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Abstract We investigate the gravitational backreaction,
generated by coupling a general conformal sector to exter-
nal, classical gravity, as described by a conformal anomaly
effective action. We address the issues raised by the regu-
larization of the topological Gauss–Bonnet and Weyl terms
in these actions and the use of dimensional regularization
(DR). We discuss both their local and nonlocal expressions,
as possible IR and UV descriptions of conformal theories,
below and above the conformal breaking scale. Our discus-
sion overlaps with several recent studies of dilaton gravities –
obtained via a certain singular limit of the Einstein–Gauss–
Bonnet (EGB) theory – originally introduced as a way to
bypass Lovelock’s theorem. We show that nonlocal, purely
gravitational realizations of such EGB theories, quadratic in
the dilaton field, beside their local quartic forms, are pos-
sible, by a finite renormalization of the Euler density. Such
nonlocal versions, which are deprived of any scale, can be
expanded, at least around flat space, in terms of the combi-
nation R�−1 times multiple variations of the anomaly func-
tional, as pointed out in recent studies at d = 4. Similar
conclusions can be drawn for the proposed nonlocal EGB
theory. The expansion emerges from previous investigations
of the anomalous conformal Ward identities that constrain
such theories around the flat spacetime limit in momentum
space.

1 Introduction

The search for corrections to general relativity (GR) and to
its Einstein-Hilbert (EH) action by higher derivative terms,
is characterized by a large number of both older and of more
recent proposals. Their goal is to address unsolved issues,
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such as the nature of dark energy [3] and the mechanism of
inflation of the early universe [2], in a more satisfactory way.

From f (R) theories to models incorporating a dilaton
field (dilaton gravities), including Horndeski and Lovelock
actions [1], just to mention a few, important issues need to
be addressed both of phenomenological and of theoretical
character. An important open question concerns the quan-
tum consistency of these extensions, since the presence of
higher order derivatives in the action leads, in general, to
equations of motion of higher order.

In quantum gravity, particular attention is paid to the sta-
bility and the consistency of such theories, by showing, for
instance, the absence of tachyonic solutions as well as of
ghosts and, eventually, addressing their renormalizability [4]
in a perturbative context.

Among these proposals, of particular interest are those
extensions that lead to second-order equations of motion,
even though they are generated by Lagrangians with higher
derivatives. Such Lagrangians may be introduced at classi-
cal level, or, alternatively, they may originate from the inclu-
sion of quantum corrections, in models where gravity is still
treated classically. Their structure depends on the specific
type of matter sector that is integrated out of the quantum
partition function. If the matter sector is conformal, we will
refer to the ensuing semiclassical effective action as an action
modified by a conformal backreaction.

In theories of induced gravity, the partial integration – in
the partition function – of a matter sector, can be sufficient,
just by itself, to recover a EH action for gravity, accompanied
by extra, higher derivative terms. Both the R2 corrections and
the EH term can be generated this way, realizing Sakharov’s
proposal of induced gravity [5]. In this case, the spacetime
is a Lorentzian manifold and the metric is essentially free,
while its dynamics is entirely induced by the inclusion of
quantum corrections due to a generic matter sector. These
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induce an effective action of the form

S =
∫

d4x
√
g

(
c1

M2
P

2
R + c2R

2 + · · ·
)

, (1.1)

where the ellipsis refer to extra contributions built out of
higher order geometrical invariants and c1, c2 are numerical
constants. In this approach, the entire gravitational theory
can be viewed as the result of the quantum backreaction on a
freely fluctuating metric, induced by the path integration over
the matter sector. For a generic matter sector (non conformal)
the effective action will include the dimensionful constants
of the theory, combined with the size of the extra dimensions,
that acts as a second scale.

There are drastic simplifications if the matter sector is
conformal [6–8]. The integration of a conformal sector allows
to derive a form of gravity which is expressed uniquely in
terms of corrections extracted from the two invariants VE

and VC2 , defined in terms of the Euler density and the square
of the Weyl tensor.

Around flat space, the corresponding effective action is
characterized only by two scales, the renormalization scale
μ introduced to regulate the UV behaviour of the theory,
and the IR scale (here denoted by L) coming from the extra
dimensions (ED). Such dependences, in this case, are only
logarithmic.

1.1 Content of this work

The goal of this work is to investigate the relation between
anomaly actions, in their local and nonlocal formulations,
and the 4d Einstein-Gauss Bonnet (EGB) theory, related to
the inclusion of VE , that has been extensively discussed in
recent studies [13,14,21]. Theories of both types share some
of their features, but also exhibit substantial differences, that
we are going to highlight. Indeed, borrowing from previous
results on conformal anomaly actions, we show that one can
identify a nonlocal version of the 4d EGB theory. It differs
from former formulations of such a theory, now recognized
as dilaton gravities, for being nonlocal. The wide interest
towards this new form of dilaton gravity [23–66], derived
from a specific regularization of the topological GB term,
motivates our comparative analysis.

2 EGB theories with a singular limit

4d EGB theories are generated by performing a singular limit
on the coupling constant of the topological Gauss–Bonnet
term, which is deprived of any dynamical content in d = 4,
but not so after an infinite renormalization of the coupling.
A finite action is generated by performing the d → 4 limit
of this term, exploiting its evanescence in the equations of

motion of the metric. By a careful analysis, one derives a
(0/0) contribution to the classical action which includes both
gravity and a dilaton field. It allows to define a theory of
dilaton gravity which is quartic in the dilaton field. As we
are going to show, this is not the only possibility.

In our case, borrowing from previous analysis in the liter-
ature on anomaly actions and the inclusion of a finite renor-
malization of the topological GB term, we show that one
can define a 4d EGB action which is quadratic in the dilaton
field, and can be rewritten in a nonlocal form, by solving for
the same field in terms of the metric. With no surprise, the
action takes the form originally introduced by Riegert in the
search of a functional solution of the anomaly constraint, the
anomaly induced action, which was directly investigated at
d = 4 and not in a context of dimensional regularization
(DR).

We remind that the analysis of anomaly induced actions
take the form of searches of solutions of anomaly constraints
with no reference to the Weyl invariant terms coming from the
virtual corrections. For this reason, all the extra logs – which
are naturally generated in the exact definition of the renor-
malized effective action SR – and are renormalization scale
dependent, are not included in such formulation. These terms
will break the dilatation invariance and are not accounted for
by the scaleless nonlocal action of Riegert type. Our work
provides a more accurate view of such contributions, in a
context in which DR is combined with dimensional reduc-
tion (DRed), in order to introduce a well-defined procedure
for the derivation of the effective action at d = 4.

2.1 DR with DRed

Finite renormalizations are a typical trait of renormalized
theories with DR, but in the case of a curved manifold, sev-
eral problems still need to be completely solved regarding the
most appropriate way in which the d → 4 limit should be
performed. DR must be accompanied by an extension of the
fields in the variables of the extra dimensions, which is gen-
erally performed via a Kaluza Klein (KK) decomposition. A
dimensional reduction procedure (DRed) is usually – at least
implicitly – assumed, neglecting all the dependence on the
variables of the extra dimensions. In the KK decomposition
this is equivalent to taking into account only the zero mode
of the expansion on the extra dimensions.

The approach is quite similar to the previous analysis of
the anomaly action in 4d, where the GB term is introduced
to satisfy the Wess–Zumino consistency condition from that
action, and is not directly involved in the renormalization
procedure.

The structure of the anomaly actions and that of the 4d
EGB theory are discussed here in parallel, given the similar-
ities. Several subtle points related to the presence of Weyl-
invariant corrections coming from the the choice of the extra
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dimensional metric and the regularization method, for actions
of both types, are emphasized and carefully studied. Note that
the 4d EGB theories are obtained from the anomaly action
by eliminating the Weyl invariant terms that are generated
by quantum corrections (the loop contributions). These cor-
rections originate from the only singular term in the action,
(1/ε)VC2 (ε = d − 4), defined as the integral of the Weyl
tensor squared (C2), introduced at 1-loop level in an anomaly
action in order to regulate such contributions. We are going
to denote them, in the next sections, asS f and S̃ f , depending
on the regularization.

Note that VC2 and VE are analytic in d, and their formal
expansions around d = 4, at least for non singular metrics,
are well defined.

At this point few remarks are in order. Conformal sectors
induce single poles in the loop corrections, which are taken
care of by the dimensional expansion of the counterterms.

The regularization of the pole in 1/ε, generated by the
loop corrections, requires an expansion of the counterterms
that can be performed in several ways, all differing by finite
renormalizations. In our work, the Wess–Zumino action will
represent only one of the possible ways in which the sub-
tractions are taken into account. Differently from the case of
Minkowski space, where the issue does not arise, in a curved
manifold extra dimensional components of the metric can be
part of the pole residue.

Similar issues emerge for 4d EGB theories, since the han-
dling of the topological term follows the same pattern as for
VE/C2 .

While the singular limit of the coupling of a 4d EGB
theories may look, at first sight, unmotivated, being the theory
purely classical, it appears to be perfectly consistent, and
generates a new class of Horndeski theories, classified as new
forms of dilaton gravities. As we are going to show, a finite
renormalization of VE , that we will denote as V̂E , allows to
remove the dilaton from the spectrum in such a theory.

We are going to argue that both approaches – with or
without the extra renormalization – based on either of the
two counterterms, identify effective actions which are useful
in describing the effect of the anomaly at very different scales,
covering either the UV or the IR, where by IR we refer to
the scale (denoted by f ) at which the conformal symmetry
is broken by some extra sector. The UV effective action,
on the other end, is appropriately expanded in terms of the
dimensionless combination R�−1 and captures the effect of
the anomaly close to the Planck scale. In other words, both
actions can be part of a unique renormalization group flow.

3 The quantum effective action

In this section we discuss the general structure of the quan-
tum effective action, generated when a conformal sector is

integrated out of the the partition function, and characterize
its Weyl-invariant contributions.

The backreaction of a conformal sector on the gravita-
tional metric can be discussed via the partition function
ZB(g), identified by the bare functional (in the Euclidean
case)

ZB(g) = N
∫

Dχe−S0(g,χ), (3.1)

where N is a normalization constant. We have denoted by
χ , just as example, a conformal scalar.

We will be deniting with −SB(g) the 1-particle irreducible
effective action, defined as the log of the partition function

e−SB (g) = ZB(g) ↔ SB(g) = − logZB(g). (3.2)

In our case, quantum matter fields are assumed to be in a
conformal phase. SB(g) includes all the multiple insertions
of the stress energy tensor

Tμν
scalar ≡ 2√

g

δS0

δgμν

= ∇μχ ∇νχ − 1

2
gμν gαβ ∇αχ ∇βχ + χ

×
[
gμν� − ∇μ ∇ν + 1

2
gμν R − Rμν

]
χ2, (3.3)

and diagrammatically corresponds to the expression

(3.4)

which is expressed in terms of stress energy tensor correla-
tors 〈T1T2 . . . Tn〉, with propagators and vertices that can be
defined in any background, using (3.3). The expansion can
be constrained from the CWIs of the theory.

The simplest case that can be addressed is that of a flat
background and, as shown in the figure above, can be com-
puted by the ordinary Feynman expansion, order by order in
1/M2

P in momentum space. The expansion accounts for the
metric fluctuations hμν , with gμν = δμν + hμν , generated
by the virtual corrections due to the scalar field in the loops.
In principle, one can use any background and of particular
interest is the case of a De Sitter metric.

In general, the contributions of such diagrams are diver-
gent as d → 4 and need to be renormalized. In turn, this can
be performed by the addition of the two counterterms VE and
VC2 , causing the violation of the conformal symmetry in the
effective action, as we will be discussing next.
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The entire set of correlation functions of stress-energy
tensors, to all orders in the fluctuations around certain metric
background ḡ, is expressed in the form

S(g)B ≡ S(ḡ)B +
∞∑
n=1

1

2nn!

×
∫

dd x1 . . . dd xn
√
g1 . . .

√
gn

×〈Tμ1ν1 . . . Tμnνn 〉ḡBδgμ1ν1(x1) . . . δgμnνn (xn), (3.5)

in terms of bare (B) nT correlators, with

〈Tμ1ν1(x1) . . . Tμnνn (xn)〉B ≡ 2√
g1

. . .

× 2√
gn

δnSB(g)

δgμ1ν1(x1)δgμ2ν2(x2) . . . δgμnνn (xn)
, (3.6)

where
√
g1 ≡ √|det gμ1ν1(x1) and so on. The renormaliza-

tion of this functional expansion is rather involved in a gen-
eral background, and can be best understood by borrowing
the DR prescription around flat space.

In DR, the divergences appear as single poles, if we couple
a conformal sector to gravity, and their renormalization, as
already mentioned, is performed by expanding the countert-
erms around d = 4. The two counterterms to be included are
VE and VC2 that we will discuss next, giving a regularized
effective action of the form

ZR(g) = N
∫

D�e−S0(g,�)+b′ 1
ε
VE (g,d)+b 1

ε
VC2 (g,d), (3.7)

whereN is a normalization constant. Here, b and b′ count the
number of massless fields involved in the loop corrections.

