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Abstract The hard X-ray twisted photons and relativistic
massive particles with orbital angular momentum – vortex
electrons, muons, protons, etc. – have many potential appli-
cations in high-energy and nuclear physics. However, such
states can be obtained so far mainly via diffraction tech-
niques, not applicable for relativistic energies. Here we show
that the vortex states of different particles, including hadrons,
ions, and nuclei, can be generated in a large class of processes
with two final particles simply by altering a postselection
protocol. Thanks to entanglement and to the uncertainty rela-
tions, an evolved state of a final particle becomes twisted if the
momentum azimuthal angle of the other particle is measured
with a large uncertainty. We give several examples, including
Cherenkov and undulator radiation, particle collisions with
intense laser beams, eμ → eμ, ep → ep. This technique
can be adapted for ultrarelativistic lepton and hadron beams
of linear colliders, and it can also facilitate the development
of sources of X-ray and γ -range twisted photons at storage
rings and free-electron lasers.

1 Introduction

Twisted light with orbital angular momentum (OAM) projec-
tion 〈L̂ z〉 �= 0 [1] has found numerous applications in quan-
tum optics and information, optomechanics, biology, astro-
physics, and so forth [2–8]. Along with the diffraction tech-
niques, such photons can be generated by charged particles
in undulators [9–15], via non-linear Thomson or Compton
scattering [15–21], during Cherenkov and transition radia-
tion [22], via channeling in crystals [23,24], etc. However,
despite the potential use in particle and nuclear physics [6],
the highest energy of the twisted photons achieved so far does
not exceed a few keV [7].
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It has been realized that potentially any quantum wave
– be it an electron [25], a hadron [26], an ion [27,28], or
a spin wave [29] – can be created in a twisted quantum
state. The vortex electrons, generated at the 300 keV micro-
scopes [30–32], have attracted much attention outside the
microscopy community because of their potential applica-
tions in hadronic and spin studies, atomic and high-energy
physics, and even in accelerator physics [25,27,28,33–51].
The possible experiments with vortex muons, hadrons, ions,
etc. are being discussed [8,27,28,37,38,44,47–52] (see the
recent review [53]), whereas the non-relativistic twisted
atoms and molecules have been generated only recently [54].
However, the available diffraction techniques [26,30–32,55]
are not applicable for relativistic energies, which severely
limits the development of the matter waves physics. To probe
the vortex physics at higher energies, there is an urgent need
in alternative approaches to generate the twisted states of a
wide range of quantum systems.

Here, we put forward a method to generate the vortex
states of particles of in principle arbitrary mass, spin, and
energy, including γ -rays, relativistic muons, protons, ions
and nuclei, during the photon emission, scattering, and anni-
hilation processes with two final particles. The key obser-
vation is that it is largely not the process itself that defines
vorticity of a final particle, but a post-selection protocol due
to entanglement between the final particles. Whereas in the
classical theory the radiation is twisted if the emitting elec-
tron path is helical [20], the more general quantum theory
developed here predicts that the photons cannot be twisted
at all within the customary plane-wave postselection [56,57]
and that the vorticity depends on the way we post-select the
electron. That is why the twisted photons may not be that
abundant in Nature as it seems to follow from the classical
theory.
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Next, we demonstrate a deep analogy between a so-called
generalized measurement [58,59] of the momentum p =
{px , px , pz}, in which not all the components are measured
with a vanishing uncertainty, and a standard projective (von
Neumann) measurement in cylindrical basis [37], in which
the azimuthal angle φ = arctan(py/px ) is not measured at
all. In particular, if the momentum azimuthal angle of a final
particle X is measured with a large uncertainty in a process
with two final particles X and Y , the evolved (pre-selected)
state of the other particleY naturally becomes twisted, thanks
to entanglement and to the angle-OAM uncertainty relation
[60,61].

