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Abstract The decay width of the D∗
s meson is domi-

nated by the electromagnetic mode D∗
s → Dsγ , and it

is thus the longest-lived charged vector meson. In light of
this point, we perform the first QCD LCSRs calculation of
D∗
s → φ helicity form factors and discuss the experiment

potential of discovering exclusive D∗
s weak decays. The main

result is the partial decay widths, which read as ΓD∗
s →lν =

2.44 × 10−12 GeV, ΓD∗
s →φlν = (3.28+0.82

−0.71) × 10−14 GeV,

ΓD∗
s →φπ = (3.81+1.52

−1.33) × 10−14 GeV and ΓD∗
s →φρ =

(1.16+0.42
−0.39) × 10−13 GeV. We show that these channels are

promising in the near future, serving as the first experimen-
tal observation of weak decays of a vector meson, and would
open up a new playground for precision test of the standard
model.

1 Introduction

The unitarity of Cabibbo–Kobayashi–Maskawa (CKM)
matrix is a crucial criterion of the validity of the Stan-
dard Model. Besides the well known unitarity triangles,
which indicate the orthogonality between different rows and
columns, the CKM unitarity can also be tested by the normal-
ization conditions of individual rows and columns. Nowa-
days the least precisely determinations are

|Vus |2 + |Vcs |2 + |Vts |2 = 1.026 ± 0.022,

|Vcd |2 + |Vcs |2 + |Vcb|2 = 1.025 ± 0.022, (1)

whose uncertainties are both dominated by that of |Vcs | =
0.987 ± 0.011 [1]. The |Vcs | values are typically extracted
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from semileptonic D decays and leptonic Ds decays, and
other independent channels, such as weak D∗

s decays, are
highly anticipated to reduce the uncertainty.

Weak D∗
s decays can also provide a platform for exam-

ining the heavy quark symmetry, which is the foundation
of the heavy quark effective theory [2–4]. The heavy quark
spin symmetry relates the ground-state pseudoscalar and vec-
tor mesons, e.g. D(s) and D∗

(s) mesons. It has been checked

through the relation between the semileptonic decays B̄ →
D�ν̄ and B̄ → D∗�ν̄ [5–8], where different spin states
appear in the final states. The weak D∗+

s → φ�+ν decay,
together with D+

s → φ�+ν, will create the first chance to
test the heavy quark spin symmetry with heavy mesons in
the initial states.

Practically, D∗±
s might be the first vector meson whose

weak decays will be discovered, because it is the longest-
lived charged vector meson indicated by the lattice eval-
uation of the partial width of its dominant decay channel
D∗
s → Dsγ [9]. Once the branching ratio of a weak decay

channel is measured, it can be used to indirectly determine the
total decay width of D∗±

s with the theoretical calculation of
the weak decay width as an input, for which only an exper-
imental upper limit is currently given as ΓD∗

s
< 1900 keV

[1]. Meanwhile, the electromagnetic decay width can also
be indirectly determined, from which the electromagnetic
coupling gD∗

s Dsγ can be extracted. This quantity has been
studied by various theoretical approaches (see e.g. [10]), but
they suffer large uncertainties due to the significant destruc-
tive interference between radiations of the photon from the
charm quark and from the strange quark, and also between
different QCD power corrections. We highlight the recent
LCSRs prediction with the complete NLO at twist-1 and
twist-2 level [11], the large cancellation between the charm
and strange quark contributions are verified and the large
result gD∗

s Dsγ = 0.60+0.19
−0.18 is obtained, which is waiting for
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the measurement of experiment. From another perspective,
the gD∗

s Dsγ coupling is very sensitive to different contribu-
tions, so the indirect determination from weak D∗±

s decays
will subsequently act as an important benchmark to probe
the involved dynamics.

Evaluating the weak D∗
s decays requires the input of the

corresponding heavy-to-light form factors, which are basic
physical quantities charactering the momentum redistribu-
tion of partons after the weak interaction. In this paper we
study the D∗

s → φ form factors from QCD light-cone sum
rules (LCSRs) approach, which has been widely applied
to calculate form factors in charmed meson decays [12–
18], and this work is its first implementation in a vector-to-
vector transition. Different helicity form factors according to
explicit polarizations of the weak current and the φ meson
are calculated. From the small momentum transfer region
0 ≤ Q2 ≤ 0.4 GeV2 where the LCSRs predictions are reli-
able, proper parametrization of the form factors is inevitable
to extend them to the large region 0.4 ≤ Q2 � 1.2 GeV2.
We employ both the simplified z-series expansion formal-
ism [19] and the two-pole parametrization [20], and it turns
out that the parametrization scheme does not bring additional
considerable uncertainties. With the helicity form factors, we
obtain the partial decay widths of D∗

s weak decays consid-
ered here, they are ΓD∗

s →φlν = (3.28+0.82
−0.71) × 10−14 GeV,

ΓD∗
s →φπ = (3.81+1.52

−1.33) × 10−14 GeV and ΓD∗
s →φρ =

(1.16+0.42
−0.39) × 10−13 GeV. These predictions, together with

the partial decay width of the leptonic mode ΓD∗
s →lν =

2.44 × 10−12 GeV, promote the experiments to measure the
weak decay of a vector meson with the great potential in the
near future. We remark that the main target of this work is
to suggest a feasible measurement of weak decay of vector
meson, rather than the precise calculation. The accuracy of
our prediction of D∗

s → φ form factors is up to leading order
of strong coupling and twist five of two-particle LCDA of φ

meson. The contributions form next-to-leading-order (NLO)
correction and three-particle LCDAs of φ meson could be
accomplished for the study of precise examination after the
discovery.

2 D∗
s → φ helicity form factors

We start with the correlation function

Fμa(q, p1) = i
∫

d4x eiq·x 〈φ∣∣T {JWμ (x), J Va (0)}∣∣0〉. (2)

In the rest frame of the heavy meson D∗
s , the vector current

J Va = c̄γas and the weak current JWμ = s̄γμ(1 − γ5)c carry
momentum p1a and qμ, respectively, and hence the momen-
tum of φ meson is p2 = p1 − q. The kinematics in our
convention is arranged by

p1a =
(
mD∗

s
, 0

)
, p2b = (E2, p) , qμ = (q0, −p) ,

ε1a(0) = (0, 0, 0, 1) , ε1a(±) = 1√
2

(0, ∓1, −i, 0) .

ε2b(0) = 1

mφ
(|p|, 0, 0, E2) , ε2b(±) = 1√

2
(0, ∓1, −i, 0) ,

ε̄μ(0) = 1√
q2

(|p|, 0, 0, −q0) , ε̄μ(±) = 1√
2

(0, ±1, −i, 0) .

(3)

We note that the timelike polarisation of leptonic current
ε̄μ(t) = (q0, 0, 0,−|p|)/√q2 ∝ qμ does not contribute in
the semileptonic decaying processes with massless leptons,
and the other three polarisations, picking up the spin-one
part of the off-shell W boson, satisfy qμε̄μ = 0. Further
constraints between these variables can be derived from the
kinematical analysis of 1 → 3 decaying processes, they are

2mD∗
s
E2 = m2

D∗
s
+ m2

φ − q2,

2mD∗
s
q0 = m2

D∗
s
− m2

φ + q2,

2mD∗
s
|p| =

√
λ(m2

D∗
s
,m2

φ, q2), (4)

with λ being the källén function λ(M1, M2, M3) = M2
1 +

M2
2 + M2

3 − 2M1M2 − 2M1M3 − 2M2M3. Multiplying both
sides of Eq. (2) by the polarisation vector of the weak cur-
rent, we can decompose the correlation function in terms of
invariant helicity amplitudes,

ε̄μFμa(q, p1) =
∑

i, j=0,±
ε∗

1a,i ′ Fi j (q
2, p2

1), (5)

here the subscripts i , j and i ′ = i + j denote the polarisation
directions of the weak current, φ meson and vector current,
respectively.

In the view of LCSRs, correlation functions can be for-
mulated in twofold ways, namely, at the quark level and
the hadronic level. Firstly, they can be evaluated directly at
the quark-gluon level in the Euclidean momenta space. The
QCD calculation of Eq. (2) is carried out with negative q2,
and the operator product expansion (OPE) is valid for large
energies of the final state vector mesons, which implies a
restriction to not too large momentum transfer squared as
0 ≤ |q2| ≤ q2

LCSR,max. In this region, the operator product of
the c-quark fields in the correlation function can be expanded
near the light cone x2 ∼ 0 due to the large virtuality, which
at leading order reduces to the free quark propagator.

