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Abstract We investigate the thermodynamic properties
and Joule–Thomson expansion for conical or BTZ-like black
holes. To analyze the thermal stability, we discuss the temper-
ature and thermal stability relative to the horizon radius for
different values of model parameters β0 and α2. Moreover,
we analyze thermodynamical geometries like Ruppeiner,
Weinhold and Hendi Panahiyah Eslam Momennia formula-
tion and calculate respective scalar curvatures for BTZ-like
black holes. Interestingly, the black holes have no singular-
ity in some cases, i.e., completely regular. We obtain the
inversion temperatures and inversion curves and investigate
the similarities and differences between van der Waals and
charged fluids. To discuss this expansion, we use a BTZ-like
black hole. Further, we establish the position of the inversion
point versus different values of mass μ, and the parameters β0

and α2 for such a BTZ-like black hole. The Joule–Thomson
coefficient μ at this point disappears. A crucial trait upon
which we relied to inspect the sign of quantity μ to get the
cooling-heating areas. We also investigate the energy emis-
sion depending upon the frequency ω.

1 Introduction

Black hole (BH) thermodynamics has been a stimulating and
functional research subject with interesting results [1–7]. It is
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known that thermodynamical quantities such as entropy and
temperature are linked with geometrical quantities like the
surface gravity and horizon area. According to semiclassical
analysis, the emission of Hawking radiations makes the BHs
thermally unstable. Thus, the temperature of BHs increases
when their size decreases, which is a complete thermal run-
away process. Several features have been disclosed about the
thermodynamical properties of BHs, and one amongst them
is the thermal stability of the BHs. Since thermal stability is
one of the core thermodynamical properties exhibit the sys-
tem’s decency after a slight shift in thermodynamic parame-
ters. A variety of techniques are available to study the phase
structure of a BH near to its critical point [8]. A well-famed
and formal analysis of thermal stability of BH is specific heat.
The positive conduct of heat capacity physically represents
that the system is thermally stable [9,10]. The heat capac-
ity plays a major role in studying the phase transition of BH
[10–14]. There are two core types of phase transition such as
heat capacity and the divergency of heat capacity.

Several authors have originated a geometrical technique
for thermodynamics and phase transitions in an entirely dif-
ferent scenario. Hermann [15] introduced a differential mani-
fold as an embroilment of thermodynamic phase space with a
natural contact structure of subspace in an equilibrium state.
In this scenario, Weinhold suggested another geometrical
approach [16] by suggesting a metric of equilibrium state in
thermodynamic space and the procedure of conformal map-
ping from Riemannian to thermodynamic space was used,
which also involves the geometry of thermodynamic fluctu-
ation. There are two attracting equilibrium states attached to
the positive definite line interval in this geometry. The first
amongst the two is the probability distribution of thermody-
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namic fluctuations in Gaussian approximation. Comments
about the relationships in the underlying microscopic statis-
tical basis are put in writing in the scalar curvature of the ther-
modynamic quantities emerging from this geometry [17,18].
Thus, the scalar curvature is connected with the divergency
at the critical point and the correlation volume of the system.

Thermodynamical scalar curvature is visualized as the
geometrical method that elaborates the macroscopic structure
of the system and links it to the microscopic structure by the
use of Gaussian fluctuation. In this regard, thermodynamic
scalar curvature gives knowledge about the nature of micro-
scopic interaction, which is elaborated in the research arti-
cles [19,20]. This framework based on geometry has floated
meaningful insight into divergency or phase structure and
critical phenomena for BHs [21–27]. Further, thermal sta-
bility to the system is also provided by the scalar curvature
[16,28]. In classical physics, a thermodynamic system of
black holes (BHs) in general relativity is analogous to the
general thermodynamic system. The study is based on the
four hypotheses of thermodynamics, the zero law and three
other laws. Hawking was the first who proposed BH tem-
perature [29], which means that the BHs can radiate parti-
cles near the event horizon through gravitational interactions.
The thermodynamic systems of various types of black hole
solutions in general relativity are very important and their
properties have been widely studied [29]. The phase transi-
tion of Schwarzschild AdS BH is investigated by Hawking,
and Page [30]. Later, In the extended phase space [31], the
effect of the cosmological constant (�) on the thermody-
namic of BH. Regular BHs are very interesting due to the
absence of central singularity. The study of thermodynamic
characteristics and phase transitions of these BHs are dis-
cussed in [31,32].

