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Abstract We try to find conditions, the fulfillment of which
allows a universe born in a metastable false vacuum state to
survive and not to collapse. The conditions found are in the
form of inequalities linking the depending on time # instan-
taneous decay rate I"(¢) of the false vacuum state and the
Hubble parameter H (¢). Properties of the decay rate of a
quantum metastable states are discussed and then the possi-
ble solutions of the conditions found are analyzed and dis-
cussed. Within the model considered it is shown that a uni-
verse born in the metastable vacuum state has a very high
chance of surviving until very late times if the lifetime, t(f ,
of the metastable false vacuum state is much shorter, than the
duration of the inflation process. Our analysis shows that the
instability of the electroweak vacuum does not have to result
in the tragic fate of our Universe leading to its death.

1 Introduction

Various aspects of the problem of whether the Universe can
live forever or whether sooner or later will have to decay (i.
e. to die) was considered in mathematical cosmology based
on solutions to Einstein’s equations practically from the very
beginning (see, e.g. [1,2] and also a greatreview works [3,4]).
This discussion gained a new face and intensified after the
publication of a seminal series of papers by Coleman et al.
[5-7], where the instability of a physical system, which is not
at an absolute energy minimum, and which is separated from
the absolute minimum by an effective potential barrier was
discussed. They showed that if the early Universe is too cold
to activate the classical energy transition (i.e. the transition
of the form of classical thermally activated jumps over the
barrier) to the minimum energy state then a quantum decay,
from the false vacuum to the true vacuum, is still possible
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through a barrier penetration via the quantum tunneling. In
other words they showed that quantum decay processes can
play an important role in the early Universe and therefore
we will assume that a creation of the Universe is a quantum
process. The results presented in [5-7] mean that all early
universes, in which the state describing their lowest energy
was the quantum metastable vacuum state, may decay and
die sooner or later. (We assume that other parallel universes
may have been created with our universe). Such a possibility
of a tragic fate of the Universe has been discussed in many
cosmological models (see e.g. [8-21] and also [22-27] and
others). Some authors analyzing a fate of the Universe born in
a metastable false vacuum state focus on the search for mod-
els in which the lifetime, ‘L'OF , of the false vacuum is much
longer than the age of our Universe. Unfortunately, such mod-
els may not solve the problem of the possible decay of the
Universe and, as it will be shown in this paper, such models
may generate other problems that are difficult to solve. Sim-
ply, from the point of view of the quantum theory of unstable
states the long lifetime of a unstable particle does not mean
that its decay is impossible (and that there are no decays)
before that time passes: The decay probability is small for
times shorter than t(f but it still is nonzero. Therefore the
very long lifetime, t(f , of the metastable false vacuum state
needs not guarantee that the universe with such a vacuum
will survive at least until rOF and that such a universe consid-
ered as a quantum unstable particle will certainly not collapse
earlier (or even much earlier) than the time comparable to or
longer than the lifetime 7 > t(f will pass. This can happen
unless another mechanism or interactions block that decay.
On the other hand, there are also cosmological models under
study in which the lifetime of a false vacuum is very short,
and even significantly shorter than the duration of the infla-
tionary phase. In [16,17], a hypothesis was formulated that
regions of the space with such a false vacuum could survive
well until very late times. The same conclusion concerns uni-
verses with such a vacuum.
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The study of cosmological models with the metastable
false vacua gained additional, even more important signifi-
cance after the discovery of the Higgs boson and the deter-
mination of its mass m g [28,29]. Estimations of the Higgs
and top quark masses [30] mpy =~ 125.10 4+ 0.14 [GeV] and
m; =~ 172.764£0.30 [GeV] based on the experimental results
place the Standard Model in the region of the metastable vac-
uum (see e.g. [31-41]). A consequence of the metastability
of the Higgs vacuum is that it should induce the decay of
the electroweak vacuum in the early Universe with catas-
trophic consequences for the Universe (for a discussion see
e.g. [42]). Considering all of these, the question arises: What
does prevent of a decay of our Universe? Probably for this
reason various mechanisms inducing the electroweak decay
process of false vacuum, or slowing it down or even stopping
it, have been discussed in many papers (see e.g. [42,43] and
references therein). Here we try to clarify this issue from the
point of view of the quantum theory of unstable states based
on the fundamental assumptions of the quantum theory act-
ing at the interface with Einstein’s classical theory of gravity.
Such an approach frees us from the study of various mecha-
nisms of an instability (or a stability) in the Higgs potential
in the Standard Model and allows us to draw general con-
clusions that depend only on whether the false vacuum is a
stable or a unstable quantum state.

Properties of a universe born in metastable false vacuum
state having very short lifetime have been analyzed in [44]. In
the analysis performed therein the model of the dark anergy
close to that considered by Landim and Abdalla [21], in
which the observed vacuum energy is the value of the scalar
potential at the false vacuum was assumed. (Similar idea was
used and discussed in many papers — see eg. [14,45-47]). In
other words, it was assumed that the current stage of accel-
erated expansion of the universe is described by a canonical
scalar field @ such that its potential, V (®), has a local and
true minimums. So, the field at the false vacuum represents
the dark energy. In such a situation, the quantum state of the
system in the local minimum is described by a state vector
corresponding to the metastable false vacuum state whereas
the quantum state of the system in the true minimum corre-
sponds to the state of the lowest energy of the system and it
is a true vacuum. This means that the density of the energy
of the system in the false vacuum state, vaaC, is identified
with the density of the dark energy, ,ofac = pge, (or, equiva-
lently, as the cosmological term A) in the Einstein equations
[48,49].

