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Abstract We develop an inflationary model without small
parameters on the basis of multidimensional f (R) gravity
with a minimally coupled scalar field. The model is described
by two stages of space expansion. The first one begins at
energy scales about the D-dimensional Planck mass and ends
with the de Sitter metric of our space and the maximally sym-
metric extra dimensions. In the following, the quantum fluc-
tuations produce a wide set of inhomogeneous extra metrics
in causally disconnected regions quickly generated in the de
Sitter space. We find a specific extra space metric that leads
to the effective Starobinsky model that fits the observational
data.

1 Introduction

The rapid development of observational cosmology has
imposed serious limitations on inflationary models [1].
Despite this, a significant number of models do not contradict
observations. Most models of inflation are based on the pos-
tulation of a specific form of scalar fields potential without
clarification of its origin [2]. Another promising approach to
providing a viable inflationary stage without relying on scalar
fields is modified gravity. The modifications of the Einstein–
Hilbert action include higher-order curvature invariants that
naturally appear due to the quantum corrections or in the
string theory framework [3].

It is often assumed that inflation takes place at high ener-
gies characterized by the Hubble parameter H ∼ 1013 GeV.
This gives rise to the small parameter H/MPl ∼ 10−6, which
is characteristic of inflationary models. Another small param-
eter refers to the Lambda term, which must be at least much
smaller than the Hubble parameter. In this paper, we discuss
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the way to avoid these defects. We elaborate an inflation-
ary model based on f (R) gravity acting in multidimensional
space without the small parameters.

The ability to avoid ghosts and the Ostrogradski instabil-
ity distinguishes f (R) theories from other higher-order grav-
ity theories [4]. Inflationary scenarios have fueled additional
interest in f (R) theories [5,6], beginning with Starobinsky’s
seminal paper [7]. This model has remained very successful
up to now, and a large number of its generalizations with
minor modifications have been built [8–18]. Nevertheless,
in the IR limit, the Starobinsky model implies that the cos-
mological constant must also be fine-tuned and there is no
“natural” expectation for the unique coefficient in front of
the R2 term in the action to be large. The latter feature of the
Starobinsky model can be resolved by considering it as a low-
energy effective theory of a multidimensional theory due to
the compactification of extra dimensions. This approach was
discussed in [19]. Nevertheless, the fine tuning of the cos-
mological constant and the extra space stabilization problem
remain. Internal subspaces should be static or nearly static,
according to observations [20,21], because their dynamical
behavior causes the fundamental physical constants to vary.
In purely gravitational f (R) models, only subspaces with
negative curvature can be stabilized [22,23]. The most pop-
ular way of reaching a stabilization with positive curvature
is to invoke matter fields of non-geometric origin1 or/and
to extend the gravitational action by adding invariants, such
as the Einstein–Gauss–Bonnet term [26], e.t.c. Nonetheless,
positive curvature spaces in the EGB are only stable in a nar-
row range of parameters or are not stable at all, depending on
the dimension of the subspace, whereas negative curvature
subspaces are known to be stable in a wide range [27].

The metric and the fields inside the horizon experience
strong quantum fluctuations at high energies. These fluctu-

1 However, there are other options, such as using dynamical spacetime
theory [24] or form-fields [25].
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ations can affect the classical dynamics and final states at
low energies, including the extra space metric. For example,
a 6-dimensional quadratic f (R) model with the scalar field
and the inhomogeneous static compact extra dimensions was
considered in [28].

The possible influence of the matter field on the metric
of extra dimensions is investigated in the framework of D-
dimensional f (R) gravity with a minimally coupled scalar
field. We distinguish two stages of expansion: high and low
energy. At the high energy stage, which is unobservable, the
extra subspace is absolutely symmetrical and the scalar field
slowly rolls to the minimum, which is reached at H �= 0. The
extra space size evolves along with the scalar field and grows
up to a certain size. At the same time, the number of causally
disconnected areas is growing rapidly. They continue to mul-
tiply efficiently even when the minimum of potential of the
scalar field is reached, since in this case, H �= 0. This ends
the first stage of the evolution of the Universe, which at the
moment is one of the causally disconnected regions. In some
such regions, the symmetry of the extra space metric is vio-
lated due to the fluctuation of the scalar field. As a result,
the specific deformed configuration of the internal subspace
provides the second stage, which is Starobinsky’s effective
model. We have obtained the effective values of the model
without involving unnatural parameters, i.e., larger or smaller
than the order of magnitude.

This paper is organized as follows: Sect. 2 contains the
basic equations of our model with the chosen general metric.
In Sect. 3 we consider the dynamics of the D-dimensional
metric with the scalar field at extremely high energies. We
show that the extra absolutely symmetrical space size and
the Hubble parameter are constants at the end of the first
stage. Section 4 is devoted to a description of the inhomoge-
neous extra space. We show analytically that in the case of
a homogeneous distribution of the scalar field, there exists
only the maximally symmetrical metric. We present several
numerical solutions with scalar field fluctuations that disturb
the maximally symmetrical extra space metric. Among the
found solutions, we choose an appropriate metric suitable for
describing the effective Starobinsky model and the observed
data. Conclusions are made in Sect. 5.

2 Outlook

Consider the f (R) theory with a minimally coupled scalar
field ϕ in D = 4 + n dimensions

S = mD−2
D

2

∫
dDx

√|gD|
(
f (R) + ∂Mϕ ∂Mϕ − 2V

(
ϕ
))

,

(1)

where gD ≡ detgMN, M, N = 1, D and f (R) is a smooth
function of the D-dimensional Ricci scalar R. The metric of
M1 × M3 × Mn manifold is chosen in the form

ds2 = dt2 − e2α(t)δi j dx
i dx j − e2β(t)m−2

D

((
dx4)2 + r2(x4)

(
dx5)2 + · · · + r2(x4)

D−2∏
k=5

(
sin2 xk

)(
dxk+1)2

)
. (2)

Variation of action (1) with respect to the metric gMN and
scalar field ϕ leads to the known equations

− 1

2
f (R)δM

N +
(
RM

N + ∇M∇N − δM
N �D

)
fR = −TM

N , (3)

�D ϕ + V ′
ϕ = 0 (4)

with fR = d f (R)

dR
, �D = ∇M∇M and V ′

ϕ = dV
(
ϕ
)

dϕ
.

