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Abstract We study D+
s D−

s and DD̄ states assuming that
they are hadronic molecules with J PC = 0++ quantum
number. We use two-point QCD sum rule formalism and
extract the mass and decay constant values of these states.
We take into account contributions of various quark, gluon,
and mixed vacuum condensates up to dimension eight.
The extracted mass and decay constant values of DD̄ and
D+
s D−

s states read as MDD̄ = 3795+85
−82 MeV, fDD̄ =

1.70+0.33
−0.29 × 10−2 GeV5, and MD+

s D−
s

= 3983+93
−88 MeV,

fD+
s D−

s
= 2.52+0.64

−0.54 × 10−2 GeV5, respectively. The pre-
dicted mass of D+

s D−
s state is in good agreement with the

recent LHCb observation and supports quantum number and
molecular picture assignments. A possible observation of
DD̄ state would help for establishing the lowest four-quark
state in charmonium sector.

1 Prologue

Multiquark states have been proposed when the quark model
was introduced by Gell-Mann [1] and Zweig [2] more than
fifty years ago. After the proposition of quark model, exper-
imentally observed states fall in the scope of baryons (qqq)

and mesons (qq̄). Theoretical investigations which are sup-
ported by the experimental observations of these traditional
hadrons were the success of the quark model. This situa-
tion turned into a different scene when the observation of
χc1(3872) (formerly known as X (3872)) state announced
by the Belle Collaboration in 2003 [3]. Apart from its mass
which is lower than the quark model prediction, this state
decays into J/ψρ and J/ψω which are forbidden and OZI-
suppressed for a bare cc̄ configuration. Many more states are
observed such as Zc(3900) [4], Zc(4020) [5,6], Pc [7,8] and

a e-mail: hmutuk@omu.edu.tr (corresponding author)

Zcs(3985) [9] whose physical properties cannot be obtained
within the quark model framework.

Experimentally known charmonium spectrum lies in the
range of 3.0–4.5 GeV. The spectrum around 3.9 GeV would
correspond to χcJ (2P) multiplet since the spectrum of
χcJ (1P) is in the range of 3.4–3.5 GeV and is quite inter-
esting because most of the experimentally observed char-
moniumlike states are near the D̄∗0D0/D̄0D∗0 threshold
for χc1(3872), D̄∗D/D̄D∗ threshold for Zc(3900), D̄∗D∗
threshold for Zc(4020) state, and D̄s D∗/D̄∗

s D threshold for
Zcs(3985) state.

In this respect, experimental observations put some puz-
zles through our understanding of exotic states. In 2004 sum-
mer, the Belle Collaboration observed a state with a mass
around 3940 MeV in the invariant ωJ/ψ mass distribution of
the B → KωJ/ψ [10]. The BaBar Collaboration confirmed
this state in the B0,+ → J/ψωK 0,+ but with a different mass
around 3915 MeV [11]. Determination of the quantum num-
bers for this state came a couple of years later after the obser-
vation as J PC = 0++ by BaBar Collaboration [12]. In 2020,
the LHCb Collaboration found a structure named χc0(3915),
in the D+D− mass distribution of B+ → D+D−K+ decay
with the mass and width of [13,14]

J PC = 0++; M = 3924 ± 2 MeV; � = 17 ± 5 MeV. (1)

Particle Data Group refer these states as χc0(3915) [15]. This
state is attributed as conventional χc0(2P) charmonium state
in Refs. [12,16,17]. Reference [18] argued χc0(3915) as an S
wave Ds D̄s molecular state with a binding energy of 18 MeV.
It was mentioned in Ref. [19] that experimental significance
of the OZI forbidden X (3915) → ωJ/ψ decay could put a
question mark to the conventional charmonia description of
this state.

