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Abstract Impact parameter dependent dipole models are
ideal tools for investigating the spatial structure of the pro-
ton. We investigate the incoherent ep cross section in exclu-
sive J/ψ photoproduction as measured by HERA, and find
that as |t | increases, the models need several levels of sub-
structure of gluon density fluctuations in order to describe the
measured data well. In lieu of a perturbative description, we
add this substructure by hand. This substructure is modelled
as hotspots within hotspots. This enables us to describe mea-
surements for |t | > 1 GeV2, which is necessary for describ-
ing any observable which integrate over the t-spectrum, such
as the rapidity or Wγ p. We find that three levels of proton sub-
structure are adequate for a good description of all available
ep data up to |t | = 30 GeV2. We note that the gluonic den-
sity fluctuation structure follows a scaling behaviour, such
that the logarithms of the number of hotspots and their size
fall on a line, effectively reducing the available parameter
space of the model. Our findings systematically constrains
and provides a benchmark for the development of a pertur-
bative model of spatial gluon fluctuations in nucleons.

1 Introduction

The dipole picture [1–6] has many advantages for the descrip-
tion of Deeply Inelastic Scattering (DIS) between electrons
and protons. At small values of the Bjorken x variable, it
gives a clear interpretation of the underlying physics. In DIS,
the virtual photon which probes the hadronic target splits up
into a quark anti-quark dipole which subsequently interacts
with the target via the strong force. The models based on the
dipole picture are parametrisations which are fitted to inclu-
sive HERA data. These models have a natural non-linear
extension into a perturbative “saturation” regime in which
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strongly interacting matter becomes a Color Glass Conden-
sate [7,8].

The dipole-picture readily lends itself to an impact-
parameter formulation, in which the transverse parton struc-
ture of the proton is described in coordinate space, while
the longitudinal part is described with collinear parton den-
sity functions in momentum space. Thus far, the advantage
of the impact-parameter dependent dipole models has been
utilised in the study of heavy nuclear targets in preparation
for the electron-ion collider (EIC) [9,10]. In diffractive events
with heavy nuclei, the hadronic target stays intact during the
interaction. However, in some cases, the target is excited in
the collision and subsequently de-excites by emitting a pho-
ton, one or many nucleons, or by completely shattering into
fragments. If the target remains intact the interaction is cat-
egorised as coherent while if it gets exited the interaction
is called incoherent. The incoherent cross-section is propor-
tional to quantum fluctuations in the amplitude of the inter-
action, while the coherent cross-section is proportional to its
expectation value. The impact parameter is a Fourier con-
jugate to � = √−t , where t is the Mandelstam variable,
which means that at large |t | one may resolve transverse
gluon fluctuations at smaller length scales. For eA collision,
the incoherent cross-section has been implemented in the
dipole model through event-by-event variations in the config-
urations of constituent nucleon position in the nucleus [11],
taking full advantage of the transverse coordinate description
of the dipole models. The nucleons are assumed to fall on a
Woods-Saxon distribution and the gluons inside the nucleons
are assumed to follow Gaussian distributions, which is the
result of independently fluctuating partons. This approach
has been seen to underestimate the incoherent cross-section
in confrontations with measurements of ultra-peripheral col-
lisions at the LHC [12].

In 2016, Mäntysaari and Schenke extended the event-by-
event gluon fluctuations by taking them inside the proton
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[13–15]. They found that a good description of proton dis-
sociation measurements could be found if the gluons in the
proton are not isotropically distributed but are located in the
vicinity of three “hotspots”, each with a Gaussian shape in the
transverse plane. This can be understood as the evolution of
a few gluons with large momentum fractions x which evolve
by splitting into many gluons of smaller x , and that this evolu-
tion retains spatial correlations with the original gluons. The
picture which emerges is one where at large length-scales the
transverse gluon density of the proton is described by a sin-
gle Gaussian, but when probed at larger |t | it contains three
smaller hotspots. They found a good agreement with HERA
data using the impact-parameter dependent dipole model.
Following their work, different variants of hotspot models
were studied [16–21] explaining the incoherent ep data. It
is expected that these subnucleon fluctuations will play an
important role for eA collisions at the EIC as well, for larger
values of |t |. For a recent review on subnuclear fluctuations,
see [22]. These subnucleon fluctuations have also been stud-
ied in context of hydrodynamic simulations of p+Pb colli-
sions where significantly larger values of the azimuthal flow
coefficients vn were obtained compared to those of protons
without fluctuating substructure [23,24]. The hotspot profile
of the proton has also been used to investigate the correla-
tions and hollowness in proton-proton interactions at high
energies [25–28].

The shortcoming thus far of the hotspot model is that it is
a non-perturbative model and thus is valid in the low momen-
tum transfer region, where |t | � 1 GeV2. This is a problem
for several reasons, e.g. when calculating rapidity- or invari-
ant mass spectra, t is integrated over, and thus the total and
incoherent cross-sections are significantly under-estimated
for these observables. Also, for the saturated dipole model,
the hotspot model fails to reproduce the coherent cross sec-
tion, as well as the very small |t | region of the incoherent
spectrum (Mäntysaari and Schenke describe the small |t |
region by combining the dipole model with a glasma model
[14,15]). Furthermore, since HERA experiments have mea-
sured the ep t-spectrum up to |t | = 30GeV2, a description
of this physics is desirable. In this paper, a refined hotspot
model is proposed which explains the HERA incoherent data
in both low and high |t | regions and investigate the fluctua-
tions in both the saturated and non-saturated models. In lieu
of a perturbative description of the spatial gluon structure
of the proton, we investigate what such a theoretical model
should look like, as we expect that the hotspot themselves
will exhibit substructure which can be probed at larger |t |.
We show that the large |t | data can be well described in a
model with hotspots within hotspots, where the three hotspots
each have a substructure of even smaller spatial regions of
gluon density fluctuations. If we further add more substruc-
ture within the smaller hotspots we find a good description
of all available HERA incoherent data with |t | < 30 GeV2.