In the QCD evaluation, only the final φ meson is on shell
so that p2

2 = (p1 − q)2 = m2
φ . The OPE calculations obtain

the Lorentz decomposition in Eq. (5) where each invariant
amplitude can be written in a general convolution of hard
functions various LCDAs at different twists [21]
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FOPE
i j (q2, (p2 + q)2)

=
∑
t

∫ 1

0
du T (t)

i j (u, q2, (p2 + q)2) φ(t)(u). (6)

The OPE amplitudes is further rewritten in a dispersion inte-
gral over the invariant mass of the interpolating heavy meson,

FOPE
i j (q2, p2

1)

= 1

π

∫ ∞

m2
c

ds
u2

[u2m2
φ − q2 + m2

c]
∑
n

ImFOPE
n,i j (q2, s)

un[s − p2
1]n

,

(7)

in which s ≡ s(q2, u) = ūm2
φ + (m2

c − ūq2)/u. As an
example, we present the imaginary parts of the helicity 00
amplitudes truncated to the third power n ≤ 3, they are

1

π
ImFOPE

1,00 (q2 < 0, u)

=
√

λmc f ⊥
φ mφφ⊥

2 (u)

2mD∗
s

√
|q2| +

√
λ(um2

D∗
s

+ ūq2) f ‖
φ φ⊥

3 (u)

2mD∗
s

√
|q2|

−
√

λ(m2
D∗
s

− q2) f ‖
φ

[
φ̄

‖
2(u) − φ̄⊥

3 (u)
]

2mD∗
s

√
|q2|

+
√

λ f ‖
φm

2
φψ̃⊥

3 (u)

4mD∗
s

√
|q2| , (8)

1

π
ImFOPE

2,00 (q2 < 0, u)

= −
√

λ
[
tλ + [m2

D∗
s

− q2 + tm2
φ](m2

D∗
s

− m2
φ + q2)

]

4mD∗
s

√
|q2|

· f ‖
φ

(
φ̄

‖
2(u) − φ̄⊥

3 (u)
)

−
√

λ
[
(t + 2)m2

D∗
s

− m2
φ − (t − 2)q2

]

4mD∗
s

√
|q2|

· f ‖
φm

2
φ

( =
ψ

‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

+
√

λ
(
m2

D∗
s

− m2
φ + q2

)

4mD∗
s

√
|q2| mc f

⊥
φ mφ ψ̃

‖
3 (u)

+
√

λ
(
m2

D∗
s

− q2
)

8mD∗
s

√
|q2| f ‖

φm
2
φ

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

+
√

λ

2mD∗
s

√
|q2|mc f

⊥
φ m3

φ

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)

−
√

λ
(
m2

D∗
s

+ tm2
φ − q2

)

4mD∗
s

√
|q2| mc f

⊥
φ mφ

(
ψ̄⊥

4 (u) − φ̄⊥
2 (u)

)

−
√

λ
(
um2

D∗
s

+ ūq2
)

8mD∗
s

√
|q2| f ‖

φm
2
φ φ⊥

5 (u)

−
√

λ

16mD∗
s

√
|q2| f ‖

φm
4
φ ψ̃⊥

5 (u), (9)

1

π
ImFOPE

3,00 (q2 < 0, u)

= − λ3/2

2mD∗
s

√
|q2|mc f

⊥
φ mφ

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)

+
f ‖
φm

2
φ [φ̄‖

4(u) − φ̄⊥
5 (u)]

4

[m2
c
√

λ
(
m2

D∗
s

− q2
)

mD∗
s

√
|q2|

+
√

λ
[
tλ + [m2

D∗
s

− q2 + tm2
φ](m2

D∗
s

− m2
φ + q2)

]

2mD∗
s

√
|q2|

]

+
√

λ
[
ūuλ −

(
um2

D∗
s

− ūum2
φ + ūq2

) (
m2

D∗
s

− m2
φ + q2

)]

mD∗
s

√
|q2|

· f ‖
φm

2
φ

( =
ψ

‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

−
√

λ

4mD∗
s

√
|q2|m

3
c f

⊥
φ m3

φ φ⊥
4 (u)

−
√

λ
[
um2

D∗
s

+ ūq2
]

4mD∗
s

√
|q2| m2

c f
‖
φm

2
φ φ⊥

5 (u)

−
√

λ

8mD∗
s

√
|q2| f ‖

φm
4
φm

2
c ψ̃⊥

5 (u), (10)

where t = 2u − 1, φ
⊥(‖)
2 , φ

⊥(‖)
3 , ψ̃

⊥(‖)
3 , φ

‖
4 , ψ

⊥(‖)
4 , φ⊥

5 , ψ̃⊥
5

are the LCDAs of φ meson at different twists [22–24],
the auxiliary functions ϕ̄(u) ≡ ∫ u

0 du′ϕ(u′) and
=
ϕ(u) ≡∫ u

0 du′ ∫ u′
0 du′′ϕ(u′′) with ϕ ∈ {φ,ψ} satisfy the boundary

conditions φ̄(0) = φ̄(1) = 0 and
=
ϕ(u = 0, 1) = 0, respec-

tively, and λ refers to the källén function λ(m2
D∗
s
,m2

φ, q2).
The mass and decay constant are mD∗

s
= 2.112 GeV, mφ =

1.68 GeV [1] and fD∗
s

= 0.274 GeV [9]. The twist four and
twist five LCDAs begin to contribute at the subleading power
term (n = 2) according to the twist expansion of matrix ele-
ment from vacuum to φ meson state. The imaginary parts
of the other helicity amplitudes (0±,±0,±∓) are listed in
appendix B.

When q2 shifts from deeply negative to positive, the typ-
ical distance grows between the two currents in Eq. (2),
hence the long-distance quark-gluon interaction begins to
form hadrons. In this respect, the correlation function can
be understood by the sum of contributions from all possible
intermediate states with appropriate subtractions. The dis-
persion relation of invariant amplitudes in variable p2

1 > 0
reads

Fi j (q
2, p2

1) = 1

π

∫ ∞

m2
c

ds
Im Fi j (q2, s)

s − p2
1

. (11)
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By inserting a complete set of hadronic states with the quan-
tum number of the c̄γas current, the spectral function of the
ground state is obtained from the optical theorem and written
by means of two detached matrix elements

ε∗
1a,i ′ρ

0
i j (q

2) = ε̄
μ
i 〈φ∣∣JWμ, j (x)

∣∣D∗
s 〉〈D∗

s

∣∣J Va (0)
∣∣0〉, (12)

in which the latter one is parametrized by the D∗
s decay con-

stant, and the former one is written in terms of the D∗
s → φ

transition form factors associated with orthogonal Lorentz
structures [25,26].

〈φ(p2, ε∗
2 )

∣∣s̄γμ(1 − γ5)c
∣∣D∗

s (ε1, p1)〉
= (ε1 · ε∗

2 )
[
p1μV1(q2) − p2μV2(q2)

]

+ (ε1 · q)(ε∗
2 · q)

m2
D∗
s

− m2
φ

[
p1μV3(q2) + p2μV4(q2)

]

−(ε1 · q)ε∗
2μV5(q2) + (ε2 · q)ε∗

1μV6(q2)

−iεμνρσ ε
ρ
1 ε∗σ

2

[
pν

1A1(q2) + pν
2A2(q2)

]

+ iεμνρσ pρ
1 pσ

2

m2
D∗
s

− m2
φ

[
εν

1 (ε∗
2 · q)A3(q2) − εν

2 (ε∗
1 · q)A4(q2)

]
,

(13)

here the form factors V j and A j come from the vector and
axial-vector currents, respectively.