Thus, in contrast to the previously employed methods,
neither modifications of the incoming beams are required to
generate the vortex states nor there are any limitations to the
transverse coherence length of the beams; one only needs to
postselect one of the final particles differently. This tech-
nique clearly demonstrates an advantage of the generalized
measurements in the processes of high-energy physics and it
can readily be employed for the generation of relativistic vor-
tex beams and of the hard X-ray or γ -range twisted photons
at the electron and hadron accelerators, free-electron lasers
and synchrotron radiation facilities, powerful lasers, and at
the future linear colliders. A system of units with h̄ = c = 1
is used.

2 Measurement scenarios

Let us consider photon emission by an electron, e → e′ + γ

(e.g., synchrotron radiation, Cherenkov radiation, etc.). An
initial state |in〉 of the electron and an evolved (pre-selected)
state of the final photon and of the final electron are connected
via an evolution operator Ŝ [56,57],

|e′, γ 〉 = Ŝ |in〉 =
∑

λγ λ′

∫
d3 p′

(2π)3
d3k

(2π)3 S f i |k, λγ ; p′, λ′〉, (1)

where S f i = 〈k, λγ ;p′, λ′|Ŝ|in〉 is a transition matrix ele-
ment with two final plane-wave states with the momenta
p′,k and the helicities λ′ = ±1/2, λγ = ±1. Without post-
selection, the wave function of the evolved state is not fac-
torized into a product of the photon wave function and that
of the electron. Indeed, in the momentum representation we
have

〈p′,k|e′, γ 〉 =
∑

λγ ,λ′
u′ e S f i , (2)

where e ≡ ekλγ is a photon polarization vector in the
Coulomb gauge, e · k = 0, e · e∗ = 1, and u′ ≡ u p′λ′ is
an electron bispinor, normalized as ū′u′ = 2me.

In order to derive the evolved wave function of the photon
alone, we need to post-select the electron. If it is projected

to a state |e′
det〉, the photon wave function in the momentum

representation becomes

A( f )(k) = ∑
λγ =±1

e S f i , (3)

where S f i = 〈k, λγ ; e′
det|Ŝ|in〉.

Let the initial electron be described as a plane-wave state
propagating along the z axis (say, during Cherenkov emis-
sion) with the momentum p = {0, 0, p}. If the electron is
post-selected, as usually done, to a plane-wave state with the
momentum p′ and the helicity λ′, the matrix element S(pw)

f i
and the photon evolved wave function are both proportional
to the 4-momentum conservation delta-function [56,57]

S(pw)

f i ∝ δ(p′⊥ + k⊥) = 1

p′⊥
δ(p′⊥ − k⊥)

×
(

δ(φ′ − (φk − π))

∣∣∣
φk∈[π,2π ]

+δ(φ′ − (φk + π))

∣∣∣
φk∈[0,π ]

)
,

A( f )(k) ∝
∑

λγ =±1

e δ(p′⊥ + k⊥), (4)

so the azimuthal angles of both the final momenta are cor-
related. For instance, if the electron is detected at a certain
azimuthal angle φ′, the photon angle φk is also set to a definite
value

φk = φ′ ± π. (5)

Thereby, the photon state is automatically projected to a
plane wave without an intrinsic OAM and with the infinitely
wide OAM spectrum. Indeed, a plane wave exp{ik · r} =
exp{ik⊥ρ cos(φk − φr ) + ikzz} with a finite transverse
momentum k⊥ is an eigenfunction of the OAM operator
L̂ z = −i∂/∂φr with the vanishing mean value, 〈L̂ z〉 = 0,
whereas the OAM dispersion 〈L̂2

z 〉 can easily be shown to be
infinite when the wave is normalized in a large cylinder with
the volume V = πR2L → ∞, i.e. the OAM spectrum is
flat. Thus, the customary postselection to the plane waves is
not suitable for direct comparison with the classical theory
from [9–11,18–20], and this seems to contradict the Bohr
correspondence principle.