We find that the resulting structure of these quantum fluctu-
ations exhibit self-similarities. This can be used to constrain
the behaviour of a future perturbative model of gluon sub-
structure and to make prediction for future measurements at
the EIC or a future LHeC experiment [29]. We also suggest
a new proton thickness profile which retains the coherent
cross section in the saturated dipole model described below,
and which improve the small-|t | description of the incoherent
data by introducing one extra parameter related to the level
of gluon–gluon correlations in the proton. We primarily do
this with two versions of the impact-parameter dependent
dipole model, which we supplement as the study progresses:
the saturated bSat model, and its linear version, the bNonSat
model. Both models have been shown to describe existing ep
measurements well, while recent UPC measurements at the
LHC clearly prefer the bSat model [12].

The paper is organised as follows. In the next session we
give a brief description of the dipole models we use in this
paper. In Sect. 3 we describe the hotspot model and our addi-
tion of extra substructure to it. In Sect. 4 we present the results
from the models, and compare it to ep measurements. Finally
in Sect. 5 we discuss the results and how to take this project
further.

2 The color dipole models

The scattering amplitude for the diffractive vector meson pro-
duction is a convolution of three subprocess, as depicted in
Fig. 1. First, the virtual photon splits into a quark anti-quark
dipole, then the dipole interacts with the proton via one or
many colourless two-gluon exchanges, after which it recom-
bines into a vector meson. The amplitude is given by:1

Aγ ∗ p→J/�p
T,L (xP, Q2,�) = i

∫
d2r

∫
d2b

∫
dz

4π

×(�∗�V )T,L(Q2, r, z)

×e−i[b−(1−z)r].� dσqq̄

d2b
(b, r, xP)

(1)

where T and L represent the transverse and longitudinal
polarisation of the virtual photon, r is the transverse size
of the dipole, b is the impact parameter of the dipole rela-
tive to the proton, z is the light-cone momentum fraction of
the photon taken by the quark and � ≡ √−t is the trans-
verse part of the four-momentum difference of the outgoing
and the incoming proton. (�∗�V ) denotes the wave-function
overlap between the virtual photon and the produced vector
meson. It should be noted that this amplitude is a Fourier

1 Note that we do not use the corrected phase-factor ( 1
2 − z)�r · �� as

was found in [30,31]. We have checked that our results are not affected
by this change beyond the precision of the models.
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Fig. 1 Exclusive vector meson production in the dipole picture of DIS.
See description in text

transform from transverse coordinate of the quark in the
dipole, to the transverse momentum transfer of the proton.
Hence, the resulting cross section contains information on
the spatial structure of the proton. The dipole cross section
dσqq̄

d2b (b, r, xP) describes the strong interaction. The vector-
meson wave function are usally modelled and we use boosted
Gaussian wavefunction for J/ψ with the parameter values
from [6]. A recent update on different vector-meson wave-
functions can be found in [32].

The elastic diffractive cross section for a spherical proton
(without geometrical fluctuations), is given by:

dσγ ∗ p→J/�p

dt
= 1

16π

∣∣Aγ ∗ p→J/�p|2 (2)

When fluctuations are included in the wave function of
the proton, e.g. due to different number of interacting con-
stituents, or variation of transverse positions of constituents,
we employ the Good–Walker formalism [33]. The coher-
ent cross section probes the first moment of the amplitude
which corresponds to its average, while the total cross sec-
tion probes the second moment. The incoherent cross section
thus probes the difference between the second moment and
first moment squared, which for Gaussian distributions is its
variance. Thus, for an event-by-event variation �, we have:

dσcoherent

dt
= 1

16π

∣∣ 〈A(xP, Q2,�)
〉
�

∣∣2

dσincoherent

dt
= 1

16π

(〈∣∣A(xP, Q2,�)
∣∣2〉

�

− ∣∣〈A(xP, Q2,�)
〉
�

∣∣2
)

(3)

Fluctuations should therefore be introduced in a way which
retains their average distribution and hence the coherent cross
section, and only contributes to the incoherent cross section.

We consider two versions of the dipole cross-section. The
bSat model dipole cross section is given by [34]:

dσqq̄

d2b
(b, r, xP) = 2

[
1 − exp

( − F(xP, r2)Tp(b)
)]

(4)

with

F(xP, r2) = π2

2NC
r2αs(μ

2)xPg(xP, μ2), (5)

Due to the exponential form, this formulation saturates the
cross-section as the gluon density xg(x, μ2)becomes large as
well as for large dipole sizes r . The scale at which the strong
coupling αs and gluon density is evaluated at is μ2 = μ2

0+ C
r2

and the gluon density at the initial scale μ0 is parametrised
as:

xg(x, μ2
0) = Agx

−λg (1 − x)6

where the parameters Ag , λg , C , and m f are determined
through fits to inclusive DIS reduced cross section measure-
ments. We use the fit results from [12]. The transverse profile
of the proton is usually assumed to be Gaussian:

Tp(b) = 1

2πBG
exp

(
− b2

2BG

)
(6)

and the parameter BG is constrained through a fit to the t-
dependence of the exclusive J/ψ production at HERA [4],
and is found to be BG = 4 ± 0.4 GeV−2.

The linearised dipole cross section is called the bNonSat
model:

dσqq̄

d2b
(b, r, xP) = π2

NC
r2αs(μ

2)xPg(xP, μ2)Tp(b) (7)

which does not saturate for large gluon densities and large
dipoles. This dipole cross-section corresponds to a single
two-gluon exchange. At present both models describe mea-
sured HERA F2 and exclusive data well [5,6], while studies
of ultra-peripheral collisions of lead nuclei at the LHC show
a clear preference for the bSat model [12]. The exclusive
cross section receives large corrections (discussed in detail in
[4,14]). Firstly, the scattering amplitude in Eq. (1) is approx-
imated to be purely imaginary. However, the real part of the
amplitude is taken into account by multiplying the cross sec-
tion by a factor of (1 + β2) with β = tan

(
λπ/2), and λ =

∂ log(Aγ ∗ p→V p
T,L )/∂ log(1/x). Secondly, to take into account

that the two gluons may have different momentum fractions,
a skewedness correction to the amplitude is introduced [36],
by a factor Rg(λ) = 22λ+3/

√
π ·(λg+5/2)/(λg+4) with

λg = ∂ log(xg(x))/∂ log(1/x). In our model, we calculate
both these corrections using a spherical proton. They have
significant contribution at low |t | (around 40–60%) while at
large momentum transfers their contribution dwindle.

