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Abstract We turn high energy elastic scattering of hadrons
into an initial value problem using an evolution equation
based on the Regge Field Theory, which has a form of the
complex nonlinear reaction–diffusion equation, with time
being played by the logarithm of energy. The initial con-
ditions are provided by the data-driven models for the real
and imaginary parts of the amplitude. Numerical calcula-
tions of pp differential cross sections and forward quantities
for LHC energies agree very well with experimental data
extending up to, and including the diffractive cone. Further-
more, we show that at current accessible energies the non-
linear effects play an important role, as the impact parameter
space profiles approach the unitarity bound. The equation
also predicts some other effects discussed in the literature,
like the hollowness of nuclear matter or existence of station-
ary points in momentum transfer t .

1 Introduction

High energy relativistic scattering of hadrons can be clas-
sified into two major types: elastic and inelastic. If a large
momentum scale is present, the latter can be treated within
perturbative Quantum Chromodynamics (QCD) and factor-
ization theorems. The elastic scattering of hadrons, on the
other hand, belongs to a non-perturbative domain of QCD,
except for very large momentum transfers, where perturba-
tive techniques may be applied. Despite the apparent sim-
plicity of the process, which depends only on two kinemat-
ical variables s (the center of mass energy squared) and t
(the transferred momentum squared), it is still considered an
open problem, as there is no convincing description of elastic
scattering in terms of QCD.
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At
√
s ∼ few GeV the elastic scattering data can be

described relatively well by the Regge phenomenology [1],
which represents the scattering amplitude using the partial
wave expansion and singularities in the complex l-plane. The
linear relation between l and t , called the Regge trajectory,
can be attributed to an exchange of family of meson in t chan-
nel. However, for large energies (ISR domain and beyond),
these regular reggeon linear trajectories fail to describe the
rise of the total cross section, as well as the shrinkage of the
diffractive cone. Thus, one introduces another effective tra-
jectory with a lower slope and positive intercept. This effec-
tive object is the so-called Pomeron, a pseudo-particle with
isospin zero and even C-parity.

The perturbative QCD predicts the Pomeron as a color sin-
glet composed of two gluons. Its energy evolution is given by
the Balitsky–Fadin–Kuraev–Lipatov (BFKL) equation [2–4]
(see also [5] for a review), which predicts a power like growth
of the gluon density with energy. However, for asymptotic
energies, the power growth has to be tamed, due to the Frois-
sart bound based on the unitarity of the scattering matrix and
the finiteness of strong interaction range. From the perturba-
tive perspective, the gluon density gets so large that fusion
of gluons becomes important, leading to the gluon satura-
tion phenomenon [6]. Saturation can be incorporated in the
non-linear extension of the BFKL – the Balitsky–Kovchegov
(BK) equation [7–9], which is a mean field approximation to
an infinite set of coupled differential equations for Wilson
line correlators known as Balitsky–Jalilian–Marian–Iancu–
McLerran–Weigert–Leonidov–Kovner (B-JIMWLK) equa-
tion [7,10–17].

Despite the fact that these sophisticated QCD evolution
equations had a tremendous impact on both theoretical and
phenomenological studies of high energy processes, in par-
ticular processes not involving hadrons (onium–onium scat-
tering [18]), they are not appropriate to describe elastic scat-
tering experimental data [19]. The perturbative treatment
leads to the conformal, impact-parameter-independent evo-
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lution kernel (the b appears only in the Pomeron amplitude in
combination with the target transverse size – such b depen-
dent solution was discussed in [20]). The lack of b-space
diffusion was recently addressed in [21], but the equations
have not been tested phenomenologically.