The plane-wave postselection represents a standard von
Neumann (projective) measurement when all components of
the momentum p′ = {p′

x , p
′
y, p

′
z} are measured with van-

ishing errors. In a generalized measurement, some of the
components can be measured with a finite uncertainty (see,
e.g., [58,59]). Put simply, a generalized measurement is a
postselection to a wave packet,

|e′
det〉(g) =

∫
d3 p′

(2π)3 ψ(p′) |p′, λ′〉. (6)
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with a normalized function ψ(p′). The set of operators
|e′

det〉(g)〈e′
det|(g) is complete, although not necessarily orthog-

onal, and it forms a positive operator-valued measure [58].
The function ψ(p′) can have a Gaussian envelope, ψ(p′) ∝∏

i=x,y,z exp
{−(p′

i − 〈p′
i 〉)2/σ 2

i

}
. A projective measure-

ment implies that σx , σy, σz → 0. Alternatively, one can
use the cylindrical coordinates p′⊥, φ′ = arctan(p′

y/p
′
x ), p

′
z

with the uncertainties σ⊥, σφ, σz . For the generalized mea-
surement, at least one of these uncertainties can be not van-
ishing. Let us distinguish the following three measurement
scenarios:
(i) We postselect to the plane-wave states [56,57] and repeat
the measurements many times with an ensemble of electrons,
each time fixing the detector at a different azimuthal angle
φ′. The emission rate or the scattering cross section are pro-
portional to

2π∫

0

dφ′

2π
|S(pw)

f i |2, (7)

which represents an incoherent averaging over the azimuthal
angle.
(ii) Another example of a projective measurement is posts-
election to a Bessel state [37] with the definite p′⊥, p′

z , the
z-projection of the total angular momentum (TAM) m′, and
the helicity λ′, but undefined φ′ (in accord with the uncer-
tainty relations [60,61])

|e′
det〉 = |p′⊥, p′

z,m
′, λ′〉

=
2π∫

0

dφ′

2π
i−(m′−λ′)ei(m

′−λ′)φ′ |p′, λ′〉. (8)

The corresponding amplitude

2π∫

0

dφ′

2π
im

′−λ′
e−i(m′−λ′)φ′

S(pw)

f i (9)

represents a coherent averaging over the azimuthal angle,
while the detector is able to measure the TAM with a van-
ishing error σm → 0. As the azimuthal angle and the z-
projection of the angular momentum represent the conjugate
variables [60,61], in this way we also obtain complete infor-
mation about the electron, but in the cylindrical basis.
(iii) Consider now an electron emitting a photon when we
measure the final electron momentum angle φ′ with an uncer-
tainty close to its maximum value, σφ → 2π . The informa-
tion about the final electron state is incomplete, although

the energy is well-defined, ε′ =
√

(p′⊥)2 + (p′
z)

2 + m2
e . The

corresponding amplitude is also obtained via coherent aver-

aging of the plane-wave amplitude,

2π∫

0

dφ′

2π
S(pw)

f i . (10)

This expression formally coincides with (9) at m′ − λ′ = 0,
but its physical meaning is different. In the scheme (ii), we
do measure the TAM projection and the helicity, and we can
easily obtain 〈L̂ z〉 = m′ − λ′ = 0, but during the general-
ized measurement we do not measure the TAM at all, which
implies projection to the state

|e′
det〉(g) =

2π∫

0

dφ′

2π
|p′, λ′〉, (11)

where, in contrast to Eqs. (8) and (9), each plane wave enters
with the same phase. More generally, in this scheme we post-
select to a packet (6) with the finite uncertainties σ⊥, σφ, σz ,
whereas in Eq. (11) we have taken the limiting case σφ → 2π

for simplicity.