3 Geometric fluctuations in the proton wave function

There may be many different sources of quantum fluctuations
in the proton wave-function, e.g event-by-event variations in
the transverse positions of constituent partons or fluctuations
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in the number of constituents itself. In this section we explore
various geometrical fluctuations in detail.

The transverse profile of the proton is assumed to be made
of hotspots which can be implemented by changing the pro-
ton profile in Eq. (6) thus [14]:

Tp(b) → 1

Nq

Nq∑
i=1

Tq(b-bi ), (8)

with

Tq(b) = 1

2πBq
exp

[
− b2

2Bq

]
(9)

Here Nq = 3 andbi are the locations of hotspots sampled from
a Gaussian width Bqc and Bq is the width of the hotspots.
Bqc, and Bq control the amount of fluctuations in the proton
geometry at low momentum transfer and are constrained by
the coherent and incoherent data.

In the bNonSat model, the average of the amplitude over
configurations is directly proportional to the average of the
profile function i.e
〈A〉

�
∝ 〈

TP (b)
〉
�

while this is not the case for the bSat model which has a
non-linear dependence on the proton profile. As a result, the
coherent cross-section is reduced as shown in Fig. 2. One
can solve this by finding a new profile function which retains
the spherical average of the amplitudes in the hotspot model.
Here, the profile of the hotspots in the bSat model is modified
as follow:

Tq(b) = 1

2πBq

1(
exp

[ b2

2Bq

] − Sg
) . (10)

If the parameter Sg = 0 the profile remains a Gaussian, while
with Sg > 0 it becomes more peaked at the centre. We may
interpret this parameter as being related to probed correla-
tions between gluons within the hotspots. We may also note
that this profile is no longer normalised to unity for Sg �= 0.
For the bSat model one therefore needs to choose between
retaining the coherent cross section or the profile normal-
isation when adding substructure to the proton. Due to the
non-linearity of the bSat model we cannot make a straightfor-
ward probabilistic interpretation to the thickness function, as
is the case in bNonSat. Therefore, we prefer to preserve the
coherent cross section while adding proton substructure. As
will be shown, both this modified bSat model and the bNon-
Sat model behave very similarly, which further validates this
approach.

As the hotspot model is a non-perturbative description of
the proton’s structure it is not reliable for |t | � 1 GeV2. How-
ever, as can be seen in the right panel of Fig. 4, it describes the
data well for |t | � 2.5 GeV2. As the |t | distribution at leading
twist is a Fourier transform of the fluctuating structure of the

Fig. 2 The |t | dependence of J/� photoproduction in the bSat hotspot
model with and without modified profile function, compared to mea-
surements from H1 [35]

proton, this indicates that no further structure than the orig-
inal hotspot contributes significantly to the incoherent cross
section. However, for larger values of |t |, the measured t-
spectrum exhibits two distinct slopes. As we increase |t |, we
expect to resolve smaller scale gluon fluctuations in the trans-
verse plane. This hints toward the presence of substructure
of the hotspots (we will also explore non-Gaussian shapes
as an alternative explanation below). As we presently do not
have a perturbative method for adding further substructure,
we do so by hand.

We thus introduce smaller hotspots within the original
three hotpsots, which modifies the hotspot density in Eq. (9)
as follows:

Tq(b) → 1

Nhs

Nhs∑
j=1

Ths(b-b j ) (11)

where Ths(b) is given by:

Ths(b) = 1

2πBhs
exp

[
− b2

2Bhs

]
(12)

The measured incoherent t-spectrum changes slope again
for |t | 	 12.5 GeV2. In order to take this into account we
introduce yet another level of substructure to the gluon fluc-
tuations, with density profile:

Thhs(b) = 1

2πBhhs
exp

[
− b2

2Bhhs

]
(13)
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Fig. 3 Transverse profile of the proton in an event in the refined hotspot
model with the three first panels adding one level of substructure. The
fourth panel is an enhancement of the third panel. The parameters are
from the bSat model in Table 1

The proton profile function in one event in this further refined
hotspot model is then given by:

TP (b) = 1

2πNqNhs Nhhs Bhhs

Nq∑
i

Nhs∑
j

Nhhs∑
k

e
− (b−bi−b j−bk )2

2Bhhs

Here, bi , b j and bk determine the transverse positions of the
larger, smaller and smallest hotspots respectively, which fluc-
tuates event-by-event. We have introduced four new param-
eters, the number of smaller hotspots in each level of sub-
structure, Nhs and Nhhs , and the width of these hotspots Bhs

an Bhhs . We find a reasonable convergence when averag-
ing over one thousand hotspot configurations. The resulting
proton profile is illustrated in Fig. 3 for one, two, and three
levels of substructures. It may appear as we are introducing
many new parameters to describe a few data-points, but we
will show below that the B and N parameters are highly cor-
related, and that the proton’s substructure exhibit a scaling
behaviour.

An additional source of fluctuations is due to the fluctu-
ations in the saturation scale. Following [14], the saturation
scale fluctuations are incorporated by letting the saturation
scale of larger hotspots fluctuate independently. These are
the fluctuations of the normalisation of the hotspots. These
fluctuations are motivated by the experimentally observed
multiplicity distributions and the rapidity correlations in p
+ p collisions which require the saturation scale to fluctuate

according to the following distribution [37,38]:

P(ln Q2
s/

〈
Q2

s

〉
) = 1√

2πσ 2
exp

[
− ln2Q2

s/
〈
Q2

s

〉
2σ 2

]
(14)

Since the saturation scale is Q2
S(x, b) ≡ 2/r2

S , where rS
solves the equation 1/2 = F(x, r2

S)Tp(b), in the dipole
amplitude, we can implement these fluctuations by chang-
ing the normalisation of the profile function. We also have
to divide the profile function by the expectation value

〈
E

〉 =
exp(σ 2/2) of the log-normal distribution due to the increased
average of the saturation scale due to the sampling. This intro-
duces another variableσ which is restricted by the data. These
fluctuations play an important role in the low |t | region while
for the large momentum transfer which is the focus of this
work, it is the geometrical fluctuations of smaller hotspots
that dominate.

