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Abstract The idea of hybrid metric-Palatini f (X ) gravity
(HMPG) is a blend of Einstein Hilbert (EH) action having
non-linear function f (R) and linear scalar curvature R by
Palatini gravity. The goal of this paper is to investigate the
warm inflationary model (WIM) via standard and irreversible
thermodynamical approach in f (X ) gravity. We start our
work by obtaining the field equations (FEs) for HMPG and
then investigate the cosmic inflation in f (X ) theory of grav-
ity by looking at cosmic parameters such as slow-roll param-
eters, spectral index (ns), running of spectral index (αs) and
tensor-to-scalar ratio (r). Next, the early universe is consid-
ered as an open system. The thermodynamics and dynamical
equations in f (X ) gravity are applied to interacting cosmic
fluid, which leads us to adapt the basic formalism of WIM.
This analysis is done using Higgs Potential (HP). Numeri-
cal results of the thermodynamical equations such as scale
factor (a(t)), scalar-field energy density (ρϕ) and radiation
energy density (ργ ), number of scalar-field particles (nϕ)

and temperature (T ) are derived and presented graphically
using slow-roll approach and defining several dimensionless
variables. From obtained results, we calculate cosmic param-
eters. In the end, we constraint the model parameters, and
compare our calculated results to the Planck-2018 data.

1 Introduction

In the context of Riemannian geometry, the f (R) theory
of gravity is the simplest modification of General Relativ-
ity (GR) such that, an EH action with an arbitrary function of
the scalar curvature, replaces the Ricci scalar R [1–3]. This
extended version provides a satisfactory and effective expla-
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nation to the recent cosmological observations otherwise, it
cannot be explained in the framework of GR, and mainly this
theory come up with a feasible alternative to the cosmolog-
ical constant �. The cosmological constant, which Einstein
introduced in 1917, provides interpretation for the expansion
of the universe. Many other modifications of GR can also
define the cosmic acceleration in different manners unlike
the simple approach of adding the cosmological constant into
the FEs as well as to the action. The cosmic observation may
also be described by modifying the EH action, in which f (R)

theory gives a frame that permits Einstein gravity to be gen-
eralized easily. A scalar-field, that is non-minimally coupled
to curvature can be established after applying a Legendre
transformation. This framework provides a simple analysis
of the theory, which allows a great use of physical as well as
mathematical methods established in scalar–tensor gravity.

There are two proposed formalisms (standard metric for-
malism and Palatini formalism) to derive FEs in accordance
with the action of f (R)gravity. In standard metric formalism,
higher derivatives are obtained through FEs by varying the
action with respect to the metric tensor gμν , here the christof-
fel symbols �α

βγ , based on gμν . While in Palatini formalism
[4], �α

βγ and gμν are considered as independent variables
and the FEs are of second-order. Both approaches gave dis-
tinct FEs for a non-linear Lagrangian density in R, on the
other hand, they are same under GR action. The scalar-field
is not dynamical in the Palatini f (R) theory, implying that
the Palatini approach does not add new degrees of freedom
[5]. This fact has major implications for the theory, since it
leads to the existence of infinite tidal forces on the surface
of large astrophysical objects [5]. To overcome some of the
drawbacks of metric and Palatini f (R) theories of gravity, the
so-called f (X ) gravity was presented in [6] and have since
been extensively researched and refined. One of the key ben-
efits of the HMPG is that it contains long-range forces in
its scalar–tensor representation, which easily pass the solar
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system tests, and therefore there is no conflict between the
theory and local measurements.

Cosmic acceleration occurs either from an undefined
quantity known as dark energy (DE) with negative pressure
or by modification of gravity that only emerges at cosmic
scales. Additional terms in the EH action that are non-linear
functions of Ricci scalar R, have always been a source to pro-
duce acceleration in the cosmic expansion [7–11]. In [12],
authors determined the conditions for the cosmological via-
bility of DE models whose Lagrangian densities f are rep-
resented in terms of the Ricci scalar R. f (R) theory is much
efficient to elaborate the difference between these two for-
malisms. As in standard metric approach, the term d f/dR
acts as a dynamical self-interacting scalar-field, which satis-
fies a second-order differential equation in f (R). For long-
range interactions, scalar-field (ϕ) demands very low mass in
order to effect large astrophysical and cosmological scales. It
is widely known that scalars have their effects on short scales
because their presence is highly restrictive by solar system
tests and laboratory observations until some type of screen-
ing procedure is being conducted [13–16]. A scalar–tensor
description is also feasible in the Palatini case, but only when
the known scalar-field satisfy an algebraic equation (not a
differential equation). Later, the scalar-field appears as an
algebraic function of the trace of stress-energy tensor Tμν

as ϕ = ϕ(T ), that can speed up the late-time expansion in
cosmic models [17,18].

In literature, many WIM are discussed, which describe
the distinct phases of cosmic inflation. Generally, the infla-
tionary period has two phases: first is “slow-roll” and the
second is “reheating”. It is generally assumed that at the end
of inflation, the reheating process is started after the parti-
cle creation, caused by the scalar-field. Although, the WIM
proposes the production of radiation without any reheating
process. The cosmic inflation has also been explained in the
last two decades within higher derivative curvature theories
[10,19–21], and with reference to natural inflation [22,23],
k-inflation [24], brane inflation [25] etc. The point to con-
sider here is that, any inflationary model can be described
by two well-known parameters r and ns . Under slow-roll
approximation, these parameters are written in terms of some
slow-roll parameters, which can further be explained through
Hubble parameter H , scalar-field ϕ and its associated poten-
tial V (ϕ).