This paper complements the considerations and analysis
presented in [44] and the same assumptions as in [44] were
adopted herein wherever necessary. Here we propose condi-
tions those must be met by a universe born in a metastable
false vacuum state so that it does not collapse and die.

The paper is organized as follows: In Sect. 2 an effective
volume of an expanding universe born in a metastable false
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vacuum state is discussed and a possible criterion for the
survival of such a universe is proposed. Properties of the
decay rate of a quantum unstable state and energy of the
system in such a state are analyzed in Sect. 3. In Sect. 4 we
describe a relation between some cosmological parameters
and quantities discussed in Sect. 3. In Sect. 5 an attempt is
made to find solutions to the “survival” criterion formulated
in Sect. 2. Section 6 contains final remarks.

2 An effective volume of an expanding Universe born in
a metastable false vacuum state

Krauss’s and Dent’s statement in [16] that “It may occur even
though some regions of false vacua by assumption should
decay exponentially, gravitational effects force space in a
region that has not decayed yet to grow exponentially fast”
may be generalized and expressed in the general case in a
mathematical form in terms of the rate, I"(¢), of the decay
process, and of the rate of the volume expansion. So, let
Very (t) denote an effective volume of a universe born in the
metastable false vacuum state. According to Krauss’s and
Dent’s hypothesis this volume is the effect of two indepen-
dent opposing processes taking place simultaneously: One of
them is the quantum process of a decaying false vacuum char-
acterized by the survival probability P(¢), the other process
is the process of growing the volume, V (¢), of the universe
depending on the properties of the parameter A(¢) in Ein-
stein’s equations, which with the Robertson—Walker metric
in the standard form of Friedmann equations [49,50] look as
follows: The first one,

-2 2 2
a“(t) kc 871G Ac
sy T A = Pt (1)
a=(t)  Rja*(t) 3 3
and the second one,
a(r) 4Gy (3p Ac?
S - - 2
a(n) 3 <c2 PI*T3 @

where “dot” denotes the derivative with respect to time ¢,
a(t) = d‘;(tt ), p and p are mass density and pressure respec-
tively, k denote the curvature signature, and a(¢) = R(t)/Ro
is the scale factor, R(z) is the proper distance at epoch ¢,
Ry = R(tp) is the distance at the reference time ¢y, (it can be
also interpreted as the radius of the Universe now) and here
to denotes the present epoch. The pressure p and the den-
sity p are related to each other through the equation of state,
p=wp 2, where w is constant [49]. There is w = 0 for a
dust (for a matter dominated era), w = 1/3 for a radiation
and w = —1 for a vacuum energy.

The simplest possibility is to define the effective volume,
Vers (1), as follows

Verr () =P (1) V(1), 3)
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where V(1) = Z[R(N]? = “Z[Roa()]’. Then the rate,
vy (1), of the expansion of the volume, V¢ (), equals

aef Vers (1) d[P() V()]

= Verp(t) dt ' 4)
which gives
Vs (1) _Lam  Irm

= Vers(®) 3a(z) no (5)
where,
r 1 dP

ry) TP 2 ©)

(1) dt

is the rate of the decay process. Now if vy (f) > 0 then
the process of the expansion overcomes the process of the
collapse of the universe and as a result the universe does not
have to decay. On the other hand if vy (#) < O then the fate
of such a universe is doomed, and sooner or later it must
collapse and die.

3 Quantum metastable states: decay rate and related
quantities

We assume that the decay of the metastable false vacuum is
the quantum decay process. In general, in such a situation
the survival probability equals,

P(t) =AM, (7
where
A() = (916 0) = (Bl T 1), @®)

is the survival amplitude, |¢) is the initial metastable state
and |¢ (1)) is the solution of the time depended Schrodinger
equation with initial conditions [¢ (¢ = £ = 0)) & |¢).
Here $) denotes the complete (full), self-adjoint Hamiltonian
of the system acting in the Hilbert space H of states of this
system, |¢), [¢(1)) € H, (pl¢) = (p(DIp()) = 1 and
therefore A(0) = 1.

Note that the important formula, equivalent to (6), for the
decay rate, strictly speaking for the instantaneous decay rate
I"(t), can be found using the Eq. (7). Namely differentiating
the product | A()|> = A(r)[.A(r)]* with respect to time ¢ one
finds that (see e.g. [51,52] or [44,53] and references therein),

() = =20 [h(1)], ©)
where J (z) denotes the imaginary parts of a complex number

z, and

1 0A@) _ (9191¢1)
Ay ot Awm
is the effective Hamiltonian. The effective Hamiltonian % (z)
governs the time evolution in the subspace of unstable states

h(t) = ih

(10)

H = PH, where P = |¢)(¢| in the case considered (see
[52] and also [54-56] and references therein):
dA(1)

ih =3 = = h(OAQ). (11)

The subspace H © H| = H1 = QWH is the subspace of
decay products. Here Q = I — P. One meets the effec-
tive Hamiltonian %(¢) when one starts from the Schrodinger
equation for the total state space H and looks for the rigor-
ous evolution equation for a distinguished subspace of states
Hy C 'H [52,57,58]. In general h(t) is a complex function
of time and in the case of H of two or more dimensions the
effective Hamiltonian governing the time evolution in such
a subspace is a non-hermitian matrix H) or non-hermitian
operator. There is

h) = E(t) — %F(w, (12)

where E(t) = N [h(t)], I'(t) = =23 [h(t)], are the instan-
taneous energy (mass), E(¢), and the instantaneous decay
rate, I'(¢). (Here N (z) denotes the part of z). In the case of
the metastable false vacuum state the instantaneous energy
E(t) allows one to analyze early as well as late properties
of the energy density (and thus of the cosmological “con-
stant” A(t)) in the false vacuum state (see [44] and references
therein).

