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Abstract We explore the effect of quantum gravity on mat-
ter within a Renormalization Group framework. First, our
results provide an explicit example of how misleading con-
clusions can be drawn by analyzing the gravitational con-
tributions to beta functions, instead of analyzing universal
quantities, such as critical exponents, that can be extracted
from the beta functions. This could be key to explain dif-
ferences between perturbative studies and Functional Renor-
malization Group studies. Second, we strengthen the evi-
dence that asymptotically safe gravity could generate a pre-
dictive ultraviolet completion for matter theories with gauge
interactions, even in the limit of vanishing dimensionful reg-
ulator function. We also find that the situation can be more
subtle with higher-order, gravity-induced matter interactions.

1 Introduction

The existence of a gravitational contribution to the run-
ning of gauge couplings has been the subject of intense
scrutiny [1-23]. On the one hand, such a contribution is
non-universal already in the one-loop approximation and
it has been claimed that the momentum-dependence of the
gauge coupling does not receive a gravitational contribution
[3,4,10-12,15,16], unless the cosmological constant is non-
vanishing [5,8]; with other works claiming a nonzero con-
tribution [6,9,23]. On the other hand, from the perspective
of asymptotically safe quantum gravity a gravitational con-
tribution to the running gauge coupling may enable, e.g.,
the UV completion of the Abelian hypercharge sector of
the Standard-Model (SM) [13,17,18]. Moreover, the grav-
itational contribution entails an enhancement in predictive
power, resulting in a calculable value of the gauge coupling
at low energies when starting from an asymptotically safe
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fixed point. Within this setting, various calculations based
on functional renormalization group (FRG) methods indi-
cate a non-vanishing gravitational contribution to the scale
dependence of the gauge couplings [7,13,14,17-19,21,22].
Nevertheless, it is natural to ask whether such results are
artifacts of a particular type of regularization scheme.

One source of the apparent confusion between the pertur-

bative line of research [1-6,8-12,15,16,23] and the asymp-
totically safe line of research [7,13,14,17-19,21,22] lies in
the different semantics in the perturbative and the asymptot-
ically safe setting, see also the discussion in [24]:
In the perturbative setting, one refers to the physical
momentum-dependence of couplings as their running. For
logarithmic momentum dependence,! this is mirrored in a
corresponding RG scale dependence. In turn, logarithmic
scale dependence corresponds to a universal one-loop con-
tribution.

In the asymptotically safe setting, the RG-running refers
to the dependence on the FRG scale k, which indicates, down
to which momentum scale quantum fluctuations have been
integrated out. This notion of running agrees with the first
notion at one loop for the case where only dimensionless
couplings are involved. Accordingly, it does not agree with
the first notion in the context of gravity-matter systems. The
physical momentum-dependence of couplings or rather ver-
tex functions can also be evaluated with the FRG, see [26-32]
for examples of the momentum dependence of the graviton
propagator, gravity-matter couplings and the gravitational
interaction. Besides the physical momentum dependence, the
RG dependence is of interest, because it contains two crucial
pieces of information: first, it encodes whether a continuum

1" A logarithmic momentum dependence is not the only possibility, even
in perturbation theory. For instance, in gauge-Yukawa systems which
are asymptotically safe strictly within perturbation theory [25], cou-
plings exhibit power-law running away from the asymptotically safe
fixed point.
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limit can be taken (in the sense of sending a regularizing
length scale to zero); second, it encodes whether the exis-
tence of a continuum limit imposes constraints on the values
of couplings (i.e., whether predictions can be made from
asymptotic safety).

A second source of confusion lies in the focus on the grav-
itational contribution on its own in [1,2,4,9,11], instead of
the focus on universal quantities. It is well-known that beta
functions are not universal quantities: even for canonically
marginal couplings, non-universality sets in at three loops in
perturbation theory. Therefore, to infer physical information
from a beta function, a more careful analysis is necessary.
For instance, the existence of a gravity-induced interacting
fixed point with a corresponding nontrivial critical exponent
should be a universal statement. In order to make it, not just
the gravitational contribution to the gauge coupling, but also
the gravitational beta functions themselves need to be evalu-
ated. Then, a change in the non-universal gravitational con-
tribution to the gauge beta function may conceivably be com-
pensated by a corresponding change in the gravitational beta
functions, such that the critical exponent remains unaffected.

Even if we restrict our attention to the FRG framework,
the calculation of beta-functions in interacting gravity-matter
systems involves several sources of non-universality. For
instance, different choices of regulator, gauge-parameters
and background can lead to different results for beta-
functions. Gauge- and background-dependence can, at least
in principle, be controlled by solving the flow equation along
with modified Slavnov—Taylor and split-Ward identities.

In this paper we focus on the regulator dependence of FRG
calculations in gravity-matter systems. Our approach is based
on a new type of (pseudo-)regulator, put forward in [33,34],
which is characterized by an external interpolating parame-
ter a. In the limit @ — 0, the (dimensionful) regulator can
be removed and only universal contributions survive in the
calculation of beta functions for canonically marginal cou-
plings. This feature provides a nontrivial testing ground for
the hypothesis that universal statements can be extracted by
focusing on the critical exponents of the marginal couplings
instead of individual contributions to a beta function.

We caution that since the limit a — 0 is a special case, in
which the regulator function is removed, there is no require-
ment that physical information has to be independent of the
value of a. Conversely, if physical information is found to be
a-independent, we interpret this as a nontrivial indication of
stability.

This paper is organized as follows: In Sect. 2 we review
how the effect of asymptotically safe quantum gravity on
matter is evaluated and which intermediate steps of a calcu-
lation are affected by non-universality. In Sect. 3 we present
results on gravity-matter systems with the novel regulator.
In Sect. 4 we explore how universal results can arise and
also discuss which aspects of gravity-matter systems do
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not exhibit universality in the vanishing-regulator limit. In
Sect. 5, we explore how the vanishing regulator limit affects
the fixed-point structure of induced interactions in the matter
sector, with a particular focus on the weak gravity bound.
Finally, we conclude in Sect. 6. We present additional tech-
nical aspects in an appendix and we provide an ancillary
notebook containing explicit expressions for the results used
in this paper.

2 Non-universal results from FRG calculations in
gravity-matter systems

Gravity contributes to the flow of marginal couplings in the
matter sector in a non-universal way. In the FRG, part of this
non-universality is due to the regularization procedure. This
section explores this type of non-universality with a concrete
example.

The FRG realizes the Wilsonian paradigm of renormaliza-
tion by including an infrared (IR) regulator in the Boltzmann
factor of the Euclidean path integral. This regulator depends
on an IR cutoff scale k, the RG-scale, and suppresses modes
with momenta smaller than k.

The central object in the FRG formalism is the flow-
ing action I'y. This scale-dependent object is a modified
Legendre transform of the coarse-grained generating func-
tional. The functional Iy interpolates between the full effec-
tive action I' when k& = 0 and the bare action Spye when
k — Ayv (with Ayy being a UV cutoff).

The flowing action satisfies a formally exact flow equation,
known as the Wetterich equation [35,36], which is given by

1 —1
koL = SSTr [(r,ﬁ” + Rk) kakRk:| : (1)

where STr denotes the super-trace, which traces over inter-
nal and spacetime indices, with an additional negative sign
for Grassmann-valued fields, Ry denotes the FRG regulator
function, and F,Ez) denotes the 2-point function derived from
the flowing action. The flow equation (1) can be used, at least
within approximations (truncations), to derive beta-functions
that define the flow of couplings w.r.t. to the RG-scale k.