The arbitrary potential satisfies conditions V
(
ϕ
)∣∣

ϕ=0 = 0,

V ′
ϕ

(
ϕ
)∣∣

ϕ=0
= 0. The corresponding stress-energy tensor of

the scalar field ϕ is

TM
N = ∂Lmatter

∂
(
∂Mϕ

) ∂Nϕ − δM
N

2
Lmatter

= ∂Mϕ ∂Nϕ − δM
N

2
∂Kϕ ∂Kϕ + δM

N V
(
ϕ
)
. (5)

We use the following conventions for the curvature tensor
RL

MNK = ∂K�L
MN − ∂N�L

MK + �L
CK�C

NM − �L
CN�C

MK and the
Ricci tensor RMN = RK

MKN. Equation (4) is known to be the
consequence of Eq. (3).

3 The first stage. High-energy space expansion

In this section, we study the dynamics of the field and the D-
dimensional metric at extremely high energies, starting from
the scale of the order of the mD < mPl. We show that the
extra space size and the Hubble parameter do not depend on
time at the end of this stage.

Let us consider metric (2), where Mn is the n-dimensional
sphere, i.e. r(x4) = sin x4, and all dynamical variables
depend only on time. In this case, the Ricci scalar is

R(t) = 6α̈ + 2n β̈ + 12α̇2 + n
(
n + 1

)
β̇2

+6n α̇β̇ + n
(
n − 1

)
m2

De−2β(t). (6)

Then, for the case where the scalar field depends only on time,
ϕ = ϕ(t), system (3) for (t t), (x1x1) = (x2x2) = (x3x3),
(x4x4) = · · · = (xD−1xD−1)-components and (4) take the
following form:

− (
3α̇ + nβ̇

)
Ṙ fRR +

(
3α̈ + nβ̈ + 3α̇2 + nβ̇2

)
fR
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− f (R)

2
= − ϕ̇2

2
− V

(
ϕ
)
, (7)

Ṙ2 fRRR + (
R̈ + (

2α̇ + n β̇
)
Ṙ
)
fRR

−
(
α̈ + 3α̇2 + nα̇β̇

)
fR + f (R)

2
= − ϕ̇2

2
+ V

(
ϕ
)
, (8)

Ṙ2 fRRR + (
R̈ + (

3α̇ + (
n − 1

)
β̇
)
Ṙ
)
fRR

−
(
β̈ + 3α̇β̇ + nβ̇2 + (

n − 1
)
m2

De−2β(t)
)
fR

+ f (R)

2
= − ϕ̇2

2
+ V

(
ϕ
)
, (9)

ϕ̈ +
(

3α̇ + nβ̇
)
ϕ̇ + V ′

ϕ = 0, (10)

where the dot notation refers to the time derivatives. It is of
interest to study the asymptotic behavior of the metric and
the scalar field with the help of Eqs. (7)–(10). They have the
form2: ϕas = 0 and

H2
as = −(

n + 2
) ±

√(
n + 2

)2 − 4an
(
n + 4

)
c

6an
(
n + 4

) ; (11)

e−2βas = −(
n + 2

) ±
√(

n + 2
)2 − 4an

(
n + 4

)
c

2an
(
n + 4

)(
n − 1

)
m2

D

≡ e−2βc

(12)

for a specific form of the f (R) function

f (R) = aR2 + R + c. (13)

In the slow-roll approximation, ϕ̇2 � V
(
ϕ
)
, |ϕ̈| � |V ′

ϕ |,
α̇ � const ≡ H and β̈ � β̇ � 0, the system of equations
above is strongly simplified in the same way as for the stan-
dard inflationary scenario:

3H2 fR − f (R)

2
� −V

(
ϕ
)
, (14)

−(
n − 1

)
m2

De−2βc fR + f (R)

2
� V

(
ϕ
)
, (15)

3H ϕ̇ + V ′
ϕ � 0. (16)

Here the Ricci scalar is R � 12H2 + n
(
n − 1

)
m2

De−2βc . In
the absence of extra dimensions and for the standard linear
gravity, f (R) = R, Eqs. (14) and (16) yield the well-known
relations

3H2 � V
(
ϕ
)∣∣
mPl=1 and 3H ϕ̇ � −V ′

ϕ. (17)

Equations (14) and (15) lead to the following relationship:

m2
De−2βc = 3H2(

n − 1
) , (18)

2 In order for m2
De−2βc > 0, for any sign of a, the inequality c < 0

must hold.

valid for any form of f (R) and V (ϕ). As can be seen, in
the limit H → 0, corresponding to present times, expression
(18) leads to an infinitely large size of extra dimensions eβc ,
which obviously contradicts observations. The static inho-
mogeneous extra dimensions can resolve this limitation, as
will be shown in the next section.

Since the solution of Eq. (16) reveals a decreasing scalar
field with time, the Hubble parameter will slowly decrease
with time, tending to a constant value. The size of the extra
space increases with time and also tends to a constant value.
The behavior of the scalar field ϕ(t), the Hubble parameter
H(t), and the size of the extra subspace eβ(t) are shown in
Fig. 1 in units of mD = 1.

The first stage of the space expansion is finished at
V

(
ϕas

) = 0 with conditions (11), (12). After integration
over the extra coordinates3 using f (R) � 1

2 fRR(Rn)R2
4 +

fR(Rn)R4 + f (Rn) decomposition, effective action (1) takes
the form

S I
e f f = m2

Pl

2

∫
d4x

√|g4|
(
aef f R

2
4 + R4 + ce f f

)
. (19)

Here and in the following, we assume the quadratic form of
f (R) as in (13). The effective parameters and the relationship
between the 4-dimensional and the D-dimensional Planck
masses

aef f m
2
Pl = 1

2
υnm

2
Denβc fRR

(
Rn

)
,

m2
Pl = υnm

2
Denβc fR

(
Rn

)
, ce f f m

2
Pl =υnm

2
Denβc f

(
Rn

)
(20)

are related to the Ricci scalar Rn = n
(
n − 1

)
m2

De−2βc of the
extra dimensions. The Hubble parameter equals a constant
according to (11). It is the non-zero value of ce f f that causes
the de Sitter metric of our 4-dimensional space.