In some cases it is convenient to consider the survival
amplitude A(t) as asolution of the Schrodinger—like equation
(11) with the initial condition A(0) = 1. Then

Ay = e F o h(©ds _ T [E(t)_ %F(t)]t, (13)

where E(t) = % fé E(¢)dc is the effective energy of the
system in the metastable state |¢) and I'(t) = %fot I'(s)ds
is the effective decay rate. Using (13) we get

I, (14)

Important general properties of the amplitude A(¢), and
thus the survival probability P(¢), can be found using inte-
gral representation of .A(#) as the Fourier transform. Namely,
using a basis in H build from normalized eigenvectors
|EY, E € 0.(9) = [Enin, 00) (Where o.($)) is the continu-
ous part of the spectrum of ) of § and using the expansion
of |¢) in this basis one can express the amplitude A(¢) as the
following Fourier integral

o )
Alt) E/ wE) e TEO 4. (15)
Emin
where w(E) = w(E)* and w(E) > 0 is the probability to
find the energy of the system in the state |¢) between E and
E + dE, and E,;;, is the minimal energy of the system. The
last relation (15) means that the survival amplitude A(z) is a
Fourier transform of an absolute integrable function w (E). If
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we apply the Riemann—Lebesgue lemma to the integral (15)
then one concludes that there must be A(f) — 0 ast — oo.
This property and the relation (15) are the essence of the
Fock—Krylov theory of unstable states [59,60]. Within this
approach the amplitude A(¢), and thus the decay law P(r)
of the metastable state |¢), are determined completely by the
density of the energy distribution w (E) for the system in this
state [59,60] (see also [61,62], and so on). (This approach is
also applicable to models in quantum field theory [63,64]).

Assuming that (¢|9|¢), (p]$7|¢) existand that|(p|$)|4)]
< oo and |(¢|9?]¢)| < oo one can find that (see [52])

2
Pt)~1— (‘%’) 2, (16)

J(@19216) — Ej and
Ey = (¢19]¢). This formula can be obtained also, e.g.,
from the formula (8) using first terms of the expansion of
exp [— £ $¢] in series for t — 0: A(t) = 1= L(ol9lg) —

at early times ¢t — 0, where ) =

2
3 (5) @192+
Using (16) and (6) one finds that at early times
I (1) (856

2
— =2t 7) , (fort — 0), (17)

which agrees with the inference from Eq. (10). Namely, from
the last term of Eq. (10) one concludes that

(@1HQUP (1)) aer
T = Eetv. (18)

Taking into account that Q = [—Pand P = |¢)(¢|, and thus
that Q|¢) = 0, the conclusion follows:

h(t) = E¢ +

h(0) =R [h(O0)] = E0) = Ey,
ShO)]=0 = 10 =0, (19)
(if the matrix element (¢|H|¢) exists). On the other hand

making use of the relation |¢ (7)) = exp —;l—'fjt] |¢) one can
find that at early times

i i
(1) = ——(p|HQH¢) = —— (89)°1, (20)
t—-0 h h
which leads to the same early time formula for I"(¢) as that

obtained directly from the definition (6) of I"(¢). It results
from (12), (18) and (20) that at early times

~ B, — Lisey2
h(t) o Ey h (59H)"t. 21
Hence
2 2
E() Y Ey, and I'(1) o n 69H)"t, (22)

(compare Eq. (17)). Note that the last relations are quite gen-
eral and do not depend on the form of the function of the
energy density distribution w (E) in the metastable state con-
sidered.

@ Springer

As it was shown (see, e.g. [52,65] and references therein),
in a general case at later time when the decay law (the survival
probability) has an exponential form to very good approxi-
mation, that is at canonical decay times, there are

roy=~r" € r, and

E(t) ~ Eo € Ey— Ay = E0) — A, (23)

where

ry" =27 (¢1HQ8QHQ — Ey) Q5H|¢). 24)

is the decay width, and

AD _ p,_ 1 , 25
5 = 019Q Py o Q) (25)

(here P, denotes principal value), and Ag) is the correc-
tion to the energy of the system in the metastable state,
A;}) = —N[v(®)], (v(¢) = const. at canonical decay times)

and |A((;)| & |Eg|. It should be noted that more detailed
considerations show that these approximate results describe
behavior of the system in the metastable state |¢) accurate
enough only for canonical decay times (i.e. when the expo-
nential decay law holds with sufficient accuracy [66]).

The representation of the survival amplitude A(z) as the
Fourier transform (15) can be used to find the late time
asymptotic form of A(t), P(t), the decay rate I"(¢) and the
instantaneous energy E (¢) (see [54,55]). There are,

def h n\°
F(t)lt%oo = I (1) =Ol]? + a3 ? +--, (26)

and

def n\? A}
E(t)lt%oo = E;(t) = Epin + 2 ? +ag ? +---,
(27)

where oy, are real numbers fork = 1,2, ... and o; > 0 and
the sign of oy for k > 1 depends on the model considered
(see [55]). Results (26), (27) are completely general. They do
not depend on the form of w (E). The absolute integrability of
o (E) and its first few derivatives are the only conditions that
must be met to obtain the asymptotic expansions (26) and (27)
(for details see [55]). An example of such a general function
w(E)is®(E) = wy(E) = O(E — Emin) (E — Epin)* n(E),
where 1(E) is an absolutely integrable function, ® (E) is a
step function: @(E) =0for E <0and O(E) = 1 for E >
0,and 0 < X < 1, (see [55,65]). In this case, in (26) we have
o] = 2(A + 1), (see [65]).