In cases where the bare action is known, the FRG frame-
work enables us to evaluate the full effective action by inte-
grating the Wetterich equation from an appropriate initial
condition. In cases where the bare action is not known, such
as in the search for asymptotic safety, the FRG framework
allows us to find candidates for fixed points by solving?
k 0" = 0, see [37—42] for reviews.

2 More precisely, the fixed-point equation is a requirement on the
dimensionless counterpart of I'y, see App. A of [27] for a detailed
discussion.
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We write the regulator function Ry in momentum space
as a function of the four-momentum squared, g2

Ri(q%) = g% r(q*/k*) 24, )

where r is called the shape function and Z is a (generalized)
wave-function renormalization factor. For non-scalar fields,
Zy also carries spacetime and internal indices; for fermionic
fields, Ry typically depends on ¢. In position-space calcula-
tions, one has to replace the argument ¢> by an appropriate
differential operator (e.g., —V?).

The choice of the shape function is only constrained by
three requirements to ensure the appropriate mode suppres-
sion, in addition to a normalization [qzr(q2 / k)] ¢2=0 = k2.
These are that (i) high-momentum modes (with q2 / K2 >1)
should be unsuppressed, (ii) low-momentum modes (with
g*/k* < 1) should be suppressed, (iii) the regulator should
vanish for k — 0 and it should diverge for k? — o0o. Thus,
r(g?/k*) — O0forg?/k?* > 1,r(g%/k?) > Oforq?/k* < 1.

Different choices for the shape function r can lead to
different beta functions. This is a manifestation of the non-
universality of beta functions: because they are not observ-
ables, they may depend on such unphysical choices.

There is, however, a specific class of contributions that are
universal with respect to the choice of r. To identify these uni-
versal contributions, we consider threshold integrals which
occur in the evaluation of the trace in the flow equation (1)

*dy  y*r'(y)
(42 1 +riyn?’

loplr] = 3)
0

where y = ¢2/k? is adimensionless variable.? The threshold
integrals arise, when the flow equation Eq. (1) is projected
onto a particular field monomial to extract the corresponding
beta function. This projection gives rise to one-loop diagrams
with the appropriate external legs. The momentum integra-
tion in such a diagram (the trace in Eq. (1)) gives rise to one
of the threshold integrals in Eq. (3). In general, the result for
Iy,p depends on the choice of r. However, for a = 0, the
threshold integrals are independent of the shape function,
resulting in [37,43]*

1 1

@m)?p—1 @

Iy plr] = —

3 Because the threshold integrals can be expressed purely in terms of
this dimensionless combination, the beta functions of the dimensionless
counterparts of couplings are autonomous, i.e., do not explicitly depend
on k.

4 This result can be inferred from Eq. (A18) in Ref. [43]. We use the

k—2(n+1-p) 3R
3072 [[n]Qn ;)ﬁk
k

B — 1) to translate our threshold integrals into the Q-functionals used
in Ref. [43].

correspondence log[r] = — (withn = o +

This universal contribution does not appear in the grav-
itational contribution to the flow of an Abelian gauge cou-
pling g atleading order in the Newton coupling [7,13,14,17—
19,21,22], which reads (see Sect. 3.2 for details on the tech-
nical setup)

80

kokgleray = ——— (112111 = 2113071 G g. 5)

G = k’>Gy represents the dimensionless Newton coupling,
with G denoting its dimensionful counterpart. Equation (5)
shows that the (1-loop) gravitational contribution to the
flow of an Abelian gauge coupling is composed only of
non-universal threshold integrals. The non-universality of
Eq. (5) can be confirmed by explicit calculations with differ-
ent choices of shape function. For example, using the Litim
[44] and exponential shape functions,

pLitm )y (l _ 1) (1 —y) and
y

exp _
() = ®)
we get
ko Litim 5 d k exp 5
kg|grav = _EGg an akglgrav = _aGg- @)

We argue that although the results in Eq. (7) differ, the sign
of the result is universal: The sign is determined by the dif-
ference I1 2[r] — 2 I 3[r] in Eq. (5), which can be written
as

[ dy oy
Liolr] =2 1 53lr] _/O (4m)% (1 +r(y)?
2
l——). 8
X( 1+r(y)) °

To determine the sign of the integrand, we note that (i)
r'(y) < 0, (ii) the integrand is peaked at y ~ 1 and (iii)
r(1) < 1. Condition (i) follows, because the regulator must
suppress IR modes and vanish for UV modes. Condition (ii)
follows because of the interplay of the mass-like IR suppres-
sion in the denominator and the UV suppression by r’(y) in
the numerator. Condition (iii) follows because the normaliza-
tion condition [qzr(qz/kz)]qzzo = k2 implies yr(y) — 1
for y — 0, and because y r(y) is a monotonically decreasing
function of y, thus yr(y) < land r(1) < 1.

Together, the conditions imply that the main contribution
to the integral comes from y ~ 1, where r’(y) < 0 and
1—2/(14r(y)) < 0. Thus, the overall sign of the integrand
is positive. The sign of k 0 g|gray is therefore negative.

The same result was obtained in [14,19], based on a kine-
matical identity.

@ Springer
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We will show how further universal information is
encoded in Eq. (5) in Sect. 3 below, using the “vanishing
regulators” introduced in [33,34].

The negative sign in Eq. (7) implies that the gravitational
contribution that is ~ G renders gauge couplings asymptot-
ically free, thus solving the Landau pole/triviality problem
in U(1) gauge theory and preserving the fundamental nature
of non-Abelian gauge theories. In addition, if a screening
contribution from matter is present in the beta function, the
competition between the gravitational and the matter term
induces an asymptotically safe fixed point with enhanced
predictive power [13,18].

We obtained the result in (5) in a setup with vanishing
cosmological constant. For non-vanishing cosmological con-
stant A, there are further non-universal contributions, as well
as a universal one. We expand ko glgray in powers of A to
obtain the universal contribution which is proportional to the
dimensionless product GN A. In this way, we find a vanishing
result,

- 320 -
kouglim = == (210,311 = 3 loalr])GxA g = 0. (9)
This vanishing result relies on a cancellation of terms com-
ing from different diagrams contributing to the gauge field
anomalous dimension.

3 Gravity-matter systems with vanishing regulators
3.1 FRG with vanishing regulators

We investigate the impact of quantum gravity on the flow
of matter couplings using the class of “vanishing regulators”
[33,34]. This class of regulators has a shape function 7, that
depends on an additional parameter a. This parameter mod-
ulates the amplitude of 7,. The interpolating shape function
Py is

Fa(y) =ar(y), (10)

where r(y) is a shape function satisfying all properties
required for an FRG regulator. The parameter a interpolates
between the “standard” shape-functions for @ — 1 and van-
ishing shape functions for a — 0. For the shape-functions
defined in (6), we have

. 1
f;dmm(y) —a <; — 1) 0(1—y) and
a

a0 = ——

Y

The interpolating shape function 7, is a viable regulator for
a > 0.If we seta = 0 from the beginning, the shape function

@ Springer

vanishes, and 7, no longer is a viable regulator. Thus, this par-
ticular choice is referred to as vanishing (pseudo)-regulator.
However, the limit a — 0, if taken after evaluating the 1-
loop integrals in the flow equation, generates non-vanishing
contributions. Thus, the order of the limit ¢ — 0 and the
integration over quantum fluctuations matters.