3 Cherenkov radiation

As an example, consider the radiation, e(p) → e′(p′) +
γ (k), in a transparent medium with a refractive index n(ω)

by a plane-wave electron with the mass me and the following
transition amplitude

S(pw)

f i = −ieN (2π)4δ(4)(p − p′ − k) ū′γ μu e∗
μ, (12)

where N is a normalization constant, γ μ are the Dirac matri-
ces [56] and

p = {ε, 0, 0, | p|}, p′ = {ε′, p′⊥ cos φ′, p′⊥ sin φ′, p′
z},

p′⊥ = | p′| sin θ ′, k = {ω, k⊥ cos φk, k⊥ sin φk, kz},
|k| =

√
k2⊥ + k2

z = ω n(ω). (13)

The azimuthal angles of the final momenta are correlated
during the customary projective measurements, and thus, we
know which detector in Fig. 1 registers the photon. If the
electron is detected in the above generalized measurement
scheme (iii), we do not know the photon azimuthal angle,
and its evolved state is obtained by putting Eqs. (10) to (3)
as

A( f )(k) =
2π∫

0

dφ′

2π

∑

λγ =±1

e S(pw)

f i

= −ieN n ×
⎡

⎣n ×
2π∫

0

dφ′

2π
(2π)4

×δ(4) (p − p′ − k) ū′γ u
]
, (14)
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Fig. 1 An azimuthal
“which-way” experiment with
Cherenkov radiation: during a
projective measurement of the
electron momentum p′ we learn
the photon angle φk , hence, the
photon is a plane wave with
vanishing OAM. However if the
electron angle φ′ is not precisely
measured – say, when the
scattering angle is very small,
θ ′  1 – the angle φk stays
undefined, and the photon
evolved state becomes twisted

where we employ the Coulomb gauge with eμ = {0, e},∑
λγ =±1 ei e

∗
j = δi j −nin j , n = k/|k|. We choose the over-

all phases of the electron bispinors u so that ĵzu = λu, ĵz =
ŝz + L̂ z (as in Ref. [57]). The electron transition current ū′γ u
is found as

ū′γ u =
(√

ε′ + me
√

ε − me + 2λ 2λ′√ε + me

√
ε′ − me

)

×
(
d(1/2)

λλ′ (θ ′)χ0 − √
2 d(1/2)

−λλ′ (θ ′)χ2λ e
−i2λφ′)

×ei(λ−λ′)φ′
, (15)

whereλ′ is the final electron helicity,χ0 = (0, 0, 1)T ,χ±1 =
∓ 1√

2
(1,±i, 0)T are eigenvectors of the spin operator ŝz with

the eigenvalues 0,±1, and the small Wigner functions are

d(1/2)

λλ′ (θ ′) = δλλ′ cos(θ ′/2) − 2λ δλ,−λ′ sin(θ ′/2). (16)

The final expression for the photon wave function is

A( f )(k) = (−1)λ−λ′
ieN (2π)3δ(ε − ε′ − ω)

×δ(| p| − p′
z − kz)

1

p′⊥
δ(p′⊥ − k⊥)

×
(√

ε′ + me
√

ε − me + 2λ 2λ′√ε + me
√

ε′ − me

)

× [F − n(nF)] ,

F = d(1/2)

λλ′ (θ ′) χ0 e
i(λ−λ′)φk

+√
2 d(1/2)

−λλ′ (θ ′) χ2λe
−i(λ+λ′)φk . (17)

The terms in the vector F are eigenvectors of ŝz operator
with the eigenvalues 0 and 2λ and of the OAM operator
L̂ z = −i∂/∂φk with the eigenvalues λ − λ′ and −λ − λ′,
respectively. Therefore, the photon evolved state is twisted

ĵ (γ )
z A( f ) = (λ − λ′)A( f ), ĵ (γ )

z = ŝz + L̂ z,

j (γ )
z = λ − λ′ = −1, 0, or + 1, (18)

where even the state with j (γ )
z = 0 is not a plane wave, but

a twisted one.
The transverse momentum k⊥ = | p′| sin θ ′ of this Bessel

beam with the spin-orbit interaction (SOI) is defined by the
electron scattering angle θ ′. As this angle is very small,
θ ′  1, it is technically challenging to precisely measure
the azimuthal angle φ′, and in this case the Cherenkov pho-
tons become naturally twisted.