The above analysis shows that the following phases can
be distinguished in the quantum decay process. The initial
phase, 1 € [té”i ' Ty), where té’”" is the instant of a creation
of the quantum metastable state, and T is the indicative max-
imal time such that I"(¢) is smaller than I for ¢t < Tj. (For
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simplicity we assume that té”” = 0). In other words, the
initial phase comprises a time period ¢ € [0, Tp) in which
the approximations (17), (22) are sufficiently accurate and
I'(t) < I'y. Thetimest € (Tp, T1) form the next phase called
the canonical decay phase. During this phase, to a very high
accuracy, the decay law has the form of an exponentially
decreasing function of time. The time 7 denotes approxi-
mately the end of the canonical decay phase and the begin-
ning of the transition times phase. For t > T} the decay law
as a function of time still decreases but slower and slower and
begins to be oscillatory modulated up to the time 75, when
the late time inverse power law phase begins to dominate. So
times ¢t € (11, T») form the transition times phase and times
t € (T,, oo) form the late time inverse power law phase.
During the canonical decay phase, ¢ € (Tp, T1), the decay
rate I" () and the instantaneous energy E (f) are constant to
a very good approximation and they are given by Egs. (23),
(24), (25). At times ¢t € (T1, T») the decay rate, I'(¢), and
the instantaneous energy, E(t), are rapidly decreasing and
oscillatory modulated functions of time. During the inverse
power law phase, ¢ € (7>, 00), the decay law behaves as a
function of powers of 1/¢ and the decay rate I"(¢) and the
energy E(t) take the form described by Eqs. (26) and (27)
respectively.

In order to calculate the survival amplitude A(7) within
the Fock—Krylov theory of unstable states we need the energy
density distribution function w (E). The simplest choice is to
take A = 0 in formula for w(E) = w, (E) and to assume
that n(E) has a Breit—-Wigner (BW) form of the energy dis-
tribution density. It turns out that the decay curves obtained
in this simplest case are very similar in form to the curves
calculated for a more general w(E), (see [67,68] and anal-
ysis in [61]). So to find the most typical properties of the
decay process it is sufficient to make the relevant calcula-
tions for w(E) modeled by the Breit—Wigner distribution of
the energy density:

w(E) = wpw(E)
def N I

= — O(E — Epin) E—Eort (@)2,

7 (28)

where N is a normalization constant. The parameters E( and
Iy correspond to the energy of the system in the metastable
state and its decay rate at the exponential (or canonical)
regime of the decay process. E,i, is the minimal (the lowest)
energy of the system. For w (E) = wpw (E) one can find rela-
tively easy an analytical form of A(¢) (see e.g. [69,70]). Sim-
ply, inserting wpw (E) into formula (15) for the amplitude
A(t) after some algebra one can find A(¢). Then having the
amplitude A(¢) we can use it to analyze properties of decay
rate I'(¢) and the instantaneous energy E (¢). These quanti-
ties are defined using the effective Hamiltonian /() which
is build from A(z). (Details of calculations can be found e.g.

in [44,53-56,70]). Then one can find and an asymptotic ana-
lytical form of A(t), h(t), E(t) and I'(¢) at very late times
(see e.g. [54,56,70]) as well as to find numerically the form
of the survival probability P(t), the decay rate I () and the
instantaneous energy E (¢) over a wide range of times ¢, start-
ing from the initial instant 1 = té”i ' = 0, through canonical
decay and then intermediate times, up to asymptotically late
times ¢+ — oo. So within the model based on the Breit—
Wigner distribution of the energy density one finds that at
late times, t — 00, there are (see [53,70]):

r@=-23h0] = 2 f

St

I (29)

and

p ny’
B0 =W, = Enin =2 s <7> .
0 Z
(30)

where 8 = E(’_Tg’””’ > 0.

Results of the numerical calculations depend on the value
of the ratio B (see [44] for details). A visualization of these
results is presented below in graphical form in Figs. 1,
2,3,4,5,6,7. There is

EY(t) — Epin

k(1) =
E(}: — Enin

, €1y
in Figs. 5, 6 and 7. In some of these Figures, the aforemen-
tioned times Ty, 77 and T, are marked for illustration. And
so, the time 7y denotes the maximal time such that I"(¢) is
smallerthen Iy fort < Tp: Thereis I'(t) < Ipfort € [0, Tp)
(see Fig. 4). The time 77 is the time when the canonical
(exponential) decay law ceases to apply and the transition
from the exponential decay phase to the phase in which the
decay law takes the form of powers 1/t begins, simply 7}
denotes approximately the beginning of the transition times
(see Figs. 1, 5, 6). The time 7 denotes an indicative end of
the transition phase between exponential and inverse power
like forms of the decay law (it is also the indicative beginning
of this last phase — see Fig. 6). In general the transition times
are such times ¢ that r € (11, 1»).