In this work, we formulate an evolution equation for
the complex elastic scattering amplitude that successfully
describes the data and has some resemblance to the afore-
mentioned perturbative equations. Before we introduce and
motivate our equation, let us briefly outline the main con-
cepts. The diffusion in impact parameter space was first
discussed by Gribov [22]. In the 60’s, he also developed
the Reggeon Calculus [23], where the Pomeron was treated
as a quasi-particle exchanged in the t channel, which ulti-
mately lead to the formulation of the Regge Field The-
ory (RFT). In [24–26] a Lagrangian with triple interac-
tion vertex was studied to describe the Pomeron interac-
tions. It is interesting to note that, already in 70’, a rapid-
ity evolution equation for the Pomeron correlation func-
tions, preserving diffusion and containing the non-linear
quadratic term, was derived in the semi-classical approx-
imation [27]. This equation has a form of the Fisher–
Kolmogorov–Petrovsky–Piscounov (FKPP) equation (the
reaction–diffusion equation) [28,29], which is known to be
related to the QCD BK equation [30]. At that time there
were no experimental data at high energies that could uti-
lize the non-linear phenomena encoded in these equations.
Nowadays, in the LHC era, the energies involved are ade-
quate not only to study the non-linear phenomena that elas-
tic amplitudes must contain, but also to study more subtle
effects coming from inclusion of the Odderon fields and
higher order Pomeron couplings. The Odderon is a funda-
mental prediction of perturbative QCD, which is a color
singlet state of gluons with odd parity. Recently, the D0
and Totem collaborations, studying the difference between
pp and pp̄ cross sections at different energies, concluded
that an odd amplitude is necessary to explain the data
leading to the possible Odderon discovery at the LHC.
[31].

In the present work, based on [27], we derive a nonlin-
ear evolution equation for the complex elastic amplitude
and confront it with up-to-date experimental data. The evo-
lution equation is somewhat similar the one presented in
Ref. [32], where analytic properties of the solutions to the
real FKPP equation with a noise term were investigated, inde-
pendently of the initial conditions. In our work, on the other
hand, we solve the full complex equation, tying together
the real and imaginary amplitudes, using the data-driven
phenomenological models [33,34] as initial conditions. We
show that our complex equation describes the data excep-
tionally well up to the dip-bump region in the differential
elastic cross section as well as the quantities in the forward
regime.

2 Evolution equation for elastic amplitude

The relation between the S-matrix and the elastic scattering
amplitude reads

S(s, t) = 1 + iT (s, t) , (1)

where the transition amplitude T has real and imaginary
parts

T = TR + iTI . (2)

We define the impact parameter space amplitude as the
Fourier transform of the transverse components of the
momentum transfer q, t � −q2,

˜T (τ,b) =
∫

d2q e−ib·q T (τ,−q2) , (3)

where τ � log s is the rapidity and the bold symbols repre-
sent transverse vectors.

In the Regge theory the energy growth of the amplitude is
attributed to the Pomeron exchange:

T (s, t) = ga(t) gb(t) e
[αP (t)−1] log s

(

i − cot
παP (t)

2

)

, (4)

where αP (t) = 1 + ε0 + α′ t is the standard linear Pomeron
trajectory with the intercept ε0 and the slope α′. The functions
gi are the hadronic form factors.

It is easy to check that the b-space amplitude, in the large
b limit, satisfies the following diffusion equation

∂ ˜S(τ,b)

∂τ
=

(

α′∇2
b − ε0

)

˜S(τ,b). (5)

Equation (5), however, violates the Froissart bound and,
furthermore, its solutions are in contradiction with high
energy LHC data. To correct that, we use the RFT approach
with the following Lagrangian density [24]

L = 1

2
p
←→
∂ τq +α′∇bq ·∇b p− ε0 p q +λ p q (p+q) , (6)

where the fields q and p are related to Gribov’s Pomeron
fields, q = i�, p = i� and depend both on b and τ . Above,
λ is the triple Pomeron coupling. As pointed out in [25], in
addition to the zero energy ground state |φ0〉, the Hamiltonian
acquires a non zero energy state |φ1〉, which for large τ and
positive intercept ε0 approaches a coherent state. A general τ
dependent state is constructed as |ψ(τ)〉 = exp(− Â(τ ))|φ0〉,
where the operator A(τ ) is given by an infinite sum of (n +
1)-point correlation functions convoluted with the Pomeron
creation operators q̂:
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Â(τ ) =
∞
∑

n=1

1

n!
∫

d2b1...d
2bn q̂(b1)...q̂(bn)Gn(τ,b1, ..bn).