Zimdahl et al. [26] studied the particle production in a
simple kinetic model in the expanding universe. They found
that radiation and non-relativistic matter can be stable at same
temperature, and the matter particles creation are at a rate of
half of the expansion. Resultantly, the adiabatic creation of
massive particles with an equal distribution suggested power-
law inflation. However the open and irreversible processes
of particle creation have not been studied sufficiently. Matter
creation and annihilation processes fall into a specific kind of

open thermodynamical systems. To integrate the irreversible
particle production, the standard adiabatic conservation rules
needs to modified. In [27], open thermodynamical system
is used for the very first time in cosmology. The classical
description of this method is described in [27], investigated
and further extended in [28,29]. They [30] discussed two
widely studied extensions of f (R) gravity, first is HMPG
and second is modified gravity using curvature-matter cou-
plings. Bohmer et al. [31] examined the stability of Einstein
static universe by taking linear perturbations in scalar–tensor
form of HMPG. In [32], authors discussed the possibility that
HMPG theory can explain wormholes. They presented gen-
eral conditions for wormhole solutions in context of throat’s
null energy condition and provide some examples. Harko et
al. [33] considered cylindrically and static symmetric inte-
rior string type solutions in scalar–tensor description of the
HMPG. Tamanini and Boehmer [34] introduced a technique
for modified gravity, which generalized the HMPG. In a
generalised HMPG, they [35] constructed the exact solu-
tions that describe a FLRW universe and showed that the
flat universes can nevertheless have exponentially increas-
ing solutions even if the cosmology is not fully vacuum. The
mentioned approach allows specific entropy fluctuations as
expected for “non-equilibrium and irreversible processes”.
Recently, Saleem and Shahid [36], studied the WIM via “irre-
versible thermodynamics of open systems” (ITOS) under cre-
ation(decay) of matter in Rastall gravity. From this interest-
ing idea [37], we are motivated to discuss WIM within f (X )

gravity.
The cosmological implications of HMPG are investigated

in [38,39]. The goal of this paper is to investigate cosmic
characteristics of cosmic inflation using hybrid f (X ) the-
ory. The governing FEs of HMPG using FRW cosmology
are written in Sect. 2. In the same section, we reconstruct
the above cosmic parameters in f (X ) gravity. To obtain
the graphical results, we apply perturbations to the cosmic
parameters in Sect. 3. We discuss the WIM via ITOS within
f (X ) gravity using HP in Sect. 4. In Sect. 5, we conclude
our results.

2 An overview of f (X ) gravity

The action for HMPG is given below

S =
∫ √−g( f (R) + R + 2κ2Lm)d4x, (1)

where Lm be the matter Lagrangian, κ is the coupling con-
stant whose value is κ2 = 8π

M2
p

= 1 and R is the Einstein

scalar curvature. In addition to standard form of EH action,
there is an extra function f (R), and the Palatini curvature R
concerning an independent connection �̄, defined as under
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R = gμν
Rμν = gμν(�̄σ

μν,σ − �̄σ
μσ,ν + �̄σ

σλ�̄
λ
μν − �̄σ

μλ�̄
λ
σν).

(2)

For the usual scalar curvature R, the formula will be without
bar. By varying the above action as for metric tensor gμν , we
get the following FEs

Gμν + fRRμν − 1

2
gμν f (R) = Tμν, (3)

with Einstein tensor Gμν , fR ≡ d f (R)
dR . Now on varying Eq.

(1) with respect to independent connection, we have the fol-
lowing equation of motion

∇σ [√−g fRg
μν] = 0, (4)

here ∇σ indicates the covariant derivative. Using Eq. (4), we
can develop a relation between Palatini curvature tensor and
usual Ricci tensor as

Rμν = Rμν + 3

2 f 2
R

fR,μ fR,ν − 1

fR
∇μ fR,ν − gμν

2 fR
� fR.

(5)

The contraction of the above relation yields the following
relation:

R = R + 3

2

((
fRR
fR

)2

− 2
� fR
fR

)
. (6)

Putting the above expression in Eq. (3), we get

[1 + f (R)]Gμν = Tμν − � fRgμν + ∇μ fR,ν − 3

2

fR,μ fR,ν

fR

−1

2
fRR − f (R)]gμν + 3

4

fR,σ f ,σ
R

gμν

fR
.

(7)

Trace of Eq. (3) provides Palatini curvature in the following
form

fRR − 2 f (R) = T + R ≡ X . (8)

Now, the curvature R, can be algebraically expressed in term
of X , if analytic solutions exist for the form of f (R), known
as f (X ) theory of gravity. The new variable X estimates that
how much theory changes from the standard equation, R =
−T in GR. The corresponding equations can be rewritten as
Gμν = T ef f

μν , where T ef f
μν = TX

μν + Tμν , the quantity TX
μν

can be defined as

TX
μν = ∇μX,νF

′(X ) − RμνF(X )

+gμν

2

(
F ′(X )�X + f (X ) + F ′′(X )(∂X )2

)

+X,μX,ν

(
F ′′(X ) − 3

2

F ′2(X )

F(X)

)
. (9)

It is worth to mention that F(R(X )) can be written as F(X )

and F ′(X ) = ∂F(R(X ))
∂X . Now the trace of FEs is as follows

�X F ′(X ) + 1

3

(
2 f (X ) − F(X )R + X

)

+(∂X )2
(
F ′′(X ) − 1

2

(F ′(X ))2

F(X )

)
= 0.