The role of the two counterterms is to remove the 1/ε

singularities present in the bare effective action SB

SB(g, d) = − log

(∫
D�e−S(�,g)

)
+ logN , (3.8)

and allow to define the regularized effective action in the
form

SR(g, d) = SB(g, d) + b′ 1

ε
VE (g, d) + b

1

ε
VC2(g, d). (3.9)

The expansion of the counterterms in the expression above
is a critical step that needs a very close attention and must be
checked by the choice of explicit metrics in the d dimensional
integrals VE and VC2 .

4 The counterterms

As we are going to discuss next, all the issues concerning
either the local or the nonlocal structure of the effective action
are related with the analysis of VE and VC2 and in our case
they will be framed within DR. These two terms are defined

in terms of the Euler density E and to the Weyl tensor squared
C2, respectively, by the expressions

VC2(g, d) ≡με

∫
dd x

√−g C2,

VE (g, d) ≡με

∫
dd x

√−g E, (4.1)

where μ is a renormalization scale while ε = d − 4. The
counterterm vertices will be simply obtained by multiple dif-
ferentiations of the two integrals above.

We will omit μ from such counterterms in most of our
analysis, just for simplicity, by setting μ → 1, and we will
reinsert it into the final expression of the effective action,
when we move from a naive regularization of the action to a
complete application of a standard DR/DRed procedure. It is
important to remark that if we ignore the specific structure of
the manifold of integration and assume the existence of some
compactification for the extra (d − 4) dimensions, we have
to face the problem of the presence of extra scales, beside μ,
in the effective action at d = 4, with the generation of extra
logarithms of the form log Lμ. This point will be addressed
rather carefully in the next sections. In DRed, such terms
disappear as we take the d → 4 limit, but this may not be
general.

The counterterms satisfy autonomous conformal Ward
identities (CWIs) that can be solved in order to determine the
trace anomaly contribution to each correlator (T, T T, T T T
and so on), without the need of identifying the finite parts
coming from the loops. This point has been discussed in
[19,67–70,73]. It should be clear that the anomaly part of
the action that is responsible for the trace anomaly, obvi-
ously, does not account for the breaking of scale invariance
that comes from a direct computation of the quantum correc-
tions. This breaking is associated with the scale μ.

It has long been known that the inclusion of VE induces a
finite renormalization of the effective action, since this term
does not play any role in the cancellation of the singularities
generated by the quantum corrections in the d → 4 limit. In
this respect, the use of the term “counterterm”, is essentially
a misnomer. However, we will still use this expression when
referring to it, just for simplicity.

VE is introduced in order for the effective action to sat-
isfy the Wess–Zumino (WZ) consistency condition. Indeed,
at d = 4, the integration of a conformal sector induces a
renormalized effective action SR in (3.9), whose variation
under an infinitesimal Weyl transformation of the metric

gμν → e2τ(x)gμν, δτ gμν = 2τgμν (4.2)

(δ/δτ = 2gμνδ/δgμν) is equal to the conformal anomaly.
Notice that, as far as we stay in d dimensions, the δτSR(d)

and the trace of the stress energy tensor generated by SR are
identical, but this is not the case as we take the d → 4 limit of
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the renormalized effective action. We are going to elaborate
in more detail on this point in Sect. 8.

If we integrate out a conformal matter sector at quantum
level, the gravitational action is modified only by contribu-
tions up to second order in the Riemann tensor

δτS = 1

(4π)2

∫
d4x

√
gδ τ(x)

(
c1Rμνρτ R

μνρτ + c2RμνR
μν

+c3R
2 + c4�R

)
, (4.3)

which are constrained by the Wess–Zumino consistency con-
dition
[
δτ1 , δτ2

]SR = 0, (4.4)

and the coefficients ci have to satisfy the relation c1 + c2 +
3c3 = 0, allowing to re-express (B.3) in the form

δτSR = 1

(4π)2

∫
d4x

√
gδτ(x)A(x) (4.5)

where

A(x) =
(
aE + bC2 + c�R

)
(4.6)

is the conformal anomaly. The coefficients a, b, c are auto-
matically fixed by the conformal sector that is integrated out,
and the contributions E and C2 are both part of the variation
of the renormalized effective action, generated byVE andVC2

contained in (3.9). Equation (4.5) is the usual expression of
the conformal anomaly, generated by (3.9), with coefficients
a, b, c which are determined by the particle content of the
theory: scalars, spin 1 vectors, and fermions (ns, nV , n f )

that are integrated out at d = 4. The last term (�R) is renor-
malization prescription dependent.

Since SB(g, d) is Weyl invariant, its Weyl variation
according to (4.2) is zero and (4.5) is entirely generated by
the response of δτVE and δτVC2 . There are some subtle reg-
ularization issues, on which we will come back in the next
sections, that need to be readdressed once we perform the
d → 4 limit of SR(g, d).

The first ambiguity comes from the definition of (4.5) C2,
the Weyl tensor squared in d = 4

(C (4))2 ≡ Rμναβ R
μναβ − 2RμνR

μν + 1

3
R2, (4.7)

which is generalized to d dimension by the expression

C (d)αβγ δC (d)
αβγ δ = Rαβγ δRαβγ δ − 4

d − 2
Rαβ Rαβ

+ 2

(d − 2)(d − 1)
R2, (4.8)

where

C (d)
αβγ δ = Rαβγ δ − 1

d − 2
(gαγ Rδβ

+gαδ Rγβ − gβγ Rδα − gβδ Rγα)

+ 1

(d − 1)(d − 2)
(gαγ gδβ − gαδ gγβ)R. (4.9)

The choice of one or the other version of C2 affects the local
part of the conformal anomaly functional, as discussed in the
appendix. The GB term, instead, is defined in d dimensions
in the form

E = R2 − 4RμνRμν + Rμνρσ Rμνρσ . (4.10)

The relation between its d dimensional expression and the
d = 4 is worked out, for an explicit metric choice, in (9.6).

5 The regularized quantum effective action in DR

The relevant expression for the analysis of the effective
action, here defined as SR , starts from its definition in d
dimensions, as given in (3.9). The regularization of this action
in DR is not unique. Similarly to the treatment of the pertur-
bative expansion in flat space, one can always perform such
procedure modulo the inclusion of finite contributions. These
contributions, however, in flat space are generally harmless,
and it is possible, at least in principle, to map one scheme
to the other, although technical difficulties may be encoun-
tered. On the other hand, in a curved background, even if
we investigate the fluctuations around the flat limit of space-
time, we end up with actions characterized each by a different
structure and field content.

We will be discussing two possible subtractions of the
singularities present in the virtual corrections. One of them
corresponds to the usual (ordinary) DR approach, while the
second one to the Wess–Zumino (WZ) subtraction, which is
performed respect to a fiducial metric ḡ. A key relation which
is important in order to identify the difference between the
two schemes is given in Eq. (6.1).

The difference between the two methods is worked out in
detail, and amounts to Weyl invariant terms.

We implement DR on the counterterms, and use the ana-
lyticity of the two functionals V respect to d, expanding their
expressions around d = 4, to obtain

VE/C2(g, d) =
(
VE/C2(g, 4) + εV ′

E/C2(g, 4) + O(ε2)
)

,

(5.1)

where only one background metric appears (g). The trace
anomaly contribution is generated by this expansion. Differ-
ent types of effective actions are generated, depending on the
way we expand VE/C2 .

Establishing the true meaning of this formal expansion is
a critical step that will require further elaborations.

Notice that (5.1) extends to curved space the usual DR
approach of flat space. We recall that in DR – in flat space
– once we turn to momentum space, we expand the residue
of a 1/ε pole, starting from its value at d = 4, plus finite
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terms. In general, the expansion will produce logarithms of
the ratios of typical momenta of the diagrams and the renor-
malization scale μ. Obviously, these finite logs are present
in the computation of the loop corrections and break scale
invariance.

The expansion plays an important role in our analysis of
the renormalized actionSR , because, in principle, it can settle
the controversy about the way the dilaton field shows up in
the effective action, if linearly, quadratically or as a quartic
power.

The Weyl scalings in d dimensions of E and C2 and their
integralsVE andVC2 are crucial for investigating the structure
of (5.1). We recall that SB in (3.9) is only affected by single
pole divergences in 1/ε, as we perform the d → 4 limit.
These can be isolated from its path integral expression that
needs to be of the form

SB(g, d) = lim
d→4

(
S f (d) − b

ε
VC2(g, 4) − b′

ε
VE (g, 4)

)
,

(5.2)

whereS f is finite. (5.2) is justified by the fact that a conformal
sector generates only singularities with a single pole in all
the correlators, and that these can be canceled just by the
inclusion of VC2 , accompanied by the evanescent term VE .

In d dimensions, SB is finite and Weyl-invariant, but as
we isolate the singular contributions from SB and perform
the d → 4 limit, the Weyl variation needs to be carefully
redefined.

In Eq. (5.1) we are expanding the residue at the 1/ε pole
for any background metric g and the O(ε0) terms VE/C2(4)

need also to be treated with care. In particular, the topolog-
ical nature of VE (4), will guarantee that such term will not
contribute to the (infinite) renormalization of the bare quan-
tum action SB at d = 4 , for being independent of any metric
variation. Indeed, V ′

E , and its variants, defined via the WZ
part ofSR in (3.9), that we will investigate below, correspond
to finite renormalizations of all the correlation functions of
stress energy tensors, generated by the functional expansion
of SB or of S f , once we take the d → 4 limit.

This behavior closely resembles the case of the chiral
anomaly diagram, for example the AVV diagram, where a
Chern Simons form can be introduced in order to preserve
the vector Ward identities. Also in this case, the vertex does
not need an infinite counterterm in order to regulate its two
form factors which are divergent by power-counting. Since
both the chiral anomaly and VE are topological, this parallel
is not surprising.

The procedure of renormalization can then be summarised
by the expression

SR(d) =
(
S f (d) − 1

ε
VC2(g, 4) − 1

ε
VE (g, 4)

)

+1

ε

(
VE (g, 4) + εV ′

E (g, 4) + O(ε2)
)

+1

ε

(
VC2(g, 4) + εV ′

C2(g, 4) + O(ε2)
)

, (5.3)

where we have singled out, in the first bracket, the finite
action S f . After reinserting the multiplicities b and b′, we
obtain

S f (4) = lim
d→4

(
SB(d) + b

ε
VC2(g, 4) + b′

ε
VE (g, 4)

)
(5.4)

as evident from (5.2). Notice that S f (4) is invariant under
a Weyl variation since SB(d) is Weyl invariant as well as
VC2(4) and VE (4).

In the expression of SR derived above, there is a cancel-
lation between the 1/ε contribution coming from SB (first
bracket in (5.3)) and those derived from the expansion of the
counterterms VE/C2 (second and third bracket). The identi-
fication of such terms is quite involved, due to the need of
computing propagators and vertices in a curved background.
In few cases, they can be performed in DR using coordinate
space methods. In the De Sitter case, for instance, such com-
putations can be performed quite efficiently, especially for
1-point functions, such as for the 〈Tμν〉, using a regulariza-
tion by point-splitting or by other techniques.

After the cancellation of the singular terms in (5.3), we
are left with the renormalized effective action

SR ≡ SR(4) = S f (4) + V ′
E (g, 4) + V ′

C2(g, 4) (5.5)

whose explicit structure will depend on the way this proce-
dure will be implemented, by the choice of an explicit metric.
Therefore, we can summarize the procedure in the d → 4
limit by the expression

SR(4) = lim
d→4

(
SB(g, d) + b′

ε
VE (g, d) + b

ε
VC2(g, d)

)

= S f (4) + b′V ′
E (ḡ, φ, 4) + bV ′

C2(ḡ, φ, 4), (5.6)

with

V ′
E/C2(ḡ, φ, 4) = lim

d→4

(
1

ε

(
VE/C2(g, d) − VE/C2(ḡ, 4)

))
,

(5.7)

and the finite contribution coming from the loops contained
in S f

S f (4) = lim
d→4

(
SB(d) + b′

ε
VE (g, 4) + b

ε
VC2(g, 4)

)
. (5.8)

The anomaly action generated by this regularization can then
be defined in the form

SA = b′ V ′
E (ḡ, φ, 4) + b V ′

C2(ḡ, φ, 4), (5.9)

with S f (4) being the Weyl invariant part of SR(4). This
part remains unaccounted for by SA, unless we perform an
explicit computation of the loop corrections.
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Equation (5.9) is an important result that shows how the
anomaly action can be identified just from the dimensional
derivative of the two counterterms. We can check directly that
V ′
E , for instance, reproduces the Euler part of the anomaly,

using (5.7). We are going to discuss this point in more detail
in the next sections.

Notice that the subtraction term VE (g, 4) can be modified
by replacing g with ḡ, introducing a subtraction VE (ḡ, 4),
where ḡ is a fiducial metric. The two subtractions, as we are
going to show, differ by Weyl invariant terms and determine
different anomaly actions.