Using the interpolating shape function f[';mm (y) to evalu-
ate the threshold integral defined in (3), we find

al_ﬂ
@@t p-n "
x (,B,a—i-,B—l,oz—i-ﬂ,l—a_l), (12)

~Litim
rgo ]

Ia,ﬂ[

where o F is a hypergeometric function. This expression
reproduces the results obtained with the standard Litim reg-
ulator given by (6) in the limit @ — 1. In the vanishing
regulator limit, @ — 0, the threshold integral I, g behaves
as

. 0, a >0,
lin}) Ly p[FHIM] = L o (13)
a— (47_[)2 ﬂ, o = V.

Fora < 0and a — 0, the threshold integral /, g diverges in
the IR. This IR divergence can be treated either by introduc-
ing a mass parameter in the propagator or by introducing a
second regularization parameter € as discussed in [33]. This
type of divergence is not relevant for the analysis performed
in this work.

In the case of the interpolating 74 * (y), we are not aware
of an analytical formula for the threshold integrals I, g [fZXp]
with arbitrary o and B. For the particular choices of « and
B that are relevant for this work, I g [fsxr)] can be computed
analytically, but the resulting expressions are lengthy and we
shall not report them here.

In the limit @ — 0, where the dimensionful regulator is
removed, we expect the resulting beta functions to be uni-
versal. Indeed, in all cases where we explicitly computed
Iy p [fsxP ], the vanishing regulator limit (@ — 0) agrees with
results obtained using %iﬁm ).

In summary, the vanishing regulator limit allows us to
the isolate universal contributions in FRG calculations. By
varying the interpolating parameter a, we can continuously
deform “standard” FRG beta-functions into beta-functions
that involve only universal contributions with respect to the
shape function.

3.2 Setup for the evaluation of beta functions

We study the gravitational contribution to the flow of SM-like
interactions. To extract beta-functions from the flow equation
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(1) we employ the following truncation for I'k
T = e 4 . (14)

The matter sector includes a real scalar ¢, a Dirac spinor v,
and an Abelian gauge field A,,. Our choice of truncation for
[P is given by

Z A -
l—wlr(natter:/\/g (%gﬂva#¢av¢+z¢4+lzwwvw
X

Za

3

gwgmﬂwEw+4y¢¢w)- (15)

This matter sector contains key building blocks of Standard-
Model like gauge-Yukawa theories, namely a quartic scalar
interaction, a Yukawa interaction and a gauge coupling
(related to the gauge-field wave-function renormalization).
Because gravitational interactions are “blind” to internal
symmetries, many of our conclusions carry over to more
complicated matter sectors.

In the gravitational sector, we truncate the dynamics to an
Einstein—Hilbert term plus a gauge-fixing contribution. The
gauge-fixing term includes an auxiliary background metric
8uv»andis covariant with respect to background-gauge trans-
formations. The background method is used to set up the
calculation, such that the metric g, is split into the back-
ground metric and a fluctuation field /. The flowing effec-
tive action is given by

, !
ey _ _—/ R
k TonGn ). Ve
1

+ 20tgf

/\/E’é“”Fu[h?é]Fu[h;g]+F;§h°“, (16)
X

with F,[h: 3] = (aggvﬂ - %alggaﬂ) Vo hog, Where o

and Ber denote gauge-fixing parameters. Throughout this

paper we consider the Landau gauge where agr — 0. thOSt

is the corresponding Faddeev—Popov ghost derived from the
gauge-fixing function Fy,[h; g].

Our analysis covers two different settings in the grav-
itational sector: (i) “Standard gravity”: In this setting, all
metric degrees of freedom are included in the path integral,
and the symmetry group (before breaking by the regulator)
is the full diffeomorphism group. Among the various ways
of parameterizing and gauge-fixing metric fluctuations in
this setting, we choose the linear split g, = guv + € Ay
(with k = /327 GN) and set the gauge parameter Bf to
Bet = 0. The setting with linear split and Landau gauge
agt — 0 is commonly used when exploring the interplay
between gravity and matter couplings within the framework
of asymptotically safe quantum gravity [18,21,27,45-57],
alternative gauge choices and parameterizations are explored

in [17,22,58-60]. The impact of matter on the flow of grav-
itational couplings was investigated in [19,61-75].

(ii) “Unimodular gravity”: In this setting, the conformal
mode is non-dynamical, and the symmetry group (before
breaking by the regulator) is the group of transverse dif-
feomorphisms [76-83]. The metric is decomposed with the
exponential split g, = gu« [eKh]"‘v, because that allows to
easily implement a non-dynamical conformal mode by set-
ting the gauge parameter B — —o0. This choice of Bgf
enforces the trace of 4, to be constant, i.e., removed from
among the fluctuating fields in the path integral. This prop-
erty, combined with the exponential split of g,,,,, enforces the
unimodularity condition’ det guv =  (where w is a fixed
density). Evidence for asymptotic safety in unimodular grav-
ity was found in [92,94-97]. The interplay between gravity
and matter in unimodular asymptotically safe quantum grav-
ity was investigated in [22,96,97].

Our truncation for I'y does not include a cosmological
constant term. In the standard gravity setting, this allows us
to make contact with perturbative quantum gravity about a
flat background. In the unimodular gravity setting, the cos-
mological constant naturally decouples from the system due
to the unimodularity condition.

At the practical level, the approximation of vanishing cos-
mological constant avoids technical issues related to the van-
ishing regulator limit in the presence of massive modes [34].

3.3 Gravitational contribution to the flow of matter
couplings

Our goal is to extract the beta functions of gauge, Yukawa,
quartic-scalar and gravitational couplings in order to analyze
the critical exponents of tentative fixed points in the vanishing
regulator limit.

We compute the gravitational contribution to the flow of
the gauge coupling g according to

1
m%@wziﬁ“gz—@g (17)

where %nirav = — f, is the gravitational contribution to the

anomalous dimension of the Abelian gauge field A,,, see also
[7,14,17-19,21,22].

For the gravitational contribution to the flow of the quartic
scalar coupling A and Yukawa coupling y, we parameterize

> There are multiple ways of implementing the unimodularity condition
in quantum gravity [82,84,85]. In particular, most of the perturbative
studies in unimodular gravity are based on a version where the metric
is redefined in terms of a “densitized metric” [84,86—89]. It is not clear
whether different versions of unimodular quantum gravity are equiva-
lent or not. The version of unimodular gravity used in this work is also
referred as “unimodular gauge” [65,90-93].

@ Springer
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the gravitational contribution to their flow according to

kdehlgray = 215 A+ Dih = —fik, (18)

1
Mw@w=<ﬁw+§ﬁm)y+uw=—ﬁy- (19)

We use nirav and nf;fr ™ to denote the gravitational contribu-
tion to the anomalous dimensions of the scalar and fermion
fields. The remaining parts, DA and D, y, correspond to
the direct contributions coming from diagrams involving
gravity-matter vertices extracted from the quartic-scalar and
Yukawa sectors in (15).

In the SM, the Abelian gauge, the Higgs quartic, and the
Yukawa couplings are irrelevant at the free fixed point. This
fact prohibits a simple perturbative UV completion of the
SM, although it is not a settled fact that the SM as a whole
suffers from a triviality problem. Separately, it is known that
the scalar sector suffers from a triviality problem [98], as
does the Abelian gauge sector [99]; see however [100] for
the suggestion of an asymptotically safe version of QED.