We introduce the helicity form factors

Hi j ≡ ε̄
μ
i 〈φ∣∣JWμ, j

∣∣D∗
s 〉 (14)

and write down the helicity invariant amplitudes as

Fi j (q
2, p2

1) = mD∗
s
fD∗

s
Hi j

m2
D∗
s
− p2

1

+
∫ ∞

s0

ds
ρ′h
i j (q

2, s)

s − p2
1

. (15)

The relations between helicity form factors and Lorentz
orthogonal form factors are collected as

H00(q
2 > 0)

=
(m2

D∗
s

+ m2
φ − q2)λ1/2

[
−V1(q2) + V2(q2)

]

4
√
q2mφmD∗

s

−
λ1/2

[
(m2

D∗
s

− m2
φ − q2)V5(q2) − (m2

D∗
s

− m2
φ + q2)V6(q2)

]

4
√
q2mφmD∗

s

+
λ3/2

[
V3(q2) + V4(q2)

]

8
√
q2mφmD∗

s
(m2

D∗
s

− m2
φ)

, (16)

H0±(q2 > 0)

= −
λ1/2

[
V1(q2) − V2(q2)

]

2
√
q2

∓
[
(m2

D∗
s

− m2
φ + q2)A1(q2) + (m2

D∗
s

− m2
φ − q2)A2(q2)

]

2
√
q2

, (17)

H±0(q
2 > 0)

= λ1/2V6(q2)

2mφ
± λA3(q2)

4mφ(m2
D∗
s

− m2
φ)

±
⎡
⎣

(
m2
D∗
s

+ m2
φ − q2

)
A1(q2)

2mφ
+ mφA2(q2)

⎤
⎦ , (18)

H∓±(q2 > 0)

= λ1/2V5(q2)

2mD∗
s

∓ λA4(q2)

4mD∗
s
(m2

D∗
s

− m2
φ)

∓
⎡
⎣mD∗

s
A1(q2) +

(
m2
D∗
s

+ m2
φ − q2

)
A2(q2)

2mD∗
s

⎤
⎦ . (19)

Equations (16–19) show explicitly the kinematical behavi-
ous of the helicity form factors, especially at the end-point
q2

0 = (mD∗
s
− mφ)2

H00(q
2
0 ) = 0, −H0±(q2

0 ) = H±0(q
2
0 ) = H±∓(q2

0 ). (20)

The endpoint relations as shown in Eq. (20) could be under-
stood in terms of rotational symmetry, reduction of invariant
and the Wigner–Eckart theorem [27–29], here we take the
last one to explain the relations. According to the Wigner–
Eckart theorem, the helicity information in helicity ampli-
tude is only governed by the Clebsch-Gordan (CG) coeffi-
cients, and the helicity independent dynamics information
is absorbed into the matrix elements M . In our case of
D∗
s (λcs) → φ(λφ)[lνl ](λq) decays, the CG expansion reads

as

Hλq λ̄φ
= C111

λcsλq λ̄φ
M111. (21)

The helicity conservation equation λcs = λq + λ̄φ with λ̄φ =
−λφ is self-evident. With taking the CG coefficientsC

jcs jφ jq
λcsλφλq

in the particle data group [1], we obtain

H00(q
2
0 ) ∝ C111

000 = 0,

H01(q
2
0 ) : H01̄(q

2
0 ) ∝ C111

101 : C111
1̄01̄

= −1

2
: 1

2
,

H10(q
2
0 ) : H1̄0(q

2
0 ) ∝ C111

110 : C111
1̄1̄0

= 1

2
: −1

2
,

H1̄1(q
2
0 ) : H11̄(q

2
0 ) ∝ C111

01̄1
: C111

011̄
= −1

2
: 1

2
, (22)

which reproduce the end-point relations shown in Eq.(20)
if we consider the replacement 1(1̄) ↔ +(−) between the
helicity quantum numbers and the polarization directions.

Based on the quark-hadron duality, Eqs. (7) and (15)
describe the same correlation function from two parallel
views, so in principle we can solve the helicity form factors by
matching the two equations if we know the spectral functions
ρ′h
i j (s). We take the semi-local duality to offset the contribu-

tions from large s > s0 regions in the two dispersion relation
integrals, because the magnitude of timelike form factor is
close to the spacelike one when the momentum transfer is far
away from the resonant state regions, and they become equal
in the QCD limit [30–32]. We Borel-transform both sides
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of the residual contributions below s0 to suppress the pol-
lutions from excited resonant states and continuum spectral,
and arrive at the sum rules of the helicity form factors,

mD∗
s
fD∗

s
Hi j (q

2)

= 1

π

∫ s0

m2
c

ds
e
−(s+m2

D∗
s
)/M2

[u2(s)m2
φ − q2 + m2

c ]
[
u(s) ImFOPE

1,i j (q2, s)

+
ImFOPE

2,i j (q2, s)

M2 +
ImFOPE

3,i j (q2, s)

2u(s)M4

]

+ 1

π

e−s0/M2

[u2
0m

2
φ − q2 + m2

c ]
[u0 ImFOPE

2,i j (q2, s0)

s0 − q2

+
(1 + xs0 )ImFOPE

3,i j (q2, s0) − u0ImF ′OPE
3,i j (q2, s0)

2(s0 − q2)2

]
.

(23)

Here u0 is the solution of s0 = ūm2
φ + (m2

c − ūq2)/u, xs0 ≡
(s0−q2)/M2 and ImF ′OPE

3,i j (q2, s0) = ∂
∂s ImFOPE

3,i j (q2, s)|s=s0 .
The value of Borel mass squared is implied by the inter-

nal virtuality of propagator which is smaller than the cutoff
threshold value, saying M2 ∼ O(um2

D∗
s
+ ūQ2 − uūm2

φ) <

s0, this value is a litter bit larger than the factorisation scale
we chosen at μ2

f = m2
D∗
s

− m2
c = 1.662 GeV2 with the

quark mass mc(mc) = 1.30 GeV. In practice the selection
of Borel mass is actually a compromise between the over-
whelming chosen of ground state in hadron spectral that
demands a small value and the convergence of OPE evalua-
tion that prefers a large one, which result in a region where
Hi j (q2) shows an extremum in M2 [24,25]

d

d(1/M2)
lnHi j (q

2) = 0. (24)

The continuum threshold is usually set to close to the out-
set of the first excited state with the same quantum number
as D∗

s and characterised by s0 ≈ (mD∗
s

+ χ)2, which is
finally determined by considering the maximal stable evolu-
tion of physical quantities on the Borel mass squared. From
the numerical side, the chose of these two parameters should
guaratee the convergence of twist expansion in the trun-
cated OPE calculation (high twists contributions are no more
than thirty percents) and simultaneously the high energy cut-
off in the hadron interpolating (the contributions from high
excited state and continuum spectral is smaller than thirty
percents). We finally set them at M2 = 4.5 ± 1.0 GeV2 and
s0 = 6.8 ± 1.0 GeV2 in this work. The value of Borel mass
is a litter bit larger than it chosen in the Ds → π, K tran-
sition [13], while a litter bit smaller than it chosen in the
Ds → φ, f0(980) transition [16], and close to it chosen in
the Ds → η′ transition [15].

The tree level LCSRs prediction of modified helicity form
factors Hi j (q2) ≡ √

q2Hi j (q2) are depicted in Fig. 1 where
the uncertainties from the Borel mass and the continuum

Table 1 The anatomy of the LCSRs uncertainty of helicity form factors
Hi j (q2), the center value (CV) is obtained by setting M2 = 4.5 GeV2

and s0 = 6.8 GeV2

Hi j (q2) CV M2|+1.0
−1.0 s0|+1.0

−1.0

H00(0.04) 1.99 −0.07
+0.13

+0.09
−0.15

H00(0.20) 2.03 −0.09
+0.16

+0.09
−0.16

H00(0.40) 2.07 −0.11
+0.20

+0.09
−0.16

H0+(0.04) 2.85 +0.05
−0.08

+0.21
−0.33

H0+(0.20) 2.82 +0.05
−0.07

+0.21
−0.34

H0+(0.40) 2.78 +0.04
−0.07

+0.22
−0.35

H0−(0.04) 0.19 +0.03
−0.05

+0.05
−0.08

H0−(0.20) 0.18 +0.04
−0.06

+0.06
−0.09

H0−(0.40) 0.17 +0.04
−0.07

+0.07
−0.11

H+0(0.04) 0.53 −0.05
+0.09

+0.01
−0.02

H+0(0.20) 1.07 −0.11
+0.21

+0.02
−0.04

H+0(0.40) 1.61 −0.16
+0.31

+0.03
−0.05

H−0(0.04) −0.59 +0.05
−0.10

−0.03
+0.04

H−0(0.20) −1.36 +0.13
−0.24

−0.07
+0.08

H−0(0.40) −2.00 +0.20
−0.38

−0.09
+0.11

H+−(0.04) 0.42 +0.01
−0.01

+0.03
−0.05

H+−(0.20) 0.94 +0.01
−0.01

+0.08
−0.12

H+−(0.40) 1.31 +0.01
−0.01

+0.11
−0.17

H−+(0.04) −0.04 −0.01
+0.02

−0.01
+0.01

H−+(0.20) −0.07 −0.02
+0.03

−0.01
+0.02

H−+(0.40) −0.09 −0.02
+0.04

−0.02
+0.03

threshold are presented by iteration. The Borel mass depen-
dence of these modified helicity form factors are plotted in
Fig. 2. The anatomy of the LCSRs uncertainty are presented
in Table 1 by taking the result at three momentum transfer
points, saying q2 = 0.04, 0.20 and 0.40 GeV2. It shows that