Equations (5.9) and (5.7) are still quite formal, since they
clearly depend on how we extend the 4-dimensional metric
to d dimensions and then reduce it to four. We are going to
provide explicit examples of the expansion above, which is
motivated by the fact that VE and VC2 are both analytic in d
but are not uniquely defined in the DR procedure. Notice that
both V ′

E and V ′
C2 take the form of local actions only if we

extract a conformal factor from the metric, by introducing a
conformal decomposition with respect to a fiducial metric ḡ.
Notice that it is also possible to perform finite renormaliza-
tions of E within DR, giving, as a result, anomaly actions
which are quite different. For instance, as we are going to
see, dilaton gravities of the form 4d−EGB can be rewritten
in the form of nonlocal actions.

6 Conformal decompositions and boundary terms

In this section we describe the behaviour of VE and VC2

under Weyl transformations, that will be essential in order
to identify their dimensional expansions in ε around d = 4.
We assume that the Greek indices run from 1 to d, unless
otherwise specified.

This discussion is essential in order to underline the dif-
ference between the treatment of these counterterms in DR.
Using the results summarized in the appendix, the GB density
under a Weyl rescaling will change into the form

√
gE = √

ḡe(d−4)φ

{
Ē + (d − 3)∇̄μ J̄

μ(ḡ, φ)

+(d − 3)(d − 4)K̄ (ḡ, φ)

}
, (6.1)

where we have defined

J̄μ(ḡ, φ) = 8R̄μν∇̄νφ − 4R̄∇̄μφ + 4(d − 2)

×(∇̄μφ�̄φ − ∇̄μ∇̄νφ∇̄νφ + ∇̄μφ∇̄λφ∇̄λφ), (6.2)

K̄ (ḡ, φ) = 4R̄μν∇̄μφ∇̄νφ − 2R̄∇̄λφ∇̄λφ + 4(d − 2)

×�̄φ∇̄λφ∇̄λφ + (d − 1)(d − 2)(∇̄λφ∇̄λφ)2. (6.3)

One important implication of the Weyl scaling expression
above is the relation

δ

δφ

∫
dd y

√−gE(y) = ε
√
gE(x) (6.4)

that can be derived in two ways, either by (6.1), as specified
above or, more simply, by a metric variation. In the latter case
one gets

δ

δgμν

∫
dd x

√
gE4 = √

g

(
1

2
gμνE4 − 2Rμαβγ Rν

αβγ

+4RμαRν
α + 4Rμανβ Rαβ − 2RRμν

)
(6.5)

and (6.4) follows if we contract with 2gμν both sides

2gμν

δ

δgμν

∫
dd y

√−gE(y) = ε
√
gE(x). (6.6)

This relation is true if we neglect boundary terms. A direct
computation, that accounts also for such terms, gives

2gμν(y)
δ

δgμν(y)

∫
dd x

√
gE

= ε
√
gE(y) − 4(d − 3)∫

dd x
√
g∇μ

(
R∇μδxy − 2Rμν∇νδxy

)

= ε
√
gE(y) + 8(d − 3)∫
dd x

√
g∇μ∇ν

(
Gμν(x)δ

d
xy

)
(6.7)

where δxy ≡ δd(x − y) and with Gμν denoting the Ein-
stein tensor. The boundary term simplifies drastically, since
the Einstein tensor is covariantly conserved and Gμν can be
pulled out of the integral, leaving the action of the covariant
derivative only on the delta function∫

dd x
√
g∇μ∇ν

(
Gμν(x)δ

d(x − y)
)

= Gμν(y)
∫

dd x
√
g∇μ∇νδ

d(x − y). (6.8)

This contribution vanishes, since on the rhs of the equation
above, the point y is inside the region of integration, while
we evaluate the integrand at an arbitrary distant boundary.
Then we can re-express the relations above as

2gμν

δ

δgμν

VE (g, d) = ε
√
gE + boundary (6.9)

and there are no corrections of higher order in ε. Obviously,
this result is still affected by the contributions coming from
the extra dimensions, and turns into a genuine 4d relation
only in the presence of an explicit metric. For instance, as
we are going to discuss in the next sections, if we choose a
metric with a 4d dilaton, factorized overall as in (9.3), then
E turns into a 4d density, if the extra dimensional metric is
assumed to be flat, as indicated in (9.6).
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Since VE (g, d) is a functional in which the dependence
on the fiducial metric ḡ is always accompanied by e2φ , it
respects the local (σ ) symmetry

ḡμν → ḡμνe
2σ φ → φ − σ, (6.10)

and the differentiation with respect to the conformal factor φ

is equivalent to a metric differentiation plus a trace, at least
in this case, giving

δ

δφ
VE (g, d) = ε

√
gE + boundary. (6.11)

This equivalence is broken in the presence of a regular-
ization, as we are going to discuss in more detail in the next
sections. In the case of (6.11), the boundary can be derived
from the rescaling relation (6.1). We obtain

δ

δφ
VE (g, d) = ε

√
gE +

∫
dd x

√
ḡeεφ δ

δφ

× (
Ē + ∇̄μ J

μ(d − 3) + (d − 3)εK (ḡ, φ)
)

= ε
√
gE + (d − 3)

∫
dd x

√
ḡ∇̄μ

×
[
e(d−4)φ

(
δ Jμ

δφ
+ 4(d − 4)(d − 2)∇̄μφ∇νφ∇νδxy

)]
.

(6.12)

A similar approach can be extended to VC2 . Using

δ

δgμν

∫
dd x

√
g C2

αβγ δ = √
g
(1

2
gμνC2

αβγ δ − 2Rμαβγ Rν
αβγ

+4RμαRν
α − 4

d − 4

d − 2
Rμανβ Rαβ − 4

(d − 2)(d − 1)
RRμν

−4
d − 3

d − 2
�Rμν + 2gμν d − 3

(d − 2)(d − 1)
�R + 2

d − 3

d − 1
∇μ∇ν R

)
,

(6.13)

and after a direct computation, one gets

2gμν

δ

δgμν

∫
dd x

√
gC2 = δ

δφ

∫
dd x

√
gC2 = ε

√
gC2.

(6.14)

Alternatively, by using the scaling relations above, one
derives the condition

√
gC2 = eεφ

√
ḡC̄2 and hence the

equivalent relation

δ

δφ

∫
dd x

√
gC2 = δ

δφ

∫
dd xeεφ

√
ḡ

(
C̄

)2

= ε
√
gC2. (6.15)

Notice that at d = 4 this relation trivially becomes

2gμν

δ

δgμν

∫
d4x

√
gC2 = δ

δφ

∫
d4x

√
gC2 = 0 (6.16)

with a similar one for VE (g, 4)

2gμν

δ

δgμν

∫
d4x

√
gE = δ

δφ

∫
d4x

√
gE = 0, (6.17)

which is obvious, since this term is topological at d = 4. As
already mentioned, some relations concerning the variations
of C2 in d = 4 and in general d dimensions have been
collected, for convenience in the appendix.

7 The Wess–Zumino action versus the DR action

The WZ effective action provides a regularization of the
quantum effective action SR that differs from standard DR
approach discussed above, by Weyl-invariant terms.

Some ambiguities in the derivation of this part of the renor-
malized action can be noticed quite immediately. To illustrate
this point, let’s consider the conformal decomposition

gμν = e2φ(x)ḡμν ḡμν = e−2φgμν, (7.1)

expressed in terms of a fiducial metric ḡ and a conformal
factor e2φ(x). We recall that the regularization of the VE and
VC2 terms can be defined by a subtraction procedure of the
form

V̂ ′
E/C2(g, φ) ≡ lim

d→4

1

d − 4

×
(
VE/C2(ḡe2φ, d) − VE/C2(ḡ, d)

)
. (7.2)

This specific definition of the counterterms, expanded in
their dependence around d = 4 and expressed in terms of the
full metric and of the fiducial metric, as clear from (7.2), is
commonly used in the derivation of the Wess–Zumino form
(WZ) of the anomaly action

SWZ = V̂ ′
E (ḡ, φ) + V̂ ′

C2(ḡ, φ). (7.3)

SR inherits a different decomposition, as one can figure
out by going over the renormalization procedure discussed
above. To get some insight into the derivation of SWZ , sim-
ilarly to (3.9), we reconsider the renormalized action, with
the two counterterms expanded in a different form

SR(d) =
(
SB(g, d) + 1

ε
VE (g, d) + 1

ε
VC2(g, d)

)
(7.4)

= SB(g, d) + 1

ε

(
VE (ḡ, d) + εV̂ ′

E (ḡ, φ)
)

+1

ε

(
VC2(ḡ, d) + εV̂ ′

C2(ḡ, φ)
)

, (7.5)

where the expansion of the counterterms is given by the rela-
tion (7.2). Reorganizing the singular terms in order to remove
the singularity of SB(d), we obtain

SR(d) =
(
SB(g, d) + 1

ε
VC2(ḡ, d) + 1

ε
VE (ḡ, d)

)

+1

ε
(VE (g, d) − VE (ḡ, d))

+1

ε

(
VC2(g, d) − VC2(ḡ, d)

)
,

(7.6)
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that we can rewrite in the form

SR(4) = S̃ f (4) + SWZ , (7.7)

with

S̃ f (4) = lim
d→4

(
SB(d) + 1

ε
VC2(ḡ, d) + 1

ε
VE (ḡ, d)

)
. (7.8)

As we are going to see next, the DR and WZ procedures
differ by Weyl-invariant terms. These are taken into account
in S f (4) (5.4) and S̃ f (4) in two different ways. To determine
all these contributions explicitly, we will be needing a careful
implementation of DR, accompanied by a DRed procedure in
order to perform the limit d → 4. We pause for a comment.

The WZ action defined above, as already mentioned, is
widely used in the context of the derivation of the anomaly
actions in quantum gravity [7,8]. In general, in these analysis,
the attention goes either to the WZ part of SR , denoted as
SWZ , or to SA defined in (5.9), and their completions in
SR(4) are clearly different. These completions are S̃ f (4) and
S f (4), depending on whether we use either a standard DR
or a WZ regularization of SR .

8 The anomaly-induced parts SA and SWZ in a generic
regularization

To get some additional insight into the contributions in (7.2)
we proceed with a rescaling of the metric defining VE , isolat-
ing the conformal factor. There are several subtleties related
to the way we perform the limit in DR in order to expand the
counterterms VE and VC2 . We proceed with a regularization
that we call “generic”, since it is not based on an explicit
metric parameterization. In a follow-up section we are going
to investigate the limitations of such method in more detail.

We will be using (6.1) where all the fields are contracted
on a d-dimensional spacetime manifold. VE can be expanded
in ε in the form

VE (g, d) =
∫

dd x
√
ḡ

(
Ē + ∇̄μ J̄

μ
)

+ε

∫
dd x

√
ḡφ

(
Ē + ∇̄μ J̄

μ
)

+ε

∫
dd x

√
ḡK + O(ε2). (8.1)

Notice that in the expression above, O(ε2) contributions are
also contained in the measure of integration, since this is
still performed in d dimensions. In a naive regularization,
the limiting value of VE (g, d), denoted as VE (ḡ, 4), can be
computed from (8.1) by sending φ → 0 and setting directly
d = 4 in the integration measure

VE (ḡ, 4) =
∫

d4x
√
ḡ

(
Ē + ∇̄μ J̄

μ
) =

∫
d4x

√
ḡ Ē . (8.2)

We have dropped, in the last relation, a boundary term.
Notice that, with the assumptions above,

VE (g, 4) = VE (ḡ, 4), (8.3)

since all the dependence on the conformal factor φ disap-
pears from both expressions. We need to be careful with
such expressions since their 4-dimensional form may include
extra contributions coming from the integration over the extra
dimensions, inducing extra components of the metric in the
reduced action. In general, the reduction to the base mani-
fold, does not correspond to a real compactification, where
extra Kaluza–Klein modes need to be taken into account.

Implicit, in most of the literature on the subject, is often the
use of DRed without mentioning it. Here we intend to address
it more rigorously, by keeping track of extra contributions
and extra cutoffs that are generated by the procedure. Note
that (8.2) is defined unambiguously, being expressed in terms
of the fiducial metric at d = 4. VE (ḡ, d) can be defined
analogously, by sending φ → 0 in (8.1)

VE (ḡ, d) =
∫

dd x
√
ḡ

(
Ē + ∇̄μ J̄

μ
) =

∫
dd x

√
ḡ Ē . (8.4)

The complete contribution to SA coming from the VE coun-
terterm is then given by

V ′
E ≡ lim

d→4

(
1

ε
(VE (g, d) − VE (g, 4))

)

= ∂

∂d
VE (ḡ, d) |d=4 +

∫
d4x

√
ḡ

×φ
(
Ē + ∇̄M J̄ M

)
+

∫
d4x

√
ḡK , (8.5)

where the first terms on the rhs is due to the difference

∂

∂d
VE (ḡ, d) |d=4= lim

d→4

(
1

ε

(∫
dd x

√
ḡ Ē −

∫
d4x

√
ḡ Ē

))

(8.6)

which differs respect to the renormalization used in the def-
inition of the WZ effective action by the equation

V̂ ′
E (ḡ, φ) ≡ lim

d→4

(
1

ε
(VE (g, d) − VE (ḡ, d))

)

= V ′
E − ∂

∂d
VE (ḡ, d) |d=4, (8.7)

that gives

V̂ ′
E (ḡ, φ) =

∫
dd x

√
ḡφ

(
Ē + ∇̄μ J̄

μ
) +

∫
dd x

√
ḡK .

