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Abstract A rotating black hole in loop quantum gravity
was constructed by Brahma, Chen, and Yeom based on a
nonrotating counterpart using the revised Newman–Janis
algorithm recently. For such spacetime, we investigate the
weak gravitational deflection of massive particles to explore
observational effects of the quantum correction. The pur-
pose of this article is twofold. First, for Gibbons–Werner
(GW) method, a geometric approach computing the deflec-
tion angle of particles in curved spacetimes, we refine its cal-
culation and obtain a simplified formula. Second, by using
GW method and our new formula, we work out the finite-
distance weak deflection angle of massive particles for the
rotating black hole in loop quantum gravity obtained by
Brahma et al. An analysis to our result reveals the repul-
sive effect of the quantum correction to particles. What’s
more, an observational constraint on the quantum parameter
is obtained in solar system.

1 Introduction

The spacetime singularity at the beginning of the universe or
inside a black hole is an inevitable issue for general relativ-
ity. It is believed that the quantum correction will be helpful
for situations where classical general relativity breaks down.
Although a well-built quantum gravity is still beyond our
reach, many efforts aiming to resolve the spacetime singu-
larity have been implemented. Loop quantum gravity (LQG),
a background independent and nonperturbative approach to
the unification of general relativity and quantum physics
based on a quantum theory of geometry, has been one of the
most potential candidates of quantum gravity theory. And the
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corresponding effective spacetime description developed in
LQG is called polymer model.

In the standard model of cosmology, the singular big bang
point serves as an origination of our universe according to
the singularity theorem proved by Hawking and Penrose
[1–3]. For this singular point, small length scales and high
curvatures are involved, thus the quantum effects can’t be
neglected. Quantum gravity, with its different dynamics on
small scales, is expected to solve such problem. LQG pre-
dicts that the spatial geometry is discrete at Planck scale
[4–7]. By applying techniques in LQG to the homogeneous
and isotropic geometry, people developed the loop quantum
cosmology, in which a polymer scale is introduced to remove
classical singularities [8–10].

LQG also brings about a resolution of the singularity
inside black holes. Inspired by LQG and considering the
quantum corrections to gravity, one can modify the classical
Hamiltonian and obtain a singularity-free solution that can
be interpreted as a classical extension of spacetimes. Thus
the singularity inside classical black holes is resolved by
connecting the black hole region with the white hole region
through a bounce. Specifically, a non-singular phase where
the curvature and density are finite is introduced as a substi-
tute for the singularity, such that infalling matter may bounce
back and reemerge when the initial horizon evaporates. The
resulting regular black hole is always called (effective) poly-
merized black hole and can be described by an explicit metric.
Consequently, the well-developed mechanism for semiclas-
sical black holes can be applied to polymerized black holes.
In the past years, a considerable number of polymerized
black holes have been constructed, most of them are non-
rotating models [11–35], and few are rotating [17,36,37].
Many researches on various aspects of such effective geome-
tries have also been carried out [38–59]. In this paper, we con-
centrate on the polymerized rotating black hole constructed
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by Brahma et al. [37] (Brahma–Chen–Yeom polymerized
rotating black hole), and investigate the weak gravitational
deflection of particles by it. It should be noted that the quan-
tum correction is not the only scheme for regular black holes,
there might be some regular black holes from vacuum bub-
bles [60,61], non-linear electrodynamics [62–64], phantom
matters and various modified gravity models [65,66].

Since the observation of gravitational deflection of light
passing near the Sun in 1919 [67], the gravitational lensing
has been extensively studied in cosmology and astronomy
[68–71]. Besides the photons, the massive particles such as
neutrinos [72], massive gravitons [73], and cosmic rays [74]
are also significant messengers for exploring the universe.
The deflection angle is an important quantity in the research
of the gravitational deflection of massless and massive par-
ticles, thus various approaches have been proposed to calcu-
late it. In 2008, Gibbons and Werner introduced a geometric
method to calculate the deflection angle of the photons in
weak deflection limit for static spherically symmetric (SSS)
and asymptotically flat spacetimes on the assumption that the
source and the receiver are both at infinity [75]. It provides
us a new geometric viewpoint to understand the gravitational
deflection of light. For an SSS spacetime

ds2 = gttdt
2 + grrdr2 + r2(dθ2 + sin2 θdφ2), (1)

it can be proved, with Fermat’s principle [76,77], that the
spatial projection of the light-like geodesic is the geodesic of
the corresponding optical metric

ds̃2 = grr
−gtt

dr2 + r2

−gtt
(dθ2 + sin2 θdφ2). (2)