Another possible contribution to the small |t | spectrum
could be proton size fluctuations, which can be described by
the event-by-event fluctuations of the proton size parameter
BG . For completeness, we implement these fluctuations by
sampling the mean value of BG as 4 GeV−2 with a variance
of 1.3 GeV−2 which controls the amount of fluctuations. The
variance chosen here is rather large, to show the limit of the
contribution of these kinds of fluctuations. These are large
length-scale fluctuations and are only expected to contribute
to the cross-section at small |t |, but as will be seen, even with
this large variance this contribution is negligible.

4 Results

In Table 1, we show the values we have found for all the
parameters described above. The second line is identical with
earlier results [15] and the bNonsat model prefers slightly
larger hostspot size as compared with the bSat model.

Figure 3, depicts the snapshot of the resulting transverse
profile of an event, where each panel adds one level of sub-
structure, using the parameters for the bSat model. The last
panel is a zoomed in version of the previous one.

In Fig. 2, we find not only that the bSat model with the
modified profile describes the coherent data well, but also that
the description of the incoherent data for small |t | improves.
This gives us confidence in our choice of modified proton
profile. For the rest of the paper we will refer to this modified
bSat model as bSat.

In Fig. 4, we show the incoherent cross section for the
models considered against the photoproduction measure-
ment of J/�-mesons at W = 75 GeV from H1 [35], for
both the saturated and non-saturated dipole models. Proton
size fluctuations are seen to give an insignificant contribu-
tion to the incoherent cross section, and thus we can safely
ignore this geometrical fluctuation henceforth. We see that
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Table 1 Parameter values in the different dipole models described in the text. All the Bi parameters are in GeV−2

Model Bqc Bq Nq Bhs Nhs Bhhs Nhhs Sg σ

bNonSat hotspot 3.2 0.9 3 – – – – – 0.4

bSat hotspot 3.3 0.7 3 – – – – – 0.5

modified bSat hotspot 3.3 0.9 3 – – – – 0.3 0.4

bNonSat refined hotspot 3.2 1.15 3 0.05 10 – – – 0.4

bSat refined hotspot 3.3 1.08 3 0.09 10 – – 0.4 0.5

bNonSat further refined hotspot 3.2 1.15 3 0.05 10 0.0006 65 – 0.4

bSat further refined hotspot 3.3 1.08 3 0.09 10 0.0006 60 0.4 0.5

Fig. 4 The |t | dependence of incoherent J/� photoproduction in
refined hotspot model with separate contributions from different sources
of fluctuations as described in the text, in the bNonSat model (left) and
bSat model with modified profile (right)

the larger hotspot model agrees well with the data in the low
momentum transfer region |t | < 2.5 GeV2, but underesti-
mates the data points at very low |t | values. The smallest |t |
region with |t | < 0.3 GeV2 is improved by the inclusion of
saturation scale fluctuations. We also show the separate con-
tribution from the saturation scale fluctuations. As discussed
above, the bSat model contains one more parameter in its
modified proton shape function, which improves the small |t |
description of the incoherent spectrum. For |t | > 2.5 GeV2

the data is only well described by the refined hotspot model
which contains ten hotspots within each of the original three
hotspots. As can be seen in the figure, including fluctuations
of the saturation scale, as well as larger and smaller hotspots
gives a good description of the measured data for the entire
spectrum of |t | < 7 GeV2.

In Fig. 5, we show the measured coherent cross-Sect. [35].
Here, the coherent cross-section is well described by both
models. Note that the hotspots in the bSat model has a mod-
ified profile. As desired, we see that the smaller hotspots do
not affect the coherent cross-section.

In Fig. 6, we show the resulting t-spectrum for very large
|t | for both the saturated and non-saturated versions of the
dipole model. Here we see that two levels of substructure is

Fig. 5 The |t | dependence of the coherent and incoherent J/� pho-
toproduction in the saturated and non-saturated version of the refined
hotspot model

Fig. 6 Contributions from two and three levels of hotspot substructure
to the incoherent |t | spectrum with the bNonSat model (left) and the
bSat model (right)

not enough to describe the data when |t | � 12.5 GeV2. The
description of the data improves significantly by the inclusion
of one extra level of substructure.

In Fig. 7, we study how the J/� photoproduction cross
section varies with the photon-proton centre of mass energy
Wγ p in different bins of t , as compared with with the H1 [41]
and ZEUS [40] measurements. The cross section increases
with increasingWγ p for all ranges of |t |-values and the model
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Fig. 7 Energy dependence of the incoherent J/� production in the satu-
rated and non-saturated version of the refined hostpot model. The ZEUS
data [39,40] for |t | and energy dependence is available in the kinematic
range 30 < W < 160 GeV and 2 < |t | < 20 GeV2 while the H1 [41]

has measured the differential cross section dσ(γ p → J/�Y )/dt in
the range 2 < |t | < 30 GeV2 and the total cross section as a function of
the photon-proton centre-of-mass energy in the range 50 < W < 200
GeV

Fig. 8 The |t | dependence of J/� photoproduction in the bNonSat
hotspot model with Gaussian and Laplace profile functions. In the left
figure the model predictions are compared at low momentum transfer

while on the right figure the incoherent cross section prediction are
compared at large momentum region. The experimental data is taken
from ZEUS [40] and H1 [41]

predictions are in good agreement with the measurements for
both the bSat and bNonSat models.

