6.2 Correlation between trilinear Higgs self-coupling and
mass

Figure 6 puts the relative corrections to the effective trilin-
ear Higgs self-coupling of the SM-like hu-dominated Higgs
boson in relation to the relative corrections of its mass value.
The scatter plots of the valid parameter scenarios displayed in
Fig. 6 (upper) show that the relative impact of the inclusion
of the O(αtαs) corrections on top of the one-loop correc-
tions is of about 15–35% in the OS and of roughly 3–12%
in the DR scheme for the trilinear Higgs self-coupling. As
for the masses, we find here 8–19% in the OS and 3–8%
in the DR scheme. Both corrections are correlated, larger
corrections in the trilinear Higgs self-coupling correspond
to larger corrections for the Higgs mass. As can be inferred
from Fig. 6 (lower), the relative size of the additional O(α2

t )

corrections amounts to about 5–27% in the OS scheme and
roughly 1–6% in the DR scheme for the trilinear Higgs self-
coupling which compares to 3–11% in the OS scheme and
0.1–1.1% in the DR scheme for the masses. The mass cor-
rections are in general smaller than the corrections to the
trilinear Higgs self-couplings, and the corrections in the OS
scheme are generally larger than in the DR scheme which
partly resums higher-order corrections.

Overall we find for our parameter points compatible with
the applied constraints that the effective trilinear Higgs self-
coupling values at O(αt (αs + αt )) are in general smaller in
the DR scheme compared to the OS scheme, as is the case for
the mass values. For both schemes we see that the coupling
values increase with increasing mass values. This behavior
reflects what we expect from the SM relation Eq. (42), and as
stated above, within the residual theoretical uncertainty the
trilinear coupling values also comply with the SM result.

7 Higgs pair production

In this section we want to analyse what we can learn from
our higher-order results to the trilinear Higgs self-coupling
about the impact of the electroweak corrections on Higgs pair
production. Higgs pair production gives access to the trilin-
ear Higgs self-coupling and the measurement of the Higgs
self-interactions provides the ultimate test [1–4] of the Higgs
mechanism for the generation of particle masses. At the LHC
the dominant Higgs pair production process is given by gluon
fusion into Higgs pairs [1,107,108]. The loop-induced pro-
cess is mediated by top-quark loops and by bottom-quark
loops, the latter contributing at the percent level. Higher-
order QCD corrections are important, increasing the cross
section by roughly a factor two at next-to-leading order

(NLO). A lot of effort is put in providing increasingly pre-
cise predictions. The first NLO results were presented in the
large top-quark mass limit more than two-decades ago [109].
Full NLO QCD corrections including the top-quark mass
dependence were finally made available in [110–113]. The
next-to-next-to-leading order (NNLO) QCD corrections in
the large mt limit were provided by [114], and the next-
to-next-to-leading logarithmic corrections in this limit by
[115,116]. Recently, the corrections due to the resummation
of soft-gluon emission were provided up to next-to-next-to-
next-to-leading logarithmic accuracy in [117]. The NNLO
FTapprox

16 result was presented in [118]. A combination of
the usual renormalisation and factorization scale uncertain-
ties with the uncertainties originating from the scheme and
scale choice of the virtual top mass was given in [119]. In
the NMSSM we have additional diagrams involving top and
bottom squarks as well as the s-channel exchange of non-
SM-like Higgs bosons, cf. Fig. 7. In [44,102] we computed
the NLO QCD corrections in the heavy-top limit.

So far the complete electroweak (EW) corrections for
gluon fusion into Higgs pairs are not yet available. While
in the SM we can expect them to be of the order of a few
percent by looking at the EW corrections to single Higgs
production [120–124] this might not be the case in beyond-
the-SM models where couplings can be enhanced compared
to the SM or where light Higgs bosons could run in the loops.
The computation of the EW corrections to Higgs pair pro-
duction through gluon fusion is a major task and technical
challenge, which requires the computation of massive two-
loop integrals with several different mass scales. First steps
have been taken recently within the SM. In [125] the top-
Yukawa induced part of the EW corrections and their relation
to the effective trilinear Higgs coupling have been provided
and discussed. The subset of two-loop diagrams where the
Higgs boson is exchanged between the virtual top quark lines
has been calculated in the high-energy limit in [126].