Very recently, the LHCb Collaboration [20] announced
the observation of a new structure named as X (3960) in the
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D+
s D−

s mass distribution of the B+ → D+
s D−

s K+ decay
with the mass and width of

J PC = 0++; M = 3955 ± 6 ± 11 MeV;
� = 48 ± 17 ± 11 MeV. (2)

The assigned quantum number makes this structure an S
wave state. The resonant peak is just above the D+

s D−
s thresh-

old which is 3937 MeV and is a good candidate for a D+
s D−

s
molecule. The threshold of DD̄ is 3739 MeV. According
to quark model calculations [21,22], χc0(2P) states have
masses around 3.9 GeV and χc0(3P) states have masses
around 4.2 GeV. The quantum numbers, masses and widths
of χc0(3915) and X (3960) suggest these particles as the same
particle. However, the branching ratio of these states

�(X → D+D−)

�(X → D+
s D−

s )
= 0.29 ± 0.09 ± 0.10 ± 0.08 (3)

says that �(X → D+D−) < �(X → D+
s D−

s ). This implies
the exotic nature of X (3960) state because conventional char-
monium states predominantly decay into DD̄ and D∗ D̄∗
states. Furthermore it is harder to excite an ss̄ pair from
vacuum compared with uū or dd̄ pairs. Therefore, it is nat-
ural to expect that �(X → D+D−) should be bigger than
�(X → D+

s D−
s ).

The DD̄ and D+
s D−

s molecular states have been stud-
ied in various approaches before [23–28] and after [29–
34] the observation of X (3960). In Refs. [23–25], a DD̄
bound state was found whereas no bound state was found
close to the D+

s D−
s threshold. If the χc0(3915) state couple

both the D+D− and D+
s D−

s , it can produce an enhance-
ment close to the D+

s D−
s threshold and would appear as

a signal in the D+
s D−

s mass distribution. In that case, the
experimental observation of X (3960) would be explained
without introducing an extra resonance. References [26,29]
support this conclusion. In Ref. [30], using nonrelativistic
effective field theory it was found that a bound state or a
virtual state below the D+

s D−
s mass threshold is needed

to describe the D+
s D−

s mass distribution. Reference [31]
studied X (3960) as D+

s D−
s molecule with J PC = 0++

quantum number in QCD sum rule framework. Production
rates of DD̄ and D+

s D−
s states were studied via effective

Lagrangian approach [32]. Using improved chromomag-
netic interaction model, S−wave Qq Q̄q̄ tetraquark states
were studied in Ref. [33]. They observed that X (3960)

state can be well explained in their model. In Ref. [34]
it was found that χc0(2P) state below the Ds D̄s threshold
can depict the structure of X (3960). In one-boson-exchange
model Ds D̄s/D∗ D̄∗/D∗

s D̄
∗
s states were studied considering

the S − D wave mixing effects [35].
In this present study, we calculate the mass and decay

constant of the D+D− and D+
s D−

s states in the context of

the two-point QCD sum rule (QCDSR) [36,37]. We choose
scalar interpolating current in correlation function to account
the quantum numbers of the χc0(3915) and X (3960) state.
We evaluate the two-point correlation function in terms of
various quark, gluon and mixed vacuum condensates.

The paper is organized in the following way: in Sect. 2 we
provide the method of QCDSR calculations for the consid-
ered states to extract mass and coupling constant values. Sec-
tion 3 presents the details of numerical analyses and results
for spectroscopic parameters. Section 4 is reserved for sum-
mary and conclusion.

2 Two-point correlator

In order to extract mass and decay constant from QCDSR
technique, an interpolating current representing the physi-
cal state in the problem should be constructed. To this end,
we use the following interpolating currents interpreting DD̄
and D+

s D−
s states as scalar molecules with quantum number

J P = 0++

j1(x) = q̄a(x)γμc
a(x)c̄bγ μq(x)b, (4)

j2(x) = s̄a(x)γμc
a(x)c̄bγ μs(x)b, (5)

where q = u, d, The sum rules for masses and decay con-
stants of the DD̄ and D+

s D−
s states related to these currents

are constructed from the two-point correlation function

�(q) = i
∫

d4xeiqx 〈0|T [ j (x) j†(0)]|0〉, (6)

where j (x) is the interpolating current, T is the time ordered
product between the operators and 〈· · · 〉 is the QCD vacuum
expectation value.