(1) Our choice of Borel mass brings 5–10% uncertainty to
the helicity form factor H00, 10–20% uncertainty to H+0

and H−0, 20–30% uncertainty to H0− and H−+, and
less than 5% uncertainty to H0+, it almost does not bring
uncertainty to the helicity form factor H+−.

(2) Our choice of continuum threshold brings another 5%-
10% uncertainty to the helicity form factor H00, 10%
uncertainty to H0+ and H+−, 20–30% uncertainty to
H−+, and 30–40% uncertainty to H0−, it does not bring
additional uncertainty to the helicity form factors H+0

and H−0.
(3) The LCSRs uncertainty of form factors H00, H±0 and

H−+ mainly comes from the Borel mass, the LCSRs
uncertainty of H0− comes equivalently from Borel mass
and continuum threshold, meanwhile it in form factors
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Fig. 1 The LCSRs predictions
of modified helicity form factors
Hi j (q2) ≡ √

q2Hi j (q2) with
varying Borel mass in
4.5 ± 1.0 GeV2 and fixing
continuum threshold at
s0 = 6.8 GeV2 (Gray), with
varying Borel mass in
4.5 ± 1.0 GeV2 and continuum
threshold in
s0 = 6.8 ± 1.0 GeV2

(LightGray)

H0+ and H+− mainly arises from the continuum thresh-
old.

(4) These modified helicity form factors have different
monotonicities on the two LCSRs parameters, for exam-
ple, H0±, H−0 and H+− are monotonically increasing
on M2, others are monotonically decreasing on M2, as
shown in Fig. 2 where the Borel mass dependence of
these seven helicity form factors are presented at three
different momentum transfer points q2 = 0.04, 0.20 and
0.40 GeV2. The magnitudes of all seven modified helic-
ity form factors are all monotonically increasing on the
continuum threshold.

In Table 2, we show the LCSRs prediction of modified
helicity form factors at the fixed momentum transfer points,
saying from 0.04 to 0.4 GeV with the step 0.04 GeV. The

first uncertainties come from the LCSRs parameters M2

and s0 which is added by the quadratic sum. In order to
estimate the effect from the missing radiative corrections,
we vary the charm quark mass in the intervel mc(mc) =
1.30 ± 0.10 GeV and regard this possible NLO effect as the
second uncertainty. The facotrization scale is then varied in
μ f = 1.66±0.08 GeV correspondingly. It brings about 10%
additional uncertainty to the modified helicity form factors
H±0 and H−+, 15% additional uncertainty to H00 and H0+,
20% additional uncertainty to H+−, meanwhile 40% addi-
tional uncertainty to H0−. We examined the affect to the
Borel mass determination from the quark mass variation and
found that M2 = 4.5 ± 1.0 GeV2 is still the optimal choice.
We do not present the uncertainty from the nonperturbative
parameters in φ meson LCDAs as shown in Table 4, since
the decay constants from the lattice evaluation almost do not
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Fig. 2 The Borel mass
dependence of all seven
modified helicity form factors in
our considering where the
continuum threshold is set at
6.8 GeV2. Three curves at
different momentum transfer
points are shown for each form
factor

Table 2 The modified helicity form factor Hi j (q2) ≡ √
q2Hi j (q2) in the large recoiled regions from LCSRs

q2(GeV2) H00(q2) H0+(q2) H0−(q2) H+0(q2) H−0(q2) H+−(q2) H−+(q2)

0.04 1.99+0.16+0.32
−0.17−0.29 2.85+0.21+0.48

−0.35−0.47 0.19+0.06+0.09
−0.09−0.07 0.53+0.09+0.06

−0.05−0.06 −0.59−0.11−0.07
+0.07+0.07 0.42+0.03+0.08

−0.05−0.07 −0.04−0.01−0.00
+0.02+0.00

0.08 2.00+0.17+0.31
−0.17−0.29 2.85+0.21+0.48

−0.35−0.47 0.19+0.06+0.09
−0.10−0.07 0.75+0.13+0.08

−0.07−0.08 −0.84−0.15−0.10
+0.10+0.10 0.60+0.05+0.11

−0.08−0.10 −0.05−0.02−0.00
+0.03+0.01

0.12 2.01+0.17+0.31
−0.18−0.29 2.84+0.22+0.47

−0.35−0.46 0.19+0.07+0.08
−0.10−0.07 0.91+0.16+0.10

−0.09−0.10 −1.04−0.19−0.12
−0.12−0.12 0.73+0.06+0.14

−0.09−0.13 −0.06−0.02−0.01
+0.03+0.01

0.16 2.02+0.18+0.30
−0.18−0.29 2.83+0.22+0.47

−0.35−0.46 0.18+0.07+0.08
−0.11−0.07 1.05+0.19+0.11

−0.11−0.11 −1.21−0.22−0.14
+0.14+0.13 0.84+0.07+0.16

−0.11−0.15 −0.07−0.02−0.01
+0.04+0.01

0.20 2.03+0.19+0.30
−0.18−0.28 2.82+0.22+0.46

−0.35−0.46 0.18+0.07+0.08
−0.11−0.07 1.07+0.21+0.12

−0.12−0.12 −1.36−0.25−0.15
+0.15+0.15 0.94+0.08+0.17

−0.12−0.16 −0.07−0.02−0.01
+0.04+0.01

0.24 2.03+0.19+0.29
−0.18−0.28 2.82+0.22+0.46

−0.35−0.45 0.18+0.08+0.08
−0.11−0.07 1.27+0.23+0.13

−0.13−0.13 −1.50−0.28−0.17
+0.17+0.16 1.03+0.09+0.19

−0.13−0.18 −0.08−0.02−0.01
+0.04+0.01

0.28 2.04+0.20+0.29
−0.18−0.28 2.81+0.22+0.45

−0.35−0.45 0.18+0.08+0.08
−0.11−0.07 1.37+0.25+0.14

−0.14−0.14 −1.63−0.31−0.18
+0.19+0.17 1.11+0.09+0.20

−0.14−0.19 −0.08−0.03−0.01
+0.05+0.01

0.32 2.05+0.21+0.29
−0.19−0.27 2.80+0.22+0.45

−0.35−0.45 0.18+0.08+0.08
−0.12−0.07 1.45+0.27+0.14

−0.15−0.15 −1.76−0.34−0.19
+0.20+0.19 1.18+0.10+0.22

−0.15−0.20 −0.08−0.03−0.01
+0.05+0.01

0.36 2.06+0.21+0.28
−0.19−0.27 2.79+0.22+0.45

−0.36−0.44 0.18+0.08+0.08
−0.12−0.07 1.53+0.29+0.15

−0.16−0.15 −1.88−0.36−0.21
+0.21+0.20 1.25+0.11+0.23

−0.16−0.21 −0.09−0.03−0.01
+0.05+0.01

0.40 2.07+0.22+0.28
−0.19−0.27 2.78+0.22+0.44

−0.36−0.44 0.17+0.09+0.08
−0.12−0.07 1.61+0.31+0.15

−0.17−0.16 −2.00−0.39−0.22
+0.23+0.21 1.31+0.11+0.24

−0.17−0.22 −0.09−0.03−0.01
+0.05+0.01
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bring additional uncertainty and the the uncertainty associ-
ated to strange quark mass is less than two percent.