(7)

Equation (7) inserted to the Schrödinger equation ∂τ |ψ(τ)〉 =
−H |ψ(τ)〉, gives an infinite set of coupled differential equa-
tions for the correlators Gn . In the semi-classical approxima-
tion it reduces to an uncoupled set of equations. In particular,
for the two point correlation function one gets [26]

∂G1(τ,b)

∂τ
=

(

α′∇2
b + ε0

)

G1(τ,b) − λG1(τ,b)2. (8)

Since the energy dependence of the elastic amplitude is
driven by the one-Pomeron exchange, cf. Eq. (4), the evo-
lution equation for the two-point correlator can be readily
transformed into the equation for the amplitude itself and
thus the S-matrix. Because hadrons act as sources in RFT, the
b-dependent hadron state is simply represented by a coher-
ent state |p(B)〉 = exp(− ∫

d2b f (b−B) q̂(b))|φ0〉 with the
profile function f peaked around zero. The source function
f , together with G1(0,b), provide the initial conditions and
can be complex valued. Putting these ingredients together,
we obtain the following equation for the S-matrix

∂ ˜S(τ,b)

∂τ
=

(

α′∇2
b − ε0

)

˜S(τ,b) + λ˜S(τ,b)2. (9)

This equation resembles the FKPP equation [28,29]. How-
ever, since ˜S is a complex quantity the above equation pro-
vides a set of two real coupled differential equations for the
real and imaginary amplitudes. An interesting fact is that
these two equations

∂ ˜TI
∂τ

= α′ ∂2
˜TI

∂b2 + ε0

[

˜TI (1 − λ˜TI ) + λ˜TR
2
]

, (10)

and

∂˜TR
∂τ

= α′ ∂2
˜TR

∂b2 + ε0 ˜TR (1 − 2λ ˜TI ) (11)

have a very similar structure to the Pomeron and Odderon
energy evolution equations of the BK type [30,35].

In order to use the above equations one needs appropriate
initial conditions, which specify the impact parameter pro-
file functions for ˜TI and ˜TR , at a given initial energy. Once
these are known, for instance, from phenomenological mod-
els/parametrizations, they provide both the energy depen-
dence and impact parameter evolution of the amplitudes at
any energy.

Equation (9) is derived solely from the triple-Pomeron
interactions within the RFT, and as discussed before, does
not include the Odderon fields and higher order Pomeron
couplings in the evolution (it may include them however,

indirectly, in the initial condition, as both real and imaginary
parts have to be provided). Nevertheless, Eq. (9) captures the
key elements of the experimental data when supplied with
appropriate initial profiles, leaving space for inclusion of the
Odderon fields and other higher order non-linear terms.

3 Numerical results

In this section we solve the nonlinear equation (9), equivalent
to the set of Eqs. (10)–(11), numerically and confront it with
the existing pp elastic scattering data. Moreover, we provide
predictions for energies not accessible today, but likely to
be explored by the future particle colliders or cosmic ray
experiments.

In our normalization the differential cross section reads:

dσ

dt
= π (h̄c)2

[

TI (s, t)
2 + TR(s, t)2

]

, (12)

where (h̄c)2 = 0.389379 mb GeV2. For the sake of simplic-
ity, in our analysis we disregard the Coulomb interaction and
consequently its interference with the nuclear amplitude. The
forward quantities, obtained in the limit of t = 0, include the
total cross section σtot via the optical theorem, the ratio ρ

of the real and imaginary parts, and the imaginary and real
slopes BI , BR . These are defined respectively as follows:

σtot = 4 π (h̄c)2 TI (s, 0), (13)

ρ = TR(s, 0)

TI (s, 0)
, (14)

BI,R = 2

TI,R(s, t)

dTI,R(s, t)

dt

∣

∣

∣

∣

t=0

. (15)

The initial conditions for the differential equation have
to be set up by a measurement at lower energies through
extracted b-space profiles, both for the real and imag-
inary parts. In the present work we use the Kohara–
Ferreira–Kodama (KFK) model [33,36], and independently
the Bourrely–Soffer–Wu (BSW) model [34] to test the initial
condition dependence of the predictions. The main advantage
of these models is that they possess analytic forms in b-space.