The relation between R and R in terms of X is given as

R(X ) = 3

2

[(
F ′(X )

F(X )

)2

− 2�F(X )

F(X )

]
+ R. (10)

The general action (1) can be convert into a scalar–tensor
representation of f (X ) gravity by taking an arbitrary field
ϕ, so that

S =
∫ √−g(R + f (ϕ) + fϕ(R − ϕ) + 2Lm)d4x, (11)

where fϕ = d f
dϕ

. By defining the following expressions

V (ϕ) = X F(X ) − f (X ), ϕ = F(X ), (12)

the above action becomes equivalent to our original action
(1).

S =
∫ √−g(R + ϕR − V (ϕ) + 2Lm)d4x . (13)

On varying the action (13) with respect to gμν , the scalar-field
and the connection have the following FEs:

Rμν − 1

2
(R − V (ϕ) + ϕR)gμν + ϕRμν = 2Tμν, (14)

R − Vϕ = 0, (15)

∇σ [ϕgμν√−g] = 0. (16)

The relation between two defined curvatures is modified as

Rμν = Rμν − 1

ϕ

(
∇μ∇νϕ + 1

2
�ϕgμν

)
+ 3

2ϕ2 ∂μϕ∂νϕ.

(17)

Substituting Eqs. (14) and (17) into Eq. (14), we get following
equations

(1 + ϕ)Gμν = Tμν + ∇μϕ,ν − 3

2

ϕ,μϕ,ν

ϕ
− �ϕgμν

−1

2
V (ϕ)gμν + 3

4

ϕ,σ ϕ,σ

ϕ
gμν. (18)

To investigate the WIM, we will use the above field equation
in further sections.
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3 FRW field equations and general formalism of warm
inflation in HMPG

The FRW line-element for a homogeneous, isotropic and flat
universe can be written as

ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (19)

here a(t) denotes cosmic scale-factor. For perfect fluid, the
energy–momentum tensor is defined as

Tμν = (ρ + p)uμuν − pgμν, (20)

where ρ = ρϕ + ργ , p = pϕ + pγ , uν represent total
energy density, total pressure and four-velocity of the fluid,
respectively. For radiation, we use the relation pγ = ργ

3 . The
hybrid FEs for the metric defined in Eq. (19) have the fol-
lowing form under slow-roll approximation (we can ignore
radiation density by the inequality, ρϕ > ργ )

ρ ≈ ρϕ = 3H2(1 + ϕ) + 3H ϕ̇ + V (ϕ) + 3

4

(
ϕ̇2

ϕ

)
, (21)

p = −(1 + ϕ)(3H2 + 2Ḣ) + 3

4

(
ϕ̇2

ϕ

)

+V (ϕ) − (1 + 2H)ϕ̈. (22)

The continuity equations for scalar-field and radiation are as
follows

ρ̇ϕ + 3H(ρϕ + pϕ) = −�ρϕ,

ρ̇γ + 4Hργ = �ρϕ. (23)

Usually for a standard scalar field, the quantity �(ρϕ + pϕ) =
�ϕ̇2 is the dissipation term which is introduced phenomeno-
logically in order to describe the nearly thermal radiation
bath that is the outcome of the warm-inflationary scenario.
In our case, the term (ρϕ + pϕ) does not provide us a use-
ful source term due to lengthy expressions. So we choose
another useful source term �ρϕ [40]. During the inflationary
epoch, the inflaton’s energy density is the order of the poten-
tial ρϕ ∼ V (ϕ) (as potential term dominates the kinetic term
V (ϕ) � 1

2 ϕ̇2) and energy density ρϕ dominates over the
energy density of radiation ρϕ > ργ . When radiation produc-
tion during warm inflation is quasi-stable, then ρ̇γ 	 4Hργ .
Under these conditions, we have

ργ = �

4H
ρϕ = ÇT 4,

where Ç= π2

30 g∗, and the minimal super-symmetric standard
model gives the number of relativistic degrees of freedom,
g∗ = 228.76 and Ç� 70 [41,42]. The term T is the temper-
ature of the thermal bath.

Taking derivative of Eq. (21) and combining it with Eq.
(21), and substituting in equation of continuity (23) yields
the following result

ϕ̈ + 3H ϕ̇ − ϕ̇2

2ϕ
+ ϕ

3
R − 2ϕV ′(ϕ)

3
= −�V (ϕ). (24)

The Ricci scalar for the FRW metric is R = 12H2 + 6Ḣ .
To get this result coherent with HMPG, we are combin-

ing the FEs and matter conservation equation to obtain the
relationship between effective potential V and R [43]

2V (ϕ) − ϕV ′(ϕ) = 1

2
(R + T ) = 1

2
X . (25)

We can obtain R by taking the value of T from FEs as under

R = 3V (ϕ) − 2ϕV ′(ϕ)V (ϕ) − 2ϕV ′(ϕ) + 3H ϕ̇ + 3ϕ̇2

4ϕ
.