The basic idea of the QCDSR framework is that there is an
interval in momentum q where the correlation function may
be equivalently described at both quark-gluon (QCD or OPE)
and hadron (phenomenological) levels. A typical QCDSR
calculation has two steps. In the first step, correlation function
in the phenomenological side is represented by the hadronic
degrees of freedom. Inserting complete set of intermediate
states for the hadron of interest into the correlation function
Eq. (6) and isolating ground state contribution of higher states
and continuum, one can obtain

�Phen(q) = 〈0| j |H(p)〉〈H(p)| j†|0〉
m2

H − q2
+ · · · . (7)

LetmH and fH be the mass and decay constant of the hadron,
respectively. One can write the matrix element as

〈0| j |H〉 = mH fH . (8)
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With this definition �Phen(q) as can be written as

�Phen(q) = m2
H f 2

H

m2
H − q2

+ · · · , (9)

where · · · represents contributions of higher states. As a
result of writing the spectral function in terms of intermediate
states for the hadron of interest, all these states that couple
to the interpolating current j (x) contribute to the correlation
function. In the case of four-quark mesons, it should be men-
tioned that two-meson scattering states can contribute to the
�Phen(q) in Eq. (7). Since these contributions are small, they
can be neglected [38–43].

In the second step, correlation function in Eq. (6) is calcu-
lated via the Operator Product Expansion (OPE) formulated
in Ref. [44]. The OPE representation of the correlation func-
tion �(q) can be obtained by inserting interpolating current
into the correlation function and contracting heavy and light
quark fields. This contraction is called Wick contraction. The
result is composed of heavy and light quark propagators:

�OPE(q) =
∫

d4xeiqxTr[Sa′aq(−x)γμS
aa′

c(x)γν]
×Tr[Sb′b

c (−x)γμS
bb′
q (x)γν]. (10)

Here Sabq and Sabc are the light and heavy quark propagators,
respectively. The light quark propagator reads as

Sabq (x) = iδab
x/x

2π2x4 − δab
〈q̄q〉
12

+ iδab
x/mq〈q̄q〉

48

−δab
x2

192
〈q̄gsσGq〉 + iδab

x2x/mq

1152
〈q̄gsσGq〉

−igs
Gαβ

ab

32π2x2 [x/σαβ + σαβx/] − iδab
x2x/g2

s 〈q̄q〉2

7776

−δabx
4 〈q̄q〉〈g2

s G
2〉

27648
+ · · · . (11)

In the light quark propagator we set mq → 0 for q = u, d.
For the heavy quark propagator Sabc , we employ the following
expression

Sabc (x) = i
∫

d4k

(2π)4 e
−ikx

[
δab(k/ + mc)

k2 − m2
c

−gsG
αβ
ab

4

σαβ(k/ + mc) + (k/ + mc)σαβ

(k2 − m2
c)

2

+ g2
s G

2

12
δabmc

k2 + mck/

(k2 − m2
c)

4 + · · ·
]

. (12)

In Eqs. (11) and (12), we use the notations Gαβ
ab =

Gαβ
A t Aαβ, G2 = GA

αβG
A
αβ , where a, b = 1, 2, 3 and

A, B,C = 1, 2, . . . , 8 are color indices. t A = λA/2, and
λA are the Gell-Mann matrices. In the nonperturbative terms
the gluon field strength tensor GA

αβ = GA
αβ(0) is fixed at

x = 0.

The sum rules for mass mH and decay constant fH can be
obtained via equating the invariant amplitudes �Phen(q) and
�OPE(q); �Phen(q) = �OPE(q). Such a direct matching is
weakened due to the OPE is valid at large q2 and phenomeno-
logical side is valid at small q2. Furthermore, contributions of
higher states and continuum still exist. Borel transformation
should be applied in both sides of this equality in order to
suppress contributions of higher states and continuum. After
this operation, there is still a remnant in the sum rules. Using
quark-hadron duality assumption, one subtracts higher states
and continuum terms from the phenomenological side of the
matching [the · · · terms in Eq. (9)]. After these standard
manipulations of the QCDSR method, the QPE side of the
obtained sum rule takes the following form

�̃QCD =
∫ s0

M2
ρ(s)e−s/M2

ds, (13)

where M = (2mc + 2ms) for D+
s D−

s , M = (2mc) for DD̄
(we neglect the mass of u and d quarks), s0 is the continuum
threshold which is the energy characterizing beginning of the
continuum, M2 is Borel parameter and ρ(s) is the spectral
density obtained from the imaginary part of the correlation
function, ρ(s) = Im[�(s)]/π . We have taken into account
vacuum condensates up to dimension eight. The expressions
for ρ(s) are rather lengthy, so we refrain to provide it here.
Interested readers can request the spectral densities from the
author.