Now let us perform some numerical estimations. The
parameter values a = 20m−2

D , c = −0.95m2
D, and the num-

ber of extra dimensions n = 6 are suitable for our purposes.
In this case, relations (20) give the effective parameter values
aef f m2

Pl � 5.29 · 109, ce f f m2
Pl � −9.26 · 107m4

D. The extra
space radius and the Hubble parameter are eβc � 14.14m−1

D
and H � 0.092mD correspondingly. The D-dimensional
Planck mass relates to the 4-dimensional one as m2

Pl �
1.85·109m2

D according to (20), which givesmD ∼ 1014 GeV.
Now, the Hubble parameter and the extra space size can be
expressed in physical units4: H ∼ 1013 GeV and eβc ∼
10−27 cm.

The first, high energy stage of the space expansion is fin-
ished. The space expansion and the metric or scalar field

3
∫
dnx

√|gn| = 2π
n+1

2 m−n
D enβc

�
( n+1

2

) ≡ υn m
−n
D enβc

4 mPl = MPl/
√

8π = 2.4 · 1018 GeV.
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Fig. 1 The first-stage behavior of the scalar field ϕ(t) and the Hubble parameter H(t), as well as the size of the extra space eβ(t) for the parameters
used below a = 20m−2

D , c = −0.95m2
D, n = 6, m = 0.05mD

fluctuations can last for an arbitrarily long time. Their scale
quickly overcomes the present horizon. The fluctuations
within the extra space are of most interest. As was shown in
[29], some of them can deform the extra dimensions signifi-
cantly. It leads to an alternation of the Lagrangian parameters
aef f and ce f f and launches the observable inflation.

4 The second stage. Observable inflation

4.1 Inhomogeneous compact extra dimensions

The high-energy state is finished with the de-Sitter 4-
dimensional metric and maximally symmetrical extra space,
see formulas (11)–(12). The fluctuations deform extra met-
ric in the causally disconnected regions (the pocket uni-
verses in the future). In this section, we discuss the way to
choose a pocket universe with an appropriate metric of extra
space. The equations of motion appear to be too compli-
cated to be solved without any approximation. Fortunately,
the inflationary stage usually assumes the slow variation
of dynamical variables. In particular, the Hubble parame-
ter H � const ∼ 1013 GeV and we widely use this fact in
the following to find the metric of the extra space depending
on H .

The scalar field fluctuations at the de Sitter stage can break
the maximally symmetrical extra space metric [29], which is
the reason for an inhomogeneous metric formation [30]. Here
we consider an inhomogeneous n-dimensional extra metric

ds2 = dt2 − e2Ht
((
dx1)2 + (

dx2)2 + (
dx3)2

)

−e2βcm−2
D

(
du2 + r2(u) d
2

n−1

)
(21)

with the renaming of the coordinate x4 ≡ u in (2). The
factor e2βc is taken from (12) for convenience. The Hubble
parameter H and the metric function r(u) are defined below.
The Ricci scalar

R(u)=12H2−(
n−1

) (
2r ′′

r

(n − 2)

r2

((
r ′)2−1

))
m2

De−2βc

(22)

does not depend on time. Remind that our aim is to find the
effective 4-dimensional inflationary model and fix appropri-
ate values of the Lagrangian parameters. For this purpose, we
use the fact of slow motion of the dynamical variables and put
approximately H = const, ϕ = ϕ(u), β = βc throughout
this section. The notation used are ′ ≡ d/du and ′′ ≡ d2/du2

respectively. Then Eq. (3) for (t t) = · · · = (x3x3), (uu) and
(x5x5) = · · · = (xD−1xD−1)-components and (4) become

((
R′)2

fRRR +
(
R′′ + (

n − 1
)r ′

r
R′) fRR

)
m2

De−2βc

+ 3H2 fR − f (R)

2
= −

(
ϕ′)2

2
m2

De−2βc − V
(
ϕ
)
, (23)

(
n − 1

)(r ′

r
R′ fRR − r ′′

r
fR

)
m2

De−2βc − f (R)

2

=
(
ϕ′)2

2
m2

De−2βc − V
(
ϕ
)
, (24)

((
R′)2

fRRR +
(
R′′ + (

n − 2
)r ′

r
R′

)
fRR

)
m2

De−2βc

−
(
r ′′

r
+ (

n − 2
) (

r ′

r

)2

− (n − 2)

r2

)
m2

De−2βc fR

− f (R)

2
= −

(
ϕ′)2

2
m2

De−2βc − V
(
ϕ
)
, (25)

(
ϕ′′ + (

n − 1
)r ′

r
ϕ′

)
m2

De−2βc − V ′
ϕ = 0. (26)

There are three independent equations for three unknowns
H , r(u) and ϕ(u). Time dependence of the Hubble parame-
ter is neglected because of the slow rolling during the infla-
tion. Also, we will use the definition of the Ricci scalar (22)
as the additional unknown function to avoid 3rd and 4th
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order derivatives in the equations.5 The constraint equation is

obtained by combining
(
(23)−(25)

)
·(n−1

)−(24)−(22)· fR
(

3
(
n + 3

)
H2 − R

)
fR + f (R)

2
= −

(
ϕ′)2

2
m2

De−2βc + V
(
ϕ
)
.

(27)

It has only the first-order derivatives and can be used as a
restriction on the boundary conditions of the coupled second-
order differential equations.

Let us check that Eqs. (23)–(25) lead to a maximally sym-
metric metric if the scalar field distribution is homogeneous.