(26)

Using above expression of R in Eq. (24), we obtain following
relation

ϕ̈ + 3H ϕ̇ − 1

2
(
ϕ̇2

ϕ
) + ϕV (ϕ)

+1

4
ϕ̇2 − 2

3
V ′(ϕ)ϕ2 + Hϕϕ̇ − 2

3
ϕV ′(ϕ) = −�V (ϕ).

(27)

To solve the equation analytically, several fundamental lim-
its such as the slow-roll limit, ϕ 	 1, ϕ̇2 	 V (ϕ) and
ϕ̈ 	 3H ϕ̇ can be applied on Eq. (27). The evolution of ϕ is
expressed as

ϕ̇ = − �V (ϕ)

(1 + ϕ)
+ ϕ

3H(1 + ϕ)

(
2V ′(ϕ) − V (ϕ)

)
. (28)

Utilizing above expression, Eq. (21) is turn out to be

3H2 = 1

(1 + ϕ)2

(
2ϕV ′(ϕ) − �V (ϕ)(1 + ϕ

�
)

)
. (29)

Similarly, Eq. (21) yields

Ḣ = V (ϕ)

1 + ϕ
− 1

2(1 + ϕ)2

(
2ϕV ′(ϕ) − �V (ϕ)(1 + ϕ

�
)

)

+1

4

(
2V ′(ϕ) − V (ϕ)(1 + �

ϕ
)

)
. (30)

Inflation can be explained via quasi de-Sitter results, where
the Hubble parameter H is relatively constant.

Amount of inflation is counted by number of e-foldings,
defined as
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N =
∫ te

t
Hdt =

∫ ϕe

ϕ

H

ϕ̇
dϕ = ln(1 + ϕe) − ln(1 + ϕ),

(31)

where ϕe denotes the value of inflaton at the end of inflation.
The slow-roll parameters can be defined as follows to observe
the inflation under slow-roll limit [44–46]

ε1 = − Ḣ

H2 , η = ϕ̈

H ϕ̇
. (32)

In f (X ) theory of gravity, ε1 and η take the following form

ε1 = 3

2
−

3(1 + ϕ)

(
V (ϕ) + 1

4

(
2V ′(ϕ) − V (ϕ)

(
1 + �

ϕ

)))

(
2ϕV ′(ϕ) − �V (ϕ)

(
1 + ϕ

�

)) ,

(33)

η = (1 + ϕ)

(
V ′(ϕ)

1 + ϕ
− V (ϕ)

(1 + ϕ)2 − 1

2(1 + ϕ)2

(
2V ′(ϕ)

+2ϕV ′′(ϕ) −
(

�′V (ϕ) + �V ′(ϕ)

)(
1 + ϕ

�

)

−
(

1 − �′
�

)
V (ϕ)

)(
2ϕV ′(ϕ) − �V (ϕ)

(
1 + ϕ

�

))

+1

4

(
2V ′′(ϕ) −

(
1 + �

ϕ

)
V ′(ϕ) − V (ϕ)

ϕ

(
�′ − �

ϕ

))

×
(
V (ϕ)

1 + ϕ
− 1

2(1 + ϕ)2

(
2ϕV ′(ϕ) − �V (ϕ)

(
1 + ϕ

�

))

+1

4

(
2V ′(ϕ) −

(
1 + �

ϕ
)V (ϕ)

))−1)
. (34)

It is important to mention that the slow-roll parameters must
have minimum values to display inflation. In the consequence
of this fact, we require Ḣ < 0 by which 0 < ε1 << 1, and
also 0 < η << 1. When ε1 � 1, it is the time when inflation
era ends.

At the end of inflation where ε1 = 1, we get a first order
non-linear differential equation inV (ϕ) from Eq. (33), whose
solution is calculated as

V (ϕ) = exp

⎡
⎢⎢⎣−

∫
⎛
⎜⎜⎝

12(1 + ϕ) + �

(
5 +

(
ϕ+3
�

)
+ 3

ϕ

)

2(ϕ + 3)

⎞
⎟⎟⎠ dϕ

⎤
⎥⎥⎦ ,

= exp

[
ln(ϕ + 3)12 − 13

2
ϕ − �0T

3

2

×
(

ln

(
ϕ + 3

ϕ

) 4
9 − 1

2ϕ2 (1 + 4ϕ)

)]
. (35)

The dissipation factor is chosen to be � = �0T 3. The inflaton
can be written in terms of e-foldings using following relation

ϕ = (ϕe + 1) exp[N ] − 1. (36)

Perturbation spectra analysis in WIM have been thor-
oughly studied in [41,47,48] for both constant and
temperature-dependent. The following independent param-
eters are utilized to examine the power spectrum of primor-
dial fluctuations in inflationary scenario, and to compare the
underlined model with standard data. These parameters are
denoted by Ps (scalar power spectrum), Pt (tensor power
spectrum), r , ns and αs . The definition of these parameters
are given below:

Ps =
√

π

2

(
H3T
ϕ̇2 (1 + �

3H
)2

)
, Pt = H2

2π2M2
Pl

,

r = Pt
Ps

, ns = 1 + d ln Ps
d ln k

, αs = dns
d ln k

, (37)

where k is the wave number, which is related to e-folding
number N via dN = d ln k. For HMPG, T, Ps and r is
evaluated as

T =
�

(
3e

4�φ+�−26φ3

4φ2
(

φ+3
φ

)− 2�
9

)

(4Ç)A(ϕ)
, (38)

Ps = −
A(φ)