The phenomenological side of the sum rule has the fol-
lowing form

�̃Phen = f 2
Hm

2
He

−m2
H

M2 . (14)

Equating Eqs. (13) and (14), one can obtain sum rules for
mass and decay constant. The mass formula reads as

m2
H (s0, M

2) = �̃′QCD

�̃QCD
(15)

where �̃′QCD = d
d(− 1

M2 )
�̃QCD, and decay constant formula

reads as

f 2
H (s0, M

2) = em
2
H /M2

m2
H

�̃QCD. (16)

3 Spectroscopic parameters of DD̄ and D+
s D−

s states

There are two parameter groups for a QCDSR calculation;
QCD input parameters and resulting sum rule parameters of
the model. The first group consists of quark masses and QCD
condensates which are given as
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〈qq〉 = −(0.24 ± 0.01)3 GeV3, 〈ss〉 = (0.8 ± 0.1)〈qq〉,
〈qgsσGq〉 = m2

0〈qq〉, 〈sgsσGs〉 = m2
0〈ss〉,

m2
0 = (0.8 ± 0.2) GeV2

〈
αsG2

π

〉
= (0.012 ± 0.004) GeV4,

ms = 93+11
−5 MeV, mc = 1.27 ± 0.2 GeV. (17)

The second group contains the continuum threshold param-
eter s0 which arises after continuum subtraction via using
quark-hadron duality and the M2 Borel parameter which
arises after Borel transformation. These are auxiliary param-
eters and any quantity which is extracted from QCDSR cal-
culations should be independent or have a mild dependence
with respect to variation of these parameters. Notwithstand-
ing, these auxiliary parameters should meet some criteria of
the QCDSR method. Since there is no single value for s0

and M2, a suitable working regions of these parameters must
be found in order to get reliable predictions. Finding proper
choice of continuum threshold parameter s0 and Borel param-
eter M2 is an important task in the sum rule analysis.

The region for Borel parameter M2 is determined by OPE
convergence and suppression of the contributions arising
from the higher and continuum states. Finding upper and
lower limits of Borel parameter requires additional elabora-
tion of the sum rules. Pole contribution (PC),

PC = �OPE(s0, M2)

�OPE(s0 = ∞, M2)
, (18)

and convergence of the operator product expansion

R(M2) = �OPE,DimN(s0, M2)

�OPE(s0 = ∞, M2)
, (19)

will help to determine upper and lower limits of the Borel
parameter. In Eq. (19), �OPE,DimN(s0, M2) is the expres-
sion used to estimate convergence of OPE. In QCD sum rule
approach, O(αs) corrections to leading and next-to-leading
order terms in �OPE(s0, M2) maybe comparable above Dim
8 dimensional contributions. Due to the interpolating current
we used, contribution of Dim8 disappears due to the gamma
matrix algebra. Therefore we use �Dim7(s0, M2) to look for
the convergence of OPE. In this way, we can avoid uncer-
tainties connected to O(αs) corrections.

For the upper limit, PC should reside fairly in the correla-
tion function while for the lower limit PC must be dominant.
This is due to the fact that after Borel transformation, an
exponential term emerges in both side of the sum rule, as
can be seen from Eqs. (13) and (14). The integrals receive
main contribution at s � M2. For lower M2 values, the inte-
gral (Eq. 13) receives contributions from lower s values and
for higher M2 values these contributions decrease. R(M2)

can be used to determine the lower limit of Borel parame-
ter. Between upper and lower limits of M2 a balance can be
maintained where dominance of single resonance contribu-
tion and convergence of the series take place.