(8.8)

A similar analysis, in the case of the quantum effective
action, can be performed for VC2 with

VC2(g, d) =
∫

dd x
√
ḡeεφC̄2 =

∫
dd x

√
ḡC̄2
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+ε

∫
dd x

√
ḡφC̄2, (8.9)

giving

VC2(ḡ, 4) =
∫

d4x
√
ḡC̄2 (8.10)

where, also in this case,

VC2(ḡ, 4) = VC2(g, 4). (8.11)

In DR, the contribution to the anomaly action is then given
by

V ′
C2 ≡ lim

d→4

(
1

ε

(
VC2(g, d) − VC2(g, 4)

))

= ∂

∂d
VC2(ḡ, d) |d=4 +

∫
dd x

√
ḡφC̄2, (8.12)

where

∂

∂d
VC2(ḡ, d) |d=4 = lim

d→4

(
1

ε

(∫
dd x

√
ḡC̄2

−
∫

d4x
√
ḡC̄2

))
. (8.13)

The contribution of the regulated counterterm to the WZ
action is computed similarly to (8.8)

V̂ ′
C2(ḡ, φ) = lim

d→4

(
1

ε

(
VC2(g, d) − VC2(ḡ, d)

))

=
∫

dd x
√
ḡφC̄2. (8.14)

It is then clear that SA and SWZ differ by the contributions

SA − SWZ = SA/WZ (8.15)

where

SA/WZ ≡ ∂

∂d
VE (ḡ, d) |d=4 + ∂

∂d
VC2(ḡ, d) |d=4, (8.16)

that correspond to Weyl invariant terms, being only depen-
dent on the fiducial metric ḡ, as defined by (8.6) and (8.13).

The ambiguities in the definition of the Weyl-invariant
terms is a natural result of the renormalization procedure, due
to the prescriptions used in the regularization of the effective
action. In general, the main difference between the different
regularizations lays in the power of the dilaton field. In SA

and SWZ the dependence on φ is quartic, but the inclusion
of a finite renormalizaton of the topological density makes it
quadratic. This point will be addressed in Sect. 12.

By the term “anomaly induced actions” we will refer to
both the SA and SWZ contributions, which do not include
the finite term S f or S̃ f coming from the quantum correc-
tions. The conformal backreaction is associated withSR , and
includes also S f and S̃ f , as defined in (5.4). Their invariance
under φ-variations (∼ δφ), does not imply that they will not
contribute to the scale anomaly. We will come back shortly
to this point, which is slightly involved.

For the moment, we can summarize the relation between
the two different regularizations of the complete effective
action SR by the equations

SR = S f + SA (8.17)

and

SR = S̃ f + SWZ , (8.18)

where

S̃ f − S f = SA − SWZ = SA/WZ . (8.19)

To recover the 4d EGB theory we need to retain in the
relation above only the regulated GB term, and the corre-
sponding action will be simply given by the two actions

SEGB/1 = SEH + V ′
E (ḡ, φ)

SEGB/2 = SEH + V̂ ′
E (ḡ, φ), (8.20)

denoted as EGB/1 and EGB/2, where SEH is the Einstein-
Hilbert action. The two actions, as we have, seen, differ
by Weyl-invariant contributions generated by the regulariza-
tion. As we are going to discuss next, there are several rele-
vant points that need to be addressed concerning the explicit
expressions of V ′

E (ḡ, φ) and V̂ ′
E (ḡ, φ). The dilaton can be

removed if we introduce a modification of the GB density
away from d = 4, extension already implemented in the past
in the case of anomaly actions, for the treatment of this term.

Therefore, in the case of 4d EGB theories, which share
similarities with anomaly actions, the equations of motion
still have to satisfy constraints which are similar to those
generated by the Weyl variant countertermsV ′. These actions
are simply defined by adding to the EH action, the V̂ ′

E term,
as shown in (8.20). This clarifies the origin of the constraints
found for these theories in [24] in their equations of motion.

8.1 Anomaly constraints

At this point, we are in condition to derive the anomaly con-
straints on SWZ and on SA, clarifying some of the interme-
diate steps in the derivations. We recall that the usual relation

2gμν

δ

δgμν

= δ

δφ
, (8.21)

holds only if, as a precondition, a functional can be written
in terms of the entire metric g. The identity holds as far as
we perform variations of g and keep the fiducial metric ḡ in
(7.1) fixed.

The usual derivation of the condition of Weyl invariance,
is to perform a conformal decomposition of g in terms of a
fiducial metric, and verify that there is no dependence of the
functional on φ. In other words, Weyl invariance is equivalent
to the condition of independence from the conformal factor.
However, the precondition clearly tells us that we should not

123



Eur. Phys. J. C (2022) 82 :1121 Page 11 of 26 1121

perform any subtraction of ḡ terms on this functional. For this
reason, the precondition can be formulated as the request of
invariance of the functional respect to the conformal decom-
position in (7.1),

δσ F = 0 with gμν → gμνe
2σ , φ → φ − σ.

(8.22)

This second constraint is clearly violated by the renormaliza-
tion procedure, that forces us to identify a specific conformal
decomposition, fixed by a scale f appearing in the conformal
factor.

In this case, the functional cannot be rewritten as a func-
tion of the entire metric g. It is then clear that once we view
the ḡ term in the WZ action as a subtraction, needed in
order to perform a DR/DRed regularization of the quantum
corrections in SR , it is misleading to refer to the subtrac-
tion term VE/C2(ḡ, d) as being “Weyl invariant” respect to
VE/C2(g, d), the “Weyl variant” one.

To summarize: once we perform the subtraction of the pole
terms using VE/C2(ḡ, d) on SB , a naive implementation of
this variation on this term would obviously give zero

δφVE/C2(ḡ, d) = 0 (8.23)

but the δσ symmetry is violated both in SA and in SWZ . The
breaking of both symmetries (δσ and δφ), now interpreted as
a breaking of Weyl invariance, clarifies why there is also a
breaking of scale invariance and not only a generation of the
trace anomaly, in the complete effective action, after renor-
malization.

Weyl invariance, as mentioned, should be associated with
the conformal symmetry of a certain functional, such that
if we expand the parameter of the Weyl transformation, say
σ(x), around flat space, then this function is constrained to
be at most quadratic in x . It would be expressed in terms of
15 parameters, paired with the generators of the conformal
group, one of them being the dilatation. An anomaly induced
action such that its δφ variation equals the anomaly, and inter-
preted as a Weyl-variant functional, without any reference to
the renormalization procedure, falls short from predicting
the breaking of scale invariance. From this point of view, it
is clear that VE/C2(ḡ, d) is as essential as the remaining δσ

invariant term VE/C2(g, d) in the definition of the anomaly
effective action. It is clear that, after renormalization, φ and
ḡ should be treated as independent fields and varied accord-
ingly, since the φ variation alone is performed only for a fixed
fiducial metric. This is required for the derivation of (8.21).

The explicit breaking of the combined δσ and δφ varia-
tions, allows us to justify the presence of the other scales
(μ, f ), introduced by the renormalization procedure.

8.2 Implications for the functional differentiation

Given a functional F(g), that satisfies the constraint δσ F =
0, we use the relation ḡμν = gμνe−2φ , to derive the expres-
sions

δḡμν(x)

δgαβ(y)
= δαβ

μνe
−2φδd(x − y),

δF

δgαβ

= δF

δḡαβ

e−2φ,

2ḡαβ

δF

δḡαβ

= 2gαβ

δF

δgαβ

. (8.24)

The regularization, by separating the dependence on the two
components of g, leads to identities between the functional
variations w.r.t. φ and ḡ that, as we are going to show, are
related by the anomaly.

For instance, from SWZ , the contribution from the Euler
density satisfies the relation

2gμν

δV̂ ′
E (ḡ, φ)

δgμν

= 1

ε

(
2gμν

δVE (g, d)

δgμν

−2gμν

δVE (ḡ, d)

δgμν

)
.

(8.25)

Now using

2gμν

δ

δgμν

VE (ḡ, d) = 2ḡμν

δ

δḡμν

VE (ḡ, d) = ε
√
ḡ Ē, (8.26)

together with (6.6), we obtain

2gμν

δV̂ ′
E

δgμν

= √
gE − √

ḡ Ē . (8.27)

On the other end, we have, for any functional in which ḡ and
φ are paired, Eq. (8.21) is satisfied and gives

δ

δφ
VE (g, d) = ε

√
gE, (8.28)

while

δ

δφ
VE (ḡ, d) = 0, (8.29)

that combined together give

δ

δφ
V̂ ′
E (ḡ, φ) = √

gE . (8.30)

Therefore, in the case of a 4d EGB theory, as well as for
any anomaly action, one derives a constraint between the
equation of motion of the dilaton and the trace of the stress
energy tensor of the fiducial metric

2gμν

δV̂ ′
E (ḡ, φ)

δgμν

− δV̂ ′
E (ḡ, φ)

δφ
= −√

ḡ Ē . (8.31)

This relation shows that the Weyl variation and the
trace/metric variation are not identical, if we perform a reg-
ularization. A similar relation holds for V̂ ′

C2

2gμν

δV̂ ′
C2(ḡ, φ)

δgμν

− δV̂ ′
C2

δφ
= −√

ḡC̄2. (8.32)
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In summary, a WZ anomaly action, following the defini-
tions above, will satisfy the anomaly condition

2gμν

δSWZ

δgμν

= b′√gE + b
√
gC2 −

(
b′√ḡ Ē + b

√
ḡC̄2

)
,

(8.33)

and

δSWZ

δφ
= b′√gE + b

√
gC2 (8.34)

and, more generally, the condition

2gμν

δSWZ

δgμν

− δSWZ

δφ
= −

(
b′√ḡ Ē + b

√
ḡC̄2

)
. (8.35)

It differs from the DR anomaly-induced action by terms
(

2gμν

δS A

δgμν

− 2gμν

δSWZ

δgμν

)
= ∂

∂d
VE (ḡ, d) |d=4

+ ∂

∂d
VC2(ḡ, d) |d=4,

(8.36)

that are Weyl invariant, since they do not depend on the con-
formal factor φ.

8.3 SB(d) for d → 4

SB(d) describes the finite quantum corrections that develop a
singularity in the d → 4 limit. Notice that this is a functional
of the entire metric before the limit is taken, and it is Weyl-
invariant. Therefore it satisfies the constraint

2gμν

δSB

δgμν

= δSB

δφ
= 0. (8.37)

This relation implies that SB is only a functional of ḡ since
a Weyl variation does not change its functional expression

SB(g, d) = SB(ḡ). (8.38)

Using (6.16) and (6.17), that we rewrite in the form

2gμν

δVE/C2(g, 4)

δgμν

= δVE/C2(g, 4)

δφ
= 0, (8.39)

one finds that S f (d)

S f (d) = lim
d→4

(
SB(g, d) + b′ 1

ε
VE (ḡ, 4) + b

1

ε
VC2(ḡ, 4)

)
,

(8.40)

is only a functional of the fiducial metric, and its stress-energy
tensor has a vanishing trace

δ

δφ
S f (ḡ, φ, d) = 0. (8.41)

This property continues to hold in the d → 4 limit and
henceforth

S f (4) ≡ S f (ḡ). (8.42)

This implies that S f (4) does not contribute to the trace
anomaly and we have consistently the constraints

2ḡμν

δS f (4)

δḡμν

= 0,
δS f (4)

δφ
= 0. (8.43)

Notice, however, that this condition does not guarantee that
S f (4) is also scale-invariant. Indeed, it is not. As we have
mentioned, logs of the renormalization scale μ are present
in this functional and in SR after renormalization, due to the
breaking of the local shift symmetry (6.10). According to this
symmetry, φ(x) takes the role of a Nambu–Goldstone mode.
The invariance of the functional under a local shift is indeed
broken by the renormalization procedure. This observation
clarifies why terms in the anomaly action that are Weyl invari-
ant (i.e. they are terms that depend only on the fiducial metric
ḡ) break the dilatation symmetry. In the WZ case, instead,
the subtraction is defined as

S̃ f (d) = lim
d→4

(
SB(g, d) + b′ 1

ε
VE (ḡ, d) + b

1

ε
VE (ḡ, d)

)
,

(8.44)

and in this case one easily derives the relation

δS̃ f

δφ
= 0, (8.45)

since the subtractions VE/C2(ḡ, d) and the bare action SB do
not depend on φ. On the other hand, we have

2ḡμν

δVE (ḡ, d)

δḡμν

= √
ḡ Ē, (8.46)

and similarly for VC2(ḡ, d), thereby obtaining

2ḡμν

δS̃ f (ḡ, d)

δḡμν

= b′√ḡ Ē + b
√
ḡC̄2. (8.47)

8.4 The complete quantum action in DR

It is clear that the conformal backreaction is associated with
the entire renormalized effective action SR , rather than with
the anomaly-induced actions SA or the WZ action SW Z . The
difference betweenSR and the previous two actions is, again,
given by Weyl invariant terms. We recall that, as far as we stay
in d dimensions, SR(g, d), defined by the sum of SB(g, d)

and of the two counterterms 1/εVE (g, d) and 1/εVC2 , under
a Weyl variation behaves as

δ

δφ
SR(g, d) = δSB(g, d)

δφ
+ δ

δφ

×
(

1

ε

(
b′VE (g, d) + bVC2(g, d)

) )
. (8.48)
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Then, using the invariance of SB (8.37), we obtain

δSR(g, d)

δφ
= 2gμν

δSR(g, d)

δgμν

= b′√gE + b
√
gC2. (8.49)

This equation is modified by the separation into poles in 1/ε

plus finite terms in DR as follows

δSR(g, 4)

δφ
= δS f (g, 4)

δφ
+ δSA(g, 4)

δφ
. (8.50)

In this case both a φ-variation and trace-metric variation coin-
cide and give

δSA(4)

δφ
= b′√gE + b

√
gC2 (8.51)

and

2gμν

δSA(4)

δgμν

= b′√gE + b
√
gC2. (8.52)

The finite part of SR , given by S f , has no dependence on
the conformal factor, and its stress energy tensor has zero
trace. Therefore the anomaly, in this case, is all generated by
SA

δSR

δφ
= 2gμν

δSR

δgμν

= b′√gE + b
√
gC2. (8.53)

If we perform the renormalization of SB using (7.4) and
(7.7), then (8.53) is obviously still valid. However both S̃ f

and SWZ on the rhs of (7.7) will contribute to the trace
anomaly, with extra Weyl-invariant terms that carry opposite
signs, as shown in (8.33) and (8.47), their sum reproducing
again Eq. (8.53).