(
�

(
3ϕ3 + 11ϕ2 + 21ϕ + 9

) + 6(7ϕ + 9)ϕ3
)2

√
π�
A(ϕ)

+ π

(
�e

4�ϕ+�−26ϕ3

4ϕ2
(

ϕ+3
ϕ

)− 2�
9

ÇA(ϕ)

) 1
4

23/233/4(φ + 1)2
(−3�(ϕ + 3)ϕ2A(ϕ) + �

(
2ϕ2 + 21ϕ + 9

) + 6(7ϕ + 9)φ3
)2 , (39)

r =
(ϕ + 1)2A(ϕ)

(
72ϕ2(ϕ + 3)2A(ϕ) + √

6
(
54ϕ4 + 37ϕ3 − 108ϕ2 − 288ϕ − 108

))2

48 23/837/8π5/2(ϕ + 3)2
(
11ϕ2 + 21ϕ + 9

)2
√

1 − 2
√

6
A(ϕ)

(
(ϕ+3)(ϕ2+ϕ)

2A(ϕ)

g(7ϕ4+3ϕ3−22ϕ2−42ϕ−18)

) 1
4

. (40)
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The scalar spectral index for f (X ) gravity is obtained as

ns = 1 −
(

− 24e
4ϕ�+�

4ϕ2 (ϕ + 1)
(

13ϕ3 + 2�ϕ + �
)

×
(

6(7ϕ + 9)ϕ3 + �
(

3ϕ3 + 11ϕ2 + 21ϕ + 9
))

(� + A(ϕ))

×
(

6ϕ3(7ϕ + 9) − �
(

3A(ϕ)ϕ3 + (9A(ϕ) − 2)ϕ2 − 21ϕ − 9
))

+576e
4ϕ�+�

4ϕ2 ϕ3(ϕ + 1)

(
6(7ϕ + 9)ϕ3

+�
(

3ϕ3 + 11ϕ2 + 21ϕ + 9
) )

(� + A(ϕ))
(

6ϕ3(7ϕ + 9)

−�
(

3A(ϕ)ϕ3 + (9A(ϕ) − 2)ϕ2 − 21ϕ − 9
))

+3e
4ϕ�+�

4ϕ2

(
18

(
91ϕ4 + 299ϕ3 + 335ϕ2 + 165ϕ + 54

)

ϕ5 + 3�
(

900ϕ4 + 1400ϕ3 + 681ϕ2 − 99ϕ − 108
)

ϕ2

+�2
(

385ϕ4 + 858ϕ3 + 936ϕ2 + 459ϕ + 81
) )

(� + A(ϕ))
(
6ϕ3(7ϕ + 9)

−�
(
3A(ϕ)ϕ3 + (9A(ϕ) − 2)ϕ2 − 21ϕ − 9

))

+
(
6ϕ3(7ϕ + 9)− �

(
3A(ϕ)ϕ3+(9A(ϕ)− 2)ϕ2 − 21ϕ − 9

)))

/(
16

(
6(7ϕ + 9)ϕ3 + �

(
3ϕ3 + 11ϕ2 + 21ϕ + 9

))2

(
�

A(ϕ)
+ 1

) (
6ϕ3(7ϕ + 9)

−�
(

3A(ϕ)ϕ3 + (9A(ϕ) − 2)ϕ2 − 21ϕ − 9
))3

)
, (41)

where

A(ϕ) =

⎛
⎜⎜⎝
e

4�ϕ+�−26ϕ3

4ϕ2
(

ϕ+3
ϕ

)− 2�
9 (

�
(
3ϕ3 + 11ϕ2 + 21ϕ + 9

) + 6(7ϕ + 9)ϕ3
)

ϕ2(ϕ + 1)2

⎞
⎟⎟⎠

1
2

(42)

Putting expressions of V (ϕ) and ϕ, we can develop the
aforementioned inflationary observables (r, ns, αs) in terms
of e-foldings. The parametric plots of r − ns and αs − ns are
shown in Fig. 1. It can be seen clearly from the plot that the
value of r at ns = 0.968 is less than the standard observed
value of r , i.e., r < 0.056. The results are well-consistent
with Planck-2018 data. The running of the spectral-index αs

in WIM is of second-order in inflationary slow-roll parame-
ters and is often minimal αs ≈ 10−3. Therefore, by simul-
taneous attaining a sufficient number of e-folds, it may be
feasible to design some models capable of producing a large
running over a wave number k attainable to CMB observa-
tions [49].

4 Higgs potential with irreversible scalar-field and
radiation interaction

In the process of particle creation, the number of particles
and the energy momentum of a fluid’s components are not
independently conserved. In these type of fluids, momentum
and energy can be exchanged within components of fluids.
We assume that number densities of a particle nϕ and nγ

fulfill the balance laws, which is given below:

ṅϕ + 3Hnϕ = −�
ρϕ

mϕ

, (43)

ṅγ + 3Hnγ = �
ρϕ

mϕ

, (44)

where mϕ denotes scalar-field particle mass.
In analytical formalism of irreversible thermodynamical

process with particle creation or decay, the thermodynamic
pressure appears naturally because of the variation in particle
numbers, i.e., creation pressure. The general expression for
the creation pressure pc, is

pc = − h

3nH
(ṅ + 3nH), (45)

where h = ρ + p. The total heat (h) of radiation and scalar-
field are given by hγ = ργ + pγ and hϕ = ρϕ + pϕ , respec-
tively. By using the conservation Eqs. (43) and (44) in above
equation, we have the following relations

pϕ
c = �(ρϕ + pϕ)ρϕ

3Hmϕnϕ

,

pγ
c = −�(ργ + pγ )ρϕ

3Hmϕnγ

,

where nγ = 16πζ(3)T 3, T is temperature and ζ(3) is the
“Riemann zeta function”. From Gibbs equation used in [37],
we have the following conservation equation as