We remark again that the main target of this work is to
discuss a feasible measurement of the weak decay of vector
meson, so the staring point for the calculation is the mul-
tiplied correlation function in Eq. (5) which deduces to the
helicity form factors. Moreover, what we have indeed cal-
culated is the seven helicity form factors involved in the
semileptonic weak decay, and hence we can not obtain the
ten orthogonal Lorentz form factors corresponding to the cor-
relation function in Eq. (2) by a linearly variation. But their
relations as shown in Eqs. (16–19) provide some constraints
to deduce the orthogonal Lorentz form factors. For example,
the (modified) helicity form factors at the full recoiled point
q2 = 0 are

H00(0) = 1.99+0.15+0.32
−0.17−0.30,

H0+(0) = 2.86+0.21+0.48
−0.35−0.48, H0−(0) = 0.19+0.05+0.09

−0.09−0.07,

H+0(0) = 2.67+0.47+0.31
−0.26−0.29, H−0(0) = −2.92−0.53−0.35

+0.33+0.32,

H+−(0) = 2.11+0.17+0.40
−0.27−0.28, H−+(0) = −0.19−0.06−0.01

+0.11+0.03,

(25)

from which we can deduce the center values of several
orthogonal Lorentz form factors as V1(0) −V2(0) = −1.86,
V5(0) = 2.46,V6(0) = −0.26, andA1(0)+A2(0) = −1.63.
These value can be compared with the result obtained from
other approaches such as the light-front quark model [26],
and in fact they show a good consistence after considering
the different definitions of Vi=1−6 and Ai=1−4 in Eq. (13)
here and Eqs. (2.1, 2.2) there.

To extrapolate to the whole kinematic region [0, q2
0 ], we

adopt the SSE parameterisation [19] which is required not
only to reproduce the result obtained from LCSRs calcu-
lation in the lower interval [0, q2

LCSR,max] with good accu-
racy, but also to provide an extrapolation to the up inter-
val [q2

LCSR,max, q
2
0 ] with the expected analytical properties

of the helicity form factors. For the maximal momentum
transfer squared where LCSRs is still applicable, we take
it at m2

c − 2mcχ ∼ 0.4 GeV2 with χ ∼ 0.5 GeV being
a typical hadronic scale, as what have been done in D(s)

decays [13,14]. We truncate the simplified z-series expan-
sion after the linear term for the Lorentz orthogonal form
factors Fi = V1−6,A1−4,

Fi (q
2 > 0) = aFi

1 − q2/m2
D1

{
1 + bFi [z(q2) − z(0)]

}
,

(26)

the quadratic term is checked could be negligible here. In the
expansion, 1/(1 − q2/m2

D1) denotes the simple pole corre-
sponding to the lowest-lying resonance in the D∗

s φ spectrum
with mD1 = 2.77 GeV [1], aFi ≡ Fi (0) indicates the nor-
malization conditions. The SSE formula bases on a rapidly

converging series

z(q2) =
√
t+ − q2 − √

t+ − t0√
t+ − q2 + √

t+ − t0
(27)

with t± ≡ (mD∗
s
± mφ)2 and t0 ≡ t+(1 − √

1 − t−/t+).
We parameterize the helicity form factors by considering

their general kinematical behavious in Eqs. (16–19) and their
end-point relations in Eq. (20), their expressions are

HSSE
i j (q2) ≡

√
q2Hi j (q

2)

= Ki j (q
2)

1 + bi j z′(q2)(
1 − q2/m2

D1

)[ a1
i jλ

3/2

mD∗
s
mφ(m2

D∗
s
− m2

φ)

+ a2
i jλ

(m2
D∗
s
− m2

φ)
+ a3

i jλ
1/2

]

+κi j q0

[
mD∗

s

1 + bED1 z′(q2)(
1 − q2/m2

D1

) + mφ

1 + bED2 z′(q2)(
1 − q2/m2

D1

)
]

.

(28)

Here z′(q2) ≡ z(q2) − z(0) and q2
1 ≡ q2

0 − q2. The kine-
matical functions/factors read as

K00(q
2) = λ1/2

mD∗
s
mφ

, κ00 = 0;

Ki j �=00 = 1; κ0∓(q2) = κ±0(q
2) = κ±∓(q2) = ±1;

a1
0± = a1±0 = a1±∓ = 0, a2

0± = 0. (29)

We can see that the terms in the third line on the right hand
side give the result of form factors Hi j �=00 at the kinematical
end-point with the universal parameters bED1,2 , and the general
terms in the first two lines hint the end-point constraint of
H00(q2

0 ) = 0.
With setting q2

LCSR,max = 0.4 GeV2, the fit result of SSE
parameters are shown in Table 3. We mark that the super-
script and subscript numbers are not the errors, but the dif-
ferences to the central value fitted by the upper and lower
predictions of the helicity form factors from LCSRs, respec-
tively. We depict the modified helicity form factors in Fig. 2,
where the result obtained directly from LCSRs calculation
is shown by lightblue bands, and the extrapolation by z-
series parameterisation is shown by red bands. The form
factors at end-point are obtained as HSSE

00 (q2
0 ) = 0 and

|HSSE
i j �=00(q

2
0 )| = 0.23+0.18

−0.23. The end-point constraints play an
important role to set down the shapes of helicity form factors
in the small recoiled regions where the LCSRs calculation
is failed, in coordination with the kinematical structures in
Eqs. (16–19). Besides the SSE parameterisation of the form
factors, we have also tested the Becirevic and Kaidalov (BK)
parameterisation [20] and found almost the same fit result of
the helicity form factors.

123



Eur. Phys. J. C (2022) 82 :1037 Page 9 of 14 1037

Table 3 The SSE parameters of the helicity form factors Hi j (q2)

Para. H00(q2) H0+(q2) H0−(q2) H+0(q2) H−0(q2) H+−(q2) H−+(q2)

a1
i j 0.70+0.21

−0.05 0 0 0 0 0 0

a2
i j −2.55−0.79

+0.58 0 0 −2.00−0.76
+0.27 3.46−2.29

+0.60 −1.56−0.24
+0.24 0.96−0.09

+0.04

a3
i j 1.81+0.52

−0.57 1.83+0.16
−0.16 −0.95+0.03

−0.03 1.10+0.78
−0.29 −2.56+2.30

−0.72 0.64+0.26
−0.24 0.03+0.09

−0.04

bi j −17.48−27.5
+4.25 2.20−2.15

+2.75 18.08−0.68
+0.66 42.18+1.31

−3.66 23.85+26.5
−0.78 36.27+4.72

−5.88 0.08−0.17
+2.84

bED1 0 39.24−2.10
+1.86 39.24−2.10

+1.86 39.24−2.10
+1.86

bED2 0 18.85−1.13
+1.12 18.85−1.13

+1.12 18.85−1.13
+1.12

Fig. 3 The helicity form
factors Hi j (q2) obtained from
the LCSRs calculation in the
large recoiled regions and the
extrapolating to the whole
kinematical region by SSE
parameterization

3 Exclusive D∗
s weak decays

The leptonic decays D∗
s → �ν (� = e, μ) have the decay

width

ΓD∗
s →lν = G2

F

12π
|Vcs |2 f 2

D∗
s
m3

D∗
s

= 2.44 × 10−12 GeV, (30)

if we accept the lattice result of the decay constant fD∗
s

=
0.274 GeV [9] and neglect the lepton masses. The differential
decay width of semileptonic decays of a particular polariza-
tion mode is written as

dΓi j

dq2 = G2
F |Vcs |2λ1/2q2

192π3m3
D∗
s

|Hi j (q
2)|2. (31)

With the helicity form factors obtained above, we obtain the
spin averaged total decay width

ΓD∗
s →φlνl = 1

3

∫ q2
0

0
dq2

∑
i, j=0,±

dΓi j

dq2

= (3.28+0.82
−0.71) × 10−14 GeV. (32)

The leptonic and semileptonic D∗
s weak decays, meanwhile,

extent the investigation of lepton flavour university (LFU)
study [33–35].