The continuum threshold s0 eliminates contributions from
the continuum states and higher resonances, and isolates the
ground state in the correlation function. s0 is the place where
the continuum states and higher resonances begin to con-
tribute to the correlation function. Therefore s0 specifies the
threshold in the integral which needs to be carried out. Since
in the sum rule calculations ground states are being handled,
continuum threshold s0 starts with the first excited state. The
energy that needs to excite the ground state is δ = √

s0 − m
where m is the mass of the ground state. In conventional
mesons and baryons, parameters of first excited states are
known experimentally or have a theoretical consensus. Based
on this knowledge, it is quite possible to estimate s0 value.
For experimentally known mesons and baryons δ varies in
the range of 0.3 GeV ≤ δ ≤ 0.8 GeV. In the case of mul-
tiquark hadrons (exotic states) there can be lack of relevant
information for excited states and ground states. The deter-
mination of s0 can be obtained via aforementioned limits on
PC and the convergence of OPE. The region for continuum
threshold s0 can be chosen as possible as small to provide a
reliable Borel region and meanwhile to obtain a maximum
for PC. With all these considerations it is possible to examine
obtained sum rules numerically. Our analysis gives

M2 ∈ [2.0, 2.4] GeV2, s0 ∈ [17, 19] GeV2, (20)

M2 ∈ [2.3, 2.7] GeV2, s0 ∈ [19, 21] GeV2, (21)

for DD̄ and D+
s D−

s , respectively. The working regions
of Eqs. (20) and (21) meet all the restrictions mentioned
before. A further discussion should be done for the contin-
uum threshold s0 value. Considering D∗±(2010) state for
the first excited state of D, the mass [45] square of two-
D∗±(2010) meson gives (2mD∗±)2 � 16.16 GeV2. On the
otherside, considering D∗0(2007) state for the first excited
state of D, the mass [45] square of two-D∗0(2007) meson
gives (2mD∗0)2 � 16.10 GeV2. By same token, consider-
ing D∗±

s state as the first excited state of D±
s , the mass [45]

square of two-D∗±
s meson gives (2mD∗±

s
)2 � 17.84 GeV2.

The obtained continuum threshold s0 values are reasonable
to excite DD̄ and D+

s D−
s to their first excited states.

Working regions of Borel parameter M2 and continuum
threshold s0 give the pole contributions as

DD̄ : 0.32 ≤ PC ≤ 0.62, (22)

D+
s D−

s : 0.29 ≤ PC ≤ 0.73, (23)

for upper and lower limits of Borel parameter M2, respec-
tively. In a standard QCDSR analysis, the minimum value for
PC of four-quark systems is approximately 0.15–0.2 [46]. At
the upper limit of Borel parameter M2, PC should exceed
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Fig. 1 The mass of the DD̄ state as a function of M2 at fixed s0 (left panel), and as a function of s0 at fixed M2 (right panel)

Fig. 2 Same as in Fig. 1, but for the coupling f of the DD̄ state

Fig. 3 The mass of the D+
s D−

s state as a function of M2 at fixed s0 (left panel), and as a function of s0 at fixed M2 (right panel)

this range. After providing PC in an appropriate range, one
can extract the mass and decay constant values for the cor-
responding state. Our results for masses and decay constants
of DD̄ and D+

s D−
s states read as

MDD̄ = 3795+85
−82 MeV,

fDD̄ = 1.70+0.33
−0.29 × 10−2 GeV5, (24)

and

MD+
s D−

s
= 3983+93

−88 MeV,

fD+
s D−

s
= 2.52+0.64

−0.54 × 10−2 GeV5. (25)

In Figs. 1, 2, 3 and 4 we plot the mass and decay constant
of DD̄ and D+

s D−
s states as functions of M2 and s0, respec-

tively.
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Fig. 4 Same as in Fig. 3, but for the coupling f of the D+
s D−

s state

As can be seen from Figs. 1 and 3, the mass values are
very stable with respect to changes in Borel parameter M2

and continuum threshold s0. Figures 2 and 4 have a resid-
ual dependence on the Borel parameter M2 and continuum
threshold s0. This dependence is an essential part of the the-
oretical errors in QCD sum rule calculations. The reason for
this situation could be as a result of mass and decay constant
extractions from the QCD sum rules. The mass of the state

is determined as m2 = �′(s0,M2)