If we assume that the perturbative Landau poles in the
Higgs quartic and Abelian gauge sector of the SM translate
into a triviality problem of the SM, then the situation may
change under the impact of quantum gravity: If f, > 0 and
f¢ > 0, Abelian gauge and Yukawa couplings are relevant at
their free fixed point and may exhibit interacting fixed points.
Starting from these interacting fixed points, the infrared val-
ues of these couplings are calculable from first principles
[13,18,48,50,51,101]. At the same time, if f, < O, the
Higgs quartic coupling remains irrelevant at the free fixed
point, translating into a Higgs mass in the vicinity of the
experimental value [54,68,102].

At the fixed point at which gravity is interacting, but
g+ =0, A, = 0and y, = 0, the quantities fg, fj and f, cor-
respond directly to the critical exponents and therefore corre-
spond to universal quantities. We stress that this requires that
they are evaluated at the fixed-point values for G = Gnk?,
ie., fg‘G:G* is universal, but fg]G#;* is not. Further, we
stress that universality does not necessarily imply regulator-
independence within a truncated setup, as we consider here.
However, it does imply that the vanishing-regulator limit
should be shape-function independent.

We get the following results in the “standard gravity” set-
ting®

80

fo =5 (halfd =213[7)) G, 20)
16 . A

fr= == (17 holid +2 15174 G, @

© We use self-written Mathematica codes based on the packages xAct
[103-105], FormTracer [106] and DoFun [107] to derive the beta func-
tions.
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fy:

o

(22011 21701+ 88 11 3l7a] = 1351152171 G-
22)

To explore the limit a — 0 and discuss the dependence on
the shape function, we use f; as our main example, for which

Litim _ 10 2a a(a+1) log(a)
e ((1—a)2 (1-a)’ ) ¢ @
10 a a log(a)
eXp _ _
fel ™ = 67 <l—a+(1—a)2) G 24

In the limit a — O with G held fixed, f, — 0. This result is
similar to results from perturbative studies, where the grav-
itational contribution to the gauge beta function vanishes if
one uses a regularization scheme that does not introduce a
mass-scale, e.g., dimensional regularization. As we will show
below, however, the result that f, — 0 is an artefact of treat-
ing G as a fixed external parameter.

In the limit @ — 0, the two expressions for the different
shape functions agree (and the result is in that sense univer-
sal), but one might argue that they do so in a trivial fashion.
Away from a = 0, at fixed values of G, the results do not
agree.

Despite the apparent pole at a = 1 in (23), we note that
the expressions for f, |Litm and fe |EXP are well-defined in the
limit a — 1, which correspond to standard FRG regulators.
This can be checked by Taylor expanding f, |Litm and fe |Exp
around a = 1, leading to

56 -G
fg|me — & (CISTJT) +0 ((a — 1)3> , (25)
56 5(a—-1G 5(a—1)%*G 3
exp _ T — -
T = e T s 36r O ((a . )
(26)

The limit a — 1 is consistent with (7). A similar discussion
also applies for f3 and fy.

We denote the quantities f,, fi and fy in the unimodular
gravity setting by introducing the subscript “UG”:

felug =167 (I 2lfal = 2 113171 G, @)

filug =487 (1 alFal +2 11317 G, (28)
3 R A A

flve = 5 (121 2lfa) + 24 alfal = T Isplfal ) G.

(29)
3.4 Flow of the Newton coupling

To extract the universal contentin fg, fy and f3, we require a
flow equation for the dimensionless Newton coupling G. We
can extract the flow of G within our setup by using the back-
ground field approximation, which results in the following
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expression
8 R R 2
koG =2G+?(2311,1[ra]+c11,2[ra])0 , (30)

where ¢ = +11 in the standard gravity setting and ¢ = —6
in the unimodular gravity setting.

4 Universal results from FRG calculations in
gravity-matter systems?

4.1 Non-trivial a — 0 limit for universal quantities

We now demonstrate that (i) the limit @ — 0 is no longer
trivial, when taken for the universal quantity f, o (cor-

responding to the critical exponent at the asymptoticaﬁy free
fixed point for the gauge coupling) and (ii) this nontrivial
limit @ — 0 agrees for the two choices of shape functions.
To show the first point, we focus on the Litim shape func-
tion; to show the second point, we compare to the exponential
shape function in a second step.

To show that f, ’G

is key that the ﬁxed-p(_)irft value for G depends on a. For the
Litim shape function, the result is

is nontrivial in the limit a — 0, it

» 127 (1 —a)?
G ()M = T =) . 6D
(23a —34)a log(a) — 11 (1 —a)a
which actually exhibits a divergence fora — 0, cf. left panel
in Fig. 1,

Gyla) = — + Q(a), (32)

6
17 a log(a)

where Q2 (a) denotes a contribution that remains finite in the
limita — 0. This scaling of G, (a) in the vanishing regulator
limit was pointed out in [ 108]. We can combine this with the
expression for f, in Eq. (23) to obtain

10
- —.
G=G, 17

fe (33)

This non-zero and positive result shows that, if evaluated
carefully, there is a gravitational contribution in the limit
of vanishing regulator. The sign of the contribution renders
the gauge coupling relevant at the free fixed point. At the
same time, this opens up the possibility of an interacting
fixed point, at which the gauge coupling would be irrelevant,
which we come back to in Sect. 4.4.

The result provides a cautionary example for those studies
that evaluate the gravitational contribution to the flow of a
matter coupling without accounting for a fixed point in the

Newton coupling. For instance, the investigation in [14] did
not investigate the behavior of G for the choice of shape
function that would result in f, = 0. Similarly, perturba-
tive studies, e.g., in [1-6,8-12,15,16,23], treat G as a fixed
external parameter. We will come back to the specific case
of the MS-limit from FRG calculations and the implications
for previous studies in a separate work [109].

4.2 Universality check: comparison of shape functions

As a next step, we perform a universality check. We do not
check a sufficient, but only a necessary condition, in confirm-
ing that the Litim shape function and the exponential shape
function give the same result for a — 0. For the exponential
shape function, the fixed-point value for the Newton coupling
is

G (a)*P
_ 24 a(a —1)
"~ (46(1—a) log(1—a) — 23(1—a) log(a) — 22a) alog(a) — 46 Y (a)’
(34)
where

7.[2
Y(a) =a(l —a) (Re(Lig (1/a) —im log(a)) — ?> ,

(35)
with Liy denoting a polylogarithm function.
The expression for G diverges for a — 0:
ex 6
G (@)™ = Gy(a) = Q(a), (36)

" 17a log(a) +

which is the same as for the Litim cutoff. Combining this with
the expression for f, in the exponential parameterization
yields

fel™P — 2, (37
which agrees with the result (33).

We also observe that, despite the pole at @ = 0, the
critical exponent associated with G is finite for all a €
[0, 1]. This follows because S can be recast in the form
Bc = 2G[1 — G/Gy(a)], which implies the critical expo-
nent 8 = 2 for all values of a.

We also find that the quantitative variation of f, over the
interval a € [0, 1] is actually not more than a factor 3-6
(depending on the choice of shape function), with only minor
changes until @ < 0.1, cf. right panel of Fig. 1.