9 Effective actions in extra dimensional schemes with
dimensional reduction

In this section we proceed with a different analysis of the
extra dimensional (ED) contributions, which in the previous
section have been generic, by considering a specific metric
choice. We will factorize its d-dimensional expression into
a general conformal factor times a fiducial metric, taking the
topology of a direct product. The ED space will be, at the
end, assumed to be flat, and we will impose the condition of
dimensional reduction DRED on the 4-dimensional curva-
tures and fields. In normal Kaluza–Klein (KK) compactifi-
cations, this is equivalent to taking the zero mode of the KK
towers of the metric, which does not depend on the geome-
try of the d − 4-dimensional outer space. This approach will
introduce a universal cutoff L on the size of the ED space, that
will be accompanied by the renormalization scale μ in the
logarithmic corrections to the anomaly actions, generating
logarithms of the dimensionless variable Lμ.

We start by analyzing the topological counterterm, by
mentioning that from (6.1), using (6.2) and (6.3), we obtain

the relation

∇̄μφ J̄μ − K̄ = 4R̄μν(∇̄μφ∇̄νφ) − 2R̄�̄φ + 2(∇̄λφ∇̄λφ)2

+4�̄φ∇̄λφ∇̄λφ, (9.1)

written as a four-dimensional expression, but that is also valid
in the embedding space. As far as we do not specify the extra
dimensional metric in some way, the Greek indices may be
used, with no confusion, to describe the invariants over the
entire embedding space.

After an integration by parts, we get the final form of the
counterterm contribution, up to O(ε) terms, given by

1

ε
VE (g, d) = 1

ε

∫
dd x

√
ḡ Ē +

∫
dd x

√
ḡ

×
[
φ Ē − (4Ḡμν(∇̄μφ∇̄νφ)

+2(∇̄λφ∇̄λφ)2 + 4�̄φ∇̄λφ∇̄λφ)
]
. (9.2)

This result holds in d spacetime dimensions.
If we intend to take the d → 4 limit with more rigour, then

we need to be more specific about the choice of the metric. In
our case, for definiteness, we will consider a manifold of the
form M4 ×Me, split into a 4- and (d−4)-dimensional part.
We will denote the d dimensional indices as M, N , saving the
Greek indices for the 4-dimensional part. The d dimensional
metric is decomposed in the Weyl gauge and split into the
direct sum of the metrics of the two submanifolds. egmn is
the extra dimensional metric used for the regularization of
the integral and 4g̃μν is its 4-dimensional part. The extra
coordinates will be denoted as y. For example, we choose

dgMN (x, y) = e2φ(x)
[

4g̃μν(x) 0
0 egmn(y)

]
= e2φ(x)

d ḡMN .

(9.3)

d ḡμν is the d-dimensional fiducial metric, from which we
have extracted a conformal factor φ, with the indices decom-
posed as M = (μ,m), (N = ν, n) . . ., and so on. The orig-
inal scaling relation (6.1) in d dimensions can be expressed,
in this spacetime manifold, in the form
∫

d4xdd−4y
√

dg d E =
∫

d4xdd−4y
√

d ḡ e(d−4)φ

×
(
d Ē + (d − 3)∇̄Md J̄

M + (d − 3)(d − 4)d K̄
)

, (9.4)

where barred terms, including the covariant derivatives, are
relative to the fiducial metric d ḡMN . Since, with our choice,
the dilaton does not appear in the extra dimensional part of the
metric, the two blocks that make up the full d-dimensional
metric d ḡMN are only dependent on the coordinates of the
submanifold which they belong to. The same is true for every
curvature tensor, hence we have that 4 R̃μνρσ , the Riemann
tensor of the base space, depends only on the x-coordinates,
while e Rabcd depends only on the y-coordinates. Moreover,
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the connection has no mixed terms, hence the squared cur-
vature tensors are decoupled

d R̄
ABCD

d R̄ABCD = 4 R̃
μνρσ

4 R̃μνρσ + e R
abcd

e Rabcd ,

d R̄
AB

d R̄AB = 4 R̃
μν

4 R̃μν + e R
ab

eRab,

d R̄
2 = 4 R̃

2 + e R
2 + 24 R̃e R. (9.5)

The Gauss–Bonnet density, for example, becomes

d Ē = 4 Ẽ + eE + 24 R̃e R. (9.6)

From the definitions (6.2) and (6.3), since φ(x) is a function
only of the coordinates of the 4-dimensional subspace, we
obtain

d J̄
μ = 4 J̃

μ − 4e R ∇̃μφ, e J̄
m = 0,

d K̄ = 4 K̃ − 2e R ∇̃λφ∇̃λφ, (9.7)

where ∇̃ are covariant derivatives associated with the 4-
dimensional metric 4g̃μν .

We may rewrite (9.4) as∫
d4xdd−4y

√
dg d E

=
∫

d4xdd−4y
√

d ḡ e(d−4)φ
(

4 Ẽ + (d − 3)∇̃μ 4 J̃
μ

+(d − 3)(d − 4)4 K̃

+2 4 R̃ e R + eE − (d − 3)e R[4�̃φ

+2(d − 4)(∇̃λφ∇̃λφ)]
)
. (9.8)

This equation is the starting point in order to proceed with a
dimensional reduction of the fields.

9.0.1 Weyl flat metric in Me and DR

In dimensional reduction, as already pointed out, one usu-
ally assumes that all the d-dimensional fields do not depend
on the coordinates of the extra dimensional manifold. The
structure of the reduced theory carries symmetries which are
decomposed with respect to the original ones. A classical
example is that of N = 1 supersymmetric Yang-Mills the-
ory in d = 10, which turns into an N = 4 at d = 4.

In our case, with our metric choice, DR is implemented by
assuming that the egmn metric becomes flat, in order to obtain
a pure 4-dimensional integrand. In this case all the external
curvatures e R, e Rmn and so on, will obviously vanish.

We split the integration measure into
√

dg = √
4g

√
eg

and take the flat limit in eg (
√

eg → 1). We also reinsert the
με renormalization scale in the original definition (4.1), to
obtain

1

d − 4
VE (g, d) = 1

ε
(Lμ)ε

∫
d4x

√
g 4 Ē + (Lμ)ε

×
∫

d4x
√
g

[
φ4 Ē − (4Gμν(∇̄μφ∇̄νφ)

+2(∇λφ∇λφ)2 + 4�φ∇λφ∇λφ)
]
, (9.9)

where all the terms in the integrands are 4-dimensional and
L is a space cutoff in the d − 4 extra dimensions. Lε is the
volume of the extra space. Taking the ε → 0 limit, and going
back to ordinary 4-d notation, gμν = ḡμνe2φ , for the fiducial
metric, we finally derive the expressions

V̂ ′
E (g, φ) = lim

d→4

(
1

ε
(VE (g, d) − VE (ḡ, d))

)

=
∫

d4x
√
g
[
φ4E − (4Gμν(∇̄μφ∇̄νφ)

+2(∇λφ∇λφ)2 + 4�φ∇λφ∇λφ)
]
, (9.10)

and

V ′
E = V̂ ′

E (ḡ, φ, d) + log(Lμ)

∫
d4x

√
ḡ Ē . (9.11)

The dilaton appears with vertices up to order four. The result
reproduces in details the analysis in (8.36). In this case we
identify the term

∂VE (ḡ, d)

∂d
|d=4= log(Lμ)

∫
d4x

√
ḡ Ē (9.12)

which is the Weyl invariant mismatch between the regular-
ization obtained via the WZ action and the one present in SR

using standard DR. This example defines a combined DR
regularization for such types of actions.

A similar analysis can be performed for VC2 . In this case,
under a Weyl rescaling

VC2 =
∫

d4xdd−4y
√

dg dC
2

=
∫

d4xdd−4y
√

d ḡ e(d−4)φ
dC̄

2. (9.13)

As in the previous case, in the (d)ḡMN metric, the squared
curvatures are of the form (9.5), hence the d-dimensional
Weyl tensor squared is expanded as

dC̄
2 = 4C̃

2 + eC
2 + 4

(d − 1)(d − 2)
4 R̃e R. (9.14)

Then the counterterm reads∫
d4xdd−4y

√
dg dC

2 =
∫

d4xdd−4y
√

d ḡ e(d−4)φ

×
(

4C̃
2 + eC

2 + 4

(d − 1)(d − 2)
4 R̃e R

)
. (9.15)

Similarly we obtain

VC2 =
∫

d4xdd−4y
√

dg dC
2

=
∫

d4xdd−4y
√

4g̃e
(d−4)φ

4C̃
2

= Lε

∫
d4x

√
4g̃e

(d−4)φ
4C̃

2. (9.16)

123



Eur. Phys. J. C (2022) 82 :1121 Page 15 of 26 1121

Reinserting the μ dependence, the expansion in ε of this term
generates two contributions

1

d − 4
VC2(d) = 1

ε
(μL)ε

∫
d4x

√
gC2 + O(ε)

+
∫

d4x
√
gφC2, (9.17)

the first of them relevant for the cancellation of the singular
behaviour of SB(d) as d goes to 4. Differently from the sim-
ilar counterterm in VE , this is necessary in order to regulate
the divergences of SB(g, d) in the d → 4 limit.

Also in this case, by defining

V̂ ′
C2 = 1

ε

(
VC2(g, d) − VC2(ḡ, d)

)
, (9.18)

we have

V̂ ′
C2(ḡ, d) =

∫
dd x

√
ḡφC̄2 (9.19)

and

V ′
C2(4) = V̂ ′

C2(ḡ, d) + log(Lμ)

∫
d4x

√
ḡC̄2, (9.20)

giving from (8.36)

(
2gμν

δS A

δgμν

− 2gμν

δSWZ

δgμν

)
= log(Lμ)

×
∫

d4x
√
ḡ

(
b′ Ē + bC̄2

)
. (9.21)

The conformal backreaction, identified in SR , can then be
expressed in the final form

SR = S f + b′
∫

d4x
√
g
[
φ4E − (4Gμν(∇̄μφ∇̄νφ)

+2(∇λφ∇λφ)2 + 4�φ∇λφ∇λφ)
]

+b
∫

dd x
√
ḡφC̄2 + log(Lμ)

×
∫

d4x
√
ḡ

(
b′ Ē + bC̄2

)
, (9.22)

valid in DR, where the only missing term is S f . Both S f and
the log-contribution are Weyl-invariant (i.e. φ-independent)
terms which are part of the regulated action. If we limit our
attention only to a GB theory, with a classical singular rescal-
ing of the GB coupling, as in ordinary d = 2 gravity [12],
then S f and the log terms are obviously absent, while at the
same time we need to set b = 0. Notice that in (9.22) the
logs of the renormalization scale μ are present and accom-
pany the

√
ḡC̄2 density. If, as already discussed, we vary ḡ

and φ independently, as we should, then scale invariance is
violated.

10 The quartic dilaton action and the conformal
breaking scale ( f )

Extending SR in order to derive a Einsten GB/Weyl theory is
quite straightforward, but it is not a unique procedure. At the
same time, this theory can be accompanied by other terms of
various types. One can add, for instance, the EH term.

We recall that the EH term may be expressed either in
terms of the fiducial metric, as SEH (ḡ, 4), where

SEH (ḡ, 4) ≡
∫

d4x
√
ḡ

(
M2

P R̄ + 2�
)

, (10.1)

generating an action at d = 4 of the form

SEGBW1 ≡ SEH (ḡ, 4) + SR(ḡ, φ), (10.2)

with

SR(ḡ, φ) = S f (ḡ) + SA(ḡ, φ), (10.3)

and SA given by (9.22), or, alternatively, by promoting the
entire EGBW theory to d-dimensions and performing the
d → 4 limit on all of its components.