Under the naive factorisation hypothesis with consider-
ing only the color singlet operator at tree level, the decay
amplitudes of D∗

s → φπ, φρ channels are detached into two
matrix elements,

AD∗+
s →φπ+ = (−i)

GF√
2
Vcsa1mπ fπ

∑
j=0,±

H0 j (m
2
π ),

AD∗+
s →φρ+ = GF√

2
Vcsa1mρ f ‖

ρ

∑
i, j=0,±

Hi j (m
2
ρ). (33)

Considering the wilson coefficient a1 = 0.999 at the factori-
sation scale μ = (m2

D∗
s
−m2

c)
1/2 [36] and the decay constants

fπ = 0.130 GeV [1] and f ‖
ρ = 0.210 GeV [24], we obtain

the partial widths of nonleptonic decays as

ΓD∗+
s →φπ+ = (3.81+1.52

−1.33) × 10−14 GeV,

ΓD∗+
s →φρ+ = (1.16+0.42

−0.39) × 10−13 GeV. (34)

123



1037 Page 10 of 14 Eur. Phys. J. C (2022) 82 :1037

The large uncertainty (40%) in φπ channel comes from the
LCSRs predictions of the helicity form factors at the momen-
tum transfer point q2 = m2

π , meanwhile the uncertainty
(∼ 40%) in φρ channel comes from the extrapolation by
simplified z-series expansion at the momentum transfer point
q2 = m2

ρ . The prediction of ΓD∗+
s →φπ+ is marginally con-

sistent with the recent calculation based on the perturbative
QCD approach [37], but is half smaller in the magnitude.
We mark that the color mixing operator (a2 proportional)
at tree level and the non-perturbative contributions are usu-
ally significant, and could give sizable contributions to the
hadronic decays, accompanying with the contribution from
timelike polarisation of leptonic current ε̄μ(t). We postpone
these contributions for the further study. If we take the total
width ΓD∗

s
= (7.0 ± 2.8)× 10−8 GeV evaluated from lattice

QCD [9], the branching fractions of D∗
s weak decays are

B(D∗
s → lν) = (3.49 ± 0.14) × 10−5,

B(D∗
s → φlν) = (0.47+0.12

−0.10 ± 0.19) × 10−6,

B(D∗
s → φπ) = (0.54+0.22

−0.19 ± 0.22) × 10−6,

B(D∗
s → φρ) = (1.65+0.61

−0.56 ± 0.66) × 10−6. (35)

Let us give a brief discussion on the experimental poten-
tial of D∗

s weak decays. The integrated luminosity at Belle
II would achieve 10 ab−1 after the phase 3 running (2024-
2026) [38], which would produce an available Ds(D∗

s )

sample at order O(109) by considering O(106) Ds →
φ(KK )π+ signals (with efficiency 22%) are obtained based
on 921 fb−1 data sample [39,40] and the branching fraction
B(Ds → φ(KK )π) = 2.24% [1]. With this sample, about
O(107) (O(102)) signals of Ds(D∗

s ) → φ(KK )π would
be obtained, which indicates the feasibility of searching for
D∗
s → φπ at Belle II. Meanwhile, about 3.07 × 106 D∗

s
mesons have been collected by BESIII with the integrated
luminosity 3.2 fb−1 at 4.178 GeV [41]. They are directly pro-
duced from the e+e− collision at the DsD∗

s threshold with
lower background, and it provides a good chance to mea-
sure the leptonic decays D∗

s → lν and to further determine
ΓD∗

s
. Note that the photon-radiation effect is tiny in the lep-

tonic D∗
s decays since these channels are not helicity sup-

pressed in contrast to the Ds → lν decays. For the hadronic
decay channels, we hope LHCb, with the excellent particle
identification to distinguish K , π and μ, would study the
D∗
s → φ(KK )π channel with D∗

s producing from semilep-
tonic decay Bs → D∗

s μν [42].

4 Summary

In this work we calculate the D∗
s → φ helicity form factors

from LCSRs with the accuracy up to two-particle twist-5
DAs of the φ meson at the leading order of αs , with which
we study the experimental potential of discovering D∗

s weak

decays. The result shows that the leptonic decays D∗
s → lν

are the most hopeful channels to be measured at BESIII, the
semileptonic decays D∗

s → φlν could be accessible at Belle
II after the phase 3 running, and the hadronic D∗

s → φπ

decays are promising at LHCb. The measurement of purely
leptonic decays would determine the total width of the D∗

s
meson and hence clarify some fundamental properties of the
D∗
s meson, such as the electromagnetic and strong couplings

gD∗
s Dsγ and gD∗

s Dsπ . It is highly hopeful that these channels
will promote the first observation of weak decays of a vector
meson, opening up a new playground to test the standard
model and pushing us to higher precision studies.
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A Definition of φ meson on the light cone

In order to facilitate the light-cone expansion, the meson
four-momentum (pμ) and close to lightlike separation (xμ)
are expressed as linear combinations of the lightlike vectors
( p̂μ, zμ) [32],

p̂μ = pμ − 1

2
zμ

m2
M

p̂ · z ,

zμ = xμ

[
1 − x2m2

M

4( p̂ · z)2

]
− 1

2
p̂μ

x2

p̂ · z + O(x4). (36)

123
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Meanwhile, the polarization vectors decompose into three
terms,

ελ
μ = ελ · x

p̂ · z p̂μ + ελ · p̂
p̂ · z zμ + ελ⊥μ

= (ελ · x) pμ(p · x) − xμm2
M

(p · x)2 − x2m2
M

. (37)

Here λ is the polarisation of meson and we use the symbols
‖,⊥ to denote the longitudinal and transversal directions of
the polarizations, respectively.

LCDAs are rigorously defined by the matrix element sand-
wiched with the quark bilinears with light-cone separation,
and then switch to the actual momenta and the near light-
like distance x for the practise of phenomenas. In Refs.
[24,43,44], high twist LCDAs of vector mesons are system-
atical studied in QCD based on conformal expansion with
taking into account meson and quark mass corrections. The
complete analysis of the parameters from QCD sum rules and
a renormalon based model are presented in Refs. [22,23].
Considering the polarisation decomposition in Eq. (37) to
the vector Dirac structure, the matrix element sandwiched
between vacuum and vector meson state takes the following
parameterisation

〈φ(p, ε)|s̄(x)γμs(0)|0〉

= f ‖
φmφ

∫ 1

0
dueiup·x

{
εμ

[
φ⊥

3 (u) + m2
φx

2

16
φ⊥

5 (u)

]

+pμ

ε · x
p · x

[
φ

‖
2(u) − φ⊥

3 (u) + m2
φx

2

16

(
φ

‖
4(u) − φ⊥

5 (u)
)]

− (ε · x)m2
φ

2(p · x)2 xμ

[
ψ

‖
4 (u) − 2φ⊥

3 (u) + φ
‖
2(u)

]}
, (38)

〈φ(p, ε)|s̄(x)σμνs(0)|0〉

= −i f ⊥
φ

∫ 1

0
dueiup·x

{(
εμ pν − εν pμ

) [
φ⊥

2 (u) + m2
φx

2

16
φ⊥

4 (u)

]

+ (
pμxν − pνxμ

) (ε · x)m2
φ

(p · x)2

[
φ

‖
3(u) − 1

2
φ⊥

2 (u) − 1

2
ψ⊥

4 (u)

]

+ m2
φ

2(p · x)
(
εμxν − ενxμ

) [
ψ⊥

4 (u) − φ⊥
2 (u)

]}
, (39)

〈φ(p, ε)|s̄(x)γμγ5s(0)|0〉

= − f ‖
φmφεμνρσ ε∗ν pρxσ

4

∫ 1

0
dueiup·x

·
[
ψ̃⊥

3 (u) + m2
φx

2

16
ψ̃⊥

5 (u)

]
, (40)

〈φ(p, ε)|s̄(x)s(0)|0〉 = − i

2
f ⊥
φ (ε · x)m2

φ

∫ 1

0
dueiup·x ψ̃‖

3 (u). (41)

We use the conventions

ε0123 = −ε0123 = 1, γ5 = i

4!ε
μνρσ γμγνγργσ . (42)

The quark mass effects are taken into account in the last two
parameterisations of matrix elements with the Dirac struc-

tures γμγ5 and 1, and the auxillary DAs read as

ψ̃
‖
3 (u) = (

1 − r‖δ+
)
ψ

‖
3 (u),

ψ̃⊥
3(5)(u) = (1 − r⊥δ+) ψ⊥

3(5)(u), (43)

with r‖ = f ‖
φ / f ⊥

φ , r⊥ = f ⊥
φ / f ‖

φ and δ± = (ms ± ms) /mφ .