In this work we use our effective loop-corrected Higgs
self-couplings that make up part of the EW corrections to get
some insights on their importance. For this we choose the
parameter point BP10 where the di-Higgs cross section is
dominated by the resonant production of two SM-like Higgs
bosons via an intermediate heavy Higgs boson, as in this
case the other diagrams will give a subleading contribution
to the total cross section so that the missing EW higher-
order corrections might be of less importance. In the triangle
diagram involving the resonant heavy Higgs boson in the s-
channel we still miss, however, the EW corrections to the top
triangle.

16 At FTapprox, the cross section is computed at next-to-next-to-leading
order (NNLO) QCD in the heavy-top limit with full leading order (LO)
and next-to-leading order (NLO) mass effects and full mass dependence
in the one-loop double real corrections at NNLO QCD.
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Fig. 7 Generic diagrams contributing to pair production of a SM-like
NMSSM Higgs boson h in gluon fusion. The loops involve top and bot-
tom (s)quarks, q = t, b, q̃ = t̃, b̃, i, j = 1, 2. The s-channel diagrams

proceed via Hk = H1, H2, H3, with one of these being the SM-like h,
depending on the parameter choice

For this benchmark point we compute the gluon fusion
production cross section for a pair of SM-like Higgs bosons.
We choose a c.m. energy of 14 TeV, we use the CT14 pdf set
[127] and we set the top quark mass to mt = 172.74 GeV.
By using the loop-corrected Higgs masses as inputs and the
corresponding higher-order corrected Higgs mixing angles
to compute the Yukawa couplings and the trilinear Higgs
self-couplings that enter the process through tree-level-like
formulae, we take into account the higher-order correc-
tions to the input parameters. By additionally including
the loop-corrected trilinear Higgs self-coupling computed in
this paper we explicitly include higher-order corrections to
the observable, namely the Higgs pair production process,
though at an incomplete level as mentioned above.

In Table 4 we compare the di-Higgs cross sections for
the case where only corrections to the input parameters
are considered (called ’inp’ in the following) and the case
where we additionally include EW corrections to the pro-
cess through the loop-corrected trilinear Higgs self-couplings
(called ‘proc’). For simplicity we focus on the case where we
include the full 1-loop corrections both to the masses/mixing
angles [75] and to the trilinear Higgs self-couplings [44,45]
(named ’1L1L’) and on the case where we include the 2-loop
O(αt (αs +αt )) corrections both to the masses/mixing angles
[69] and the trilinear Higgs self-couplings, computed in this
paper (named ‘at2at2’). We furthermore list in the table the
values of the SM-like trilinear Higgs self-coupling, λH1H1H1 ,
normalized to the SM-value for a Higgs boson mass of same
mass value, i.e. λ‘SM’

H1H1H1
= 3M2

H1
/v, called κH1H1H1 in the

table. Accordingly, κH2H1H1 is the λH2H1H1 coupling normal-

ized to λ’SM’
H1H1H1

. This value is also given in the table as the
resonant enhancement of the cross section basically comes
from the resonant H2 production with subsequent decay into
H1H1. The resonant production from the H3 decay into H1H1

plays only a minor role for this benchmark point. For the ’inp’
results we use the trilinear couplings calculated with tree-
level-like formulae, for the ’proc’ results we use the effec-
tive loop-corrected couplings λ̂H1H1H1 and λ̂H2H1H1 , respec-
tively. We provide all the loop-corrected values both for OS
and DR renormalisation in the top/stop sector. Note that in
all renormalisation schemes and at all considered loop levels
the Yukawa coupling of the SM-like Higgs H1 is practically
SM-like (it differs by only 1% from the SM-value).