When the initial electron is twisted itself with the TAM
m = ±1/2,±3/2, ... [25], its bispinor u ≡ u pλ with p =
{p⊥ cos φ, p⊥ sin φ, pz} transforms as (see Eq. (8))

u pλ → u p⊥ pzmλ = i−(m−λ)

2π∫

0

dφ

2π
ei(m−λ)φ u pλ. (19)

As a result, the photon TAM becomes

λ − λ′ → j (γ )
z = m − λ′, (20)

and | j (γ )
z | can be larger than 1 for the vortex electrons with

m � 1. Thus, generating Cherenkov radiation via highly
twisted electrons and combining this with the generalized
measurement of the electron azimuthal angle results in the
highly twisted photons.

4 Non-linear Compton scattering and undulator
radiation

In a circularly polarized laser wave with the potential [56,62]

Aμ = aμ
1 cos(kx) + aμ

2 sin(kx), kx = ωt − k · r,
A2 = a2

1 = a2
2 = −a2 < 0, (a1a2) = 0, (21)
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an electron is described with a Volkov state [56,62–64]

ψpλ(r, t) = Ne

(
1 + e

2(pk)
(γ k)(γ A)

)

×u exp

⎧
⎪⎨

⎪⎩
−i px − ie

(pk)

kx∫
dϕ
(
(pA) − e

2
A2
)
⎫
⎪⎬

⎪⎭
. (22)

The final photon wave function is a plane wave Aμ =
Nγ e′μ e−iω′t+ik′·r. The matrix element is

S(pw)

f i = −ie
∫

d4x ψ̄p′λ′γμψpλ
(Aμ

)∗ (23)

where the final electron is also in the Volkov state.
The results of this exactly solvable problem can be applied

for an approximate description of similar problems where an
electron also moves along a helical path, the simplest exam-
ples being emission in a helical undulator or in a longitudi-
nal magnetic field. The characteristics of radiation in a heli-
cal undulator and in the above laser wave are quantitatively
very similar for ultrarelativistic electrons with ε/m � 1 and
small recoil ω′/ε  1 [65]. Next, the electron is usually
postselected to the Volkov state [56,62–64], which implies a
projective measurement of its quasi-momentum q ′ with the
vanishing uncertainties. This may not necessarily happen in
the quasi-classical regime when the recoil is small, the laser
pulse (or the undulator) is long so the electron emits several
photons and stays inside the field after emission, but the angle
φ′ may not be precisely measured after each emission event.
So we do not get complete information about the final elec-
tron state and in this regime the photon can naturally become
twisted.

Following the standard procedure [56,62–64], we expand
the matrix element into a series over the harmonic number
s = 1, 2, 3, ..., collect the terms with the same indices of the
Bessel functions Js and Js±1, and get

S(pw)

f i =
∞∑

s=1

S(s)
f i = −ieN

∞∑

s=1

(2π)4δ(4)(q + sk − q ′ − k′)

×
∑

σ=0,±1

(e′
μ)∗ ū′ �μ

σ u Js+σ (�) ei(s+σ)ξ , (24)

which is a standard expression, just written differently. The
“dressed” vertex �

μ
σ is

�μ
σ = {�μ

0 , �
μ
+1, �

μ
−1}

=
{
γ μ − kμ e2A2

2(pk)(p′k)
(γ k),

1

2
(γ a−)

×
(
e

2
(γ k)γ μ

(
1

(p′k)
− 1

(pk)

)
+ kμ e

(pk)

)

−aμ
−

e

2(pk)
(γ k),

1

2
(γ a+)

(
e

2
(γ k)γ μ

(
1

(p′k)
− 1

(pk)

)
+ kμ e

(pk)

)

−aμ
+

e

2(pk)
(γ k)

}
,

aμ
± = aμ

1 ± iaμ
2 , (ka±) = 0, (25)

and other notations are

qμ = pμ + e2 kμ a2

2(pk)
, (q ′)μ = (p′)μ + e2 kμ a2

2(p′k)

�2 = e2
(

(pa1)

(pk)
− (p′a1)

(p′k)

)2

+ e2
(

(pa2)

(pk)
− (p′a2)

(p′k)

)2

,

ξ = arctan
(pa2)/(pk) − (p′a2)/(p

′k)
(pa1)/(pk) − (p′a1)/(p

′k)
. (26)

We only study the head-on collision with ξ = φ′ = φk′ ± π

where φk′ is the angle of the final photon momentum k′ =
ω′n′.