The Joule–Thomson expansion of BHs was first inves-
tigated in [33]. This subject subsequently was comprehen-
sively studied in [34–37]. The inversion curves separat-
ing heating cooling regions in the T − P plane for isen-
thalpic curves with different parameters were presented.
These papers show that the inversion curves T (P) for dif-
ferent BH systems are similar. In this paper, we would like
to generalize the current research of Joule–Thomson expan-
sion to the case of the BTZ-like BH. The paper format is as
follows. In Sect. 2, we present our new class of singularity-
free BH. Section 3, we comment on the thermal stability
of solutions. In Sect. 4, we discuss some thermodynami-
cal geometries like Weinhold, Ruppeiner, HPEM and GTD
for BTZ-like BHs. In the next Sect. 5, we present a clas-
sical physical quantity Joule–Thomson expansion, one of
the famous processes to describe the temperature change
of gas from a high-pressure region to a low-pressure region
through a porous plug. In Sect. 6, we discuss the energy emis-
sion phenomenon of BH. Lastly, we give some concluding
remarks.

2 Singularity-free black hole

Seeking inspiration from the higher-dimensional counter-
parts present in research [38,39], we define electromag-
netic quasitopological (EMQT) structure in three dimen-
sions by using the condition that a general Lagrangian√|g|L[gab, Rab, ∂aφ] reduces to a total derivative when it
is evaluated on the metric [40], which is expressed as:

ds2 = − f (r)dt2 + dr2

f (r)
+ r2dϕ2, φ = pϕ, (1)

where p is a dimension-free arbitrary constant. We discover
the given below family of densities relates to the three-
dimensional EMQT structure [38]:

IEMQT = 1

16πG

∫
d3x

√|g|
[
R + 2

L2 − Q
]
, (2)

where

Q =
∑
n=1

αnL2(n−1)(∂φ)2n −
∑
m=0

βmL
2(m+1)(∂φ)2m

×
[
(3 + 2m)Rbc∂bφ∂cφ − (∂φ)2R

]
, (3)

where (∂φ)2 = gab∂aφ∂bφ, αn, βm are the dimension-free
constants. Notice that the terms involved in Q are linear in
terms of the Ricci tensor. Thus we cannot find any evidence
to ensure the existence of enhanced EMQT densities where
rising powers of Rab are involved. A detailed explanation is
given in [41], the non-linear forms of Eq. (2) when it is being
evaluated for an ansatz of the form Eq. (1). The respective
expression of single and independent metric function f (r),
which once can be integrated and solved by resulting in the
given below form:

f (r) =
[
L2

r2 − μ − α1 p
2log

( r

L

)
+

∑
n=2

α1 p2nL2(n−1)

2(n − 1)r2(n−1)

]

×
[

1 +
∑
m=0

βm p2(m+1)(2m + 1))L2(m+1)

r2(m+1)

]−1

, (4)

where integration constant μ is relevant to the mass of solu-
tions, which is expressed in the expression μ = M+β0 p2 +
α1 p2log( r0

L ), here r0 notions the cutoff radius. Actually, the
total mass of BH is divergent as r0 → ∞ whenever α1 �= 0,
same as in the charged BTZ solution [42]. We accentuate that
Eq. (4) is the only possible static and spherically symmetric
solution of Eq. (2). If one think about the more common
ansatz, the equations of motion naturally put the condition
gtt grr = −1 [41]. significantly, if all αn and βm are set to
zero, we get the usual static BTZ metric having mass μ.
Likewise, with only α1 being active, the metric moulds in
the form of charged BTZ BH [42], a fact which accompanies
the electromagnetic-dual illustration of our EM-QT action.
As the coupling parameters, αn and βm can be turned by
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will, multiparametric generalisations of the BTZ metric can
be obtained.

Based on the values of parameters αn and βm , Eq. (4)
results in a variety of solutions. At first, the number of hori-
zons are merely based on the positive roots of the equation

L2

r2 − μ − α1 p
2log(

r

L
) +

∑
n=2

α1 p2nL2(n−1)

2(n − 1)r2(n−1)
= 0, (5)

which sequentially rely upon the values and signs of αn . Turn-
ing the effects of αn off will leads to solutions of a BH with
a unified horizon r = L

√
μ where μ > 0, equivalent to the

neutral BTZ case. Some other solutions under the effects of
αn are discussed in detail in [41] which generates more than
a single horizon.