4 Metastable states: cosmological applications

Within the standard approach transitions from a metastable
false vacuum to the true vacuum state are described in cos-
mology using quantum field theory methods (see e.g. [5—
14] and many other papers). If one wants to generalize the
results obtained in the previous section on the basis of quan-
tum mechanics to quantum field theory one should take into
account among others volume factors so that survival prob-
abilities per unit volume should be considered and similarly

@ Springer



55 Page 6 of 12

Eur. Phys. J. C (2023) 83:55

0.100+
0.001+
© 10-5}
[\ L
10—7 L

10-°t ! [ —

I T T,
10-11L . ; ; ; A
0 10 20 30 40 50

T

Flg 1 A typical form of the survival probability P(r) Here v =

770 = h is the lifetime, 7 is the time. The case g =
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T

Fig. 2 The instantaneous decay rate I'(¢) obtained for wpw (E) given
by Eq. (28). Thecase B = 10. 1 = =, 19 = L is the lifetime, 7 is the
time. The solid line: The ratio I"(¢) / 1"0 The dashed line: I'(t) = Iy

Fig. 3 The effective decay rate I'(1) = 1 f(; I'(¢c)dg obtained for
wpw (E) given by Eq. (28). The case = is the

lifetime, ¢ is the time. The solid line: The ratio I"(t) / Iy. The dashed
line: I'(t) = Iy

10 -[_, 0= 7

the energies and the decay rate: E > ¢ = E , o=y =

V ,where Vj =V (t(’)”” ) is the volume of the con51dered Sys-
tem at the initial instant t’"” when the time evolution starts.
The volume Vj is used in these considerations because the
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Fig. 4 The instantaneous decay rate I”(¢) obtained for wpw (E) given
by Eq. (28). The case g = 100. 7 = TL 0= % is the lifetime, # is the
time. The solid line: The ratio I"(¢)/Iy. The dashed line: I"(t) = I

initial unstable state |¢) = [0)F atr = té"” = 0 is expanded
into eigenvectors |E) of §), (where E € o0.(£)), and then
this expansion is used to find the density of the energy dis-
tribution w(E) at this initial instant §"'*. Now, if we identify
ede(téni "y with the energy E, F of the unstable system divided
by the volume Vj: 4, (t(l)"”) = 80 = sgft def 82€ = ET?T and
Ebare = E{}‘(j" , (Where sgf is the vacuum energy density cal-
culated using quantum field theory methods) then it is easy
to see that the mentioned changes E +— V£0 and I[H — % do

not changes the parameter j:

F 0
B = Ey — Enin — €de — Ebare -0, 32)
Io Yo

0
Ege —Ebare )

(where yo = I/ Vo, or equivalently, Ip/ Vo =
This means that the relations (27), (30), can be replaced by
corresponding relations for the densities g4, or A (see, e.g.,
[53,65,71,72]). Simply, within this approach E(t) = EF(z)
corresponds to the running cosmological constant A(f) and
Ein to the Apgpo. For example, we have

EF() _ Epin
(t) = EY(t) — Epin _ T W
EOF - Emin E_(f _ Emin
Vo Vo
_ SF(t) — Ebare Ede(t) — Epare
5(1)!7 — Ebare 8ge — Ebare
Alt) — A
— M_ (33)
AO - Abare
F
Here e7(1) = 552 = eqet) = paec®s AG) =
. 2
8Z4G eae(t) = 85 pyo(1). Equivalently, pge (1) = e A@).

Our analysis shows that the properties of the instantaneous
energy E(t) change with time. The same is true for A(#) (see
Figs. 5, 6). Taking into account relations connecting E(t)
and A(?) and using (22), (23) and (27) one can conclude that
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x(z)

N O N A~ O O
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100

Fig. 5 An illustration of a behavior of energy E(t) (or cosmological
“constant” A(r)). Results obtained for wpw (E) given by Eq. (28). The
case B = 100. The solid line: k (t) = (E(t) — Epnin) / (Eo — Epin) =
(A(t) — Apare) / (Ao — Apare). The dashed line: E(t) = E¢ = const,
or, A(t) = Ag = const, (k(r) = 1). The time, ¢, is measured in
lifetimes t9: T = t/79 and 19 = 1/ is the lifetime

there should be,

&qnG
A 0
_ 871G F(019]0)F
o Vo

A(t) ~ Ay =~

, t€l0,To)VU (To, Th), (34)
at canonical decay times t < Tj, were gf = ng !
w. (Here we used relations (22), (23) and the prop-

erty that |AY)| < |Eg| from which it follows that in

our analysis it is enough to assume that EOF >~ Ey, ie.,

that E(f ~  F(019|0)F). In other words there should be

Alt) = Ay = Ayt = &;Tngft at times t < Tj. Then

latter, when time ¢ runs from t = T; to t = 7> the quantum
effect discussed above forces this A(f) >~ A to reduce its
value for (t > T») to the following one:

A A

~ _ ) oy
A(l)—Aeff(l)—Abare"r‘lT'f‘i‘f'"'<< Ao,

" (t > Tp).

(35)

(A detailed discussion of this case is given in [53,71-73]). At
times ¢t € (T, T») the energy E(t) is oscillatory modulated
and decreases from the value E (1) = Ej to the late time
asymptotic value Ej(t) (see (27)). An analogous behavior
takes place for A(t) at this time interval. The typical behavior
of A(t) as a function of time is shown below in Figs. 5, 6, 7.

5 Analysis and discussion
We will start our analysis and discussion with the assump-

tion that E(f > 0, so that sgf P = eg > 0 and therefore
Agpr = Ao > 0. According to conclusion drawn in Sect. 2

1 Lesccitmitntnie bl s biichicibiioihisiod ik ik
0.01
T10 ”W
= I
10-6 | W
10-% 1 —
T,
0 20 40 60 80 100

T

Fig. 6 The modulus of the results presented in Fig. 5 in the logarith-
mic scale. The solid line: |« (7)| = |(E(t) — Enin) / (Eo — Epin)| =
[(A(t) — Apare) / (Ao — Apare)|- The dashed line: E(r) = Eop =
const, or, A(t) = Ag = const, (k(t) = 1). The time, ¢, is measured in
lifetimes to: T = ¢/t and 79 = 7/ is the lifetime

0.01+

10—5 n

k()|

10—8 L

10-11| “
80 100 120 140
.