By applying the Gauss–Bonnet theorem to the optical space,
Gibbons and Werner not only worked out the deflection
angle, but also demonstrated that the gravitational lensing is a
topological effect and the deflection angle is of global nature
[78]. Thereafter, a series of works utilizing GW method
emerged. Werner extended this method to the stationary
axially symmetric (SAS) spacetime by applying Nazım’s
method to the optical Randers-Finsler metric [79]. Crisnejo
and Gallo extended GW method to the study of massive par-
ticles in SSS spacetimes with the help of Jacobi metric [80].
Jusufi et al. calculated the deflection angle of massive parti-
cles in SAS spacetimes [81,82].

Considering the distance from the source and the receiver
to a lens are both finite in reality, Ishihara et al. defined a
finite-distance deflection angle for photons in SSS space-
times, and proved its geometric invariance with GW method
[83,84]. Ono et al. derived the finite-distance deflection angle
in an SAS spacetime with the generalized optical metric using
GW method [85–87]. Furthermore, Li and Jia extended Ono’s

treatment to the massive particles in SAS spacetimes with the
generalized Jacobi metric [88]. More related studies can be
found in [89–100]. In fact, the work mentioned above shows
that the finite-distance deflection angle introduced by Ishi-
hara et al. [83] can be regarded as a general definition in
GW method. For the massless or massive particles in SSS
or SAS spacetimes, one can calculate the finite-distance or
infinite-distance deflection angle using this definition.

The contribution of this paper is twofold. (a) Through
analyzing the double integral in the geometric expression of
deflection angle in GW method, we refine the calculation
and give a simplified formula, with which one can derive the
result with fewer steps. (b) We obtain the finite-distance weak
gravitational deflection angle of massive particles moving
in the equatorial plane of Brahma–Chen–Yeom polymerized
rotating black hole [37] with GW method and our simplified
formula. The result can be used to study the finite-distance or
infinite-distance deflection angle of massless or massive par-
ticles in SSS or SAS counterparts. Moreover, with the obser-
vation data and the theoretical deflection angle of photons
(reduced from that of massive particles), an observational
constraint on the quantum parameter is given.

The remainder of this paper is organized as follows. In
Sect. 2, the Brahma–Chen–Yeom polymerized rotating black
hole is briefly introduced, and the motion of particles in such
spacetime is investigated. In Sect. 3, we review the Gauss–
Bonnet theorem and the Jacobi–Maupertuis Randers–Finsler
(JMRF) metric, and show the application of GW method
to an SAS spacetime. A simplified calculation formula of
deflection angle in GW method is presented. In Sect. 4, the
finite-distance weak gravitational deflection angle of massive
particles in Brahma–Chen–Yeom polymerized rotating black
is investigated, and an observational constraint on the quan-
tum parameter is derived. Finally, we close our paper with
a short conclusion. In the upcoming sections, we choose the
spacetime signature (−,+,+,+) and geometric units such
that the gravitational constant and the speed of light are set
to one, G = 1 and c = 1.

2 Brahma–Chen–Yeom polymerized rotating black

2.1 Basic introduction

Taking the SSS black hole in LQG given by [32,33] as the
seed metric, Brahma, Chen and Yeom obtained the rotating
counterpart by using the revised Newman–Janis algorithm
[37],
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ds2 = −
(

1 − 2M0B
ρ2

)
dt2 − 4aM0B sin2 θ

ρ2 dtdφ

+ ρ2dθ2 + ρ2

Δ
dr2 + Σ sin2 θ

ρ2 dφ2,

(3)

where

Δ = 8λM2
BAB2 + a2,

Σ =
(
B2 + a2

)2 − a2Δ sin2 θ,

M0 = 1

2
B

(
1 − 8λM2

BA
)

,

ρ2 = B2 + a2 cos2 θ,

(4)

with

B2 = λ√
1 + x2

M2
B

(
x + √

1 + x2
)6 + M2

W(
x + √

1 + x2
)3 ,

A =
(

1 − 1√
2A

1√
1 + x2

)
1 + x2

B2 ,

(5)

and x = r/(MB
√

8λ), MB and MW are the mass of
asymptotically Kerr black hole and white hole, respectively,
λ = [λk/(MBMW )]2/3 /2 is a dimensionless and nonnega-
tive parameter, λk is a quantum parameter originated from
holonomy modifications [32].