In this case, the combination of equations
(
(23) − (25)

)
·(

n − 1
) − (24) − (22) · fR leads to the algebraic equation

(
3
(
n + 3

)
H2 − R

)
fR + f (R)

2
= V

(
ϕ
)
. (28)

Therefore, there is a solution of constant curvature R =
const ≡ Rc for any form of f (R) function in the absence
of matter/constant scalar field. For constant curvature the
difference of equations (23)–(24) allows to find analytically
the function r(u):

r(u) = mDe−βc

√
(n − 1)√

3H
sin

( √
3H√

(n − 1)
eβcm−1

D u

)
(29)

∀ fR(Rc) �= 0 and then Rc = 12H2 + 3nH2 from (22).
Metric (21) with (29) of the extra space is the metric of
an n-dimensional sphere. Our reasoning does not depen-
dent on the specific form of the f (R) function. Solution
(29) reduces system (23)–(25) to the previously examined
case (14)–(15). Note that the solution to (28) is f (R) =
C0

√
R − 3

(
n + 3

)
H2 if V

(
ϕ
) = 0. This solution with

C0 = 2
√

3H2
(

6a
(
n + 4

)
H2 + 1

)
is equivalent to relation

(11) for chosen function (13) and constant curvature R = Rc.
The next subsection is devoted to the numerical solu-

tion of Eqs. (22)–(26). Here we suppose that the func-
tions r(u), ϕ(u), R(u) and the variable H are known. After
integration over extra coordinates6 using decomposition
f (R) = 1

2 fRR(Rn)R2
4 + fR(Rn)R4+ f (Rn), action (1) turns

to the effective theory

S I I
e f f = m2

Pl

2

∫
d4x

√|g4|
(
aef f R

2
4 + R4 + ce f f

)
(30)

for a specific form of the function f (R) as (13). Here, the
effective values of the parameters are determined by the fol-

5 Note that equations (22), (24), (25), (26) are not independent:(
d

du
(24) + fR

2
· d

du
(22) + ϕ′ · (26)

)
· r

r ′(n − 1)
+ (24) =(25).

6
∫
dnx

√|gn| = m−1
D eβc

∫
du

∫
dn−1x

√|gn−1| =
2π

n
2 m−n

D enβc

�
( n

2

) umax∫
umin

rn−1(u) du ≡ υn−1 m
−n
D enβc

umax∫
umin

rn−1(u) du.

lowing expressions:

aef f = υn−1enβc
m2

D

2m2
Pl

umax∫

umin

fRR
(
Rn(u)

)
rn−1(u) du, (31)

m2
Pl = υn−1m

2
Denβc

umax∫

umin

fR
(
Rn(u)

)
rn−1(u) du, (32)

ce f f = υn−1enβc
m2

D

m2
Pl

umax∫

umin

(
f
(
Rn(u)

) − (
ϕ′(u)

)2
m2

De−2βc

− 2V
(
ϕ(u)

))
rn−1(u) du. (33)

Let us simplify expression (33). To this end, we integrate
equation for (t t) = (xi xi )-components over the compact
extra space, i.e.,

∫
dnx

√|gn| (23):
∫ (((

R′)2
fRRR +

(
R′′ + (

n − 1
)r ′

r
R′) fRR

)
m2

De−2βc

+ 3H2 fR − f (R)

2
+

(
ϕ′)2

2
m2

De−2βc

+V
(
ϕ
))

rn−1(u) du = 0 (34)

and notice that the first line of (34) is the total derivative
under the integral and can be omitted by integrating over the
closed manifold Mn. Comparison (33) and (34) gives

ce f f = υn−1enβc
m2

D

m2
Pl

umax∫

umin

(
6H2 fR

(
RD(u)

)

− f
(
RD(u)

) + f
(
Rn(u)

))
rn−1(u) du,

(35)

where fR
(
RD(u)

) = 2aRD(u) + 1 and RD(u) = 12H2 +
Rn(u) so that ce f f → 0 if H → 0, that looks reasonable for
the effective action (30). By expanding the integrand in (35),
one obtains expression

ce f f = −6H2 υn−1enβc
m2

D

m2
Pl

umax∫

umin

fR
(
Rn(u)

)
rn−1(u) du,

(36)

which, being combined with (32), yields the well-known rela-
tion H2 = �/3 for the standard notations ce f f = −2�,
where � is the cosmological constant. For a more general
case of the f (R) function, terms proportional to H6 and other
nontrivial terms can appear in expression (35). In this case,
the inflationary dynamic requires a separate investigation.
Various extensions of the Starobinsky model, or f (R) mod-
els in general, are intensively studied in the literature (see the
Introduction and references therein), though many of them
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are significantly limited by experimental data. Nonetheless,
in our case of quadratic gravity, the terms H4 and higher
orders are shown to be absent, and the original Starobinsky
model is restored.

As discussed in the previous section, the first stage is fin-
ished by the 4-dimensional de-Sitter metric and maximally
symmetric extra space. The effective parameter ce f f defined
by (20) is not equal zero that contradicts observations. As
follows from more general form (33) for ce f f , it depends on
the extra space metric and the scalar field distribution at the
inflationary stage. The following subsection demonstrates the
existence of an inhomogeneous metric that provides the con-
dition ce f f � 0 and is responsible for the inflationary stage.
Also, the effective parameter aef f � aStarob ∼ 109m−2

Pl at
the Hubble parameter H ∼ 1013 GeV. This means that the
Starobinsky model is reproduced within a specific pocket
universe. According to the discussion above, it is quantum
fluctuations that break the stationary maximally symmetri-
cal extra metric and lead to an inhomogeneous extra metric
specific to each pocket universe.