In our model we have only considered Gaussian gluon
distributions within the hotspots. If the probing dipole is
large compare to the hotspot size we expect it to be able
to resolve gluon–gluon correlations, which would modify
the shape away from a Gaussian. In our model we have not
introduced any correlations, but we may anticipate the effect
of introducing these into the model by considering a non-
Gaussian shape of the hotspots. This also helps to rule out
that the need of further substructure in our description of the
proton is an artifact from our choice of Gaussian shapes of the

hotspots. As an alternative, we have chosen a Laplace pro-
file for the hotspots. This gives a more peaked distribution in
the centre as well as exponential tails, which when Fourier-
transformed results in a power in |t |. When integrated over
the z-direction, the Laplace profile function for the hotspots
becomes:

Tq(b) = 1

4πn3
LP

bK1

[
− b

nLP

]
(15)

We found that the optimal values for the paramters are
Bqc = 3.2 GeV−2 and nLP = 0.5 GeV−1. This new
choice of profile explains coherent and incoherent data at
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Fig. 9 Scaling behaviour of the spatial gluon density fluctuations
inside the proton of the parameters B = {BG , Bq , Bhs , Bhhs}
and N = {1, Nq , Nhs , Nhhs} . |t |max is the upper value of |t |
to which the fluctuations at a scale B contributes. For bSat:
|t |max = {0.5, 2.2, 13.5, 150} GeV2, and for bNonSat: |t |max =
{0.5, 2.5, 12.5, 150} GeV2 where the last values are directly taken from
the line

low momentum transfer but fails at high momentum trans-
fer as illustrated in Fig. 8. We find that while this profile
function better describes the shape of the |t | spectrum, and
is able to describe the data for |t | � 3 GeV2, we still need
to introduce substructure of the hotspots in order to describe
the measurements at larger |t |.
Scaling properties of geometrical fluctuations

Next we investigate the underlying structure of the sub-
nucleon fluctuations. In Fig. 9 we plot log(B) versus log(N )

for our models, where each point represents a level of sub-
structure, and the values for B and N are taken from Table
1. For |t | � 0.5 GeV2 the coherent cross-section dominates,
and the relevant scale is BG = 4 GeV−2, while the larger
hotspots contribute for |t | � 2 GeV2 and as we increase the
resolution we need smaller and smaller hotspots. As can be
seen, these numbers fall on a line, which indicates that these
parameters are highly correlated, and that there is a scaling
in the structure of transverse gluon density fluctuations in the
proton.

We also show how the upper value |t | for which the fluc-
tuations at a scale B contributes. These are the t-values at
which the incoherent spectrum changes slope. The last value
is taken directly from the line in Fig. 9. We therefore expect
the currently smallest hotspots in our model to stay relevant

for |t | up to ∼ 150 GeV2 which is far higher than any cur-
rently conceivable measurement.

5 Conclusions and discussion

The hotspot model for gluon fluctuations have proved to be
an efficient model for describing the incoherent cross-section
in ep data, supplemented with large length-scale saturation
scale fluctuations. However, as the hotspot model is non-
perturbative, it is not reliable for |t | � 1 GeV2. As we probe
the smaller scale fluctuations in incoherent diffraction at large
|t | we resolve more quantum fluctuations in the proton, and
the t-spectrum is measured well into the perturbative regime.
Further, in order to describe total exclusive diffractive cross-
section, as well as rapidity andW spectra which are integrated
over t , one needs a description for incoherent diffraction at
|t | > 1 GeV2. In lieu of a perturbative approach to this prob-
lem, we have added substructure to the proton by hand. This
will tell us what we may expect from a perturbative approach,
as well as enable us to calculate rapidity and W spectra with
the dipole model.

We have shown that if we extend the hotspot model into
a model which has hotspots within hotspots within hotspots,
adding a structure of ten hotspots inside each of the orig-
inal three and then further substructure with around sixty
smaller hotspots inside each of the ten hotspots, we are
able to describe the data for momentum transfer of at least
|t | < 30 GeV2. We see that the gluon density fluctuation
structure exhibit a scaling behaviour. If this scaling persists,
we expect our model with three levels of gluonic substruc-
ture in the proton to be relevant for |t | � 150 GeV2. This
scaling behaviour also reduces the degrees of freedom of the
parameter space, as the parameters are highly correlated.

In [42] Mäntysaari and Schenke use the Colour Glass Con-
densate (CGC) to investigate the deuteron incoherent cross
section. The CGC contains gluon–gluon correlations, and
they note that even if the CGC without subnucleon fluctu-
ation gives a harder incoherent cross section compared to
the bSat model, subnucleon fluctuations still make a signif-
icant contribution at larger |t |. In a recent paper [21], the
authors also use the hotspot model to describe the entire t-
spectrum for |t | < 30 GeV2, using a Colour Glass Conden-
sate assumption for colour fluctuations inside the hotspot.
They very usefully take the non-relativistic and dilute limits
in order to calculate the t-spectrum analytically and describe
the full spectrum reasonably well. They find that the coherent
description have a strong dependence on the probe as well
as the target in J/ψ production, while the incoherent spec-
trum is dominated by the target structure, which somewhat
validates our approach. However, their resulting relative nor-
malisations of coherent and incoherent cross-sections do not
match the measurements. From this we conclude that even a
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more advanced model containing gluon–gluon correlations
needs increased complexity as |t | increases. Our findings in
this paper systematically constrains which features such a
model must have.

We see that similarly to the large scale DGLAP limit, the
phase-space density in the transverse plane becomes more
dilute at large |t |. This may point towards a perturbative
approach for extending the hotspot model to large |t |, simi-
lar to a DGLAP evolution of “hotspot splittings”, taking the
small |t | hotspot model as a non-perturbative initial state.

Furthermore, we have introduced a modified hotspot
thickness function that not only reproduces the small |t |
coherent spectrum, but also improve the small |t | descrip-
tion in the incoherent cross section with one extra parameter
which we interpret as a measure of gluon–gluon correlations.
We therefore expect that this parameter will play a more sig-
nificant role when we extend the investigation to ρ and φ

mesons, which contribute to the amplitude at larger dipoles
than the J/ψ mesons studied here.

Studies of the dependence of number of hotspots on
momentum fraction x suggest that either the number of
hotspots, or their widths will increase with smaller x (see
[43] for our recent detailed investigation of these effects).
This would manifest in the Wγ p dependence of the cross
section. We see that our models describe well all available
Wγ p bins for all t . At large |t | we would have a larger x
which may off-set the large Wγ p behaviour in the proton
substructure. A detailed study of the Wγ p − t substructure of
the proton would therefore be an intriguing endeavour both
experimentally and phenomenologically.