The DAs φ = {φ‖(⊥)
2 , φ

‖(⊥)
3 , ψ

‖(⊥)
3 , ψ

‖(⊥)
4 } satisfy the nor-

malisations∫ u

0
φ(u′)du′

∣∣∣
u=1

= 1,

∫ u

0
du′

∫ u′

0
φ(u′′)du′′

∣∣∣
u=1

= 1

(44)

and also the equation of motions (EOM) of the LCDAs. The
DAs φ′ = {φ‖(⊥)

4 , φ⊥
5 , ψ⊥

5 } are not subject to a particular nor-

malisation while
∫ u

0 du′
(
φ

‖
4 − φ⊥

5

) ∣∣
u=1 = 0 is necessary,

and they relates to DAs φ, at first order of O(m2
φ) expansion,

by [44]

φ
‖
4(u) = −4

∫ u

0

[
(2u′ − 1)φ

‖
2(u′)

]

+4
∫ u

0
du′

∫ u′

0
du′′ [φ⊥

3 (u′′) − ψ
‖
4 (u′′) − 3φ

‖
2(u′′)

]
,

φ⊥
4 (u) = −4

∫ u

0

[
(2u′ − 1)φ⊥

2 (u′)
]

+4
∫ u

0
du′

∫ u′

0
du′′ [ψ⊥

4 (u′′) − φ⊥
2 (u′′)

]
,

φ⊥
5 (u) = −4

∫ u

0

[
(2u′ − 1)φ⊥

3 (u′)
]
,

ψ⊥
5 (u) = −4

∫ u

0

[
(2u′ − 1)ψ⊥

3 (u′)
]
. (45)

We notice that the last two relation equations hold only for
asymptotic LCDAs [24].

The lower twists DAs are conventionally expanded in con-
formal spin which is analogous to the partial wave expansion
of SO(3), and write in terms of Gegenbauer polynomials with
corresponding moments. In this work we take the truncation
to the second order of leading twist DAs expansion,

φ
‖(⊥)
2 (u) = 6u(1 − u)

[
1 + a‖(⊥)

1 C3/2
1 (t) + a‖(⊥)

2 C3/2
2 (t)

]
.

(46)

The twist 3 DAs contributed from the leading twist DAs are
cited as [43]

φ
‖
3(u) = 1

2

∫ u

0
du′ Ψ

‖
2 (u′)
ū′ + 1

2

∫ 1

u
du′ Ψ

‖
2 (u′)
u′ ,

ψ̃
‖
3 (u) = ū

∫ u

0
du′ Ψ

‖
2 (u′)
ū′ + u

∫ 1

u
du′ Ψ

‖
2 (u′)
u′ ,

φ⊥
3 (u) = 1

4

∫ u

0
du′ Ψ ⊥

2 (u′)
ū′ + 1

4

∫ 1

u
du′ Ψ ⊥

2 (u′)
u′ ,

ψ̃⊥
3 (u) = ū

∫ u

0
du′ Ψ ⊥

2 (u′)
ū′ + u

∫ 1

u
du′ Ψ ⊥

2 (u′)
u′ , (47)

123
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Table 4 Notations of the LCDAs of light vector mesons (up tabular) and nonperturbative parameters at the factorization scale μ f = 1.66 GeV of
the φ meson LCDAs taken in our evaluation (low tabular)

Notations φ
‖
2 φ⊥

2 φ
‖
3 ψ

‖
3 φ⊥

3 ψ⊥
3 φ

‖
4 ψ

‖
4 φ⊥

4 ψ⊥
4 φ⊥

5 ψ⊥
5

Twist 2 2 3 3 3 3 4 4 4 4 5 5

Dirac γμ σμν σμν 1 γμ γμγ5 γμ γμ σμν σμν γμ γμγ5

Expressions (46) (46) (47) (47) (47) (47) (54) (53) (54) (53) (54) (54)

Para. m̄s(GeV) mφ(GeV) f ‖
φ (GeV) f ⊥

φ (GeV) a‖(⊥)
1 a‖

2 a⊥
2

Value 0.101(8) 1.68 0.233(4) 0.184(4) 0 0.243(80) 0.148(70)

with the auxiliary functions

Ψ
‖
2 (u′) = 2φ⊥

2 (u′) + r‖

[(
3 − 2u′)

2
δ+ + δ−

2

]
∂φ⊥

2 (u′)
∂u′ ,

Ψ ⊥
2 (u′) = 2φ

‖
2(u′) + r⊥

[
δ+(2u′ − 1) + δ−

] ∂φ⊥
2 (u′)
∂u′ .

(48)

We here present their explicit expressions truncated to the
second term of gegenbauer polynormias of φ

‖/⊥
2 (u)

φ
‖
3(u) = 3 − 6u + 6u2

+3r‖
2

δ+
[
−6 + 12u − 4u2 + log(1 − u) − 3 log u

]

+a⊥
2 (μ)

[
3(1 − 12u + 42u2 − 60u3 + 30u4)

]

+a⊥
2 (μ)3r‖δ+

[
−33 + 126u − 222u2 + 200u3

−60u4 + 3 log(1 − u) − 9 log u
]
, (49)

ψ̃
‖
3 (u) = 2(1 − u)

[
3 − 6u + 6u2

+3r‖
2

δ+(−6 + 12u − 4u2 + log(1 − u) − 3 log u)

]

+a⊥
2 (μ)6u

[
1 − 12u + 42u2 − 60u3 + 30u4

]

+a⊥
2 (μ)6ur‖δ+

[
−33 + 126u − 222u2 + 200u3

−60u4 + 3 log(1 − u) − 9 log u
]
, (50)

φ⊥
3 (u) = 1

2

{
3 − 6u + 6u2

+3r⊥δ+
[
2 − 4u + 4u2 + log(1 − u) + log u

]

+a‖
2(μ)3

[
1 − 12u + 42u2 − 60u3 + 30u4

]

+a⊥
2 (μ)6r⊥δ+

[
11 − 42u + 102u2 − 120u3

+60u4 + 3 log(1 − u) + 3 log u
] }

, (51)

ψ̃⊥
3 (u) = 2(1 − u)

[
3 − 6u + 6u2

+3r⊥δ+(2 − 4u + 4u2 + log(1 − u) + log u)
]

+a‖
2(μ)6u

[
1 − 12u + 42u2 − 60u3 + 30u4

]

+a⊥
2 (μ)12ur⊥δ+

[
11 − 42u + 102u2 − 120u3

+60u4 + 3 log(1 − u) + 3 log u
]
. (52)

In the asymptotic limit, the twist 4 DAs contributed at the
order O((p · x)−2) are given by

ψ
‖
4 (u) = 6uū, ψ⊥

4 (u) = 6uū, (53)

the twist 4 and twist 5 DAs φ′ contributed at the order
O(m2

φx
2) read from Eq. (45) as

φ
‖
4(u) = 24u2ū2, φ⊥

4 (u) = 24u2ū2,

φ⊥
5 (u) = 6uū (1 − uū) , ψ⊥

5 (u) = 12u2ū2. (54)

For the sake of convenient we list the DAs at different
twists with corresponding Dirac structures in Table 4, and
also we present the nonperturbaive parameters of LCDAs
taken in our evaluation. The mass of φ meson and strange
quark in the MS scheme are taken from PDG [1]. The longitu-
dinal decay constant f ‖

φ is mainly determined directly by the
experiment measurement of channel e+e− → φ(→ PP)

[24], the scale dependent transversal decay constant is cho-
sen by considering the ratio r⊥(1 GeV) = f ⊥

φ (1 GeV)/ f ‖
φ =

0.820 obtained from lattice QCD simulated by using N f =
2 + 1 domain-wall fermions at the spacing a = 0.114 fm
and masses down to mπ = 330 MeV [45]. The Gegenbauer
moments a‖(⊥)

2 are taken from Ref. [46] where a combined
analysis is performed on the lattice simulation and QCD sum
rule calculation [47].