-14|, : s .
¢ 0 20 40 60

Fig. 7 The modulus of «(7) in the logarithmic scale. The case p
10000. The solid line: |k (t)| = [(E(t) — Emin) / (Eo — Enin)l
[(A(t) — Apare) / (Ao — Apare)|- The dashed line: E(t) = Ejp
const, or, A(t) = Ag = const, (k(t) = 1). The time, ¢, is measured in
lifetimes to: T = ¢/t and 79 = 7/ is the lifetime

the universe born in a false vacuum state will survive well up
to late times if the rate vy (¢) of the expansion of the effec-
tive volume V,rr(¢) is nonnegative. Using the formula (5)
for vy (¢) this conclusion can be written as follows

RGN0

vy (t) = 3% P >0, (36)
or, equivalently,

3H(t) — % >0, 37

where H(t) = %; is the Hubble parameter and I7(¢) is the
decay rate of the metastable false vacuum state. Using the
first Einstein equation (1) one can replace the condition (36)
by the following one:

ra\? ke? 8TGy Ac?
<T) §9|:_R%a2(t)+ 3 PT3 } (38)

@ Springer
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Note that inequalities (37), (38) work also in the case of a
stable vacuum. Simply in such a case we have I (t) = 0 and
these inequalities are fulfilled trivially.

Now if the system is in the false vacuum state, |0)F, then
at times ¢ € [0, Tp), (where té”” = 0 is the initial instant),
and at canonical decay times, 7o < t < T1, the energy of the
system in this state equals EF(t) = Ef' ~ (0[9]0)" to a
very good approximation and then A(f) >~ Ag is given by
the formula (34) and it can be very large.

At very early times, ¢ € [0, Tp), there is no matter and the
vacuum energy dominates. Therefore the behavior of expan-
sion rate a(t) at these times is such that the curvature signa-
ture in Eq. (1) can be approximated as k ~ 0 (see, e.g. [49])
and then Eq. (1) simplifies to

a(t)  Agc?
a’(t)y ~ 3
So in this case the universe considered will survive well at

these times if the following inequality replacing (38) will be
satisfied:

rm\? ) FoimioF _ e
<T) <3Agc”  ~24nGy W =24nG (,‘_2

(40)

H%(t) = (39)

Taking into account the results (17), (22),1.e. that, %
13

Nt’

(see also Figs. 2, 4) one can conclude that at very early times,
t € [0, Tp), the left hand side of the inequality (40) is always
smaller then the right hand side of this inequality. This means
that at these times the universe can not decay.

Recent studies based on the results of astronomical obser-
vations suggest that our Universe is flat [74—76]. Therefore
if one wants to apply Egs. (37), (38) to our Universe one
should insert k& = O for the curvature k in Eq. (1). Then the
first Friedmann Equation simplifies to the following one:

87 Gy
==, 41
3 p+ 3 41)

which allows to rewrite the condition (38) as follows

Ac?

H*(t) =

r 2
<$> <3 [SnGNp + Acz], (42)

and only this case will be analyzed in the following.

Let us assume now that the lifetime, l’{ , of the false vac-
uum state is much shorter then duration of the inflationary
epoch and that the time 77 is comparable with the duration
of this epoch (such a scenario was analyzed in [44]). Then let
us consider times ¢ € (Tp, T1), i.e. the epoch of the canoni-
cal decay times. In such a case, similarly to the case of very
early times ¢ € [0, Tp), we can ignore the matter density p
in Egs. (1), (41) and the curvature k in Eq (1) can be approx-
imated as k =~ 0. So in this case the universe considered will
survive well at times Ty < t < T if again the inequality (40)
will be satisfied.

@ Springer

Note that at the canonical decay times (see (24) and
Figs. 2, 3, 4) there is I'(t) ~ I''V ~ I} to a very good
approximation. So considering the false vacuum we can
replace I"(¢) in (40) by Iy and use Iy = ['F to obtain

1 F 1
— 80 13
<_> = <_> < 2471 GN —, ( )

To

for the epoch considered, r € (Tp, T1). Here tOF = FLF and
I'r are the lifetime and decay rate (decay width) of the system
in the metastable false vacuum state |0) respectively. There
is 220X ~ 55,9 % 10727 [m/kg] and hence 53¢~ = 1.8 x
10% [kg/m]. So, for the epoch ¢ € (Tp, T1) the condition (43)

can be rewritten as follows:

2
1
el > 1.8 x 107 [kg/m] x <—F> ) (44)
K0

As it has been stated in Sect. 1, this paper complements
analysis presented in [44], where the possibility that vacuum
energy could drive the inflation process (or contribute sig-
nificantly to it) was discussed. Within such a scenario, as an
example, it was analyzed the case that 77 ~ (50—100)1({:
and t{ ~ (10738 -1073%) [s]. We will begin our analysis of
the possibility that the Universe will survive with this sce-
nario. So, let us consider the case r(f ~ 10739 [s]: From
(44) if follows that in such a case the Universe can survive
at the epoch t € (Tp, Ty) only if ¢f > 1.8 x 10%7 [#].
Similarly, if to assume that r(f ~ 10738 [s], then inequality
(44) implies that the Universe has a chance of the survival
only when 85 > 1.8 x 10101 [%]. The surprise in this sce-
nario is that the minimum values of the false vacuum energy
density, sg , thus obtained fit well with the energy density
resulting from the estimates made on the assumption that
quantum field theory can be applied up to the Planck scale,
Mp; ~ 10 [GeV/c?], (see e.g. Sec. 7 in [50], Eq. (19) in
[77], or the end of Sec. 3.1 in [78]).