The future electron-ion collider, with its significantly
increased luminosity compared to HERA, will be able to
measure the incoherent t-spectrum at unsurpassed precision.
Hopefully, the EIC will also be able to increase the reach
in t , which would cast light on this compelling physics. This
would for the first time enable a direct precision measurement
of the scaling behaviour in the geometrical density fluctua-
tions of gluons in the transverse plane.

Acknowledgements We thank T. Ulrich, T. Lappi, B. Schenke and H.
Mäntysaari for fruitful discussions that has helped us to better under-
stand our findings. The work of A. Kumar is supported by Department of
Science and Technology, India under DST/INSPIRES/03/2018/000344.
We have used computing resources of our HEP-PH group at IIT Delhi
and thank all the members of the group and the Physics Department of
IIT Delhi.

Data Availibility Statement This manuscript has associated data in
a data repository. [Authors’ comment: Data sharing not applicable to
this article as no datasets were generated or analysed during the current
study.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-

vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3. SCOAP3 supports the goals of the International
Year of Basic Sciences for Sustainable Development.

References

1. K.J. Golec-Biernat, M. Wusthoff, Saturation effects in deep inelas-
tic scattering at low Q2 and its implications on diffraction. Phys.
Rev. D 59, 014017 (1998). https://doi.org/10.1103/PhysRevD.59.
014017. arXiv:hep-ph/9807513

2. K.J. Golec-Biernat, M. Wusthoff, Saturation in diffractive deep
inelastic scattering. Phys. Rev. D 60, 114023 (1999). https://doi.
org/10.1103/PhysRevD.60.114023. arXiv:hep-ph/9903358

3. H. Kowalski, D. Teaney, An impact parameter dipole saturation
model. Phys. Rev. D 68, 114005 (2003). https://doi.org/10.1103/
PhysRevD.68.114005. arXiv:hep-ph/0304189

4. H. Kowalski, L. Motyka, G. Watt, Exclusive diffractive pro-
cesses at HERA within the dipole picture. Phys. Rev. D
74, 074016 (2006). https://doi.org/10.1103/PhysRevD.74.074016.
arXiv:hep-ph/0606272

5. A.H. Rezaeian, M. Siddikov, M. de Van Klundert, R. Venugopalan,
Analysis of combined HERA data in the impact-parameter depen-
dent saturation model. Phys. Rev. D 87(3), 034002 (2013). https://
doi.org/10.1103/PhysRevD.87.034002. arXiv:1212.2974

6. H. Mäntysaari, P. Zurita, In depth analysis of the combined HERA
data in the dipole models with and without saturation. Phys. Rev. D
98, 036002 (2018). https://doi.org/10.1103/PhysRevD.98.036002.
arXiv:1804.05311

7. F. Gelis, E. Iancu, J. Jalilian-Marian, R. Venugopalan, The
color glass condensate. Ann. Rev. Nucl. Part. Sci 60, 463–
489 (2010). https://doi.org/10.1146/annurev.nucl.010909.083629.
arXiv:1002.0333

8. E. Iancu, R. Venugopalan, The Color glass condensate and high-
energy scattering in QCD, in: R. C. Hwa, X.-N. Wang (Eds.),
Quark-gluon plasma 4 (2003), pp. 249–3363. https://doi.org/10.
1142/9789812795533_0005. arXiv:hep-ph/0303204

9. A. Accardi et al., Electron Ion collider: the next QCD frontier.
Eur. Phys. J. A 52(9), 268 (2016). https://doi.org/10.1140/epja/
i2016-16268-9. arXiv:1212.1701

10. R. Abdul Khalek, et al., Science requirements and detector con-
cepts for the electron-ion collider: EIC yellow report 3 (2021).
arXiv:2103.05419

11. T. Toll, T. Ullrich, Exclusive diffractive processes in electron-ion
collisions. Phys. Rev. C 87(2), 024913 (2013). https://doi.org/10.
1103/PhysRevC.87.024913. arXiv:1211.3048

12. B. Sambasivam, T. Toll, T. Ullrich, Investigating saturation effects
in ultraperipheral collisions at the LHC with the color dipole
model. Phys. Lett. B 803, 135277 (2020). https://doi.org/10.1016/
j.physletb.2020.135277. arXiv:1910.02899

13. H. Mäntysaari, B. Schenke, Probing subnucleon scale fluctua-
tions in ultraperipheral heavy ion collisions. Phys. Lett. B 772,
832–838 (2017). https://doi.org/10.1016/j.physletb.2017.07.063.
arXiv:1703.09256

14. H. Mäntysaari, B. Schenke, Evidence of strong proton shape
fluctuations from incoherent diffraction. Phys. Rev. Lett. 117(5),

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevD.59.014017
https://doi.org/10.1103/PhysRevD.59.014017
http://arxiv.org/abs/hep-ph/9807513
https://doi.org/10.1103/PhysRevD.60.114023
https://doi.org/10.1103/PhysRevD.60.114023
http://arxiv.org/abs/hep-ph/9903358
https://doi.org/10.1103/PhysRevD.68.114005
https://doi.org/10.1103/PhysRevD.68.114005
http://arxiv.org/abs/hep-ph/0304189
https://doi.org/10.1103/PhysRevD.74.074016
http://arxiv.org/abs/hep-ph/0606272
https://doi.org/10.1103/PhysRevD.87.034002
https://doi.org/10.1103/PhysRevD.87.034002
http://arxiv.org/abs/1212.2974
https://doi.org/10.1103/PhysRevD.98.036002
http://arxiv.org/abs/1804.05311
https://doi.org/10.1146/annurev.nucl.010909.083629
http://arxiv.org/abs/1002.0333
https://doi.org/10.1142/9789812795533_0005
https://doi.org/10.1142/9789812795533_0005
http://arxiv.org/abs/hep-ph/0303204
https://doi.org/10.1140/epja/i2016-16268-9
https://doi.org/10.1140/epja/i2016-16268-9
http://arxiv.org/abs/1212.1701
http://arxiv.org/abs/2103.05419
https://doi.org/10.1103/PhysRevC.87.024913
https://doi.org/10.1103/PhysRevC.87.024913
http://arxiv.org/abs/1211.3048
https://doi.org/10.1016/j.physletb.2020.135277
https://doi.org/10.1016/j.physletb.2020.135277
http://arxiv.org/abs/1910.02899
https://doi.org/10.1016/j.physletb.2017.07.063
http://arxiv.org/abs/1703.09256