At r = 0, the metric function turns to unity as

f (r)
r→0= 1, (6)

the angular flaw existing at r = 0 vanishes and the metric
turns to regular [41], this is absolutely what materialises with
the BTZ metric for the specific value of μ = −1, for which
it results to pure AdS3.

The spacetime having at least one horizon describes the
singularity-free BH. We are here discussing the simplest case

where α1,n≥3 = βn≥1 = 0, p2 = 2 β0
α2

. Then, the EMQT
action takes the form of Eq. (2) where

Q

L2 = α2(∂φ)4 − β0

[
3Rbc∂bφ∂cφ(∂φ)2R

]
(7)

and the solution is

f (r) =
r2

L2 − μ + 2β2
0 L

2

α2r2

1 + 2β2
0 L

2

α2r2

, φ = ϕ

√
2β0

α2
. (8)

Above metric at the origin have constant Ricci scalar value
R = 3(1+μ)α2

L2β2
0

.

We will discuss the roots to study the effects of parameters
α2 and β0 on our solutions. We can analyze other physical
quantities like mass, temperature, and heat capacity. First of
all, we discuss the conserved and thermodynamic features
of BH. Then we calculate mass, temperature, and other ther-
modynamic features as an entropy function. From Eq. (8) we
can obtain the mass μ by taking f (r) = 0, as given below

μ = 2β2
0 L

4 + α2r4
0

α2L2r2
0

, (9)

where r0 notions the event horizon of BH. The thermal prop-
erty temperature of BH can be determined by considering
f
′
(r)

4π
given below

T = α2r0
(−2β2

0 (μ + 1)L4 + 4β2
0 L

2r2
0 + α2r4

0

)
2π

(
2β2

0 L
3 + α2Lr2

0

)2 (10)

where α2 and β0 are coupling constants. Entropy of BH is
given by

S = πr2
0 . (11)

The total mass of the black hole can be calculated by using
the first law of thermodynamics [43]

dM = Tds + 
dQe,+�dQm, (12)

where Qe and Qm are electric and magnetic charges, respec-
tively. Since, we are discussing an uncharged regular BH,
both quantities are zero. After calculation of conserved and
thermodynamical quantities, we again write the smarr-type
formula in terms of entropy and coupling constants α2, β0

and μ as given:

M(s, α2, β0, μ) =
α2

⎛
⎝ 2s3/2

3α2L2 + 2π2β2
0 L

2√s
(
α2μ+α2+2β2

0

)
α2

2

(
2πβ2

0 L
2+α2s

) −
√

2π3/2β0L
(
α2μ+α2+2β2

0

)
tan−1

( √
α2

√
s√

2πβ0L

)

α
5/2
2

⎞
⎠

2π3/2 (13)

Now, we can also find the temperature as

T = α2r0
(−2β2

0 (μ + 1)L4 + 4β2
0 L

2r2
0 + α2r4

0

)
2π

(
2β2

0 L
3 + α2Lr2

0

)2 . (14)

The above Eq. (14) will be next used to obtain better results
regarding BH solutions.

3 Thermal stability of solutions

The thermal stability of BH can be analysed by finding the
heat capacity and divergence of roots through their positive
and negative signs. Positive sign show stability and negative
sign show the instability of BHs disregarding the values of the
parameters used. Another useful feature of heat capacity is
that it results in the relation of phase transition interpretations
through its divergence [44–48]. Relation for heat capacity is
given as

C = T
∂2M
∂2S

= 2s
(
2πβ2

0 L
2 + α2s

) (−2π2β2
0 (μ + 1)L4 + 4πβ2

0 L
2s + α2s2

)
−4π3β4

0 (μ + 1)L6 + 6π2β2
0 L

4s
(
α2μ + α2 + 4β2

0

) + 6πα2β
2
0 L

2s2 + α2
2s

3
, (15)
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where

∂2M

∂2S
= α2

(−4π3β4
0 (μ + 1)L6 + 6π2β2

0 L
4s

(
α2μ + α2 + 4β2

0

) + 6πα2β
2
0 L

2s2 + α2
2s

3
)