4.2 Metrics of extra dimensions. Numerical simulations

Here we discuss possible forms of the extra-dimensional met-
ric obtained by numerical solution of a system of Eqs. (27),
(24), (26) and a combination (23)+(25)+(22) · fR/2

(
n−1

)
:

(
2
(
R′)2

fRRR +
(

2R′′ + (
2n − 3

)r ′

r
R′

)
fRR

)
m2

De−2βc

− 1

2

(
(n − 2)

r2

((
r ′)2−1

)
m2

De−2βc −
(
6(n−3)H2+R

)
(n−1)

)
fR

− f (R) + (
ϕ′)2

m2
De−2βc + 2V

(
ϕ
) = 0, (37)

resolved with respect to H and unknown functions r(u),
ϕ(u) and R(u). As for boundary conditions, we suppose that
umin = 0 is the regular center and

r(umin) = 0, r ′(umin) = 1, R(umin) = R0, ϕ(umin) = ϕ0,

(38)

R′(umin) = 0, ϕ′(umin) = 0. (39)

Conditions (39) lead from equations (23), (26) in the limit
u → umin = 0, provided fRR(R0) �= 0. The unknown
Hubble parameter H can be obtained from (27) applied at
the point umin = 0 for the particular values of R0 and ϕ0.

Some examples of numerical solutions for n = 3, 4, 5, 6
and potential V (ϕ) = 1

2m
2ϕ2 are represented in Figs. 2 and

3, all parameters and boundary conditions are given in units
of mD = 1. The properties of inhomogeneous extra space
vary significantly depending on the parameter values. One
can see that the Ricci scalar may change its sign, as can be

seen from Fig. 2b, c. We do not dwell on the discussion of
the solutions found since, for the purposes pursued in this
paper, we use solutions of the form in Fig. 3. These solutions
have to be averaged over distances ∼ e−βc , as discussed in
the Appendix.

4.3 Fitting to observational data

We assume that it is the second step of the space expan-
sion, inflation, that is responsible for such observable param-
eters as the power spectra of scalar curvature perturbations
and tensor perturbations. The parametrization of their power
spectra is effectively determined by three parameters: the
scalar power spectrum amplitude As , the scalar spectral
index ns and the tensor-to-scalar power ratio r . The Planck
2018 TT, TE, EE+ lowE+lensing data with a combination
of BICEP/Keck Array 2018 [31], baryon acoustic oscillation
[32], constraint the values [1,33]

ns = 0.9649 ± 0.0042 , r < 0.032. (40)

Our model should not contradict these observational limits.
The most economic way to find appropriate parameters is to
notice that the structure of our effective action (30) coincides
with that of the Starobinsky model. The latter is known to fit
observations quite well. Therefore, it remains only to match
the parameters of the Starobinsky model with the parameters
of our model. The inflationary predictions originally calcu-
lated for Starobinsky’s model to the lowest order [34]

ns − 1 � − 2

Ne
and r � 12

N 2
e

(41)

are in good agreement with the Planck 2018 data for the
number of e-folds in the range of 50 < Ne < 60. The R2

multiplier has been obtained from the COBE normalization
[1], as

aStarob � 1.12 · 109
(
Ne

60

)2

m−2
Pl . (42)

Our analysis shows that the parameter values of our model
a = 20m−2

D , c = −0.95m2
D, n = 6, m = 0.05mD suit our

aims, and the value of mD is discussed below. The numerical
selection of an appropriate metric is as follows. Firstly, we
should choose additional (boundary) conditions (38), (39).
The latter are related by constraint equation (27) and we need
to fix only one value ϕ0 or R0. Our choice is ϕ0, the variation
of which gives a continuum set of solutions to system (22)–
(26). The second step is to find the exact extra metric which
leads to the observable parameters (40) or to the parameters
used in the Starobinsky model, i.e., the effective value of
aef f � aStarob ∼ 109m−2

Pl and a negligibly small ce f f .
Figure 4a depicts the variation of the effective parameters

as a function of ϕ0. The shape of the metric for such param-
eters is presented in Fig. 3a. Keep in mind that the parameter
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Fig. 2 Numerical solution for the functions r(u), ϕ(u), R(u) the given parameters and boundary conditions r(0) = 0, r ′(0) = 1, R′(0) = 0,
ϕ(0) = ϕ0, ϕ′(0) = 0 and R(0) = R0 is the positive root of (27)

Fig. 3 Numerical solution for
the functions r(u), ϕ(u), R(u)

the given parameters and
boundary conditions r(0) = 0,
r ′(0) = 1, R′(0) = 0,
ϕ(0) = ϕ0, ϕ′(0) = 0 and
R(0) = R0 is
the positive root of (27)

βc is responsible only for redefining the u coordinate, accord-
ing to metric (21). The parameter ce f f changes its sign some-
where near ϕ0 � 3.015. This means that we can find an extra
metric for which ce f f � 0 with arbitrary good accuracy. It
allows one to calculate numerically other effective parame-
ters, i.e., aef f using (31) and the ratio of the 4-dimensional
Planck mass to the D-dimensional Planck mass from (32). As

a result, we have the D-dimensional mass7 mD ∼ 1014 GeV,
the Hubble parameter H ∼ 1013 GeV and aef f ∼ 109m−2

Pl .
This means that the Starobinsky model is restored, and the
values of the initial parameters have a reasonable deviation
from unity.

7 For mPl = MPl/
√

8π = 2.4 · 1018 GeV.
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Fig. 4 The dependence of the effective coefficients (31), (33) and the
ratio of the 4-dimensional Planck mass to the D-dimensional Planck
mass (32) on the boundary value of the scalar field ϕ0 for the given

parameters with boundary conditions r(0) = 0, r ′(0) = 1, ϕ(0) = ϕ0,
ϕ′(0) = 0, R′(0) = 0 and R(0) = R0 is root of (27). An example of a
solution for such a set of parameters is shown in Fig. 3 above

Note that the freedom of choice in the parameter val-
ues still remains. We can also reach suitable effective val-
ues for other sets of parameters, including another dimen-
sion of the extra space. For example, the set a = 50m−2

D ,
c = −0.25m2

D, n = 5, m = 0.02mD also reproduces
the Starobinsky model (30) with appropriate parameters
aef f ∼ 109m−2

Pl and ce f f � 0, as shown in Fig. 4b for the
metric in Fig. 3b. Such parameter values give rise to the slow
rolling inflation at the Hubble parameter H ∼ 1013 GeV. It
validates our assumption made at the beginning of Sect. 4.