From the cross section values we first of all notice the
resonant enhancement compared to the SM Higgs pair pro-
duction cross section, which at tree-level amounts to 19.72 fb.
When we compare the absolute values of the cross section
we have to be careful as the changes not only come from the
use of different trilinear Higgs self-couplings and renormal-
isation schemes, but also from the change in the kinematics
as the Higgs mass values depend on the loop order and the
renormalisation scheme. In the last column of Table 4 we
give the relative change of the cross section with respect to
the applied renormalisation scheme,

�renσ ≡ |σmt (DR) − σmt (OS)|
σmt (DR)

. (43)

We observe that the inclusion of only the parameter cor-
rections does not decrease the renormalisation scheme
dependence when moving from one-loop order to two-loop
O(αt (αs + αt )), on the contrary. This is not astonishing
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Table 4 BP10: Cross section values for the production of a SM-like
Higgs pair H1H1 for OS and DR renormalisation in the top/stop sector
when using loop-corrected masses and mixing angles (‘inp’) and addi-
tionally loop-corrected effective trilinear Higgs self-couplings (‘proc’)

at 1-loop order and at O(αt (αs + αt )), respectively. The correspond-
ing normalized trilinear Higgs self-couplings are given as well as the
relative change of the cross section with the applied renormalisation
scheme (see the text for definition)

‘1L1L’ σOS [fb] σDR [fb] κOS
H1H1H1

κDR
H1H1H1

κOS
H2H1H1

κDR
H2H1H1

�renσ

‘inp’ 63.72 62.14 0.54 0.71 −0.25 −0.30 2.5%

‘proc’ 76.83 61.48 1.01 1.04 −0.30 −0.31 25%

‘at2at2’ σOS [fb] σDR [fb] κOS
H1H1H1

κDR
H1H1H1

κOS
H2H1H1

κDR
H2H1H1

�renσ

‘inp’ 68.98 61.25 0.61 0.65 −0.27 −0.28 12.6%

‘proc’ 71.69 62.57 1.03 1.02 −0.30 −0.31 14.6%

as the scheme dependence of the input parameters has to
be compensated by the scheme dependence of the process-
dependent corrections at the same loop order. When these
are included we observe a decrease in the renormalisa-
tion scheme dependence of the cross section at the same
loop order when including higher and higher loop orders
as expected in perturbation theory. Still the renormalisation
scheme dependence with 14.6% at O(αt (αs + αt )) is sig-
nificant. This gives a hint that the remaining electroweak
corrections that we did not take into account in our approach
might be significant. It will hence be important to provide the
complete EW corrections to the cross section to be able to
reduce the uncertainty in its prediction due to missing higher
loop corrections.

8 Conclusions

In this paper we presented the O(α2
t ) corrections to the tri-

linear Higgs self-couplings in the context of the CP-violating
NMSSM. They are part of our ongoing program of increasing
the precision in the predictions of the NMSSM Higgs poten-
tial parameters, the masses and the Higgs self-couplings. We
find that the corrections to the effective trilinear Higgs self-
couplings are in general larger than those to the Higgs boson
masses. The relative corrections on top of the already existing
two-loop corrections at O(αtαs) are much smaller, however,
than when moving from one- to two-loop order and indicate
perturbative convergence. The remaining residual theoret-
ical uncertainties due to missing higher-order corrections,
estimated from the variation of the renormalisation scheme
in the top/stop sector, range at the level of a few per-cent
and are also reduced compared to the one-loop results. In
general, the results obtained in the DR scheme show a better
convergence than in the OS scheme, which is to be expected
as they already partly resum higher-order corrections. Within
the theoretical uncertainties, the obtained loop-corrected tri-
linear Higgs self-coupling of the SM-like Higgs boson is in
accordance with the result for the SM Higgs boson with same

mass value. For our chosen parameter points, the impact of
both the one-loop and the two-loop corrections on the Higgs-
to-Higgs decay widths is similar to the ones on the effective
Higgs self-couplings. The two approaches only differ in the
one-loop calculation where we found that in our scenarios the
bulk of the one-loop corrections stems from theO(αt ) correc-
tions that are well approximated by zero external momentum.
We also investigated the effect of the inclusion of our loop-
corrected effective Higgs self-couplings in the Higgs pair
production process. The estimates of the theoretical uncer-
tainty based on the variation of the renormalisation scheme
indicate that the remaining missing electroweak corrections
to the process may be significant.
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