In order to analyze inequalities (37) or (42) for the epoch
t € (T1, Tp) within this scenario one should know the form of
the potential V (®) and thus the Lagrangian and the Hamil-
tonian § allowing to find |0)* and then to calculate I"(r)
and E(¢) for t € (T1, T»). It is because I'(¢) is oscillatory
modulated in this epoch and these modulations depend on $).
The same is true for E(¢) and therefore for A(#) (see Figs. 5,
6 and 7).

Within the scenario analyzed the picture is simpler at
the epoch t € (T, 00). At this epoch I'(¢) is given by
the formulae (26), (29) and (35). (Note that within the sce-
nario analyzed we are living now at the epoch ¢ > T3, i.e.
t € (T, 00)). This means that now we should use Eq. (29).
Inserting I"(t) ) ~ 2 ? into (37) we obtain the following

. : — Q0
inequality
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% <3H(1), (45)
or
3
EIH(I)zl, (46)

fort € (T2, 00). First, let us consider for simplicity the spe-
cial case, assuming for a moment that # ~ fy, where #¢ is
the age of the Universe today. Then using the present-day
values of H(t) = H(ty) = Hyp and 1 (see [30]) one obtains
that % to Hy ~ 1.4. So the condition (46) holds for the today
Universe and today we are safe. In general, if the universe
has successfully survived the epoch (77, T>) and has been
fortunate enough to survive until + > 7>, then the simplest
choice is to use solutions of the Friedmann Egs. (2), (41),

2
H@) == (47)

for the matter dominated universe (see, e.g. [49]). Insert-
ing (47) into the weak inequality (46) one gets the result
% t H(t) = 1fort € (T, 00). So in such a case the universe
should not decay.

Note that the above analysis concerning the epoch ¢ €
(T», 00) bases on the assumption that a metastable state is
modeled by the Breit—Wigner energy density distribution
which leads, among others, to the result (29) used in Egs. (45),
(46). In the general case considering the epoch ¢ € (T2, 00)
one should use Eq. (26) instead of (29), which leads to the
following inequality,

? <3H(®), (48)

replacing (45), where o1 depends on the model considered.
So, depending on «1 and H (), (or on the right hand side of
(42)), the inequality can be satisfied or not.

Let us consider now another scenario. Let t(f ~ to. Note
that if this assumption is true, then I'(¢) >~ I'r and T7 > o
and we are living in the canonical decay times epoch ¢ €
(Tp, T1). As a result the term % in (37) can be replaced by

%t) = % = rLF ~ % Hence the inequality (37) can be

rewritten as follows
3tf H(t) =310 H(to) > 1. (49)

Taking t ~ fo and using the present-day values of H(ty) =
Hy and 1y one finds that 379 Hy ~ 2, 798. This means that
when r{ ~ 1o, then the condition (49) is satisfied and in
this case our Universe should survive well up to times ¢ >
T1 > to. Unfortunately another problem arises. Namely if
the lifetime is of order of the age of the Universe and ¢ <
T: then, according to Eq. (34), A(t) = Ag =~ 8’;—46 sg ~
const., where sg = sgﬂ = W, that is, it is given by
expectation value of the Hamiltonian §) in the false vacuum
state |0)”. On the other hand Eq. (41) says that if H(z) is

AR _ At
3

small then = =3~ must be even much smaller. Note

that until now, no one has proposed a quantum field theory
model predicting a false vacuum state |0) ¥ with the lifetime,
r{ , of the order of the age of the Universe today, #y, (or
longer) such that the expected value of the operator §) in
this state is correspondingly small. What is more, there is a
high probability in such a case the initial phase of the decay
process [té”i !, To) can be much longer than a duration of the
inflationary phase with all the consequences of this analyzed
in Sect. 3. So, in the light of this analysis we should rather

forget about the possibility that t(f ~ to or t(f > 1.

6 Final remarks

An analysis and estimations presented in the previous section
show that a universe born in the metastable false vacuum state
has a very high chance of surviving until very late times if
the lifetime, t(f , of the metastable vacuum is much shorter,
than the duration of the inflation process. In such a case,
the universe should survive at least the epoch ¢t € (Tp, T1)
and survive at least until #+ > 7). Using inequalities (36),
(37), (42) the fate of the universe in the epoch ¢ € (T, Tz)
is difficult to determine because at times ¢t € (T, T>) the
decay rate I'(t) and A(z), and hence the parameter H(¢),
fluctuate and the amplitude of these fluctuations, as well as
the time periods during which they reach their local maxima
and minima depend on the potential V (®). It is because the
Hamiltonian $) depends on V (®) and $) determines the form
and properties of the energy density distribution w (E) in the
false vacuum state [0) 7. In turn knowing w (E) and using the
Eq. (15) we can find the survival amplitude A(¢) and then
I'(t), E(¢) and thus A(¢) too. Within this scenario, if the uni-
verse survived the epoch ¢ € (T, T2) and still exists in the
epocht > T, the picture is simpler. In this case the decay rate
of the false vacuum state has the form given by Eqgs. (26) and
(29) which allows to rewrite inequalities (36), (37) in a sim-
ple form (45), (46) leading to the conclusion that within the
considered scenario the universe born in metastable false vac-
uum state should be safe. All these conclusions are important
because they also apply to our Universe, as according to the
Standard Model (there is no replacement model today), the
Higgs boson and the top quark masses suggest that our Uni-
verse was created in the state of metastable vacuum. Another
important conclusion from our analysis is that cosmological
models in which the lifetime, t(f , of a metastable false vac-
uum is comparable to the age, #o, of the Universe or is much
longer meet the conditions (37), (42) (see (49)) but such a
models do not explain the discrepancy between the measured
value of the vacuum energy density and the theoretical one
calculated by the field theory methods. Our analysis shows
that if the lifetime of the false vacuum state is comparable or
longer than the age of the Universe then we are living at the
canonical decay times and in such a case the vacuum energy