After the summation over helicities, the evolved state
of the photon at the sth harmonic within the generalized-
measurement scheme becomes (more detailed mathematical
derivations will be presented elsewhere)

A( f,s)
(g)

(k′) =
2π∫

0

dφ′
2π

A( f,s)(k′) = −ie(−1)s+λ−λ′

×N (2π)3δ(q0 + sω − (q ′)0 − ω′)
×δ(qz + skz − q ′

z − k′
z)

× 1

k′⊥
δ(p′⊥ − k′⊥) n′ ×

⎡

⎣n′ ×
∑

σ=0,±1

Js+σ (ρ′
ek

′⊥)

×ei(s+σ−λ′)φk′
(
d(1/2)

λλ′ G(↑↑)

×eiλφk′ + d(1/2)

−λλ′ G(↑↓) e−iλφk′
)]

, (27)

where we have denoted

G(↑↑)

0λ′λ = χ0

(
f (2)

λ′λ − η2m2
eω

2

2(pk)(p′k) ( f (1)

λ′λ + f (2)

λ′λ)

)
,

G(↑↓)

0λ′λ = − f (2)

λ′λ
√

2 χ2λ,

G(↑↑)

±1λ′λ = ∓√
2 χ∓1

ηmeω

2

(
f (1)

λ′λ + f (2)

λ′λ
)

×
(

δλ,∓1/2

(
1

(p′k) − 1

(pk)

)
+ 1

(pk)

)
,

G(↑↓)

±1λ′λ = ∓χ0
ηmeω

2
δλ,±1/2

((
1

(p′k) − 1

(pk)

)

×( f (1)

λ′λ − f (2)

λ′λ) − 2 f (2)

λ′λ
(pk)

⎞

⎠ ,

f (1)

λ′λ = √
ε + me

√
ε′ + me + 2λ2λ′√ε − me

√
ε′ − me,

f (2)

λ′λ = √
ε − me

√
ε′ + me + 2λ2λ′√ε + me

√
ε′ − me, (28)

and η = e
√−A2/me is a classical field strength parameter

[56,63,64]. Equation (27) describes a Bessel beam with the
SOI and the following TAM projection (cf. Eq.(18)):

ĵ (γ )
z A( f,s)

(g) = (s + λ − λ′)A( f,s)
(g) . (29)
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When the incoming electron is twisted with the TAM m
(being in the Bessel–Volkov state [36]), we obtain

s + λ − λ′ → j (γ )
z = s + m − λ′, (30)

whereas for the unpolarized electrons the photon TAM is
simply s, which is in agreement with the classical theory
[9–11,18–20]. Thus, the correspondence principle is clearly
demonstrated within the generalized measurement scheme
but not with the projective measurements in the plane-wave
basis.

The above quantum theory clarifies the conditions required
to generate hard X-ray or γ -range twisted photons by rela-
tivistic charged particles colliding with laser beams or mov-
ing in helical undulators. Namely, the evolved state of pho-
tons becomes naturally twisted only when we do not mea-
sure the azimuthal angle of the charged particle momentum.
An alternative approach (ii) from Sect. 2 above – used, for
instance, in [14,15,22] – would be to apply the standard
von Neumann measurements by using a special detector that
projects the evolved photon state to the twisted one. Clearly,
the development of such a detector can represent a separate
experimental challenge, especially for highly energetic par-
ticles, and we will not discuss this problem here.