B Imaginary part of OPE invariant amplitudes

In the case of transversal helicity with longitudinal leptonic
current and transversal φ meson, the imaginary part of OPE
invariant amplitudes are

1

π
ImFOPE

1,0±(q2 < 0, u)

=
⎡
⎣

√
λ

2
√|q2| ±

(
m2

D∗
s

− m2
φ − q2

)

2
√|q2|

⎤
⎦mc f

⊥
φ φ⊥

2 (u)

+
⎡
⎣ u

√
λ

2
√|q2| ±

u
(
m2

D∗
s

− m2
φ − q2

)
+ 2q2

2
√|q2|

⎤
⎦ f ‖

φmφ φ⊥
3 (u)

123
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+
⎡
⎣−

√
λ

2
√|q2| ±

(
m2

D∗
s

− m2
φ − q2

)

2
√|q2|

⎤
⎦ f ‖

φmφ

(
φ̄

‖
2(u) − φ̄⊥

3 (u)
)

+
√

λ

4
√|q2| f ‖

φmφ ψ̃⊥
3 (u), (55)

1

π
ImFOPE

2,0±(q2 < 0, u)

=
⎡
⎣

√
λ

[
u

(
m2

D∗
s

− m2
φ − q2

)
+ 2q2

]

2
√|q2| ± uλ

2
√|q2|

⎤
⎦

·
[ f ‖

φmφ ψ̃⊥
3 (u)

4
∓ f ‖

φm
3
φ φ⊥

5 (u)

4
√

λ

∓mc f ⊥
φ m2

φ

(
ψ̄⊥

4 (u) − φ̄⊥
2 (u)

)
√

λ

]

− u
√

λ√|q2| f ‖
φm

3
φ

( =
ψ

‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

+
⎡
⎣

√
λ

8
√|q2| ∓

(
m2

D∗
s

− m2
φ − q2

)

8
√|q2|

⎤
⎦ f ‖

φm
3
φ

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

−
√

λ

16
√|q2| f ‖

φm
3
φ ψ̃⊥

5 (u) +
⎡
⎣

√
λ

2
√|q2| ±

(
m2

D∗
s

− m2
φ − q2

)

2
√|q2|

⎤
⎦

· f ⊥
φ m2

φmc

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)
, (56)

1

π
ImFOPE

3,0±(q2 < 0, u)

=
⎡
⎣−

√
λ

4
√|q2| ∓

(
m2

D∗
s

− m2
φ − q2

)

4
√|q2|

⎤
⎦m3

c f
⊥
φ m2

φ φ⊥
4 (u)

+
⎡
⎣− u

√
λ

4
√|q2| ∓

u
(
m2

D∗
s

− m2
φ − q2

)
+ 2q2

4
√|q2|

⎤
⎦m2

c f
‖
φm

3
φ φ⊥

5 (u)

+
⎡
⎣−

√
λ

[
2m2

c + u
(
m2

D∗
s

− m2
φ − q2

)
+ 2q2

]

16
√|q2| ∓ uλ

16
√|q2|

⎤
⎦

· f ‖
φm

3
φ ψ̃⊥

5 (u)

+
⎡
⎣

√
λ

4
√|q2| ∓

(
m2

D∗
s

− m2
φ − q2

)

4
√|q2|

⎤
⎦ f ‖

φm
3
φm

2
c

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

.

(57)

The imaginary parts of OPE invariant amplitudes with
transversal leptonic and longitudinal φ currents are

1

π
ImFOPE

1,±0(q
2 < 0, u)

= ∓ f ⊥
φ mcmφ φ⊥

2 (u) ∓ f ‖
φm

2
φ

(
φ̄

‖
2(u) − φ̄⊥

3 (u)
)

+
[√

λ ∓
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

)] f ‖
φ

2
φ⊥

3 (u), (58)

1

π
ImFOPE

2,±0(q
2 < 0, u)

= −
[√

λ
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

)
∓ λ

]

· f
‖
φ

2

(
φ̄

‖
2(u) − φ̄⊥

3 (u)
)

−
[√

λ ∓
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

)] f ‖
φm

2
φ

8
φ⊥

5 (u)

−2 f ‖
φm

2
φ

√
λ

( =
ψ

‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

∓ f ⊥
φ mcm

3
φ

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)

±
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

) f ⊥
φ mcmφ

2

(
ψ̄⊥

4 (u) − φ̄⊥
2 (u)

)

+ f ⊥
φ mφmc

2

√
λ ψ̃

‖
3 (u) ± f ‖

φm
4
φ

4

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

, (59)

1

π
ImFOPE

3,±0(q
2 < 0, u)

=
[√

λ
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

)
∓ λ ± 2m2

cm
2
φ

]

· f
‖
φm

2
φ

4

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

−2 f ‖
φm

2
φ

√
λ

(
um2

D∗
s

+ ūq2 − uūm2
φ

)

·
( =

ψ
‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

± f ⊥
φ m3

cm
3
φ

2
φ⊥

4 (u) ± f ⊥
φ mφmc λ

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)

−
[√

λ ∓
(
m2

D∗
s

− m2
φ − q2 + 2um2

φ

)] f ‖
φm

2
φm

2
c

4
φ⊥

5 (u). (60)

For the transversal helicity form factor, the imaginary parts
are

1

π
ImFOPE

1,±∓(q2 < 0, u)

=
⎡
⎣ ū

√
λ

2mD∗
s

±
(
(1 + u)m2

D∗
s

− ūm2
φ + ūq2

)

2mD∗
s

⎤
⎦ f ‖

φmφ φ⊥
3 (u)

+
⎡
⎣

√
λ

2mD∗
s

±
(
m2

D∗
s

+ m2
φ − q2

)

2mD∗
s

⎤
⎦

·
[
f ⊥
φ mc φ⊥

2 (u) + f ⊥
φ mφ

(
φ̄

‖
2(u) − φ̄⊥

3 (u)
) ]

+
√

λ

4mD∗
s

f ‖
φmφ ψ̃⊥

3 (u), (61)

1

π
ImFOPE

2,±∓(q2 < 0, u)

=
⎡
⎣

(
(1 + u)m2

D∗
s

− ūm2
φ + ūq2

)√
λ

2mD∗
s

± ūλ

2mD∗
s

⎤
⎦

·
[ f ‖

φmφ ψ̃⊥
3 (u)

4
∓ f ‖

φm
3
φ φ⊥

5 (u)

4
√

λ

∓ f ⊥
φ m2

φmc
(
ψ̄⊥

4 (u) − φ̄⊥
2 (u)

)
√

λ

]

+
⎡
⎣

√
λ

2mD∗
s

±
(
m2

D∗
s

+ m2
φ − q2

)

2mD∗
s

⎤
⎦

123
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·
[
f ⊥
φ m2

φmc

( =
ψ⊥

4 (u) +
=

φ⊥
2 (u) − 2

=
φ

‖
3(u)

)

−
f ‖
φm

3
φ

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
)

4

]

− ū
√

λ

mD∗
s

f ‖
φm

3
φ

( =
ψ

‖
4 (u) +

=
φ

‖
2(u) − 2

=
φ⊥

3 (u)

)

−
√

λ

16mD∗
s

f ‖
φm

3
φ ψ̃⊥

5 (u), (62)

1

π
ImFOPE

3,±∓(q2 < 0, u)

=
⎡
⎣− ū

√
λ

4mD∗
s

∓
(
(1 + u)m2

D∗
s

− ūm2
φ + ūq2

)

4mD∗
s

⎤
⎦ f ‖

φm
3
φm

2
c φ⊥

5 (u)

−
⎡
⎣

(
2m2

c + (1 + u)m2
D∗
s

− ūm2
φ + ūq2

)√
λ

16mD∗
s

± ūλ

16mD∗
s

⎤
⎦

· f ‖
φm

3
φ ψ̃⊥

5 (u)

−
⎡
⎣

√
λ

4mD∗
s

±
(
m2

D∗
s

+ m2
φ − q2

)

4mD∗
s

⎤
⎦

·
[
f ⊥
φ m2

φm
3
c φ⊥

4 (u) + f ‖
φm

3
φm

2
c

(
φ̄

‖
4(u) − φ̄⊥

5 (u)
) ]

. (63)
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