The metric (3) is defined in terms of the radial variable
r ∈ (−∞,∞), and we only focus on the most interesting
and meaningful case MB = MW , namely the spacetime that
is symmetric with respect to the transition surface (r = 0)
[59]. This polymerized black hole is nonsingular everywhere
and reduces to Kerr black hole asymptotically. Whena = 0, it
reduces to the nonrotating counterpart [32,33]. When λ = 0,
it reduces to the Kerr spacetime. When a = 0 and λ = 0, it
reduces to the Schwarzschild spacetime. What’s more, when
a = 0 and MB = MW = 0, it reduces to a flat spacetime
[30], this behaviour satisfies an essential consistency check
which some quantum gravity inspired solutions do not meet
[101]. See [37] to get more details about Brahma–Chen–
Yeom polymerized rotating black hole.

2.2 Motion of massive particles

Consider an SAS spacetime whose metric reads

ds2 = gμν(r, θ)dxμdxν

= gttdt
2 + 2gtφdtdφ + grrdr2 + gθθdθ2 + gφφdφ2,

(6)

we focus on the motion of massive particles in the equatorial
plane, thus the unit speed condition yields

gtt ṫ
2 + 2gtφ ṫ φ̇ + grr ṙ

2 + gφφφ̇2 = −1, (7)

in which the dot means the derivative with respect to the
affine parameter. Additionally, based on two Killing vectors
(∂/∂t)a and (∂/∂φ)a , we have two conserved quantities

E = −m
(
gtt ṫ + gtφφ̇

)
, L = m

(
gtφ ṫ + gφφφ̇

)
, (8)

which are energy and angular momentum of particles, respec-
tively. Let v denote the velocity of the particles at infinity,
and b denote the impact parameter, then we have

E = m√
1 − v2

, L = mbv√
1 − v2

. (9)

Combining Eqs. (7), (8) and (9) yields

(
du

dφ

)2

=
u4

(
g2
tφ − gtt gφφ

)
grr (gttbv + gtφ)2

[
gttb

2v2 + 2gtφbv

+ gφφ

(
1 + gtt − gttv

2
)

+ g2
tφ

(
v2 − 1

)]
,

(10)

in which u = 1/r .
Substituting metric (3) into Eq. (10), we obtain the orbit

of free massive particles in the equatorial plane of Brahma–
Chen–Yeom polymerized rotating black hole with iterative
method

u = sin φ

b
+ M

1 + v2 cos2 φ

b2v2 + M2 cos φ

8b3v4

{
2v2φ

·
[
4λ

(
v2 + 3

)
− 3

(
v2 + 4

)]
− (8λ + 3)v4 sin(2φ)

+4
[
2λv4 + (4 − 6λ)v2 + 1

]
tan φ

}
− Ma

2

b3v

+O(M3, M2a, Ma2, a3). (11)

According to the above formula, we can also obtain the iter-
ative solution of φ for the orbit

φ =
{

Φ(u), if |φ| < π
2 ,

π − Φ(u), if |φ| > π
2 ,

(12)

where
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Φ(u) = arcsin(bu) + M
b2v2u2 − v2 − 1

bv2
√

1 − b2u2
+ M2 1

4b2v4{
bu

[
12(λ − 1)v2 − v4

(
(8λ − 3)b2u2 − 4λ + 3

)]
√

1 − b2u2

+v2
[
3
(
v2 + 4

)
− 4λ

(
v2 + 3

)]
arcsin(bu)

+ 2b3u3

(
1 − b2u2

)3/2

}
+ Ma

2

b2v
√

1 − b2u2

−a2 bu2

2
√

1 − b2u2
+ O(M3, M2a, Ma2, a3). (13)

3 Refine the calculation of GW method

We focus on the weak gravitational deflection of massive
particles in the equatorial plane of SAS spacetimes. Firstly,
an introduction to the Gauss–Bonnet theorem and the JMRF
metric is given. Then, we show how to apply GW method
to SAS spacetimes and obtain the geometric formula of the
deflection angle. Finally, we refine the calculation of the geo-
metric formula and obtain a simplified formula for the deflec-
tion angle.