Figure 5 shows some acceptable ranges for various num-
ber of the extra dimensions. As one can see, the number of
extra dimensions influences mostly the range of the param-
eter c. The choice of the remaining parameters, such as m

and boundary conditions,8 ϕ0 or R0, is owing to achieving
ce f f � 0.

5 Conclusion

Many inflationary models explain observational data at the
cost of using a small parameter to account for the smallness
of the Hubble parameter H ∼ 10−6 expressed in the Planck
units. Also, it is implicitly assumed that one of the model
parameters related to the cosmological constant is extremely

8 Note that for real R0 solutions to (28) at the boundary,

m2ϕ2
0 < 4

(
n + 3

)(
3a

(
n + 3

)
H2 + 1

)
H2 + c must be held.
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Fig. 5 Grey regions represent initial Lagrangian parameters a and c in mD = 1 units that ensure aef f ∼ 109m−2
Pl , mD ∼ 1014 GeV, and H ∼ 1013

GeV for a given dimension of subspace n

small. In this paper, we elaborate the inflationary model with-
out small parameters. We also show the way to a significant
decrease in the cosmological constant.

There are two stages of space expansion. The first one
begins at the highest energy scale of the order of the D-
dimensional Planck mass mD, where D-dimensional space-
time of the size ∼ m−1

D is formed. All model parameters dif-
fer reasonably from unity when working with mD = 1. The
first stage is an unobservable one and is finished by a space
with the de Sitter 4-dimensional metric at the scale ∼ 1014

GeV and the zero value of the scalar field. It is characterized
by the Hubble parameter and the metric of compact maxi-
mally symmetric extra dimensions, which are strictly con-
stants. As usual, the space expands exponentially, producing
more and more causally disconnected volume – future pocket
universes.

The new element is the fluctuations of the extra space
metric. The extra space metric fluctuates along with the scalar
field that leads to the deformation of the extra space. As was
shown in [29], such fluctuations could relax into nontrivial
static states. Therefore, each pocket universe is characterized
by a specific extra space metric and a scalar field distribution.
One of these universes turns out to be randomly endowed
with the corresponding metric, which allows it to evolve into
the observable universe. The second stage starts when an
appropriate extra space metric and a scalar field configuration
are formed within a pocket universe. The new metric and the
classical field distribution change the effective parameters
according to (31)–(33), and the stage of observable inflation
begins. It does not contradict observations if the effective
parameters coincide with those taken from the Starobinsky
model, i.e., the standard inflationary scenario is restored.

We show that the extra space metric leading to the zero
cosmological constant can be found. In fact, it is enough to
make this constant small during inflation because many other
unaccounted effects contribute to its value at low energies. In
particular, the quantum effects inevitably lead to the energy

dependence of Lagrangian parameters. Here we assume that
the physical laws are formed at the highest energy scale and
that initial parameter values are of the order of this energy
scale. The relation between low energy parameter values and
high energy ones are discussed in [11,35]. The quantum cor-
rections caused by matter fields to these parameters defined at
the Planck scale are small if coupling constants are small [36].
This means that such quantum effects cannot be responsible
for reducing the parameter values by many orders of magni-
tude – from the Planck scale to the electroweak scale. The
classical mechanism discussed in this paper was elaborated
just for this aim.

At the same time, gravity is also responsible for quantum
corrections to the original Lagrangian. And these corrections
are not small at high energies where the parameter values are
chosen [11,37]. Their calculation based, for example, on the
renormalization group flow deserves deep discussion in the
future. Additional limits to the Lagrangian parameters are
posed in paper [38]. They are the reasons for the fact that
the extra space size should be larger than the Planck unit,
r � m−1

D (see the discussion in the Appendix). Another
inequality r � H−1

Infl is necessary if an inflationary model
assumes slow rolling. Note that these inequalities give limits
mD > HInfl ∼ 1013 GeV and r < 10−27 cm that are much
stronger than those obtained in the collider experiments.

Our model of inflation does not contain unacceptably
small or large parameters of the Lagrangian. The effective
parameters suitable for explanation of the observational data
are formed by the inhomogeneous extradimensional metric.
The latter, in its turn, is the result of quantum fluctuations.
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Appendix: Limits caused by quantum fluctuations

Here we show that restrictions posed by quantum fluctuations
have to be taken into account when studying compact extra
dimensions for two reasons. The first one is evident – the D-
dimensional Planck mass mD differs from the 4-dimensional
one, so the D-dimensional Planck lengths lD = m−1

D could
be much larger than the standard one. The classical form of
the metric of compact dimensions is irrelevant if their size
is smaller than lD. In our case, it means that the classical
solutions discussed above are invalid at the intervals δl =
eβc�u < 1. Therefore, the solution to the classical equations
should not be taken into account in the interval �u ∼ e−βc .
For the same reason, the scale of compact extra dimensions
can not be arbitrarily small. Here and below, all values are
expressed in terms of the D-dimensional Planck mass mD.
Another point is the critical length δlc for which the quantum
fluctuations of fields can not be neglected. It is of interest to
compare both lengths, lD and δlc.

Suppose that the scalar field moves starting from the con-
figuration χ(x, t1) at the moment t1 to the configuration
χ(x, t2) at the moment t2. Its average value can be found
as

χc(x, t) ≡ Z
∫ χ(x,t2)

χ(x,t1)
D[χ ] · χ(x, t) · exp [i S[χ ]] (43)

The function χc(x, t) includes all quantum fluctuations and
is supposed to be measured by classical instruments. The
saddle-point method applied to such integrals gives χc =
χcl + δχq, where the classical field χcl is a solution of the
equation following from the action minimisation. If the quan-
tum correction δχq is neglected, the average value is equal
to the classical one. Our aim is to find an interval for which
the quantum fluctuations δχq are important.