In this second case, if we perform a Weyl transformation
also on the EH action, we derive the ordinary form of the
dilaton gravity action
∫

dd x
√
g(M2

P R − 2�)

=
∫

dd x
√
ḡ e(d−2)φ

(
M2

P [d R̄ − 2(d − 1)�̄φ

−(d − 1)(d − 2)∇̄λφ∇̄λφ] − 2e2φ�
)

=
∫

dd x
√
ḡe(d−2)φ

×
(
M2

P [R̄ + (d − 1)(d − 2)∇̄λφ∇̄λφ] − 2e2φ�
)

.

(10.4)

DRed of this action leads to the ordinary dilaton gravitySEHd

in the Jordan (string) frame

SEHd1(ḡ, φ) =
∫

d4x
√
ḡe2φ

×
(
M2

P [R̄ + 6∇̄λφ∇̄λφ] − 2e2φ�
)

. (10.5)

Logarithmic, scale dependent terms are absent in this action,
since we can smoothly take the d → 4 limit in DR from SEH

in d dimensions, due to finiteness.
We can add SR to this action, obtaining the corresponding

EGBW action – denoted as EGBW1

SEGBW1 ≡ SEHd1(ḡ, φ) + SR(ḡ, φ), (10.6)

with SR(ḡ, φ) given by (9.22). We have also observed that
there are variants of the theory in which the logarithmic
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log(μL) scale dependent terms are absent from the coun-
terterms. We work in the context of this variant, which corre-
sponds to a redefinition of the renormalized quantum effec-
tive action SR in the form

S̃R = S f (4) + SWZ , (10.7)

giving

S̃EGBW1 ≡ SEHd1(ḡ, φ) + S̃R(ḡ, φ). (10.8)

This theory is defined according (9.22) by the choice μ =
1/L , which removes the log terms in DR.

We are now going to address one aspect of this dilaton
gravity action.

One of the most important issues concerns the presence
of constrains between the trace equation of motion of the
fiducial metric and the equation of the conformal factor, as
shown by (8.35). This relation is induced by the renormaliza-
tion procedure and is obviously related to the anomaly, that
breaks the residual invariance of the conformal decomposi-
tion (7.1). Notice that φ does not carry any dimension and
it is clear that a correct normalization of this field requires
the introduction of a scale f . Therefore, the selection of a
given fiducial metric ḡ is directly linked to the emergence of
f , which breaks the conformal symmetry. To investigate this
point, we proceed as follows.

Before expanding we send φ → −φ, obtaining

S̃EGBW1 = 1

16πG

∫
d4x

√
g e−2φ

×
(
[R + 6∇λφ∇λφ] − 2e−2φ�

)
+ S f (4)

+
∫

d4x
√
g

[
−φ(b′E + bC2) − b′ (4Gμν(∇μφ∇νφ)

+2(∇λφ∇λφ)2 − 4�̄φ∇λφ∇λφ
) ]

. (10.9)

We omit, for simplicity, the bar symbol on the gravita-
tional metric. It is quite straightforward to show that such
a Lagrangian describe a spontaneously broken phase, due to
the presence of a bilinear mixing between the scalar field φ

and the metric.
To show this, it is convenient to introduce the field redef-

inition

e−2φ = 1 − φ̃

f
φ = −1

2
log

(
1 − φ̃

f

)
(10.10)

for which the action is rewritten as

S̃EGBW1 = M2
P

2

∫
d4x

√
g

⎛
⎝R − 1

f
φ̃R + 3

2

1

(1 − φ̃
f ) f 2

∂λφ̃∂λφ̃ − 2

(
1 − φ̃

f

)
�

)
+ S f (4)

+
∫

d4x
√
g

⎡
⎣1

2
log

(
1 − φ̃

f

)
(b′E + bC2) − b′

×
⎛
⎝Gμν 1

(1 − φ̃
f )2 f 2

(∂μφ̃∂ν φ̃) + 1

8(1 − φ̃
f )4 f 4

(∂λφ̃∂λφ̃)2

− 1

2(1 − φ̃
f )3 f 3

�0φ̃∂λφ̃∂λφ̃ − 1

2(1 − φ̃
f )4 f 4

× ∂μφ̃∂μφ̃∂ν φ̃∂ν φ̃ + 1

2(1 − φ̃
f )2 f 3

�λ∂λφ̃∂σ φ̃∂σ φ̃

⎞
⎠

⎤
⎦ ,

(10.11)

where M2
P = 1/(8πGN ) is the reduced Planck mass and

�λ ≡ gμν�λ
μν ≡ − 1√

g ∂μ(
√
ggλμ). Notice that the coupling

of the action can be organized in terms of interactions of
increasing mass-dimensions in an expansion in φ̃/ f . The
presence of a bilinear mixing in the EH part of the effective
action (∼ M2

P/ f )φ̃R is indicating that we are describing
a broken phase. A solution of the equations of motion can
be obtained by setting φ constant, and taking a flat fiducial
metric ḡμν = δμν , (i.e. a Weyl flat gμν). In this case

φ = v, Rμν = 1

4
Rgμν, R = 24λv2. (10.12)

An alternative approach is to proceed by introducing a dif-
ferent field redefinition of the form

e−φ = χ̄(x), (10.13)

where χ̄(x) can be related to a mass dimension-1 scalar as
χ̄(x) = χ(x)/(

√
3 f ) generating the coupling

L ⊃ M2
P

2 f 2

√
g

(
1

2
gμν∂μχ∂νχ + 1

6
Rχ2 . . .

)
. (10.14)

It is easy to realize that the Rχ2 term carries the wrong sign,
since for slowly varying curvature behaves essentially as a
mass term withm2 ∼ R. The presence either of mixing terms
or of mass terms with the wrong sign are the signatures that
the procedure of Weyl gauging generates a Lagrangian in a
broken phase.

Concerning the asymptotic structure of S̃EGBW1 , it is con-
venient to organize the terms appearing in it as an expansion
in the two scales 1/ f and 1/( f nM2

P ), obtaining

S̃EGBW1 = M2
P

2

∫
d4x

√
g

(
R − φ̃

f̄
R + 1

2 f̄ 2
(∂μφ̃)2

+2
φ̃

f̄
� − 2� + O(1/ f̄ 2)

− φ̃

f̄ M2
P

(αE + α′C2) + O(1/( f̄ 2M2
P )

)
,

(10.15)

where we have redefined φ̃ → φ̃/
√

3 and f̄ = √
3 f .
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At large f̄ , with f 
 MP , the dilaton field can be
expressed in terms of the fiducial metric using the nonlocal
relation

φ̃ ∼ 1

�

(
− f̄ (R + �) − f̄

M2
P

(b′E + bC2)

)
, (10.16)

where the asymptotic expression of the field can be removed
on-shell, via an auxiliary nonlocal interaction containing sup-
pressed – by f̄ /M2

P – nonlocal couplings to the anomaly
( 1
� (αE+α′C2)) and to the curvature ( 1

� R). If the conformal
breaking scale f grows towards MP , the leading behaviour
of the dilaton contribution is described by 1

� R. We have seen
that the structure of the effective action depends on the way
we perform the d → 4 limit and on the choice of the metric
that is used for evaluating the finite contributions V ′

E and V ′
C2

or V̂ ′
E and V̂ ′

C2 , resulting from the renormalization procedure.
Equation (10.16) indicates that after the breaking of the

conformal symmetry, here simply introduced by a renormal-
ization procedure that accounts for the anomaly, the coupling
of the dilaton to the anomalyA(x) is suppressed, compared to
its coupling to the curvature or to the cosmological constant.
One may observe that the enhanced coupling of such field to
R, is a result of the Weyl gauging of the EH action, and it
is not related to the inclusion of the quantum corrections. It
shows up as a purely classical effect, which is expected to be
present in any dilaton gravity model, given the generality of
the procedure.

11 Moving towards the UV: the reconstruction at d = 4
for GB

The reconstruction of the anomaly action in d = 4 follows
the standard procedure introduced long ago by Riegert [15],
that we will review and extend to the GB case, in order to
underline the difference between the various possible effec-
tive actions that may follow. Therefore, the regularization of
the GB term can indeed generate regulated GB actions which
can either take a local or a nonlocal form, depending on the
way the conformal factor is treated in the regularization pro-
cedure [16,17].

Both V ′
E and V ′

C2 are local expressions of the fiducial
metric ḡμν and of the field φ. As already pointed out, their
nonlocal structure will be apparent only if we are able to
remove φ, by re-expressing it in terms of the original metric
gμν , and this is not always possible. The case discussed by
Riegert is one in which the conformal scaling relation (6.1) is
linear in φ, and the dilaton can be removed by an integration
procedure. This is a consequence of the fact that the rescaling
is performed at d = 4. Indeed, in this case the rescaling gives

√
g

(
E − 2

3
�R

)
= √

ḡ
(
Ē − 2

3
�̄R̄ + 4�̄4φ

)
, (11.1)

where �4 is the fourth order self-adjoint operator, which
is conformal invariant when it acts on a scalar function of
vanishing scaling dimensions

�4 = ∇2 + 2 Rμν∇μ∇ν − 2

3
R� + 1

3
(∇μR)∇μ . (11.2)

and satisfies the relation

√−g�4χ0 = √−ḡ �̄4χ0, (11.3)

if χ0 is invariant (i.e. has scaling equal to zero) under a Weyl
transformation.

Equation (11.1) is crucial for the elimination of φ from the
effective action. This is obtained by the inclusion of a bound-
ary term (�R). It is clear that the identification of the anomaly
action using this equation does not follow the approaches out-
lined in the previous sections, which are entirely based on DR
and the choice of appropriate metrics and manifold of inte-
grations. Riegert’s approach can be modified by turning to d
dimensions, with the inclusion of finite renormalizations and
rendered consistent with DR. There are variants of E that can
be introduced in order to satisfy (6.4) and allow to eliminate
φ, quite closely to (11.1), as we are going to discuss in the
sections below and our goal will be to propose the same pro-
cedure also for 4EGB theories. We can introduce for instance
the modified and extended version of E in the form

Eext ≡ E + ε

2(d − 1)2 R
2, (11.4)

which is useful in order to investigate the contribution of the
VE counterterm – and of its variants – to the effective action.
Notice that the two extra terms that appear on the rhs of
(11.4), correspond to a boundary contribution (�R), and to
an O(ε) modification (∼ εR2) that vanish if we ensure either
trivial boundary conditions on the metric, or we perform the
d → 4 limit. Eext plays a role in the identification of a form
of the effective action which is quite close to Riegert’s action.

The scaling relation (11.1) is rather unusual, in the sense
that its metric variation links boundary terms in the two met-
rics gμν and ḡμν . One can show that in d = 4, under a metric
variation δ

1

4
δ(

√
gE) = √

g∇σ δXσ , δXσ = εμναβεσλγ τ δ�
η
νλgμηRαβγ τ ,

εμναβ = εμναβ

√
g

(11.5)

δ(
√
g�R) = √

g�δζ, δζ = −Rμνδgμν + ∇μ∇νδgμν

−�(gμνδgμν). (11.6)

These relations follow after some integration by parts, hav-
ing observed that the conformal factor varies like a scalar
under the Weyl rescalings in two different frames x and x ′.
This results from the fact that a fiducial metric transforms as
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an ordinary tensor in the two frames, hence

gμν(x) = ḡμν(x)e
2φ(x) g′

μν(x
′) = ḡ′

μν(x
′)e2φ′(x ′)

φ′(x ′) = φ(x). (11.7)

It is convenient to define

δ�σ = √
ggσβ∂βδζ (11.8)

and vary both sides of (11.1) to obtain, using

δφ
(√

g�R
) = εδφ�R + (d − 6)

√
g∇λR∇λδφ − 2

√
gR∇2δφ

−2(d − 1)
√
g∇4δφ (11.9)

the scaling relation at d = 4

δφ

(
1

4

√−g

(
E − 2

3
� R

))
= √−g�4δφ, (11.10)

which simplifies in the form

∂σ

(
δφX

σ − 1

6
δφ�σ

)
= √−g�4δφ, (11.11)

if we use (11.5) to relate it to a boundary contribution. Here
we have used the general variation of δXσ specialised to
changes in the dilaton field (δφ)

δφX
σ = εμναβεσλγ τ δφ�

η
νλgμηRαβγ τ . (11.12)

We have defined

δφ�λ
μν = δλ

μ∇νδφ + δλ
ν ∇μδφ − e−2φgμν∇λδφ, (11.13)

derived from (A.2), using ∇̄μδφ = ∇μδφ on scalars, while
and analogous variation δ�σ in (11.8) is specialised in the
form

δφ�σ = √
ggσβ∂βδφζ, (11.14)

where

δφζ = −Rμνδφgμν + ∇μ∇νδφgμν − �(gμνδφgμν),

with δφgμν = 2gμνδφ. (11.15)

Equation (11.11), integrated over spacetime, gives consis-
tently∫

d4x∂σ

(
δφX

σ − 1

6
δφ�σ

)
= 0, (11.16)

if we assume asymptotic flatness, and therefore∫
d4x

√−g�4δφ = 0, (11.17)

that follows from the self-adjointness of �4∫
d4x

√−gψ(�4ξ) =
∫

d4x
√−g (�4ψ)ξ, (11.18)

where ξ and ψ are scalar fields of zero scaling dimensions.