3.1 Gauss–Bonnet theorem and JMRF metric

Given a compact two-dimensional Riemannian manifold
D with piecewise smooth boundary ∂D = ∪i∂Di (i =
1, 2, · · · ). K denotes the Gaussian curvature of D, κ denotes
the geodesic curvature of ∂Di , ηi is the jump angle (or exte-
rior angle) at the i-th vertex in the sense of positive. Then the
Gauss–Bonnet theorem states [102]

∫∫
D
KdS +

∑
i

∫
∂Di

κdl +
∑
i

ηi = 2πχ(D), (14)

where dS and dl are the area element and line element,
respectively. χ(D) is the Euler characteristic number of D.
Since we only concern the motion in the equatorial plane,
the most basic version of the Gauss–Bonnet theorem is suffi-
cient for us. More generalizations of Gauss–Bonnet theorem
to various situations can be found in [103–106].

JMRF metric is constructed by Chanda et al. based on
the principle of least action of Maupertuis [107]. Consider
a coordinate system (t, x), (∂/∂t)a is the time-like Killing
vector related to the stationarity of the spacetime, then the
metric of the stationary spacetime can be expressed as

ds2 = gμν(x)dxμdxν . (15)

The spatial projection of a light-like or time-like geodesic in
the stationary spacetime can be described as a geodesic in

the corresponding JMRF space equiped with the Randers–
Finsler metric [107]

ds̃ =
√

αi jdxidx j + βidx
i , (16)

in which

αi j = E2 + m2g00

−g00

(
gi j − g0i g0 j

g00

)
, (17)

βi = −E
g0i

g00
. (18)

E is the conserved quantity corresponding to the Killing vec-
tor (∂/∂t)a , m is the rest mass of the particle. For simplicity,
the three-dimensional space determined by Riemannian met-
ric αi j is denoted as M (α3). What’s more, a geodesic in JMRF
space can be put in one-to-one correspondence with a curve,
denoted by γ , in M (α3) [88]. The deviation between γ and the
geodesic in M (α3) is described by the one-form βi . Appar-
ently, for a static spacetime, βi = 0, and γ is a geodesic in
M (α3).

3.2 Apply GW method to SAS spacetimes

For an SAS asymptotically flat spacetime, when θ = π/2,
the corresponding M (α3) reduces to a two-dimensional Rie-
mannian space which is dentoed by M (α2). The metric of
M (α2) can be expressed as

dl2 = αrr (r)dr
2 + αφφ(r)dφ2 (19)

in the orthogonal coordinate system. As shown in Fig. 1,
in the space M (α2), S and R represent the source and the

receiver of a free particle, respectively. The curve γ = �

SR
corresponds to the spatial projection of the orbit. L represents
the lens. ΨR and ΨS are angles between the outward radial
vector and the tangent along γ at R and S, respectively. Then
the finite-distance deflection angle defined by Ishihara et al.
reads [83]

δ = ΨR − ΨS + φR − φS, (20)

in which φR and φS are the azimuthal coordinate (associated
with the rotational Killing vector in original four-dimensional
spacetimes) of R and S, respectively.

We consider the weak gravitational deflection of the
unbound free particles. As shown in Fig. 2, the circular arc

segment
�

S∞R∞ with r = ∞ centered at L intersects with
two outgoing radial geodesics

−→
SS∞ and

−→
RR∞ at S∞ and R∞,

respectively. Thus we can construct a region D∞ =R∞
R �S∞

S .