@ Springer
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density, eg , is given by the expected value of the Hamilto-
nian $) in the false vacuum state |0)F . On the other hand, in
my opinion, the advantage of models with very short lifetime
of metastable false vacuum state is that some of them may
not only satisfy the conditions (37), (42) but also they may
explain the mentioned discrepancy (see, e.g. Figs. 6, 7 and
analysis presented in [44]).

In general, the above briefly summarized results and con-
clusions obtained for times # < T, are quite general and do
not depend on the form of the energy density distribution
function, w(FE), and thus on V(®) and $), except that the
values of 77 and 7> depend on the parameters of the model
under consideration, i.e. on w (E). Only the results obtained
and conclusions drawn for times ¢ > T, are based on the
assumption that w(E) is given by the Breit—Wigner energy
density distribution, w(E) = wpw (E). We should be aware
that for other w(E) # wpw (E) the inequality (48) replaces
inequalities (45), (46) which allows us to study other scenar-
ios for the epoch ¢ > T, than the scenario described above.

It should be emphasized that the above-analyzed scenario
is a consequence of the assumption that the process of the
false vacuum decay is a purely quantum decay process tak-
ing place in the gravitational field and is not disturbed by
other non-gravitational mechanisms. Our analysis shows (see
Eq. (42) and discussion following it) that forces of the grav-
ity and forces generated by the positive false vacuum energy
density, sg, that is Ag > 0, (see e.g., Eq. (56) in [44] or
[49,50]), can block the decay of the metastable false vac-
uum state. A similar conclusion that gravitation can stabilize
false vacuum was drawn in [7]. Namely, therein using com-
pletely different quasi-classical formalism it was shown that
the transition from a state (a false vacuum state) with zero
energy, (5(1)F = 0 in notations used in this paper) to a state
with negative energy (the true vacuum), which corresponds
to A < 0, can be stopped by a gravitation. In other words it
was shown therein that in such a case the gravitation can sta-
bilize the false vacuum state and quench its decay. It should
be noted here that the assumption, that the energy in the false
vacuum state is zero, sg = 0, contradicts the conclusions
resulting from the quantum theory of unstable states: The
analysis carried out in Sects. 3 and 4 shows that for quantum
unstable states E(0) >~ Eg, (thus 85 ~ z-:gf ! # 0 to a very
good approximation — see, e.g., Eq. (22)). So the mentioned
result presented in [7] and discussed here can not describe the
real quantum process of the false vacuum decay. The value
of that result is only that it shows that gravity can block the
decay process.

The inclusion of other mechanisms and thermal effects
in the scenario analyzed in this paper may change some
of the above-described details of the this scenario resulting
from the assumption that the decay of the false vacuum is
a purely quantum-mechanical decay process. These changes
will manifest themselves in variations of the value of the

@ Springer

decay rate I'(z) of the false vacuum state. As a result of
these changes, inequalities (37), (42) may cease to occur or
be strengthened depending on the considered model with all
the consequences of this. Such mechanisms are discussed in
the literature — see e.g. [42,43] and also [79-85] and others.
In all these papers the standard method of calculations of the
decay rate for tunneling was used, i. e. the same approximate
method as that in [5-7]. As it was pointed out in [53] the
decay rate, I", of the metastable false vacuum state obtained
within such an semiclassical approximation coincide with the
decay rate Iy proper for the canonical decay times (see dis-
cussion in [53]). What is more, analysis presented in Sect. 3
and in [53] shows that the decay rate so calculated is not
able to reflect correctly early time properties of a decaying
quantum system, i.e. at time interval [té”” = 0, Tp), where
I'(t) >~ cosnt. x t. So, in fact, all results of a model calcula-
tions obtained using such a semiclassical approximation and
applied to our Universe mean that in such models the cur-
rent epoch lies in the area of canonical decay times for the
metastable false vacuum state and, in contrast to the predic-
tions of the quantum theory of unstable states, that the decay
process begins from I"(0) = Iy > 0 instead of I'(0) = 0.
Let us note that taking into account early time properties of
the decay rate is especially important in the case of models
with extremely long lifetimes of the false vacuum because
in such cases the early time phase, [té"” = 0, Tp), of the
quantum decay process can be longer than a duration of the
inflation process (see Figs. 2, 3, 4). So, it could therefore have
happened that in such models the wrong false vacuum decay
rate was used in the analysis of the inflation process.

Last comment: With reference to the above remarks and
from the point of view of the scenarios considered in this
paper, it seems that the most promising mechanisms are those
that enhance the decay rate so that the lifetime of the false
vacuum is shorter than the duration of the inflation process
(e.g. those discussed in [80-84]).
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