We can also check the regulator universality of f, ‘ in

the limita — 0 based only on general properties of the thresh-

old integrals.” First, we note that fe ‘G G can be expressed
=Ux
7 We thank Benjamin Knorr for pointing this out to us.
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Fig. 1 Left panel: We show the

fixed-point value for the Newton
coupling, G, as a function of a
for the exponential (red, dashed
line) and Litim-type (blue,
continuous line) cutoff. Right
panel: We show

fox = fg e , which is the G]

critical exponer;t at the
asymptotically free fixed point
for the gauge coupling, as a
function of a for the two
different shape functions. The

fo

result from both shape functions 0 0
agrees fora — 0 and is
non-zero

in terms of ratios Rgf [Fal = Lo g [Fal/ 1o py[Fal,

B _20735[;“] (1 —2R3[7])

fg)a:c* B 23 4+ 11 R[7,] %)
From the definition of threshold functions, we find

oo _dy _ y'r'(y)
RE ) = o (s 00 (39)

0 @m)? (+ary)h

where we used 7, (y) = a r(y). By taking the vanishing reg-
ulator limit, we can see that the numerator and denominator
cancel each other, resulting in lim,_.¢ Rgf [F.] = 1. Thus,
the r.h.s. of Eq. (38) reduces to the universal value 10/17 in
the vanishing regulator limit.®

4.3 Unimodular gravity

We repeat the analysis done above for the unimodular setting.
In this case, using Eq. (11) to evaluate the threshold integral
in Eq. (30), we find

. 127 (1 — a)?
G- (@It = rd -9 4o
23a — 17)a log(a) + 6 (1 —a)a

for the Litim-type shape-function, }%mm, and

G+@I8

B 24 a(a—1)

- (46(1 —a)log(l—a) —23(1—a) 10g(a)+12a) alog(a) —46 Y (a)

41)

for the exponential shape-function fZXP . The function Y (a)
is again defined in terms of a polylogarithm function, see
Eq. (35). We plot G (a) in the left panel of Fig. 2.

8 Although we focused on fg» the same argument can be applied to f3
and fy.
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In the vanishing regulator limit (¢ — 0), the fixed-point
value G, diverges for both shape functions

G«(a)lug = — + Quc(a), (42)

Vs
17 a log(a)

with Qug(a) denoting a contribution that is finite in the limit
a — 0. Despite the pole at a = 0, the critical exponent is
again finite and 6 = 2 for all a.

The gravitational contribution to the flow of the Abelian
gauge coupling with the interpolating shape functions in
Eq. (6) reads

wm 1 (2 (a + 1) log(a)

feld™ = —— ((1 _aa)z ¢ a(l o e ) G, (43)
ex 1 1

feltg == (lfa+f1i—gff)’§) G. (44)

In Fig. 2 we show how f, depends on a, when evaluated at
the fixed-point value G... We observe the existence of non-
vanishing and sign-preserving contributions for all values
a € [0, 1].

For small values of the interpolating parameter a, f,
behaves according to

1
felug = (—;a log(a) + Ab%(a)) G, (45)

with A%}% (a) denoting a contribution that approaches zero
faster than a log(a) in the limit a — O.

We can again take the vanishing regulator limit (¢ — 0)
in two different ways. The first possibility treats G as a fixed
parameter, yielding

felGied(a — 0) = 0. (46)
This way of taking the limit @ — O neglects the nontriv-

ial a-dependence of G. The second possibility takes the a-
dependence of G into account. In particular, when evaluated
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Fig. 2 Left panel: We show the
fixed-point value for the Newton
coupling, G, as a function of a
for the exponential (red, dashed 8
line) and Litim-type (blue,

continuous line) cutoff for 6
unimodular gravity. Right panel:
We show fg « = fo 6=G."
which is the critical exponent at
the asymptotically free fixed
point for the gauge coupling, as 2
a function of a for the two

different shape functions. The

10

G*|UG

= Litim-type = Litim-type

=== exp-type === exp-type

fg,*|UG

result from both shape functions 0
agrees fora — 0 and is
non-zero

at the gravitational fixed point where G = G (a), the com-
bination of Egs. (42) and (45) leads to non-vanishing f, in
the limit a — 0 also for the unimodular setting:

12

17 “7)

fexlugl@a — 0) =
This result is again independent of the choice of Litim-
vs. exponential shape function. Again, the gauge coupling
is relevant at the free fixed point under the impact of quan-
tum gravity — in this case, in its unimodular incarnation. This
result highlights how important it is to focus on universal
quantities (such as the critical exponent f ), instead of cal-
culating the gravitational contribution to a beta function with
G as a free parameter, see, e.g., [110].

4.4 Interacting fixed point in the gauge coupling

In the presence of charged matter, the flow of g also receives
a 1-loop contribution from a vacuum polarization diagram
with a matter loop. We focus on the case of a charged Dirac
fermion (thus adding the gauge connection to the Dirac oper-
ator in the flowing action Eq. (15)) and compute this contri-
bution using the FRG, resulting in a universal contribution
of g3/1272. The resulting beta function for g at one loop is
then given by

1

kikg = — — g 48
4 feg+ 2728 (48)

If f; > 0, this beta function has an IR-attractive non-

Gaussian fixed-point at g, = /1272 f, , with critical expo-
nent 0, = — f, « (and an IR-repulsive Gaussian fixed point
with critical exponent 8, = f, . that we discussed above).
The fixed-point value itself is not a universal quantity, but
the existence of a fixed point is a universal piece of informa-
tion. In fact, g, remains finite and non-zero in the vanishing-
regulator limit

g«(a — 0) =2m,/30/17 =~

8.3 and

L " s s s 0.
02 04 06 08 1 0

a

02 04 06 08 1
a

g«lugla — 0) = 127,/1/17 ~ 9.1. (49)

The critical exponent at this fixed point, being just the nega-
tive of the critical exponent of the free fixed point, approaches
a non-zero limit for a — 0 in which the result from both
shape functions agrees.

It is rather nontrivial that the limit @ — 0 exhibits such
a high degree of stability, given that the regulator vanishes
in this limit. Therefore, there is no a priori need for a fixed
point to persisting in this limit and its continued existence is
remarkable.

We iterate that stability is exhibited by universal quanti-
ties, namely f, evaluated at G, which corresponds to critical
exponents. In contrast, the gravitational contributions f,; van-
ish when the limit @ — O is taken at fixed G, i.e., when we
consider a non-universal quantity.

4.5 Quartic scalar and Yukawa coupling

We perform a similar analysis for the quartic and Yukawa
couplings, i.e., for A and y. For small values of the interpo-
lating parameter a, the gravitational contributions f; and fy
behave as

<— a log(a) + AW (a)) (50)

filug = (— a log(a) + A{ (a)) (51)
_ <_ a log(a) + M(a)) (52)
fylug = <3T“ log(a) + Age (a)) G (53)

with AM (a), A(A) (a), AY) (a) and A(y ) (a) approach zero
faster than a log(a) in the limita — 0. Takmg the vanishing
regulator limit with G evaluated at G.(a), we get nonzero
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Fig. 3 Left panel: We show
[ corresponding to the
critical exponent at the free fixed
point in standard gravity for the
exponential (red, dashed line)
and Litim-type (blue continuous
line) cutoff. Right panel: We
show f; «, corresponding to the
critical exponent at the free
fixed point in unimodular
gravity for the two cutoffs

= Litim-type

= Litim-type

=== exp-type === exp-type

M " 7
04 06 08 1 0

02 04 06 08 1

Fig. 4 Left panel: We show
fy.%» corresponding to the
critical exponent at the free fixed
point in standard gravity for the
exponential (red, dashed line)
and Litim-type (blue continuous
line) cutoff. Right panel: We
show f) , corresponding to the
critical exponent at the free
fixed point in unimodular
gravity for the two cutoffs

fy,*

-0.8

fy,*|UG

contributions in the limit a — 0,

38 108
faxla—0)= - and fi «lug(a — 0) = TR
(54)
for the quartic-scalar coupling, and
173 261
fyxla—0) = ~7 and  fy «lug(a — 0) = T3¢’
(55)

for the Yukawa coupling. In Figs. 3 and 4 we show fj .«
and fy . within the range a € [0, 1]. Both fj . and f) .
are negative in this range. These signs are consistent with
the results at @ = 1 and indeed no sign changes occur over
the range a € [0, 1]. For the Yukawa coupling, it is known
that the introduction of a negative cosmological constant,
which is beyond the scope of our study, causes a change in
sign in f, [48,58], which is at the heart of a set of tentative
phenomenological consequences of asymptotic safety [50,
51,53,101].