The geodesic curvature of
−→
SS∞ vanishes (the proof is

shown in Appendix A), so does
−→
RR∞. The jump angles at S∞
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Fig. 1
�

SR is the trajectory of a particle in M (α2). The finite-distance
deflection angle is defined as δ = ΨR − ΨS + φR − φS

Fig. 2 Sketch of the region D∞ =R∞
R �S∞

S

and R∞ are π/2. The Euler characteristic number χ(D∞) is
one since the nonsingularity of D∞. Applying the Gauss–
Bonnet theorem to D∞ yields

∫∫
D∞

KdS +
∫

�

RS
κdl +

∫
�

S∞R∞
κdl + ΨR − ΨS = 0. (21)

On account of the asymptotics of the M (α2), for the infinite
circular arc segment, we have dl = r∞dφ, where r∞ rep-

resents the radial coordinate of
�

S∞R∞. The geodesic cur-
vature becomes the ordinary curvature in the asymptotically
flat region, namely κ = 1/r∞. Then

∫
�

S∞R∞
κdl =

∫ φR

φS

1

r∞
r∞dφ = φR − φS . (22)

Substituting Eq. (22) into Eq. (21), we obtain

δ = −
∫∫

D∞
KdS +

∫
γ

κdl, (23)

which indicates that the gravitational deflection angle can
be expressed by geometric quantities, namely, is geometric
invariant and can be seen as a global effect.

In previous literatures, people routinely obtain the deflec-
tion angle by directly calculate all integrals in Eq. (23). Such
treatment is complicated especially for the complex surface
integral. One can see the usual calculation process of Eq. (23)
for photons in [85], and massive particles in [88].

3.3 Refinement for the calculation of GW method

In previous works, authors substitute a specific metric into the
geometric expression Eq. (23) without any pre-simplification
to the surface integral of Gaussian curvature

∫∫
D∞ KdS. This

means they have to face the complicated surface integral.
Starting from a specific metric at hand, they work out the
Gaussian curvature of M (α2) with [79]

K = 1√
α

[
∂

∂φ

(√
α

αrr
Γ φ
rr

)
− ∂

∂r

(√
α

αrr
Γ

φ
rφ

)]
, (24)

in the first step. α is the determinant of metric (19), Γ denotes
the Christoffel symbol with respect to M (α2). Then the indef-
inite integral of the integrand K

√
α with respect to the radial

coordinate is performed. Next, they obtain the definite inte-
gral with the integration range

(
rγ ,∞)

, where rγ denotes the
radial coordinate of γ . Finally, the calculation ends with the
definite integral with respect to the azimuthal coordinate.

Carefully analyzing the double integral before calculating
it with specific metrics, we find that the first three steps of rou-
tine calculation can be replaced by a simple formula. Since
the SAS metric does not contain the azimuthal coordinate,
by using metric (19) and Eq. (24), we have

∫
K

√
αdr =

∫ [
∂

∂φ

(√
α

αrr
Γ φ
rr

)
− ∂

∂r

(√
α

αrr
Γ

φ
rφ

)]
dr

=
∫

− ∂

∂r

(√
α

αrr
Γ

φ
rφ

)
dr

= −αφφ,r

2
√

α
+ Const. (25)

As a result,

∫∫
D∞

KdS =
∫ φR

φS

∫ ∞

rγ
K

√
αdrdφ

=
∫ φR

φS

[
H(∞) − H(rγ )

]
dφ, (26)

in which we have introduced a notation according to Eq. (25)
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H(r) = −αφφ,r

2
√

α
. (27)

On account of the asymptotics of M (α2), we have

H(∞) = −1. (28)

With Eqs. (26) and (28), the geometric expression Eq. (23)
can be rewritten as

δ =
∫ φR

φS

[
1 + H(rγ )

]
dφ +

∫
γ

κdl, (29)

which can be regarded as a simplified calculation formula of
the finite-distance deflection angle. With Eq. (29), the double
integral can be replaced by a single integral of a simple inte-
grand. That is to say, one can work out the result more easily
with fewer and simpler calculation steps. Such simplification

can facilitate the calculation of integral of Gaussian curva-
ture in actual implementation of GW method, especially for
the highly accurate results and complicated spacetimes.

On the one hand, Eq.(23) shows that the gravitational
deflection can be regarded as a global effect. On the other
hand, Eq.(29) only involves the quantities along the trajec-
tory, which is also consistent with our empirical judgment

that the deflection angle should be completely determined
by the trajectory itself.

4 Finite-distance deflection angle of massive particles
for a rotating black hole in LQG

4.1 Finite-distance deflection angle

In this subsection, we calculate the finite-distance weak grav-
itational deflection angle of massive particles for Brahma–
Chen–Yeom polymerized rotating black hole with Eq. (29).