837 Page 10 of 10 Eur. Phys. J. C (2022) 82 :837

052301 (2016). https://doi.org/10.1103/PhysRevLett.117.052301.
arXiv:1603.04349

15. H. Mäntysaari, B. Schenke, Revealing proton shape fluctua-
tions with incoherent diffraction at high energy. Phys. Rev.
D 94(3), 034042 (2016). https://doi.org/10.1103/PhysRevD.94.
034042. arXiv:1607.01711

16. M.C. Traini, J.P. Blaizot, Diffractive incoherent vector meson pro-
duction off protons: a quark model approach to gluon fluctuation
effects. Eur. Phys. J. C 79(4), 327 (2019). https://doi.org/10.1140/
epjc/s10052-019-6826-0. arXiv:1804.06110

17. J. Cepila, J.G. Contreras, M. Krelina, Coherent and incoherent
J/ψ photonuclear production in an energy-dependent hot-spot
model. Phys. Rev. C97(2), 024901 (2018). https://doi.org/10.1103/
PhysRevC.97.024901. arXiv:1711.01855

18. J. Cepila, J.G. Contreras, J.D. Tapia Takaki, Energy dependence of
dissociative J/ψ photoproduction as a signature of gluon saturation
at the LHC. Phys. Lett. B 766, 186–191 (2017). https://doi.org/10.
1016/j.physletb.2016.12.063. arXiv:1608.07559

19. J. Cepila, J.G. Contreras, M. Krelina, J.D. Tapia Takaki, Mass
dependence of vector meson photoproduction off protons and
nuclei within the energy-dependent hot-spot model. Nucl. Phys.
B 934, 330–340 (2018). https://doi.org/10.1016/j.nuclphysb.2018.
07.010. arXiv:1804.05508

20. D. Bendova, J. Cepila, J.G. Contreras, Dissociative produc-
tion of vector mesons at electron-ion colliders. Phys. Rev.
D 99(3), 034025 (2019). https://doi.org/10.1103/PhysRevD.99.
034025. arXiv:1811.06479

21. S. Demirci, T. Lappi, S. Schlichting, Proton hot spots and exclusive
vector meson production 6 (2022). arXiv:2206.05207

22. H. Mäntysaari, Review of proton and nuclear shape fluctuations
at high energy. Rep. Prog. Phys (2020). https://doi.org/10.1088/
1361-6633/aba347. arXiv:2001.10705

23. H. Mäntysaari, B. Schenke, C. Shen, P. Tribedy, Imprints of fluc-
tuating proton shapes on flow in proton-lead collisions at the
LHC. Phys. Lett. B 772, 681–686 (2017). https://doi.org/10.1016/
j.physletb.2017.07.038. arXiv:1705.03177

24. B. Schenke, The smallest fluid on earth 2 (2021). arXiv:2102.11189
25. J.L. Albacete, A. Soto-Ontoso, Hot spots and the hollowness of

proton–proton interactions at high energies,. Phys. Lett. B 770,
149–153 (2017). https://doi.org/10.1016/j.physletb.2017.04.055.
arXiv:1605.09176

26. J.L. Albacete, H. Petersen, A. Soto-Ontoso, Correlated wounded
hot spots in proton–proton interactions. Phys. Rev. C 95(6),
064909 (2017). https://doi.org/10.1103/PhysRevC.95.064909.
arXiv:1612.06274

27. J.L. Albacete, H. Petersen, A. Soto-Ontoso, Gluonic hot spots and
spatial correlations inside the proton. Nucl. Phys. A 967, 924–927
(2017). https://doi.org/10.1016/j.nuclphysa.2017.05.021

28. J.L. Albacete, H. Niemi, H. Petersen, A. Soto-Ontoso, Correlated
gluonic hot spots meet symmetric cumulants data at LHC ener-
gies. Nucl. Phys. A 982, 463–466 (2019). https://doi.org/10.1016/
j.nuclphysa.2018.08.013. arXiv:1807.05866

29. P. Agostini, et al., The large hadron–electron collider at the HL-
LHC 7 (2020). arXiv:2007.14491

30. Y. Hatta, B.W. Xiao, F. Yuan, Gluon tomography from
deeply virtual Compton scattering at small-x. Phys. Rev. D
95(11), 114026 (2017). https://doi.org/10.1103/PhysRevD.95.
114026. arXiv:1703.02085

31. H. Mäntysaari, K. Roy, F. Salazar, B. Schenke, Gluon imaging
using azimuthal correlations in diffractive scattering at the electron-
ion collider. Phys. Rev. D 103(9), 094026 (2021). https://doi.org/
10.1103/PhysRevD.103.094026. arXiv:2011.02464

32. T. Lappi, H. Mäntysaari, J. Penttala, Relativistic corrections
to the vector meson light front wave function. Phys. Rev. D
102(5), 054020 (2020). https://doi.org/10.1103/PhysRevD.102.
054020. arXiv:2006.02830

33. M.L. Good, W.D. Walker, Diffraction disssociation of beam parti-
cles. Phys. Rev. 120, 1857–1860 (1960). https://doi.org/10.1103/
PhysRev.120.1857

34. J. Bartels, K.J. Golec-Biernat, H. Kowalski, A modification of the
saturation model: DGLAP evolution. Phys. Rev. D 66, 014001
(2002). https://doi.org/10.1103/PhysRevD.66.014001

35. C. Alexa et al., Elastic and proton-dissociative photoproduction of
J/psi mesons at HERA. Eur. Phys. J. C 73(6), 2466 (2013). https://
doi.org/10.1140/epjc/s10052-013-2466-y. arXiv:1304.5162

36. A.G. Shuvaev, K.J. Golec-Biernat, A.D. Martin, M.G. Ryskin,
Off diagonal distributions fixed by diagonal partons at small x
and xi. Phys. Rev. D 60, 014015 (1999). https://doi.org/10.1103/
PhysRevD.60.014015. arXiv:hep-ph/9902410