ρ̇γ + 3H(ργ + pγ ) = �(ργ + pγ )ρϕ

mϕnγ

, (46)

now putting the expression of pγ
c in Eq. (46), we obtain the

evolution equation of temperature T as under

Ṫ + HT = �ρϕ

48πζ(3)mϕT 2 . (47)
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Fig. 1 Left r − ns parametric plot and right parametric plot is for running of spectral index αs − ns for �0 = 0.002 (solid), �0 = 0.004 (dashed),
�0 = 0.006 (dotted), which is well-fitted with Planck 2018 data [50,51]

In this section, we will use the Higgs self-interaction
potential V (ϕ), which is given below

V (ϕ) = ±ν2

2
ϕ2 + ς

4
ϕ4, (48)

where ν and ς are constants. ς is self-coupling constant of
HP and has a value ς ≈ 1/8 [52]. Now, by using the HP in
cosmological evolution equations of WIM with irreversible
radiation creation in f (X ) gravity, we get following set of
equations

3H2 = ργ + ϕ̇2

2
− ϕ2

(1 + ϕ)

(
2(±ν2 + ςϕ2)

−(±ν2

2
+ ς

4
ϕ2)(ϕ + �)

)
, (49)

ṅϕ + 3Hnϕ = − �

mϕ

(
± ν2

2
ϕ2 + ς

4
ϕ4

)
, (50)

ρ̇γ + 4Hργ = �

(
± ν2

2
ϕ2 + ς

4
ϕ4

)
, (51)

Ṫ + HT = �

48T 2πζ(3)mϕ

(
± ν2

2
ϕ2 + ς

4
ϕ4

)
. (52)

To simplify the above equation, we are using the following
set of dimensionless variables as

t = τ

�
, ργ = �2Rγ , nϕ = �2Nϕ

mϕ

, ε2 = ν2

2�2 ,

σ = ς

4�2

T =
(

�2

48πζ(3)mϕ

) 1
3

ϑ, u = dϑ

dτ
.

Using above dimensionless variables, the system of Eqs.
(49)–(52) is modified to

da

dτ
= a√

3

√
Rγ + u2

2
− ±4ε2ϕ2 + 8σϕ4

(1 + ϕ)
− (ϕ + �)(±ε2ϕ2 + σϕ4)

(1 + ϕ)
, (53)

dNϕ

dτ
+ √

3

√
Rγ + u2

2
− ±4ε2ϕ2 + 8σϕ4

(1 + ϕ)
− (ϕ + �)(±ε2ϕ2 + σϕ4)

(1 + ϕ)
Nϕ = −( ± εϕ2 + σϕ4), (54)

dRγ

dτ
+ 4√

3

√
Rγ + u2

2
− ±4ε2ϕ2 + 8σϕ4

(1 + ϕ)
− (ϕ + �)(±ε2ϕ2 + σϕ4)

(1 + ϕ)
Rγ = ±εϕ2 + σϕ4, (55)

dϑ

dτ
+ 1√

3

√
Rγ + u2

2
− ±4ε2ϕ2 + 8σϕ4

(1 + ϕ)
− (ϕ + �)(±ε2ϕ2 + σϕ4)

(1 + ϕ)
ϑ = β

ϑ2

(
± ε2ϕ2 + σϕ4

)
. (56)
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Above Eqs. (53)–(56) can be integrated under feasible initial
conditions. For numerical integration, we assume numerical
values as initial conditions using HP. The values are a(0) =
10−3, Rγ (0) = 102, Nϕ(0) = 105, u(0) = − 1.25, and
ϑ(0) = 1.4.

In Fig. 2, left plot is for the case when HP is V (ϕ) =
− ν2

2 ϕ2 + ς
4 ϕ4 with ν > 0, having scale factor that is a

time dependent function and continuously increasing in the
early stages of expansion, while for right graph when HP is
of the type V (ϕ) = + ν2

2 ϕ2 + ς
4 ϕ4 with ν > 0, showing

monotonically increasing behavior and appear as dependent
on ε.

The dimensionless time variation and particle number of
scalar-field is represented in Fig. 3. For both cases of HP
with ν > 0, it shows decreasing behavior verses time with
dependence on ε.

The dimensionless time variation of radiation energy den-
sity for both cases of HP in Fig. 4. Initially, the radiation
energy density is increasing due to the transfer of energy
from scalar-field to the photons, and after a limited time of
interval it reaches to its maximum value.

The dimensionless time variation of temperature for both
cases of HP is shown in Fig. 5. In early stages, the temperature
is increasing, after some short time of interval, it begins to
increase rapidly.