It is important to stress that the initial conditions require b-
space profiles at certain fixed initial energy. Our phenomeno-
logical studies show that our evolution equation is suitable
for large energies (beyond ISR). We observe that the real part
of the evolution equation is monotonically reduced with the
increasing energy, which, consequently, causes a reduction in
the ρ parameter. Therefore, we choose to start with the initial
condition at

√
s = 500 GeV, since at this energy, according

to the dispersion relations expectations for a given total cross
section parametrization (see PDG [37]), the ρ value should
be close to its maximum.
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Table 1 The parameters α′, ε0 and λ are presented separately for the
KFK and the BSW initial conditions

α′ (GeV−2) ε0 λ

KFK 0.105 0.129 0.712

BSW 0.090 0.140 0.820

Fig. 1 The points represent the TOTEM proton-proton elastic differ-
ential cross-section measured at 2.76. 7, 8 and 13 TeV with statistical
uncertainties (bars) in the |t | range 0 < |t | < 1 GeV2. The colored
bands represent the predictions made using the coupled non-linear evo-
lution equation Eqs. (10), (11) for the KFK and BSW b-space initial
profiles

In Table 1 we show the parameters of the evolution equa-
tion, α′, ε0 and λ, determined in such a way that our solution-
based differential cross-section – for some higher energy, in
our case 7 TeV – fits the experimental data. These values are
rather stable for different initial conditions and used for all
other energies. It is remarkable that the Pomeron intercept ε0

is close to the standard nonperturbative intercept εP = 0.096.
The Pomeron slope (the diffusion coefficient) is close to 0.1
GeV−2, which is below the standard value 0.25 GeV−2, but
the possibility of this reduction was predicted in the 70’s [38].
We also observe the stability of the triple Pomeron coupling.

For the available LHC energies and low to moderate t
we observe a good match between our predictions and the
TOTEM data for the differential cross section. The bands
shown in Fig. 1 result from the difference in the predictions
for the KFK and BSW initial conditions. For a given value of
t , the lower limit of the band is defined by the minimum of
the predictions for the two initial conditions, while the upper
limit is defined by the maximum of the two. For higher val-
ues of t , including the dip and the bump regions, the posi-
tions and magnitudes also match well with the experimental
data. Quantitatively, the calculated dip positions shown in
Table 2 are in well agreement with TOTEM measurements.
Beyond the bump, our solutions go below the experimental
data. Since this region is still far from the perturbative tail in
terms of QCD, in our opinion this could be explained with

the inclusion of other interaction terms in the Lagrangian of
RFT, which will be investigated in future work.

The real and imaginary amplitudes in the t-space exhibit
similar analytic behaviour compared to other models avail-
able in the literature [34,36,39,40]. As can be seen in Fig. 2,
the real part has the first zero before the zero of the imaginary
part. This zero approaches the origin before the zero of the
imaginary part with the increasing energy in accordance with
the theorem of Martin [41]. On the other hand, the zero of the
imaginary part is close to the dip position. The dip structure,
i.e. its magnitude and shape, are determined by the interplay
of the imaginary and the real part, which is non-zero in this
region for several energies.

Another intriguing aspect is the presence of fixed points
(stationary points) for various energies in both real and imag-
inary amplitudes, i.e. the points for which the curves intersect
for different energies. The first fixed point in the real part is
at |t | = 0.07 GeV2, and the second is at |t | = 0.5 GeV2. For
imaginary part, the first fixed point is at |t | = 0.2 GeV2, and
the second at |t | = 1.0 GeV2. These fixed points constrain
the shape of real and imaginary amplitudes and could indi-
cate the uniqueness of the scattering amplitudes. Although
not exactly at the same positions, these fixed points were also
observed by Csörgő et al. in Refs. [40,42].