In the Yukawa sector, we can also analyze the effective
gravitational contribution fyeff which we obtain in the pres-
ence of a non-Gaussian fixed point for the Abelian gauge
coupling g, cf. [51]. If ¥ couples to A, we can write the

@ Springer
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02 04 06 08 1
a

1-loop flow equation for the Yukawa coupling according to

5 5, 3

2
— — g%y, 56
Ton2) ~ 3287 (56)

kdey = —fyy +
with the coefficients 5/1672 and —3 /872 being 1-loop uni-
versal in the usual sense, and being independent of the shape
function in the FRG. At the gravity-induced non-Gaussian
fixed point g« = /1272 f «, the flow of y is determined by

an effective scaling dimension f)‘?ff

_ ff 3
kogylg=gc = —fy ¥+ 62 (57)
with
eff 9
fy =hHh+ Efg, (58)

denoting the effective gravitational contribution to the flow
of y. In this scenario, the condition for a gravity-induced UV-
completion in the Yukawa sector is given by fyeff > 0, which
can be achieved even if f, < 0.

In Fig. 5, we show fCff within the range a € [0, 1]. In

y,*
the case of standard gravity, £

v« > 0 for all values of a
within this range. In the case of unimodular gravity, how-

ever, fyef,f does not have a definite sign. We remind the reader
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Fig. 5 Left panel: We show the

effective scaling dimension at
the fixed point with finite gauge
and vanishing Yukawa coupling,
fffi in standard gravity for the
exponential (red, dashed line)
and Litim-type (blue continuous
line) regulator. Right panel: We
show f, eff in unimodular gravity
for the two shape functions

= Litim-type = Litim-type

=== exp-type exp-type

fillue

—0.5k

that it is not a requirement that the f’s are a-independent
in small truncations, as we consider here. These truncations
neglect contributions to the f’s, coming, e.g., from higher-
order gravitational couplings, as explored in [22], or from
non-minimal couplings. In particular, there is no guarantee
that a finite @ — O limit exists at all, given that it is a limit
in which the regulator simply vanishes. Therefore, we con-
sider the change of sign in fj eff|UG as a behavior that one
might have expected. Instead, the existence of a nontrivial
a — 0 limit in f eff|Ug, and the remarkable stability of all
other critical exponents are in our view strong indications
for truncations which are already more converged than one
might have a priori expected.

In the limita — 1, corresponding to standard FRG shape
functions, the results computed with standard gravity and
unimodular gravity have the opposite sign

13
|§:§m - 1) = or G and
157 —901og(2)
ff
5@~ =8 G, (59)
3
feff|L1t1m(a 1) 10 G and
421og(2) —
ett|exp( 1)=— —Og( ) G. (60)
481

In the vanishing regulator limit, with G = G4 (a), the results
computed with standard gravity and unimodular gravity

agree on the sign of £, namely
547 171
— 0) = d eff — )
£ sw.(a — 0) 77, ad fyiluela — 0) = =
(61)

4.6 Interpretation and outlook

In light of the results presented in this section, we offer a
new point of view for the disparity between the perturba-
tive results on the presence of a gravitational contribution
in the beta function [3,4,10] and the functional RG results

0. N N N N N
0 02 04 06 08 1 0

a

04 06 08 1

a

0.2

[7,14,17-19,21,22]. The former focus on a non-universal
quantity,” namely the gravitational contribution to the beta
function of the gauge coupling at fixed G. The latter focuses
on a universal quantity, namely the critical exponent associ-
ated with the gauge coupling. Here, we have shown within
the FRG framework, how these two quantities behave quite
differently, with the non-universal quantity vanishing and the
universal quantity being non-zero. This highlights a potential
source of disparity between the results: they evaluate differ-
ent quantities, therefore a direct comparison is misleading.

Thus, it is conceivable that they can be reconciled and
brought into a qualitative agreement if the same universal
quantity is evaluated in the perturbative approach. This may
be achieved based on [33], where an FRG-regulator has been
proposed that mimics the MS scheme in a particular limit.
Similar to the limit a — O, it is conceivable that in the
MS-limit, the gravitational fixed-point value diverges, while
fg.»,y vanish, such that the associated critical exponent stays
finite and nonzero.

5 Weak-gravity bound in the vanishing regulator limit

Gravity-matter interactions can induce higher-order self-
interactions in the matter sector [17,45,46,58,75]. Conse-
quently, there is no fixed point that is fully non-interacting in
the matter sector, but interacting in the gravitational sector.
A specific class of gravity-induced matter self-interactions
leads to a bound on the strength of the gravitational cou-
plings at the fixed point, which is referred to as weak gravity
bound [17,21,48,57,58,60]. It limits the value of the Newton
coupling to lie below a critical value, beyond which induced
matter self-interactions no longer feature a real-valued fixed
point. In this section, we investigate the weak gravity bound
in the vanishing- regulator limit.

9 In a second step, perturbative studies explore the physical running
of the gauge coupling as a function of the momentum. This is not our
focus here; we focus on the results at the level of the beta functions.
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Fig. 6 We show the weak 6
gravity bound in standard

gravity for the Litim-type (left

panel) and exponential-type

(right panel) regulators. The red

region is excluded by the weak 4}
gravity bound. The black lines

indicate the fixed-point values O]

G« (a). Different lines

correspond to different number 2l

(N4) Abelian-gauge fields
added to our truncation. From
top to bottom: Ny =0, 1,2, 4

~
S~

]

We consider, as an example, gravity coupled to a scalar
field, initially just through the kinetic term

; V4
= / NI (62)
X

The RG-flow generates interactions that are compatible with
the global symmetries of the kinetic term, namely ¢ — —¢
(Za-symmetry) and ¢ — ¢ + € (shift-symmetry), where €
denotes a constant parameter. Therefore, in the minimal setup
for gravity coupled to a scalar field, we can consistently set
to zero all operators that violate Z,- and/or shift-symmetry
(e.g., ¢" self—interactionslo), while the RG-flow generates
interactions that are compatible with these symmetries (e.g.,
ghvgP 0.9, $3,0s¢). We can connect the preservation
of shift-symmetry along the RG-flow with Ward identities
associated with this symmetry, as derived in [75].