�(s0,M2)
. The spectral densities in

both numerator and denominator could smooth variations of
M2 and s0. On the other side, the decay constant is deter-

mined as f 2 = em
2/M2

m2 �(s0, M2) where the numerical value

can change with respect to changes in M2 and s0 since such a
ratio (as in the case of mass) of correlation functions is absent.
Theoretical uncertainties of the extracted masses are 2.1% for
DD̄ state and 2.1% for D+

s D−
s state. In the decay constant

values, theoretical uncertainties are 18% for DD̄ state and
23% for D+

s D−
s state. These theoretical uncertainties are well

below the accepted limits in QCDSR calculations.
The extracted mass MD+

s D−
s

= 3983+93
−88 MeV for D+

s D−
s

state with the J PC = 0++ quantum number agree well with
the experimental mass M = 3955±6±11 MeV of X (3960).
Our prediction supports X (3960) to be a D+

s D−
s molecular

state with J PC = 0++ quantum number. A recent QCDSR
study obtained mass of D+

s D−
s state as M = 3.98±0.10 GeV

and decay constant f = 2.36+0.45
−0.45×10−2 GeV5, with J PC =

0++ in the molecular picture [31]. Our results agree well with
their predictions.

The extracted mass for DD̄ state with the J PC = 0++
quantum number is MDD̄ = 3795+85

−82 MeV. Ref. [31]
obtained mass and decay constant of DD̄ state as M =
3.74 ± 0.09 GeV and f = 1.61+0.23

−0.23 × 10−2 GeV5. Our
results agree well with their predictions. The existence of
such a bound state near the DD̄ threshold was demon-
strated by analysis of γ γ → DD̄ [47,48]. The extracted
mass of DD̄ state lies nearby by the ψ(3770) with mass

Fig. 5 Predicted mass values of DD̄ and D+
s D−

s states, and the lowest
χc0(1P) state together with ψ(3770). The lowest state in J PC = 0++
is χc0(1P) and the state in J PC = 1++ is ψ(3770). 3795 and 3983 refer
to mass values of DD̄ and D+

s D−
s states in J PC = 0++, respectively

M = 3773.7 ± 0.4 MeV. The quantum number of ψ(3770)

is J PC = 1++. Conventional χc0(1P) state has a mass of
M = 3414.71±0.30 MeV with J PC = 0++ quantum num-
ber. The locations of these states can be seen in Fig. 5. The
DD̄ state has no overlaps with these states. Therefore possi-
ble observation of DD̄ state is important in terms of estab-
lishing the lowest four-quark states in charmonium sector.

4 Epilogue

In this present study, we considered DD̄ and D+
s D−

s states
with J PC = 0++ quantum number in molecular pic-
ture. We extracted mass and decay constant (residue) val-
ues by using two-point QCDSR formalism. We carried
out the OPE up to the vacuum condensates of dimen-
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sion eight. Establishing pole contribution within the limits
of QCDSR, we determined working regions of continuum
threshold s0 and Borel parameter M2. The extracted mass
and decay constant values of DD̄ and D+

s D−
s states read as

MDD̄ = 3795+85
−82 MeV, fDD̄ = 1.70+0.33

−0.29 × 10−2 GeV5,

and MD+
s D−

s
= 3983+93

−88 MeV, fD+
s D−

s
= 2.52+0.64

−0.54 ×
10−2 GeV5, respectively. The predicted mass for D+

s D−
s

state agrees well with the experimental value M = 3955±6±
11 MeV of the very recent LHCb observation of X (3960).
Our result for D+

s D−
s state supports the quantum number

assignment and molecular picture of X (3960). On the other
side, the possible observation of DD̄ state may pave the fay
for the lowest four-quark state in charmonium sector. We
hope our outcomes may be helpful for future theoretical stud-
ies and experimental endeavours.
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