The scaling relation (11.1) is strictly valid at d = 4 and
clearly is much simplified compared to (6.1), which is valid
in d dimensions. Clearly, Eq. (11.1) is not directly related
to a DR procedure, but simply takes the expression of the
anomaly as a given fundamental 4-dimensional result and
integrates out the dilaton field from the scaling relation, to
derive the nonlocal form of the action.

We are now going to briefly review this point.
It is convenient to redefine (11.1) in the form

J (x) = J̄ (x) + 4
√
g�4φ(x),

J̄ (x) ≡ √
ḡ

(
Ē − 2

3
�̄R̄

)
,

J (x) ≡ √
g

(
E − 2

3
�R

)
(11.19)

(
√−g�4)x D4(x, y) = δ4(x, y). (11.20)

We invert (11.1) using the properties of the operator �4

to find the explicit form of the function φ(x), obtaining

φ(x) = 1

4

∫
d4y D4(x, y)(J (y) − J̄ (y)). (11.21)

This sets φ on-shell. The derivation ofSWZ requires the solu-
tion of the equation

δS(GB)
WZ

δφ
= J, (11.22)

clearly identified in the form

SWZ =
∫

d4x
√
ḡ

(
J̄φ + 2φ�4φ

)
. (11.23)

At this stage it is just matter of inserting the on-shell expres-
sion of φ (11.21) into this equation to obtain the WZ action,
in the form

SWZ = Sanom(g) − Sanom(ḡ), (11.24)

with

Sanom(g) = 1

8

∫
d4xd4y J (x)D4(x, y)J (y), (11.25)

and a similar expression for Sanom(ḡ). Using the explicit
expression of φ, and including the contribution from the
rescaled C2 term, we finally find the nonlocal and covari-
ant anomaly effective action as

Sanom(g) = 1

8

∫
d4x

√−gx

(
E − 2

3
�R

)
x∫

d4x ′√−gx ′ D4(x, x
′)

×
[
b′

2

(
E − 2

3
�R

)
+ b C2

]
x ′

. (11.26)
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12 Modified Euler density and the nonlocal GB action

Notice that if the rescaling is performed at d = 4, and the
extra field φ is reabsorbed into the definition of gμν , giving
a nonlocal action, then no scale of expansion is present in
SA(4). If we move away from 4 dimensions, and this is clearly
allowed in DR, then it is obvious that extra components of
the metric will be present in the expressions of V ′

E and V ′
C2 ,

and the computation of the effective action will be affected
by the choice of the fiducial metric over which we integrate
in d dimensions.

In the context of DR and, in particular, in the analysis of
the effective actions, it is clear that variants of the topological
terms are possible.

The functional differential form VE , constructed out of
E4 ≡ E is not the only possible one. It is clearly exact since

δφ(
√
gE4) = ε

√
gE4δφ, (12.1)

that can be verified directly by taking the trace of Vμν
E .

Another way is to introduce separately the variations

δφ

(√
gR2

)
= δφ

(
ε
√
gR2 − 4(d − 1)

√
g�R

)
, (12.2)

giving under integration

δφ

∫
dd x

√
gR2 = ε

√
gR2 − 4(d − 1)

√
g�R. (12.3)

Similarly

δφ

(√
g(Rμναβ)2

)
= δφ

(
ε
√
g(Rμναβ)2−8

√
g∇μ∇νR

μν
)

,

(12.4)

δφ

(√
g(Rμν)

2
)

= εδφ
√
g(Rμν)

2 − 2
√
g�Rδφ

−2(d − 2)
√
g∇μ∇νR

μνδφ, (12.5)

Obviously, as we move away from d = 4, modifications of
such densities are possible.

In general, we can modify such forms either by bound-
ary terms, which play a role only if we include a spacetime
boundary and/or by additional diffeomorphism invariant con-
tributions of O(ε).

If we consider the extended expression of E4 given by
(11.4), in this case we define the counterterm

ṼE =
∫

dd x
√
g

(
E4 + ε

R2

2(d − 1)2

)
. (12.6)

Using the variations above, one obtains

δφ(
√
gEext ) = δφε

(√
gEext − 2

d − 1
√
g�R

)
, (12.7)

giving under integration

δφ

∫
dd x

√
gEext = ε

√
g

(
Eext − 2

d − 1
�R

)
. (12.8)

Also in this case one needs to be careful about the d → 4
limit since the metric is stilld-dimensional and one has to pro-
ceed with an accurate definition of the corresponding invari-
ants. One possibility is to perform a dimensional reduction
as already discussed. This introduces a cutofl Lε that can be
consistently removed as ε → 0.

12.1 The nonlocal EGB expansion

One of the standing issues concerning the consistency of the
scaling approach introduced in (11.1) is that it is possible
to make it consistent with DR, promoting to d dimensions
from d = 4. This point can be addressed and solved by a
redefinition of SW Z using Eext with VE → ṼE , obtaining

ṼE =
∫

dd x
√
gEext , (12.9)

S(WZ)
GB = α

ε

(
ṼE (ḡμνe

2φ, d) − ṼE (ḡμν, d
)

. (12.10)

To derive its nonlocal expression, we can use the relation

δ

δφ

1

ε
ṼE (gμν, d) = √

g

(
E − 2

3
�R + ε

R2

2(d − 1)2

)

(12.11)

in (12.10), to obtain

δS(WZ)
GB

δφ
= α

√
g

(
E − 2

3
�R

)

= α
√
ḡ

(
Ē − 2

3
�̄R̄ + 4�̄4φ

)
, (12.12)

and henceforth

S(WZ)
GB = α

∫
d4x

√−ḡ

{(
E − 2

3
�̄R

)
φ + 2 φ�̄4φ

}
,

(12.13)

As before, we can solve for φ, deriving the regulated GB
action

S(WZ)
GB = α

8

∫
d4x

√−g
∫

d4x ′ √−g′
(
E4 − 2

3
�R

)
x

×D4(x, x
′)

(
E − 2

3
�R

)
x ′

, (12.14)

that coincides with the result provided in [16] by Mazur and
Mottola.

The nonlocal EGB action can be expanded, at least around
a flat spacetime, in terms of the combination of the product
of scalar curvature R and the inverse of the D’Alembertian of
flat space, i.e. of the variable R�−1, which is dimensionless
[19,73,74]. This results both from perturbative computations
performed around flat space and from studies of the hierar-
chical structure of the CWIs.

At this stage, we are ready extract the classical interactions
present in the action by an expansion around flat space.
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One rewrites the nonlocal anomaly action in an equivalent
local form

Sanom(g, φ) ≡ −1

2

∫
d4x

√−g
[
(�φ)2 − 2

(
Rμν − 1

3 Rg
μν

)

×(∇μφ)(∇νφ)
]

+ 1

2

∫
d4x

√−g
[(
E − 2

3 �R
)]

φ, (12.15)

that can be varied with respect to φ, giving

√−g�4 φ = √−g

[
E

2
− �R

3

]
. (12.16)

The metric can be expanded perturbatively in the form

gμν = g(0)
μν + g(1)

μν + g(2)
μν + · · · ≡ ημν + hμν + h(2)

μν + · · ·
(12.17a)

φ = φ(0) + φ(1) + φ(2) + · · · (12.17b)

The expansion above should be interpreted as a collection of
terms generated by setting

gμν = δμν + κhμν (12.18)

having reinstated the coupling expansion κ , with h of mass-
dimension one, and collecting all the higher order terms in
the functional expansion of (12.15) of the order h2, h3 and
so on. A similar expansion holds for φ if we redefine φ(1) =
κφ̄(1), φ(2) = κ2φ̄(2) and so on. One obtains the relations

�2
φ(0) = 0 (12.19a)

(
√−g�4)

(1)φ(0) + �2
φ(1) =

[√−g

(
E

2
− �R

3

)](1)

= −1

3
�R(1) (12.19b)

(
√−g�4)

(2)φ(0) + (
√−g�4)

(1)φ(1) + �2
φ(2)

=
[√−g

(
E

2
− �R

3

)](2)

= 1

2
E (2) − 1

3
[√−g�R](2), (12.19c)

where � is the d’Alembert wave operator in flat Minkowski
spacetime, and we have used the fact that E andC2 are second
order in the fluctuations while the Ricci scalar R starts at first
order

φ(1) = − 1

3�
R(1) (12.20)

and the solution of (12.19c) is

φ(2) = 1

�2

{
(
√−g�4)

(1) 1

3�
R(1)

+1

2
E (2) − 1

3
[√−g�R](2)

}
. (12.21)

In this way we obtain the quadratic term

S(2)
anom = −1

2

∫
d4x φ(1)�2

φ(1)

+1

2

∫
d4x

(
−2

3
�R(1)

)
φ(1)

= 1

18

∫
d4x

(
R(1)

)2
, (12.22)

which is purely local, since all propagators cancel. The third
order terms in the expansion of the anomaly action are

S(3)
anom = −1

2

∫
d4x

{
2 φ(1)�2

φ(2) + φ(1)
(√−g�4

)(1)
φ(1)

}

+1

2

∫
d4x

{(
−2

3
�R(1)

)
φ(2)

+
(
E (2) − 2

3

√−g�R

)(2)

φ(1)

}
. (12.23)

The remaining terms in (12.23) yield

S(3)
anom = − 1

18

∫
d4x

{
R(1) 1

�
(√−g�4

)(1) 1

�
R(1)

}

−b′

6

∫
d4x

(
E − 2

3

√−g�R

)(2) 1

�
R(1).

(12.24)

In the variation of �4 it is convenient first to rewrite

�4 = �2 + 2∇μ(Rμν∇ν) − 2

3
∇μ(R∇μ), (12.25)

having used the Leibnitz rule and the derivative Bianchi iden-
tity ∇μRμν = 1/2∇νR. An expansion of this operator to first
order in δgμν gives

(√−g�4
)(1) = (√−g�2)(1)

+2 ∂μ

(
Rμν − 1

3
ημνR

)(1)

∂ν. (12.26)

An integration by parts gives

S(3)
anom = − 1

18

∫
d4x

{
R(1) 1

�
(√−g�2)(1) 1

�
R(1)

}

+1

9

∫
d4x

{
∂μR

(1) 1

�

(
R(1)μν − 1

3
ημνR(1)

)
1

�
∂ν R

(1)

}

−1

6

∫
d4xE (2) 1

�
R(1)

+1

9

∫
d4x R(1) 1

�
(√−g�

)(1)
R(1)

+1

9

∫
d4x R(2)R(1), (12.27)

which contains only single propagator poles. At this stage,
using the covariant equation ∇μ

√
g = 0 on the tensor density√

g we rewrite
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(√
g�2

)(1) ≡ δ
(√

g�2
)

=
(

(
√
g�)2

√
g

)(1)

δ

(
1√
g

)
(
√
g�)2 = −δ(

√
g)�2, (12.28)

and(√
g�2

)(1) = −δ(
√
g)�2 + 1√

g
δ(

√
g�)(

√
g�)

+ 1√
g
(
√
g�)

(
δ(

√
g�)

)
, (12.29)

that in the flat limit becomes(√
g�2

)(1) = −(
√
g)(1)�2 + (

√
g�)(1)� + �(

√
g�)(1),

(12.30)

obtaining finally

S(3)
anom = 1

9

∫
d4x

∫
d4x ′

∫
d4x ′′

{(
∂μR

(1))x

(
1

�

)
xx ′

×
(
R(1)μν − 1

3
ημνR(1)

)
x ′

(
1

�

)
x ′x ′′

(
∂νR

(1))x ′′
}

−1

6

∫
d4x

∫
d4x ′ ( E (2)

)
x

(
1

�

)
xx ′

R(1)

x ′

+ 1

18

∫
d4x R(1)

(
2 R(2) + (

√−g)(1)R(1)
)

,

(12.31)

where the last term is purely local. This action describes
graviton interactions up to trilinear fluctuations in the gravi-
ton field. (12.15) can be expanded, with some extra effort,
to quartic and higher orders, providing a definition of the
EGB theory, now in a completely nonlocal form and without
a dilaton. The appearance of the Green’s function of a �−1

operator, once the expansion is performed around flat space,
has been shown in [18,20,75] for 3-point functions in the
T J J case and in [74] for the 3-graviton vertex TTT. Investi-
gations of this action up to 4-point vertices is underway and
results will be presented elsewhere.

13 Conclusions

In this work we have presented a discussion of the structure of
the effective action and of its renormalization in DR in some
detail, illustrating the main features of the procedure that
allow to identify its explicit expression. We have shown that
the regularization, in general, depends on the way we select
the background metric, and the integration of the countert-
erms induces new scales in the gravitational effective action.
We have selected to ways to perform the subtractions, one of
them giving scale invariant and the other scale non-invariant
effective actions.

One of the objectives of this analysis has been to establish
a link between the anomalous actions in which the dilaton
is manifest and those in which the dilaton is removed. The
latter, originally derived by Riegert by a rescaling at d = 4
of the metric, can be reconsidered in a complete DR scheme,
by a redefinition of the topological density, as shown in the
crucial analysis of Mazur and Mottola. Our analysis differs
from previous ones since it focuses on the entire action, and
not only on its anomaly related parts, or just the WZ part of
the same action, retracing step by step the renormalization
procedure.