Here, we investigate the viability of a fixed-point regime
within this minimal setup. For that, we extend our truncation
for ' in Eq. (14) by adding the induced interaction, see also
[60]

I«Ii(nduced _ % / ﬁgﬂvgdﬂau¢8u¢aa¢aﬂ¢. (63)
x

In this truncation, the flow of the dimensionless coupling
8 = k4Z;2 8¢ reads

kongs = 4go + B 83 + BL "84G + BYY G,

(64)
where
B = —3Dslfa] — 5h 3[R, (65)
LY = 33” (10 Iy alfal = D3lfal =3 N alfal),  (66)

10 This is consistent with the previous section, in which the fixed point
at which we investigated the gravitational contribution lies at 1, = 0.
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(0, 2) 5127[2 A N
Bey (40 I 3[7a] + Io,5[7al). (67)
for the standard gravity setting, and
B luG = —3DalRa] — Sh3[Ral, (68)

By, VluG = 167 (11 2[F] + 10 11 3[7a] — 18 11 4l7]), (69)

B luG = —1287%(13 1o 3[7]—30 Io alF]+36 o 5[7a).
(70)

for the unimodular gravity setting.
Since Eq. (64) is quadratic in gy, it necessarily has two
zeros in the complex plane, namely

(£)
8p,x

1,1 1,1 2,0) ,(0,2
~(4+apg") = \/(4+Gﬂ( ) - 4622007
2620 :

(71)

For G = 0, they both lie on the real line. In this case, the
fixed point defined by the positive sign is a Gaussian fixed
point, i.e., g4")|G=0 = 0. At G # 0, it is shifted away from

zero; thus, we refer to g( +)

when G # 0.
For G > 0, the existence of real fixed points depends on

the signof A = (4 +G ,3(1 D) —4 GZ,BA% O)ﬁ(o 2 A (non-
degenerate) pair of real fixed points requires A > 0. Within
truncated FRG flows, A > 0 only holds, if the gravitational
fixed-point remains in the weak gravity regime. More pre-
cisely, G must be smaller than a critical values G This
constraint on the fixed-point values of the gravitational cou-
plings is the weak gravity bound.

Using the Litim-type regulator to compute Gri¢, we find

as a shifted Gaussian fixed point

Geit(a > 1)~ 1.4, (72)
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Fig. 7 We show the weak
gravity bound in unimodular
gravity for the Litim-type (left
panel) and exponential-type
(right panel) regulators. The red
region is excluded by the weak
gravity bound. The black lines
indicate the fixed-point values
G« (a). Different lines
correspond to different number
(N4) of Abelian-gauge fields
added to our truncation. From
top to bottom: Ny =0, 1,2, 4

UG - Litim Reg. ‘

(T

in the standard gravity setting, and

Geitlug(a — 1) = 2.9, (73)
in the unimodular gravity setting.

InRef. [60], we have seen that the fixed-point value G for
a gravity-scalar system (in the standard gravity setting) lies
above the critical value Gy, indicating that other types of
matter fields are necessary to reconcile the fixed-point value
G, withthe weak gravity bound. In particular, the inclusion of
vector fields may reduce the value of G such that it becomes
smaller than G;.. Therefore, we add to our truncation a set
of N4 Abelian gauge fields

Ny
Abelian- Zl P
Fk elian-gauge _ Z/gﬂagUﬁF;w éﬂ' (74)
X

i=1

We work in an approximation where we consider the impact
of the Abelian gauge fields on the flow of the Newton cou-
pling, but discard any form of back-reaction, i.e., we do not
account for induced self-interactions of the gauge field, nor
for induced gauge-scalar interactions. Within our truncation,
the flow of the Newton coupling (obtained via the background
field approximation) results in the following equation

8 . R 2
kG =2G + ?((21 + AN [Pl + ¢ L 2[Fa]) G
(75)

with ¢ = +11 in the standard gravity setting and ¢ = —6 in
the unimodular gravity setting.

For the interpolating shape function 7, we naturally get
an a-dependent result for G ;.. As a result, the weak gravity
bound leads to an excluded region in the @ x G plane. In
Figs. 6 and 7, we show the regions that are excluded by the
weak gravity bound in the standard and unimodular settings,
respectively.

The precise form of Gt (a) depends on the choice of
shape-function. Such differences between shape functions

Ok 0
0 02 04 06 08 1 0

a

02 04 06 08 1

a

are expected, because Gt 1S not a physical quantity, simi-
larly to fixed-point values. However, when we approach the
vanishing regulator limit (¢ — 0), we observe the universal
scaling

1
Gerit.(a) ~ ﬁ. (76)

This scaling is common between standard and unimodular
gravity. In particular, G, goes to infinity whena — 0. This
result suggests the naive interpretation that the weak gravity
bound would disappear in the vanishing regulator limit.

However, we should compare the scaling of G, (@) with
the scaling of the fixed-point value for G in the vanishing reg-
ulator limit.!! As discussed in Sect. 4 (see also Appendix A),
the fixed-point value G (a) behaves like

1

G*(a) ~ _a log(a) )

(77)

in the vanishing regulator limit. Therefore, it also goes to
infinity in the limita — 0.

The existence of areal fixed point for the induced coupling
8¢ in the vanishing regulator limit depends on whether G «(a)
goes to infinity faster than G, (a). This is indeed the case,
as we can see from the limit

Gy(a)

- (78)
a—0t Gerit.(a)

Thus, we find no real fixed points for the induced coupling
8¢ in the vanishing regulator limit.
Let us comment on the generality of these results

e The results depend only on the scaling of G (a) and
G (a) in the vanishing regulator limit, but not on numer-

I In our setup, the induced interactions do not affect the beta function
for G. Thus, a real fixed-point value for G can exist, even if the induced
interactions do not feature a real fixed point at this value of G.
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ical prefactors. Within our truncation, the scaling proper-
ties of Grit. (@) and G (a) are not qualitatively affected
by other choices. For example, we observe the same
behavior for different settings in the gravitational sector
and different choices of shape function.

e The qualitative picture remains the same, when we
include the impact of additional matter fields on the flow
of G. In Figs. 6 and 7 we also show the behavior of the
fixed point G (a) once we include the impact of Abelian-
gauge fields.

e Theresults are not a peculiarity of scalar fields. For exam-
ple, we explicitly checked that the induced coupling asso-
ciated with the F*-term for Abelian gauge fields has an
associated weak gravity bound with critical value G i,
scaling as (76) in the vanishing regulator limit.'?

There could be several interpretations of this result:

First, the vanishing regulator limit might indeed not fea-
ture any fixed point for the extended gravity-matter system.
If this is the case, the inclusion of the higher-order, induced
couplings is critical to see the lack of fixed point in this limit.

Second, our truncation might be too small, and additional
higher-order couplings, which appear in the beta function for
8¢ have to be taken into account to obtain the correct scaling
of Grit. with a.

We cannot decide which interpretation is appropriate
within the approximation studied in this work. However, our
results indicate that further studies involving gravity-induced
self-interactions in the matter sector are relevant for under-
standing the weak-gravity bound.

6 Conclusions and outlook

In this paper, we demonstrate that one can obtain mislead-
ing results about matter-gravity systems by focusing on
non-universal quantities. We do so by using the vanishing-
regulator setup from [33,34]. This provides us with a one-
parameter family of results that depend on the parameter
a € [0,1]. Fora — 1, we recover standard FRG results.
The limit ¢ — 0 is one in which the FRG regulator van-
ishes. Therefore, a priori, there is no reason to expect that
a nontrivial flow remains. In this setup, we investigate the
quantum-gravity contribution to the flow of a gauge cou-
pling g, a Yukawa coupling y and a scalar quartic coupling
A. We show that the gravitational contribution at a constant
value of the Newton coupling goes to zero, whena — 0. This

12 This result was obtained within the standard gravity setting. In
the unimodular setting, the analysis also requires the inclusion of
(Fw,f’ #)2 in our truncation. This is related to the Bet-dependence of
the weak gravity bound in the Abelian gauge sector, see [57] for further
discussion on this point.