5 Heavier leptons, hadrons, and nuclei

We take the process

e−(p1) + μ−(p2) → e−(p3) + μ−(p4) (31)

as an example, where the electron and the muon have
the momenta p1 = {ε1, 0, 0, | p1|}, p2 = {ε2, 0, 0,−| p2|}
and the helicities λ1, λ2, respectively. When the electron is
detected in the above scheme (iii), the evolved wave function
of the muon becomes

ψ( f )
μ =

∑

λ4=±1/2

2π∫

0

dφ3

2π
u4 S

(pw)

f i , (32)

where u4 ≡ u p4λ4 and the matrix element reads

S(pw)

f i = i(2π)4N δ(4)(p1 + p2 − p3 − p4)

×4πe2

q2

(
ū3γ

αu1
)

(ū4γαu2) , q = p1 − p3. (33)

Here, the propagator taken in the Feynman gauge and the
muon transition current ū4γαu2 can be presented analogously
to Eq.(15).

After the integration in Eq.(32), we arrive at

ψ( f )
μ ∝

∑

λ4=±1/2

ũ4 J ei(λ1−λ2−λ3)φ4 , (34)

where ũ4 ≡ u4 e−iλ4φ4 has a vanishing TAM, ĵz ũ4 = 0 (as
in Ref. [56]), and the factor J does not depend on φ4. As a
result, the muon evolved state is proved to be twisted,

ĵ4,zψ
( f )
μ = (λ1 − λ2 − λ3)ψ

( f )
μ . (35)

Finally, we examine scattering off a proton (see Fig. 2),

e(p1) + p(p2) → e(p3) + p(p4), (36)

in the same head-on geometry. Generalization to other
hadrons, nuclei, or to inelastic processes is straightforward.
The matrix element is

S(pw)

f i = i(2π)4N δ(4)(p1 + p2 − p3 − p4)

×4πe2

q2

(
ū3γ

μu1
) (

ū4�μu2
)
, (37)

where �μ = F1 γμ + F2 σμνqν is a hadronic vertex, rep-
resented via the form-factors F1 = F1(q2, P2), F2 =
F2(q2, P2) [56,57], where q2 = (p1 − p3)

2, P2 = (p4 +
p2)

2/4 do not depend on the angle φ4 of the final proton.
Similar to above, one can prove that

ū3(φ3 = φ4 ± π)γ μu
(
ū4�μu2

) ∝ ei(λ1−λ2−λ3−λ4)φ4 (38)

and within the same generalized-measurement protocol the
evolved state of the proton becomes twisted,

ĵ4,zψ
( f )
p = (λ1 − λ2 − λ3) ψ

( f )
p (39)

or

λ1 − λ2 − λ3 → m − λ2 − λ3 (40)

when the initial electron is also twisted with the TAM m.
For the unpolarized particles, the electron TAM can be trans-
ferred in this way to a hadron, pion, ion, or a nucleus.

6 Conclusion

We have shown that the vortex quantum states of highly ener-
getic photons, of relativistic leptons and hadrons, including
ions and nuclei, can be generated in a large family of cus-
tomary scattering, radiation, or annihilation processes simply
by employing the postselection protocol with a generalized
measurement of the momentum azimuthal angle. In partic-
ular, this scheme imposes no limitations on the transverse
coherence length of the incoming beams, and it adequately
describes the emission of twisted photons in the classical
regime. Moreover, the proposed method deals with the par-
ticle states as they have evolved from the process themselves
and it does not invoke to any kind of special detector. Clearly,
the ways how one can probe vorticity of the final particles
depend on the particle mass, charge, and energy, and we will
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Fig. 2 An azimuthal
“which-way” experiment with
elastic ep → ep scattering. The
proton becomes twisted if the
electron azimuthal angle φ3 is
measured with a large
uncertainty σφ → 2π or is not
measured at all. Instead of the
proton, any other hadron, ion, or
nucleus can be used

not discuss these means here. One can envisage the imple-
mentation of this technique, for instance, at the SASE3 undu-
lator beamline of the European XFEL, at such powerful laser
facilities as the Extreme Light Infrastructure, at synchrotrons
with the helical undulators, and at the existing and future lep-
ton and hadron colliders.
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