As discussed in the previous sections, Weyl invariant terms
are essential, since they are responsible for the breaking of
scale invariance and are, as such, part of the anomaly, though
not of the trace anomaly.

From this point of view, the reduction of the anomaly
induced action only to the Weyl-variant contributions, does
not offer a complete view over the breaking of scale invari-
ance. As we have shown, Weyl invariance should carefully
restated as an invariance under a joint variation of the fidu-
cial metric and of the dilaton field, that we have called “σ
variation”, beside the usual requirement of invariance under
a rescaling of the entire metric. Such variation is clearly asso-
ciated with a symmetry which resembles Stuckelberg’s trick
for a massive spin-1 (Abelian) gauge theory, in this case bro-
ken by the renormalization procedure.

This breaking should be interpreted as the signature of vio-
lation of dilatation invariance by a certain part of the action. It
may not be present in certain schemes, at least in some parts
of the complete action, as in the WZ case, but they appear in
others.

Therefore, a specific part of the action may be φ-
independent, and may not contribute to the trace anomaly,
but it can still carry logs of a renormalization scale.

As with any regularization, we have the right to carry out
a finite renormalization of the effective action, by means of
a finite modification of the counterterms. In this case, they
modify the scheme dependent part of the trace anomaly equa-
tion, and may allow the dilaton to be removed from the spec-
trum. For this reason, the action may take either a local or
non-local form. We have argued that nonlocal actions are
suitable for a description of the physical implications of the
conformal anomaly in the UV, and may play an important
role in the analysis of the conformal backreaction close to
the Planck scale. On the contrary, local actions are suitable
for describing the effect of the anomaly at a certain (lower)
scale, f .

We have also shown that a R�−1 behaviour emerges from
the quartic (local) dilaton action as we push the breaking
scale up towards the Planck scale, once we couple the theory
to the EH action. The analogous behaviour identified in the
nonlocal action, where the same parameter R�−1 charac-
terizes the expansion around flat space, is however due only
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to the anomaly part of this action and, differently from the
quartic dilaton gravity case, it is not related to the inclusion
of the EH term. Indeed the two actions are different even if
we neglect contributions of O(1/ f 3) in the expression of the
local quartic action, limiting the theory to a quadratic dilaton.

Finally, we have also shown how our results on the struc-
ture of SR impacts a class of theories, the EGB theories,
in which a classical singular limit on the Gauss–Bonnet
term is performed. These quartic dilaton gravity theories
have recently received significant attention, for defining local
actions of Horndeski type.

We have shown that the relation between the equation of
motion for the conformal factor and those of the metric, in
these theories, are constrained by the topological density. For
such classical theories, a nonlocal formulation is possible,
that differs significantly from the local one(s) presented in
the recent literature. This is obtained by including the same
finite renormalization of the topological density discussed in
[16]. The use of these actions in a cosmological context pro-
vides an important starting point for the analysis of nonlocal
cosmological models, that induce significant modifications
in the evolution of gravitational waves in the early universe.
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A Appendix

In this appendix we define our conventions and study the
behaviour of various tensors under a Weyl transformation.
We define

Rλ
μσν = ∂σ �λ

μν − ∂ν�
λ
μσ + �λ

ρσ �ρ
μν − �λ

ρν�
ρ
μσ . (A.1)

We choose a fiducial metric as in (7.1). The Christoffel sym-
bol then transforms as

�λ
μν = �̄λ

μν + δλ
μ∇̄νφ + δλ

ν ∇̄μφ − ḡμν∇̄λφ, (A.2)

and the curvature tensors

Rλ
μσν = R̄λ

μσν + δλ
ν �̄μσ − δλ

σ �̄μν + ḡμσ �̄λ
ν − ḡμν∇̄λ

σ

+(δλ
ν ḡμσ − δλ

σ ḡμν)∇̄ρφ∇̄ρφ, (A.3)
Rμν = R̄μν − (d − 2)�̄μν − ḡμν [�̄φ + (d − 2)∇̄λφ∇̄λφ],

(A.4)
R = e−2φ[R̄ − 2(d − 1)�̄φ − (d − 1)(d − 2)∇̄λφ∇̄λφ],

(A.5)

where we have defined the symmetric tensor �̄μν and its
trace �̄ as

�̄μν = ∇̄μ∇̄νφ − ∇̄μφ∇̄νφ,

�̄ = ḡμν�̄μν = �̄φ − ∇̄λφ∇̄λφ. (A.6)

Notice that the symmetry of this tensor is ensured by the
relation

∇̄μ∇̄νφ = (∂̄μ∂̄ν − �̄λ
μν ∂̄λ)φ = (∂̄ν ∂̄μ − �̄λ

νμ∂̄λ)φ

= ∇̄ν∇̄μφ. (A.7)

In order to find E , we need the square of the curvatures

R2
μνρσ = e−4φ

(
R̄2

μνρσ − 8R̄μν�̄μν − 4R̄∇̄λφ∇̄λφ

+4(d − 2)�̄2
μν + 4�̄2

+8(d − 1)�̄∇̄λφ∇̄λφ + 2d(d − 1)(∇̄λφ∇̄λφ)2)
(A.8)

R2
μν = e−4φ

[
R̄2

μν − 2(d − 2)R̄μν�̄μν − 2R̄�̄φ

−2(d − 2)R̄(∇̄φ)2 + (d − 2)2(∇̄μ∇̄νφ)2

−2(d − 2)2∇̄μ∇̄νφ∇̄μφ∇̄νφ + (3d − 4)(�̄φ)2

+2(d − 2)(2d − 3)�̄φ∇̄λφ∇̄λφ

+(d − 1)(d − 2)2(∇̄λφ∇̄λφ)2] (A.9)

R2 = e−4φ
[
R̄2 − 4(d − 1)R̄�̄φ − 2(d − 1)(d − 2)R̄

× ∇̄λφ∇̄λφ + 4(d − 1)2(�̄φ)2

+4(d − 1)2(d − 2)�̄φ∇̄λφ∇̄λφ

+(d − 1)2(d − 2)2(∇̄λφ∇̄λφ)2] . (A.10)

By using these relations, we can rewrite the rescaled E as

E = Ē + 8(d − 3)R̄μν�̄μν − 2(d − 4)(d − 3)R̄(∇̄φ)2

−4(d − 3)R̄�̄φ − 4(d − 3)(d − 2)(∇̄μ∇̄νφ)2

+8(d − 2)(d − 3)∇̄μ∇̄νφ∇̄μφ∇̄νφ

+4(d − 3)(d − 2)(�̄φ)2 + 4(d − 3)2(d − 2)�̄φ(∇̄φ)2

+(d − 4)(d − 3)(d − 2)(d − 1)(∇̄φ)4. (A.11)
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The tensor relations for �̄μν

�̄2 = (�̄φ)2 + (∇̄λφ∇̄λφ)2 − 2∇̄λφ∇̄λφ�̄φ,

R̄μν�̄
μν = R̄μν∇̄μ∇̄νφ − R̄μν∇̄μφ∇̄νφ,

�̄2
μν = (∇̄μ∇̄νφ)2+(∇̄λφ∇̄λφ)2−2(∇̄μ∇̄νφ∇̄μφ∇̄νφ),

and

∇c∇bVa − ∇b∇cVa = Rd
abcVd (A.12)

∇μ∇ρ∇σ φ − ∇ρ∇μ∇σ φ = Rε
σρμ∇εφ (A.13)

∇μR
μν = 1

2
∇νR. (A.14)

have been used for the derivation of the rescaled expressions
of E .

As a final remark, we recall that a functional differentia-
tion generates covariant derivatives of delta functions, which
are scalar densities, that can be rewritten as ordinary scalars
with the trick δ(x) → (δ(x)/

√
g)

√
g, where δ(x)/

√
g is an

ordinary scalar. At this stage one can apply, as usual, the
Liebnitz rule on tensor products, as well as integration by
parts, using for the scalar density

√
g the relation

∇μ
√
g =

[
∂μ −

(
1√
g
∂μ

√
g

)] √
g = 0. (A.15)

B Functional relations and boundary terms in VC2

We summarize the following expressions for the Weyl
squared terms in 4 and in d dimensions

(C (4))2 = Rμνρσ Rμνρσ − 2Rμν Rμν + R2

(C (d))2 = Rμνρσ Rμνρσ − 4

d − 2
Rμν Rμν + 2

(d − 2)(d − 1)
R2

(C (d))2 = (C (4))2 + d − 4

d − 2

(
2Rμν Rμν − d + 1

3(d − 1)
R2

)
.

We have the following relation

2gμν

δ√−gδgμν

∫
dd x

√−g(C (d))2 = (d − 4)(C (d))2.

(B.1)

By using the relation between (C (4))2 and (C (d))2 we can
write

2gμν

δ√−gδgμν

∫
dd x

√−g

(
(C (4))2 + d − 4

d − 2

(
d − 4

d − 2
Rμν Rμν

− d + 1

3(d − 1)
R2

))
= (d − 4)(C (d))2. (B.2)

By rearranging the terms above we get

2gμν

δ√−gδgμν

∫
dd x

√−g(C (4))2 = (d − 4)(C (d))2

−2gμν

δ√−gδgμν

∫
dd x

√−g
d − 4

d − 2

×
(

2RμνRμν − d + 1

3(d − 1)
R2

)
. (B.3)

By a direct computation we obtain

2gμν

δ√−gδgμν

∫
dd x

√−g
d − 4

d − 2

×
(

2Rμν Rμν − d + 1

3(d − 1)
R2

)

= (d − 4)

{
d − 4

d − 2

(
2Rμν Rμν − d + 1

3(d − 1)
R2

)
− 2

3
�R

}
.

(B.4)

Then we can substitute this expression in (B.3) to obtain

2gμν

δ√−gδgμν

∫
dd x

√−g(C (4))2

= (d − 4)

[
(C (d))2 + 2

3
�R

]
− (d − 4)2

(d − 2)

×
(

2RμνRμν − d + 1

3(d − 1)
R2

)

= (d − 4)

[
(C (4))2 + 2

3
�R + (d − 4)

(d − 2)

×
(

2RμνRμν − d + 1

3(d − 1)
R2

)]

− (d − 4)2

(d − 2)

(
2RμνRμν − d + 1

3(d − 1)
R2

)

= (d − 4)

[
(C (4))2 + 2

3
�R

]
. (B.5)

We obtain the same result by a direct computation

2gμν

δ√−gδgμν

∫
dd x

√−g(C (4))2 = (d − 4)

×
[
(C (4))2 + 2

3
�R

]
. (B.6)

C Consistency of the expansion and the d → 4 limit

The consistency between the functional differentiation and
the d → 4 limit of the effective action can be shown as
follows. From

VE (g, d) − VE (ḡ, d) =
∫

dd x
√
ḡe(d−4)φ

[
Ē + (d − 3)∇̄μ J

μ

+(d − 3)(d − 4)K ] −
∫

dd x
√
ḡ Ē (C.1)

we obtain

lim
d→4

[
δ

δφ

1

d − 4
(VE (g, d) − VE (ḡ, d))

]

= lim
d→4

(∫
dd x

√
gEδxy + d − 3

d − 4

∫
dd x

√
ḡ∇̄μ
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×
[
e(d−4)φ

(
δJμ

δφ
+ 4(d − 2)(d − 4)∇̄μφ∇̄νφ∇̄νδxy

)])

=
∫

dd x
√
gEδxy +

∫
dd x

√
ḡ∇̄μ

×
[
φ

δJμ

δφ
+ 8∇̄μφ∇̄νφ∇̄νδxy

]
. (C.2)

On the other end we have

lim
d→4

[
1

d − 4
(VE (g, d) − VE (ḡ, d))

]

= lim
d→4

[
d − 3

d − 4

∫
dd x

√
ḡ∇̄μ J

μ

+
∫

dd x
√
ḡ

[
φ Ē + (d − 3)φ∇̄μ J

μ + (d − 3)K
]]

.

(C.3)

Notice that the first term on the rhs of the equation above is of
the form 0/0, and can be neglected under the assumption that
the d → 4 limit is performed after removing the boundary
contribution. Differentiating the expression above we obtain

δ

δφ
lim
d→4

[
1

d − 4
(VE (g, d) − VE (ḡ, d))

]

=
∫

dd x
√
ḡ Ēδxy +

∫
dd x

√
ḡ

[
φ∇̄μ

δ Jμ

δφ
+ δK

δφ

]

=
∫

dd x
√
ḡ

(
Ē + ∇̄μ J

μ
)
δxy

+
∫

dd x
√
ḡ∇̄μ

[
φ

δ Jμ

δφ

]
+

∫
dd x

√
ḡ

×
[
δK

δφ
− ∇μφ

δ Jμ

δφ

]
. (C.4)

Now, using

δK

δφ
− ∇μφ

δ Jμ

δφ
= 8∇̄μ

(∇̄μφ∇̄νδxy∇̄νφ
)

(C.5)

one can show the agreement with (C.2).
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