37. A. Bzdak, K. Dusling, Saturation scale fluctuations and multi-
particle rapidity correlations. Phys. Rev. C 94, 044918 (2016).
https://doi.org/10.1103/PhysRevC.94.044918. arXiv:1607.03219

38. L. McLerran, P. Tribedy, Intrinsic fluctuations of the proton satu-
ration momentum scale in high multiplicity p + p collisions. Nucl.
Phys. A 945, 216–225 (2016). https://doi.org/10.1016/j.nuclphysa.
2015.10.008. arXiv:1508.03292

39. S. Chekanov et al., Measurement of proton dissociative diffrac-
tive photoproduction of vector mesons at large momentum transfer
at HERA. Eur. Phys. J. C 26, 389–409 (2003). https://doi.org/10.
1140/epjc/s2002-01079-0. arXiv:hep-ex/0205081

40. S. Chekanov et al., Measurement of J/psi photoproduction at large
momentum transfer at HERA. JHEP 05, 085 (2010). https://doi.
org/10.1007/JHEP05(2010)085. arXiv:0910.1235

41. A. Aktas et al., Diffractive photoproduction of J/ψ mesons
with large momentum transfer at HERA. Phys. Lett. B 568,
205–218 (2003). https://doi.org/10.1016/j.physletb.2003.06.056.
arXiv:hep-ex/0306013

42. H. Mäntysaari, B. Schenke, Accessing the gluonic structure
of light nuclei at a future electron-ion collider. Phys. Rev. C
101(1), 015203 (2020). https://doi.org/10.1103/PhysRevC.101.
015203. arXiv:1910.03297

43. A. Kumar, T. Toll, Energy dependence of the proton geometry
in exclusive vector meson production 2(2022). https://doi.org/10.
1103/PhysRevD.105.114011. arXiv:2202.06631

123

https://doi.org/10.1103/PhysRevLett.117.052301
http://arxiv.org/abs/1603.04349
https://doi.org/10.1103/PhysRevD.94.034042
https://doi.org/10.1103/PhysRevD.94.034042
http://arxiv.org/abs/1607.01711
https://doi.org/10.1140/epjc/s10052-019-6826-0
https://doi.org/10.1140/epjc/s10052-019-6826-0
http://arxiv.org/abs/1804.06110
https://doi.org/10.1103/PhysRevC.97.024901
https://doi.org/10.1103/PhysRevC.97.024901
http://arxiv.org/abs/1711.01855
https://doi.org/10.1016/j.physletb.2016.12.063
https://doi.org/10.1016/j.physletb.2016.12.063
http://arxiv.org/abs/1608.07559
https://doi.org/10.1016/j.nuclphysb.2018.07.010
https://doi.org/10.1016/j.nuclphysb.2018.07.010
http://arxiv.org/abs/1804.05508
https://doi.org/10.1103/PhysRevD.99.034025
https://doi.org/10.1103/PhysRevD.99.034025
http://arxiv.org/abs/1811.06479
http://arxiv.org/abs/2206.05207
https://doi.org/10.1088/1361-6633/aba347
https://doi.org/10.1088/1361-6633/aba347
http://arxiv.org/abs/2001.10705
https://doi.org/10.1016/j.physletb.2017.07.038
https://doi.org/10.1016/j.physletb.2017.07.038
http://arxiv.org/abs/1705.03177
http://arxiv.org/abs/2102.11189
https://doi.org/10.1016/j.physletb.2017.04.055
http://arxiv.org/abs/1605.09176
https://doi.org/10.1103/PhysRevC.95.064909
http://arxiv.org/abs/1612.06274
https://doi.org/10.1016/j.nuclphysa.2017.05.021
https://doi.org/10.1016/j.nuclphysa.2018.08.013
https://doi.org/10.1016/j.nuclphysa.2018.08.013
http://arxiv.org/abs/1807.05866
http://arxiv.org/abs/2007.14491
https://doi.org/10.1103/PhysRevD.95.114026
https://doi.org/10.1103/PhysRevD.95.114026
http://arxiv.org/abs/1703.02085
https://doi.org/10.1103/PhysRevD.103.094026
https://doi.org/10.1103/PhysRevD.103.094026
http://arxiv.org/abs/2011.02464
https://doi.org/10.1103/PhysRevD.102.054020
https://doi.org/10.1103/PhysRevD.102.054020
http://arxiv.org/abs/2006.02830
https://doi.org/10.1103/PhysRev.120.1857
https://doi.org/10.1103/PhysRev.120.1857
https://doi.org/10.1103/PhysRevD.66.014001
https://doi.org/10.1140/epjc/s10052-013-2466-y
https://doi.org/10.1140/epjc/s10052-013-2466-y
http://arxiv.org/abs/1304.5162
https://doi.org/10.1103/PhysRevD.60.014015
https://doi.org/10.1103/PhysRevD.60.014015
http://arxiv.org/abs/hep-ph/9902410
https://doi.org/10.1103/PhysRevC.94.044918
http://arxiv.org/abs/1607.03219
https://doi.org/10.1016/j.nuclphysa.2015.10.008
https://doi.org/10.1016/j.nuclphysa.2015.10.008
http://arxiv.org/abs/1508.03292
https://doi.org/10.1140/epjc/s2002-01079-0
https://doi.org/10.1140/epjc/s2002-01079-0
http://arxiv.org/abs/hep-ex/0205081
https://doi.org/10.1007/JHEP05(2010)085
https://doi.org/10.1007/JHEP05(2010)085
http://arxiv.org/abs/0910.1235
https://doi.org/10.1016/j.physletb.2003.06.056
http://arxiv.org/abs/hep-ex/0306013
https://doi.org/10.1103/PhysRevC.101.015203
https://doi.org/10.1103/PhysRevC.101.015203
http://arxiv.org/abs/1910.03297
https://doi.org/10.1103/PhysRevD.105.114011
https://doi.org/10.1103/PhysRevD.105.114011
http://arxiv.org/abs/2202.06631

	Investigating the structure of gluon fluctuations in the proton with incoherent diffraction at HERA
	Abstract 
	1 Introduction
	2  The color dipole models
	3   Geometric fluctuations in the proton wave function
	4 Results
	5 Conclusions and discussion
	Acknowledgements
	References