We first calculate
∫ φR
φS

[1+H(rγ )]dφ. Substituting Eq. (3)
into Eq. (17), and setting θ = π/2, the metric of the corre-
sponding M (α2) becomes

dl2 = αrrdr2 + αφφdφ2, (30)

where

αrr =
(
2λM2 + r2

) [
16λ2M4 + 2λM2r

(
3
√

8λM2 + r2 + 5r
)

+ r3
(√

8λM2 + r2 + r
)]

a2
√

8λM2 + r2 + 8λM2
(√

8λM2 + r2 − 2M
)

+ r2
(√

8λM2 + r2 − 2M
)

·
4

[
2Mm2

√
8λM2 + r2 + 2λM2

(
E2 − m2

) + r2
(
E2 − m2

)]
(√

8λM2 + r2 + r
)3 (

−2M
√

8λM2 + r2 + 8λM2 + r2
) ,

αφφ =
m2

(
2λM2 + r2

) [
2Mm2

√
8λM2 + r2 + 2λM2

(
E2 − 4m2

) + r2
(
E2 − m2

)]
(
−2M

√
8λM2 + r2 + 8λM2 + r2

)2

·
(
a2 − 2M

√
8λM2 + r2 + 8λM2 + r2

)
. (31)

Then substituting Eq. (30) into Eq. (27), we get

H(r) = − 1 + M
v2 + 1

rv2 + M2 (1 − 4λ) v4 + (6 − 12λ) v2 − 4

2r2v4

+ O(M3, M2a, Ma2, a3). (32)
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Thus

∫ φR

φS

[
1 + H(rγ )

]
dφ

= M

(
v2 + 1

) (√
1 − b2u2

R +
√

1 − b2u2
S

)

bv2

+M2

⎧⎨
⎩
b2u3

R

[
λ

(
4v4 + 12v2

) − 3v4 − 8v2 + 4
] + uRv2

[−4λ
(
v2 + 3

) + 3v2 + 12
]

4bv4
√

1 − b2u2
R

+b2u3
S

[
λ

(
4v4 + 12v2

) − 3v4 − 8v2 + 4
] + uSv2

[−4λ
(
v2 + 3

) + 3v2 + 12
]

4bv4
√

1 − b2u2
S

+
[
4λ

(
v2 + 3

) − 3v2 − 12
] [arcsin(buR) + arcsin(buS) − π ]

4b2v2

}

+O(M3, M2a, Ma2, a3), (33)

where we have used the trajectory Eq. (11), φS = Φ(uS) and
φR = π − Φ(uR).

Next, we calculate
∫
γ

κdl. The geodesic curvature of γ in

M (α2) states [85]

κγ = − βφ,r√
α · αθθ

= −2Ma
√

1 − v2 sin3 φ

b3mv2

+O(M3, M2a, Ma2, a3). (34)

Since κγ does not contain the zeroth-order and first-order
terms, we can only retain the zeroth-order term of the line
element along the trajectory γ

dl = mbv

sin2 φ
√

1 − v2
dφ + O(M, a). (35)

Then∫
γ

κdl = − 2Ma
b2v

∫ φR
φS

sin φdφ

+O (
M3, M2a, a2M, a3

)

= −
2Ma

(√
1−b2u2

R+
√

1−b2u2
S

)

b2v

+O(M3, M2a, a2M, a3), (36)

in which we have used the trajectory (11), φS = Φ(uS) and
φR = π − Φ(uR).

Finally, substituting Eqs. (33) and (36) into Eq. (29), we
obtain the finite-distance deflection angle

δ = M

(
v2 + 1

) (√
1 − b2u2

R +
√

1 − b2u2
S

)

bv2

+M2

⎧⎨
⎩
b2u3

R

[
λ

(
4v4 + 12v2

) − 3v4 − 8v2 + 4
] + v2uR

[−4λ
(
v2 + 3

) + 3v2 + 12
]

4bv4
√

1 − b2u2
R

+b2u3
S

[
λ

(
4v4 + 12v2

) − 3v4 − 8v2 + 4
] + v2uS

[−4λ
(
v2 + 3

) + 3v2 + 12
]

4bv4
√

1 − b2u2
S

+
[
4λ

(
v2 + 3

) − 3v2 − 12
] [arcsin(buR) + arcsin(buS) − π ]