In Table 2 we summarize the standard forward quanti-
ties calculated at different energies. For the total cross sec-
tion σtot, the obtained values for both initial conditions agree
with TOTEM [43] for different energies, and with AUGER
[44], whereas for the ATLAS [45,46] data our result seems
to be slightly above. For ρ, our results are again substan-
tially within the error limits for the extracted values at 7 and
8 TeV from TOTEM. For 13 TeV, the prediction for KFK
initial condition is within the error limits, whereas for BSW
the value falls slightly outside the error bar. We believe that
the inclusion of the Coulomb interaction might introduce
some corrections due to its interplay with the real nuclear
part. Interestingly, the measured slope B, which is weighted
average between the real BR and imaginary BI slopes, is in
between the calculated values for both initial conditions.

Although not observable, the b-space profiles are use-
ful to analyze the interaction mechanism. At low energies
the diffusive and linear parts of the evolution equation drive
the dynamics of the scattering amplitudes. However, at large
energies the non-linear effects become important. Due to the
presence of the triple Pomeron vertex, the diffusive evolu-
tion equation follows a reactive-diffusive system that con-
tains essentially two regions: one for stable solution at large
b and another for unstable solution at small b. The LHC ener-
gies are especially interesting because the transition from the
linear regime to the non-linear can be probed. In this energy
range the profiles grow with the energy and eventually reach
the unitarity bound (similar to the saturation mechanism for
gluons). Once the profiles reach the unitarity bound the only
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Table 2 Forward quantities σtot , ρ, B calculated using both KFK and
BSW initial conditions, for various energies. We also show the available
experimental data at LHC energies – TOTEM 2.76–13 TeV [43,54–58]

(and the references therein), ATLAS 7 and 8 TeV [45,46] – and Cos-
mic Ray experiment – AUGER [44]. The ρ values for ATLAS are fixed
according to COMPETE parametrization [37]

√
s [TeV] σtot [mb] ρ B [GeV−2]

KFK initial condition 2.76 84.31 0.123 17.28

7 99.07 0.117 18.47

8 101.32 0.116 18.65

13 109.78 0.113 19.32

57 138.32 0.105 21.55

BSW initial condition 2.76 83.14 0.143 19.69

7 98.40 0.134 21.12

8 100.73 0.132 21.34

13 109.52 0.127 22.15

57 142.30 0.115 24.87

TOTEM 2.76 84.7 ± 3.3 – 17.1 ± 0.30

7 98.0 ± 2.5 0.145 ± 0.091 19.73 ± 0.40

8 101.7 ± 2.9 0.12 ± 0.03 19.74 ± 0.28

13 110.6 ± 3.4 0.10 ± 0.01 20.40 ± 0.01

ATLAS 7 95.35 ± 0.38 0.14 (fix) 19.73 ± 0.14

8 96.07 ± 0.18 0.136 (fix) 19.74 ± 0.05

AUGER 57 133 ± 29 – –

Fig. 2 Real and imaginary pp amplitudes obtained numerically for the
KFK initial conditions for the LHC energies

way to allow for the growth of the integrated cross sections is
by diffusion for large b. For very large energies the profiles
behave as traveling waves and we obtain a geometric scaling
[47]; in other words the scattering process becomes func-
tion of a single scaled variable h(s, t). Similar property was
recently discussed in [48,49]. Another important observa-
tion on the inelastic profile is the existence of a toroidal-like
structure [50], later dubbed as ’hollowness’ effect [51], which
was also studied in subsequent works [36,52,53]. In Fig. 3
we observe this effect starting from 13 TeV and it seems to
persist for larger energies.

Fig. 3 Inelastic profiles obtained numerically using the evolution
equation Eq. (9) for energies between 2.76 TeV up to 109 TeV for
the KFK initial conditions

4 Summary

Elastic scattering of hadrons is one of the most basic pro-
cesses, yet it is incredibly rich in complicated dynamics,
which is still not completely understood. In the present work
we change radically the way one can approach this funda-
mental problem applying an evolution equation for com-
plex amplitudes. The equation has its origin in dynamics
of Pomeron interactions and has the potential to include
the Odderon field plus higher order interaction terms. Using
realistic models as initial conditions we describe the Large
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Hadron Colider data in a broad kinematic range and we are
able to extrapolate our predictions to cosmic ray energies.
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