In our next step, we will look into the scenario of HP
driven inflation. Equations (49)–(52) represent the evolution
equations of scalar-field ϕ and cosmological fluid. Now, we
will introduce some following approximations. First, we con-
sider that the photon fluid’s energy density is dominated by
the scalar-field’s energy density. Second, we suppose scalar-
field’s kinetic term is too small as opposed to its potential
term, leading to, ρϕ � ργ and ρϕ = G(ϕ). Similarly, the
constraints we have in cold inflation and throughout infla-
tionary expansion, we suppose the photon production rate to
be quasi stable, such that ˙ρϕ 	 Hργ and ρ̇γ 	 �ϕ̇ respec-
tively.

By using the HP, we have following expressions for Ps , r
and ns

Ps =
35/8√π(ϕ + 1)2B3(ϕ)

(
2�√

3B(ϕ)
+ 1

) 1
2
(

�ϕ2
(
2ν2+ςϕ2

)
ÇB(ϕ)

) 1
4

16 23/4

(
3
4 �

(
2ν2ϕ2 + ςϕ4

) −
√

3ϕ2(2ν2(ϕ−4)+ς(ϕ−8)ϕ2)
2B(ϕ)

)2 ,

(57)

r =

ϕ6
(
2ν2(ϕ − 3) + ς(ϕ − 7)ϕ2

)
(

2
√

3
(
2ν2(ϕ − 4) + ς(ϕ − 8)ϕ2

) − 3�B(ϕ)
(
2ν2 + ςϕ2

))2

12 4
√

2 8
√

3π5/2(ϕ + 1)4B5(ϕ)

(
2
√

3�
B(ϕ)

+ 3

) 1
2
(

�ϕ2(2ν2+ςϕ2)
ÇB(ϕ)

) 1
4

,

(58)

and

ns = 1 −
(

4

(
3

4
�

(
ςϕ4 + 2ν2ϕ2

)

−
√

3ϕ2
(
2(ϕ − 4)ν2 + ς(ϕ − 8)ϕ2

)
2B(ϕ)

)3

×
(

− √
3

(
3B(ϕ) + 2�

√
3
)(

4
(
3ϕ2

−15ϕ + �(4ϕ + 2) − 8
)
ν4 + 4ςϕ2

(
4ϕ2 − 22ϕ + �(5ϕ + 3)

−12) ν2 + ς2ϕ4
(

5ϕ2 − 45ϕ + �(6ϕ + 4) − 32
) )

×
((

6�B(ϕ) − 4
√

3ϕ + 16
√

3
)

ν2 + ςϕ2
(

3�B(ϕ) − 2
√

3ϕ

+16
√

3
))

ϕ3 + 16
(

2ν2 + ςϕ2
)(

2(� + ϕ − 4)ν2

+ςϕ2(� + ϕ − 8)

) (
3B(ϕ) + 2�

√
3
) (

2
√

3ϕ2
(

2(ϕ − 4)ν2

+ς(ϕ − 8)ϕ2
)

− 3�
(
ςϕ4 + 2ν2ϕ2

)
B(ϕ)

)√
3ϕ2

−16
√

3
(

2ν2 + ςϕ2
) (

3B(ϕ) + 2�
√

3
)

(
2(ϕ + 1)

(
2(� + ϕ − 4)ν2 + ςϕ2(� + ϕ − 8)

)
(

2ν2 + ςϕ(3ϕ − 16)
)

×√
3ϕ3 + 4(ϕ + 1)

(
2(ϕ − 4)ν2 + ς(ϕ − 8)ϕ2

)

×
(

2(� + ϕ − 4)ν2 + ςϕ2(� + ϕ − 8)
) √

3ϕ2

−√
3

(
2(ϕ − 4)ν2 + ς(ϕ − 8)ϕ2

)

×
(
ς

(
3ϕ2 − 11ϕ + 2�(ϕ + 2) − 32

)
ϕ3

+2ν2
(
ϕ2 + 3ϕ +2� − 8) ϕ) ϕ + 12�(ϕ + 1)3

(
ν2 + ςϕ2

)

×B3(ϕ)

)
ϕ − 12�

(
2ν2 + ςϕ2

) (
ς

(
3ϕ2 − 11ϕ + 2�(ϕ + 2)

−32) ϕ3 + 2ν2
(
ϕ2 + 3ϕ + 2� − 8

)
ϕ
) (

2
√

3ϕ2

×
(

2(ϕ − 4)ν2 + ς(ϕ − 8)ϕ2
)

− 3�
(
ςϕ4 + 2ν2ϕ2

)
B(ϕ)

)

+12
(

2ν2 + ςϕ2
) (

ς
(

3ϕ2 − 11ϕ + 2�(ϕ + 2) − 32
)

ϕ3

+2ν2
(
ϕ2 + 3ϕ + 2� − 8

)
ϕ

)(
3B(ϕ) + 2�

√
3
)

×
(

2
√

3ϕ2
(

2(ϕ − 4)ν2 +ς(ϕ − 8)ϕ2
)

−3�
(
ςϕ4 + 2ν2ϕ2

)
B(ϕ)

)√
3

))/

×
(

9ϕ2(ϕ + 1)2
(

2ν2 + ςϕ2
)

×
(

2(� + ϕ − 4)ν2 + ςϕ2(� + ϕ − 8)
)

×
(

2�√
3B(ϕ)

+ 1

) (
2
√

3ϕ2
(

2(ϕ − 4)ν2 + ς(ϕ − 8)ϕ2
)

−3�
(
ςϕ4 + 2ν2ϕ2

)
B(ϕ)

)3)
, (59)
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Fig. 2 Above plots show the scale factor versus dimensionless time. Left plot is for V (ϕ) = − ν2