4b2v2

}

−Ma
2

(√
1 − b2u2

R +
√

1 − b2u2
S

)

b2v
+ O(M3, M2a, a2M, a3). (37)
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4.2 Some discussion about the result

If the spin parameter a is positive, the above result corre-
sponds to the prograde orbit where the direction of motion
of particles is the same as that of the spin of black holes.
Conversely, if a is negative, the orbit is retrograde. Addition-
ally, exchanging uR and uS will not affect this result, since
the orbit is reversible. The quantum parameter λ appears in
the second order. We rearrange Eq. (37) and recast all terms
containing λ as

−λM2
(
v2 + 3

)
b2v2

[
arccos (buR) + arccos (buS)

+buR

√
1 − b2u2

R + buS
√

1 − b2u2
S

]
. (38)

Obviously the deflection angle depends linearly on the λ, and
the negative-definite coefficient indicates that the quantum
correction provides a repulsive effect to particles, which is
contrary to the attractive effect of the mass of black hole.

For the unbound particles, we show the deflection angle δ

against the impact parameter b in Figs. 3 and 4. Specifically,
fixing rS = rR = 108M and v = 0.7c, we plot δ against
b in Fig. 3 respectively with λ = 0 (Kerr spacetime), 0.1,
1, 2, 5 and a = −0.5M , 0.5M . As we can see, δ monoton-
ically decreases as b increases for all quantum parameters
and spin parameters considered, this agrees with our intu-
ition to gravity that the farther apart the trajectory and the
lens, the weaker the deflection effect. The deflection angle of
retrograde orbits (dotted lines) is larger than that of prograde
ones (solid lines), this phenomenon is not affected by other
parameters, which can be predicted by the third term of Eq.
(37). Fixing rS = rR = 108 M , a = 0.5 M , and λ = 0.1, we
plot δ against b in Fig. 4 respectively with v = 0.6c, 0.7c,
0.8c, 0.9c, c (photon). It is shown that the lower the speed
of particles, the larger the deflection angle. This is consistent
with the conclusion of [108,109], and the intuition that the
faster particles will be more difficult to be “dragged” by the
black hole for the same impact parameter.

With Eq. (37), we can set specific values for position of the
sourceuS , position of the receiveruR , the velocity of particles
v, the spin parameter a, and the quantum parameter λ to
investigate the finite or infinite deflection angle of massless
or massive particles for rotating or nonrotating black holes
considering or not considering LQG. For example, (a) when
a = 0, uS = uR = 0 and v = 1, Eq. (37) reduces to the
infinite-distance deflection angle of photons in nonrotating
black holes in LQG [45], (b) when λ = 0, Eq. (37) reduces
to the finite-distance deflection angle of massive particles
in Kerr spacetime [88]. Moreover, some cases that Eq. (37)
covers have never be calculated before.

Fig. 3 The finite-distance weak gravitational deflection angle of mas-
sive particles in Brahma–Chen–Yeom rotating black hole. rS = rR =
108M , v = 0.7c. We choose a large initial impact parameter since
Eq. (37) is a second-order post-Newtonian result for the weak gravita-
tional lensing

Fig. 4 The finite-distance weak gravitational deflection angle of mas-
sive particles in Brahma–Chen–Yeom rotating black hole. rS = rR =
108M , a = 0.5 M , λ = 0.1. We choose a large initial impact parameter
since Eq. (37) is a second-order post-Newtonian result for the weak
gravitational lensing

4.3 Observational constraint on λ

With the photons that come from infinity and graze the Sun,
we give an observational constraint on the quantum parame-
ter λ on the scale of the solar system.

Let v = 1 and uS = 0, Eq. (37) reduces to

δtheory = M
2

(√
1 − b2u2

R + 1

)

b

− Ma
2

(√
1 − b2u2

R + 1

)

b2
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+ M2
{
buR

[
16λ

(
b2u2

R − 1
) − 7b2u2

R + 15
]

4b2
√

1 − b2u2
R

+ (16λ − 15) [arcsin(buR) − π ]

4b2

}

+ O(M3, M2a, a2M, a3), (39)

which corresponds to the deflection angle of the grazing pho-
tons on the assumption that the source is at infinity. For the
solar-system experiments, the photon passing the Sun at a
distance d is deflected by an angle (Sect.7.1 of [110])