Let us estimate the quantum corrections to the field evo-
lution in a tiny volume υD � δlDc of D-dimensional space.
The path integral acting in the Euclidean space

K ≡
∫

D[χ ] · exp[−SυD [χ ]]

= exp[−S[χcl]]
∫

D[χ ] · exp[−SυD[χcl + δχq]] (44)

describes the transition amplitude in the small volume. This
smallness is used in the decomposition

SυD [χcl + δχq]

� SυD[χcl] + υD

2

(
δχ2

q

δl2c
+ m2δχ2

q

)
+ Sq[δχq] + ...;

Sq[δχq] = υDλδχα
q , α = 3, 4, 5... (45)

Here we put ∂Mχ∂Mχ � δχ2

δl2
. The term Sq contains higher

degrees of the scalar field which is responsible for the quan-
tum effects. The saddle-point method holds if the quadratic
term dominates. In the saddle-point method, the quadratic
term in (45) contributes if

υD

2

(
δχ2

q

δl2c
+ m2δχ2

q

)
≤ 1 or

δχq ≤ χbound ≡
(

1 + m2δl2c
)−1/2

δlD/2−1
c . (46)

The quantum corrections start to dominate if the last term
in (45) is larger or equal unity. Together with (46), it gives
approximate equation

Sq[χbound] ∼ λχα
bound ∼ λ

(
1 + m2δl2c

)−α/2
δlα(D/2−1)

c ∼ 1,

(47)

which can be used to find the length where the classical solu-
tions for the scalar field are irrelevant.

We accept the equality lD � 1 = m−1
D as the limit of the

classical treatment in this paper.

References

1. Planck 2018 results. X. Constraints on inflation/Planck Col-
laboration et al., Astron. & Astrophys. 641, A10 (2020).
arXiv:1807.06211 [astro-ph.CO]

2. J. Martin, C. Ringeval, V. Vennin, Encyclopædia Inflationaris.
Phys. Dark Universe 5, 75–235 (2014). arXiv:1303.3787 [astro-
ph.CO]

3. N.D. Birrell, P.C.W. Davies, Quantum Fields in Curved Space.
(Cambridge University Press, Cambridge, 1984). ISBN978-0-521-
27858-4

4. R. Woodard, Avoiding Dark Energy with 1/R Modifications of
Gravity. The Invisible Universe:Dark Matter and Dark Energy. Vol.
720/ed. by L. Papantonopoulos. 403 (2007)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1807.06211
http://arxiv.org/abs/1303.3787


Eur. Phys. J. C (2022) 82 :1048 Page 11 of 11 1048

5. K.A. Bronnikov, S.G. Rubin, I.V. Svadkovsky, Multidimensional
world, inflation, and modern acceleration. Phys. Rev. D. 81(8),
084010 (2010). arXiv:0912.4862 [gr-qc]

6. S. Nojiri, S.D. Odintsov, V.K. Oikonomou, Modified gravity theo-
ries on a nutshell: inflation, bounce and late-time evolution. Phys.
Rep. 692, 1–104 (2017). arXiv:1705.11098 [gr-qc]

7. A.A. Starobinsky, A new type of isotropic cosmological models
without singularity. Phys. Lett. B. 91(1), 99–102 (1980)

8. S.A. Appleby, R.A. Battye, A.A. Starobinsky, Curing singularities
in cosmological evolution of F(R)gravity. J. Cosmol. Astropart.
Phys. 2010(6), 005 (2010). arXiv:0909.1737 [astro-ph.CO]

9. S. Nojiri, S.D. Odintsov, Unified cosmic history in modified grav-
ity: from F(R) theory to Lorentz non-invariant models. Phys. Rep.
505(2), 59–144 (2011). arXiv:1011.0544 [gr-qc]

10. T. Miranda, J.C. Fabris, O.F. Piattella, Reconstructing a f(R) theory
from the α-Attractors. J. Cosmol. Astropart. Phys. 2017(9), 041
(2017). arXiv:1707.06457 [gr-qc]

11. L.-H. Liu, T. Prokopec, A.A. Starobinsky, Inflation in an effective
gravitational model and asymptotic safety. Phys. Rev. D. 98(4),
043505 (2018). arXiv:1806.05407 [gr-qc]

12. S.D. Odintsov, V.K. Oikonomou, Unification of inflation with dark
energy in f (R) gravity and axion dark matter. Phys. Rev. D. 99(10),
104070 (2019). arXiv:1905.03496 [gr-qc]

13. D.Y. Cheong, H.M. Lee, S.C. Park, Beyond the Starobinsky model
for inflation. Phys. Lett. B. 805, 135453 (2020). arXiv:2002.07981
[hep-ph]

14. S.D. Odintsov, V.K. Oikonomou, R2 inflation revisited and
dark energy corrections. Phys. Rev. D. 104(12), 124065 (2021).
arXiv:2112.06269 [gr-qc]

15. A. Gundhi, S.V. Ketov, C.F. Steinwachs, Primordial black hole dark
matter in dilaton-extended two-field Starobinsky inflation. Phys.
Rev. D. 103(8), 083518 (2021). arXiv:2011.05999 [hep-th]

16. V.R. Ivanov et al., Analytic extensions of Starobinsky model
of inflation. J. Cosmol. Astropart. Phys. 2022(3), 058 (2022).
arXiv:2111.09058 [gr-qc]

17. G. Rodrigues-da-Silva, J. Bezerra-Sobrinho, L.G. Medeiros,
Higher-order extension of Starobinsky inflation: initial conditions,
slow-roll regime, and reheating phase. Phys. Rev. D. 105(6),
063504 (2022). arXiv:2110.15502 [astro-ph.CO]

18. V.K. Oikonomou, I. Giannakoudi, R2 quantum corrected
scalar field inflation. Nucl. Phys. B. 978, 115779 (2022).
arXiv:2204.02454 [gr-qc]

19. T. Asaka et al., Reinterpretation of the Starobinsky model. PTEP.
2016(12), 123E01 (2016). arXiv:1507.04344 [hep-th]

20. S.J. Landau et al., Early universe constraints on time variation
of fundamental constants. Phys. Rev. D. 78(8), 083527 (2008).
arXiv:0809.2033 [astro-ph]