2 ϕ2 + ς
4 ϕ4 and right plot is for V (ϕ) =

+ ν2

2 ϕ2 + ς
4 ϕ4. Here we fixed the σ = 0.76, � = 0.2 with the different values of ε, ε = 0.8 (solid curve), ε = 0.6 (dashed curve) and ε = 0.4

(dotted curve)

Fig. 3 Above plots show the scalar-field particle number, Nϕ versus dimensionless time. Left plot is for V (ϕ) = − ν2

2 ϕ2 + ς
4 ϕ4 and right plot is

for V (ϕ) = + ν2

2 ϕ2 + ς
4 ϕ4. Here we fixed the σ = 0.76, � = 0.2 with the different values of ε, ε = 0.8 (solid curve), ε = 0.6 (dashed curve) and

ε = 0.4 (dotted curve)

where

B(ϕ) =
(

ϕ2
(
2ν2(� + ϕ − 4) + ςϕ2(� + ϕ − 8)

)
(ϕ + 1)2

) 1
2

.

In above figures r − ns and ns − αs , show that it is fitted
well with Planck 2018 results (TT, TE, EE + LowE + Lensing
+ BK14 + BAO) [50,51].

5 Summary

To examine cosmological inflation, we have used HMPG
model. In this theory the FEs were constructed by taking
X = R + T , so the matter and curvature can be studied
together. These theories have been given in the literature as
an alternate to DM and DE, and they have been proved to
be compatible with local solar system test. Not only does
inflation anticipate a flat, homogeneous universe, but it also
gives a possible process for the formation of gravitational
wave perturbations and cosmic density. We have calculated
the cosmic parameters to studied cosmic inflation in HMPG.

We converted the f (X ) theory to a scalar–tensor representa-
tion and described the scalar-field and the effective potential
V (ϕ) in the form of the f (X ) function. The perturbed effec-
tive potential yields R = −T + 2V0. This model represents
a de Sitter phase with V0 ∼ �, when T ∼ 0, which is
consistent with observations. We come up with a mathemat-
ical approach for HMPG to discuss inflation. To gain some
insight, we graphically analyzed the characteristics of αs−ns
and r − ns in Fig. 1, which are well-fitted with Plank-2018
data. Both of these characteristics have a significant role in
determining the outcome of primordial density fluctuations.

We have also checked the effectiveness of f (X ) gravity
in describing the accelerating universe using the recent tech-
nique of irreversible matter creation process. We proposed
a coherent and well ordered method that may describe the
evolution of considered matter aspects (scalar-field and radi-
ation field) in WIM by combining the fundamental principles
of ITOS with the Einstein FEs in HMPG. The fundamental
equations representing WIM can be numerically solved by
using an adequate set of initial conditions for the related cos-
mological parameters. The solutions were calculated using
HP, V (ϕ) = ± ν2

2 ϕ2 + ς
4 ϕ4. The corresponding solutions
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Fig. 4 Above plots show the dimensionless radiation field Rγ versus dimensionless time. Left plot is for V (ϕ) = − ν2

2 ϕ2 + ς
4 ϕ4 and right plot is

for V (ϕ) = + ν2

2 ϕ2 + ς
4 ϕ4. Here we fixed the σ = 0.76, � = 0.2 with the different values of ε, ε = 0.8 (solid curve), ε = 0.6 (dashed curve) and

ε = 0.4 (dotted curve)

Fig. 5 Above plots show dimensionless temperature ϑ versus time. Left plot is forV (ϕ) = − ν2

2 ϕ2+ ς
4 ϕ4 and right plot is forV (ϕ) = + ν2

2 ϕ2+ ς
4 ϕ4.

Here we fixed the σ = 0.76, � = 0.2 with the different values of ε, ε = 0.8 (solid curve), ε = 0.6 (dashed curve) and ε = 0.4 (dotted curve)

Fig. 6 Left plot shows r versus ns and right plot shows αs versus ns . Here we fixed the σ = 0.76, � = 0.2 with the different values of ε, ε = 0.8
(solid), ε = 0.6 (dashed) and ε = 0.4 (dotted)
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of differential equations are evaluated. The graphical rep-
resentation of scale factor for both cases of HP is given in
Fig. 2, which shows that a(t) is increasing exponentially with
time. The graph of scalar-field particle number for both cases
of HP is given in Fig. 3, both plots are showing decaying
behaviour of Nϕ through cosmic evolution by changing the
values of dimensionless parameter ε. In Fig. 4, the graph of
dimensionless radiation field Rγ , which begins to increase
and approaching to its maximum value with dimensionless
time for both case of HP. In Fig. 5, the graph of dimensionless
temperature ϑ is slowly increasing over dimensionless time,
after some short interval of time, the temperature is begin
to increase rapidly. Finally, we have calculated the cosmic
parameters for HP, which is necessary to describe the con-
sistency with recent observational data in f (X ) gravity. The
r − ns and α − ns graphs are showing in Fig. 6, which is
well-fitted with Planck-2018 results.

It is worth mentioning here that the present paper is an
extension of our previous work [39], which was an initial
attempt to discuss inflation in f (X ) gravity. Here, we extend
it to discuss warm inflation, which is most effective phe-
nomenon than simple inflation due to the involvement of
temperature. To complete this analysis, we also discussed it
from a thermodynamic point of view.
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