δmeasure = 1

2
(1 + γ )

4M�
d

1 + cos ϕ

2
, (40)

in which M� is the mass of the Sun, d is the distance of the
closest approach of the photon, ϕ denotes the angle between
the Earth–Sun line and the incoming direction of the photon,
γ represents the parameter relating the deflection of photons.
To be consistent with the notation widely used by others,
in and only in this subsection, γ represents the deflection
parameter. For the grazing photon, ϕ ≈ 0 and d is approxi-
mately equal to the radius of the Sun (d ≈ R�) [110]. Using
δtheory = δmeasure, the quantum parameter is expressed in
terms of the observables

λ = R�

4M�
[
R�uE

√
1 − R2�u2

E − arcsin(R�uE ) + π

]

·
⎧⎨
⎩−2γ + 15M�

[
π − arcsin(R�uE )

]
4R�

− 2a�
R�

+M�uE
(
15 − 7R2�u2

E

)
4
√

1 − R2�u2
E

+
2(R� − a�)

√
1 − R2�u2

E

R�

⎫⎬
⎭ , (41)

in which we have used M = M�, b = R�, a = a� and
uR = uE . a� is the spin parameter of the Sun, uE is the
inverse of the distance between the Earth and the Sun.

Various observation data have been used to the measure-
ment of the deflection parameter γ [111–118], here we adopt
the result in [115] γ = 0.99992±0.00012, which is obtained
by analyzing more than seven million group delays measured
by very long baseline interferometry between August 1979
and August 2010. The angular momentum of the Sun S� =
1.92 × 1041kg · m2/s is given by Iorio with helioseismology
[119]. With Eq. (41), we obtain −2.9039 < λ < 14.9153.
Considering λ > 0, the constraint on the quantum parameter
is finally derived as

0 < λ < 14.9153. (42)

It should be noted that this constraint is only valid on the
assumption of λ < R�/M� ≈ 466489, since λ < b/M is
the condition to make sure Eq. (37) converges.

5 Conclusion

Based on LQG, people proposed various schemes to circum-
vent the classical singularity in cosmological and black hole
spacetimes. In this paper, we concentrate on the rotating black
hole in LQG constructed by Brahma et al. and study the weak
gravitational deflection angle of massive particles in such
spacetime.

GW method, a geometric method that can be applied to the
investigation of finite-distance deflection angle of timelike or
lightlike orbits in SAS spacetimes, is adopted. Different from
the treatment in previous literatures, we refine the calculation
of GW method and obtain a simplified formula. The double
integral in the geometric expression of deflection angle is
replaced by a single integral with respect to the azimuthal
coordinate.

To explore the effect of quantum parameter on deflec-
tion angle and provide a theoretical expression closer to the
real situation, the finite-distance weak gravitational deflec-
tion angle of massive particles in Brahma–Chen–Yeom poly-
merized rotating black hole is obtained. It shows that the
quantum parameter appears in the second order and yields
a repulsive effect to particles, i.e. the larger the quantum
parameter, the smaller the deflection angle. Our result cov-
ers the finite-distance or infinite-distance deflection angle of
massless or massive particles in rotating or nonrotating black
holes with or without quantum corrections. Considering the
photons coming from the infinity and grazing the Sun, we
express the quantum parameter with observables, and give a
constraint on the quantum parameter 0 < λ < 14.9153 by
using the observational results in solar system.
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Appendix A: The geodesic curvature of the radial curve

For a radial curve in the space equiped with metric (19), we
have dφ = 0 and

dr

dl
= 1√

αrr
, (A.1)

where we have dropped ’(r)’ from ’αrr (r)’ for simplicity.
Thus

d2r

dl2
= dr

dl
· d

dr

(
dr

dl

)
= −αrr,r

2α2
rr

,
d2φ

dl2
= 0. (A.2)

What’s more

Γ r
rr = αrr,r

2αrr
, Γ φ

rr = 0. (A.3)

According to Eqs. (A.1), (A.2) and (A.3), we obtain

d2r

dl2
+ Γ r

rr
dr

dl

dr

dl
= 0,

d2φ

dl2
+ Γ φ

rr
dr

dl

dr

dl
= 0. (A.4)

Namely, an outward radial curve in M (α2) satisfies the
geodesic equation, and its geodesic curvature vanishes.
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