@ Springer

appears to be in line with the expectation that the limita — 0
is trivial. It also fits to perturbative results on gravity-matter
systems, which show a vanishing gravitational contribution
to matter beta functions in the absence of a dimensionful
regularization, e.g., when using dimensional regularization
[3.4,10].

However, this changes when one evaluates the flow at the
gravitational fixed point G, which itself is a-dependent, and
diverges for a — 0. This divergence is again in line with
perturbative results on gravity, which require a dimensionful
regularization for a finite gravitational fixed point to exist
[111].

Combining the a dependence of the gravitational fixed
point with the a-dependence of the gravitational contribu-
tion to B¢, By and B, the a — 0 limit becomes non-trivial
and finite results are obtained in each case. This combined
quantity corresponds to a critical exponent, i.e., a universal
quantity. This is in contrast to the gravitational contribution
at constant G, which is a non-universal quantity. This non-
universal quantity has been in the focus of studies of beta
functions in perturbation theory [1-6,8-12,15,16,23]. Our
results serve to demonstrate that caution is required in the
interpretation of these results. Thus, our results call for a
re-investigation of results in perturbation theory, in a set-
ting where dimensionful regularizations can be removed in a
controlled fashion, to discover, whether universal quantities
(such as critical exponents at a fixed point) are nontrivial in
perturbation theory, thus providing additional evidence for
asymptotic safety in gravity-matter systems.

Our results apply both in the “standard” gravity setting as
well as in unimodular gravity, where the gravitational effect
on matter has also been a previous focus of perturbative inves-
tigations [110]. In both settings, we find a nontrivial a — 0
limit only if we focus on universal quantities, but not, if we
evaluate the gravitational contribution to flows of matter cou-
plings at constant gravitational coupling G.

Finally, our results also show that not all quantities in
asymptotically safe gravity have a finite a — 0 limit. We
find that the critical value of the gravitational coupling which
delineates the weak-gravity bound, diverges faster for a —
0 than the gravitational fixed-point value. Thus, there are
settings where a fixed point satisfies the weak-gravity bound
at a = 1, but violates it for a — 0. This may be an artifact
of our present truncation, and further studies are necessary
to settle this question.
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Appendix A: Steps beyond 1-loop approximation

The analysis presented in Sect. 4 relies on the 1-loop approx-
imation for the flow equation of the Newton coupling. As
a result, the critical exponent associated with G, takes the
value 6 = 2 for any value of a. This result is a trivial conse-
quence of a flow equation of the form k9, G = 2G + B(a) G2,
irrespective of the details of B(a).

Here, we complement our analysis by adding contribu-
tions beyond the 1-loop approximation. We include contri-
butions in B¢ that are proportional to the anomalous dimen-
sions arising from the regulator insertion d; Ry. The resulting
flow equation for G is given by'?

8 A A
kG =2G + — (2211 1lFa] + 11 11 2[Fa]) G

87 1aq 1 s 1 2
+ 3 (12 nhlo‘l[ra] 277610)1[&1] + llncloyz[ra])G .
(AD

with 7, and 7. denoting the graviton and ghost anomalous
dimensions, respectively. For simplicity, we do not consider
the impact of matter fields.'* All the qualitative results remain
unchanged in the presence of matter fields.

In the unimodular gravity setting, we obtain the following
flow equation for the Newton coupling

8 R R 5
kokGlug =2G + T(2211,1[Va] —6112[74])G

4 R A
+ 5 (24 il [Fal — 15 nn g 517l

+ —4nely \[Fal + 18nc 1§ 5[7a]) G (A2)
We can compute 7, and 1. by applying a derivative expan-
sion to the flow of graviton and ghost 2-point functions. We

13" See Appendix B for an extended definition of threshold integrals.

14 For this reason the numerical factors in the n-independent terms of
(A1) differ from the ones in (30).

find the following results:

B AnG — (AyBeo — AcB2)G?
1 — By + Be2) G + (Bp,1Bep — BpaBe1) G2
(A3)

Nh

~ AcG — (AcBy) — ApB.1)G?
1= (Bp1 + Be2) G + (By1Bea — ByaBen) G2
(Ad)

Ne

We provide an ancillary notebook containing the explicit
form of the coefficients A and B both in the standard and
unimodular settings.

We also investigate an intermediate approximation, where
we expand 71y, and 7. up to the first order in G, namely

= An G + O(G?),
ne = By, G + O(G?).

(AS)
(A6)

This is equivalent to neglecting the anomalous dimensions
arising from the regulator insertion d; Ry in the flow equations
for the anomalous dimensions.

We use the following terminology for the different approx-
imations we are considering: (i) leading order (LO) — this is
obtained by setting 15, = 1, = 0 in the flow equation for
G (Egs. (A1) and (A2)); (ii) next to leading order (NLO) —
this is obtained by combining (AS) and (A6) with the flow
equation for G; (iii) next to next to leading order (NNLO) —
this is obtained by combining (A3) and (A4) with the flow
equation for G.

In Fig. 8, we show the fixed-point value for G in the
three different approximations. We report our results both
in standard and unimodular gravity, but we focus on results
obtained with a Litim-type regulator. However, all the results
reported in this section remain qualitatively the same for the
exponential regulator.

As one can see in Fig. 8, all the approximations that we
considered lead to the same qualitative behavior. In particu-
lar, for small values of a, the fixed-point value for G behaves
as

Gyla) = — + Q(a), (A7)

alog(a)

with € (a) corresponding to finite contributions whena — 0
and with C being a (positive) constant whose specific value
depends on the choice of approximation.

The behavior observed in (A7) remains the same if we
include matter contributions to the flow of G (at least for a
small number of fermions and scalars). The scaling G (a) ~
(alog(a))™" is precisely what is necessary to cancel out
a log(a)-contributions, producing finite results for f,, fi and
fy in the vanishing regulator limit. Therefore, we can con-
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Fig. 8 We show the fixed point
G« (a) both in standard gravity
(left panel) and unimodular
gravity (right panel). In both
cases we consider different
approximations for the
anomalous dimensions 7; and

Ne O

Fig. 9 We plot the critical
exponents 0 as a function of
the interpolating parameter a.
The left panel shows the results
in standard gravity (left panel).
The right panel shows the
results in unimodular gravity. In
both cases we consider different
approximations for the
anomalous dimensions 7; and
Ne
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clude that the results presented in Sect. 4 allow an extension
to NLO and NNLO approximations.

In Fig. 9, we show the behavior of the critical exponent
associated with G for the different approximations discussed
here. As expected, the NLO and NNLO results deviate from
the “naive value” 6 = 0. However, despite the divergent
behavior of G.(a), we observe a finite value of 6 in the
vanishing regulator limit.

Finally, in Fig. 10, we show the graviton and ghost anoma-
lous dimensions evaluated in the NLO and NNLO approx-
imations. Once again, we observe non-trivial cancellations
involving the scaling G.(a) ~ (a log(a))_l, resulting in
finite anomalous dimensions in the vanishing regulator limit.

Appendix B: Extended threshold integrals

In calculations that include the NLO and NNLO approxi-
mations (see Appendix A), we find threshold integrals that
do not fit into the form of Eq. (3). Thus, we introduce an
extended definition of threshold integrals, namely

o0 o
’ 0o @m)?2 A +r(y)?

x [roN1 ' mI™ - rP 1, (B1)

where r(P)(y) = 8;" r(y). In cases where the threshold inte-
grals can be expressed in terms of Eq. (3), we use the iden-
tification Ig:;, [r] = I glrl.
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