21. Planck Collaboration et al., Planck intermediate results. XXIV.
Constraints on variations in fundamental constants. Astron. &
Astrophys. 580, A22. (2015). arXiv:1406.7482 [astro-ph.CO]

22. U. Günther, P. Moniz, A. Zhuk, Asymptotical AdS space from
nonlinear gravitational models with stabilized extra dimensions.
Phys. Rev. D. 66(4), 044014 (2002). arXiv:hep-th/0205148

23. S. Nojiri, S.D. Odintsov, Where new gravitational physics
comes from: M-theory? Phys. Lett. B. 576(1/2), 5–11 (2003).
arXiv:hep-th/0307071

24. D. Benisty, E.I. Guendelman, Inflation compactification from
dynamical spacetime. Phys. Rev. D. 98(4), 043522 (2018).
arXiv:1805.09314 [gr-qc]

25. U. Günther, P. Moniz, A. Zhuk, Nonlinear multidimensional cos-
mological models with form fields:Stabilization of extra dimen-
sions and the cosmological constant problem. Phys. Rev. D 68(4),
044010 (2003). arXiv:hep-th/0303023

26. F. Canfora et al., Friedmann dynamics recovered from compactified
Einstein–Gauss–Bonnet cosmology. Grav. Cosmol. 24(1), 28–38
(2018). arXiv:1605.00041 [gr-qc]

27. D. Chirkov et al., Cosmological solutions in Einstein–Gauss–
Bonnet gravity with static curved extra dimensions. Eur. Phys. J.
C. 81(2), 136 (2021). arXiv:2012.03517 [gr-qc]

28. K.A. Bronnikov, A.A. Popov, S.G. Rubin, Inhomogeneous compact
extra dimensions and de Sitter cosmology. Eur. Phys. J. C. 80(10),
970 (2020). arXiv:2004.03277 [gr-qc]

29. S.G. Rubin, J.C. Fabris, Distortion of extra dimensions in the infla-
tionary Multiverse. arXiv e-prints. (2021). arXiv:2109.08373 [gr-
qc]

30. S.G. Rubin, Scalar field localization on deformed extra space. Eur.
Phys. J. C. 75, 333 (2015). arXiv:1503.05011 [gr-qc]

31. P.A.R. Ade et al., Improved Constraints on Primordial Gravita-
tional Waves using Planck, WMAP, and BICEP/Keck Observa-
tions through the 2018 Observing Season. Phys. Rev. Lett. 127(15),
151301 (2021). arXiv:2110.00483 [astro-ph.CO]

32. S. Alam et al., Completed SDSS-IV extended Baryon Oscilla-
tion Spectroscopic Survey: cosmological implications from two
decades of spectroscopic surveys at the Apache Point Observatory.
Phys. Rev. D. 103(8) 083533 (2021). arXiv:2007.08991 [astro-
ph.CO]

33. M. Tristram et al., Improved limits on the tensor-to-scalar ratio
using BICEP and Planck data. Phys. Rev. D. 105(8), 083524 (2022).
arXiv:2112.07961 [astro-ph.CO]

34. V.F. Mukhanov, G.V. Chibisov, Quantum fluctuations and a non-
singular universe. ZhETF Pisma Redaktsiiu. 33, 549–553 (1981)

35. G. Gubitosi et al., Consistent early and late time cosmology from
the RG flow of gravity. J. Cosmol. Astropart. Phys. 2018(12), 004
(2018). arXiv:1806.10147 [hep-th]

36. S.G. Rubin, How to make the physical parameters small. Adv. High
Energy Phys. 2020, 1048585 (2020). arXiv:2004.12798 [hep-th]

37. A. Arbuzov, B. Latosh, A. Nikitenko, Effective potential of scalar-
tensor gravity with quartic selfinteraction of scalar field. Class.
Quantum Gravity 39(5), 055003 (2022). arXiv:2109.09797 [gr-qc]

38. V.V. Nikulin, S.G. Rubin, Inflationary limits on the size of com-
pact extra space. Int. J. Mod. Phys. D 28(13), 1941004 (2019).
arXiv:1903.05725 [gr-qc]

123

http://arxiv.org/abs/0912.4862
http://arxiv.org/abs/1705.11098
http://arxiv.org/abs/0909.1737
http://arxiv.org/abs/1011.0544
http://arxiv.org/abs/1707.06457
http://arxiv.org/abs/1806.05407
http://arxiv.org/abs/1905.03496
http://arxiv.org/abs/2002.07981
http://arxiv.org/abs/2112.06269
http://arxiv.org/abs/2011.05999
http://arxiv.org/abs/2111.09058
http://arxiv.org/abs/2110.15502
http://arxiv.org/abs/2204.02454
http://arxiv.org/abs/1507.04344
http://arxiv.org/abs/0809.2033
http://arxiv.org/abs/1406.7482
http://arxiv.org/abs/hep-th/0205148
http://arxiv.org/abs/hep-th/0307071
http://arxiv.org/abs/1805.09314
http://arxiv.org/abs/hep-th/0303023
http://arxiv.org/abs/1605.00041
http://arxiv.org/abs/2012.03517
http://arxiv.org/abs/2004.03277
http://arxiv.org/abs/2109.08373
http://arxiv.org/abs/1503.05011
http://arxiv.org/abs/2110.00483
http://arxiv.org/abs/2007.08991
http://arxiv.org/abs/2112.07961
http://arxiv.org/abs/1806.10147
http://arxiv.org/abs/2004.12798
http://arxiv.org/abs/2109.09797
http://arxiv.org/abs/1903.05725

	Self-tuning inflation
	Abstract 
	1 Introduction
	2 Outlook
	3 The first stage. High-energy space expansion
	4 The second stage. Observable inflation
	4.1 Inhomogeneous compact extra dimensions
	4.2 Metrics of extra dimensions. Numerical simulations
	4.3 Fitting to observational data

	5 Conclusion
	Acknowledgements
	Appendix: Limits caused by quantum fluctuations
	References