4π3/2L2
√
s
(
2πβ2

0 L
2 + α2s

)3 . (16)

Moreover, the physical and non-physical solutions of BH can
be discussed by analysing the roots of temperature. The pos-
itive value of temperature ensures the physical solution of
BH, while the non-physical solution is mentioned by its neg-
ative value. After recognising the thermodynamic behavior
of BH, it is worth exploring the phase transition points and
the bound points of heat capacity. This motive can be served
by utilizing Eqs. (15) and (16) to explore the phase structure
and bound points sequentially. BH system heat capacity must
have a positive value to be physically stable. Heat capacity
shows positive behavior by ensuring the system’s stability, as
shown in Fig. 1. Concerning the above discussion, one may
wish to have an analysis of the roots and divergence of heat
capacity. We calculate the roots of heat capacity termed as
bound points [49] as given below

r0{−}, BP = −

√√√√√
2
√

β2
0 L

4
(
α2μ + α2 + 2β2

0

) − 2β2
0 L

2

α2
, (17)

r0{+}, BP =

√√√√√
2
√

β2
0 L

4
(
α2μ + α2 + 2β2

0

) − 2β2
0 L

2

α2
, (18)

and divergence points are

r0{−}, DP = −
√√√√−22/3α2

2β2
0 L

4
(
α2μ + α2 + 2β2

0

) − 2α2β
2
0 L

2 3
√
l1 + 3

√
2(l1)2/3

α2
2

3
√
l1

, (19)

r0{+}, DP =
√√√√−22/3α2

2β2
0 L

4
(
α2μ + α2 + 2β2

0

) − 2α2β
2
0 L

2 3
√
l1 + 3

√
2(l1)2/3

α2
2

3
√
l1

, (20)

where

l1 = √
2
√

α6
2β6

0 L
12

(
α2μ+α2+2β2

0

)2 (
α2μ+α2+10β2

0

)

+4α3
2β4

0 L
6
(
α2μ + α2 + 2β2

0

)
.

Here, subscript B.P and D.P show the bound and diver-
gence points, respectively. Possible roots of the heat capac-
ity are two. For real roots they must satisfy the condition
α2 > 0, β0 > 0. Figures 2 and 3 shows that positive and
negative bound points and divergence points are decreasing
and increasing functions of α2, i.e., as we increase α2, the
BH system becomes more stable.

4 Thermodynamic geometries

This section discusses the thermodynamical geometries con-
structed by Weinhold, Ruppeiner, Hendi Panahiyah Eslam
Momennia (HPEM) and GTD [50] for BTZ-like BHs. In
spite of the availability of plenty of work on the black hole
thermodynamics, a full descriptive microstructure of black
holes was still missing. An alternative way to Exploring the
microstructure of black holes is the geometric discussion
of the thermodynamic system. Here, we review the general
properties of the thermodynamical geometry theories. The
thermodynamic geometry connects the statistical mechanics
with thermodynamics, in which a suitable metric space is
decisive in the equilibrium state space of a thermodynamic
system. To avoid the system’s complexity, we use geometric
mass μ to discuss the geometries. Representation of Wein-
hold geometry in terms of mass μ is as follows [16]

gi j
W = ∂i∂ jμ(S, α2, β0). (21)

Metric for BTZ-like BH can be expressed as

ds2
W = μSSdS

2 + μα2α2dα2
2 + μβ0β0dβ0

2 + 2μSα2dSdα2

+2μSβ0dSdβ0 + 2μα2β0dα2dβ0. (22)

Whose matrix form is given by

⎛
⎝ μSS μSα2 μSβ0

μα2S μα2α2 0
μβ0S 0 μβ0β0

⎞
⎠ . (23)

curvature scalar of Weinhold metric (RW ) from given above
matrix and equations can be calculated. Weinhold curvature
scalar in expression form is given below

Rw = − α2s

2πβ2
0 L

2
(24)

It can be observed from Fig. 4 that the curvature scalar
of Weinhold geometry for BTZ-like BH is singularity free,
which clarifies that the Weinhold metric occupies no physical
information.
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Fig. 1 Shows the graphical behaviour of heat capacity C and temper-
ature T for β0 = 0.3, Ł = 0.002, α2 = 0.8, μ = 1

Now we take the Ruppeiner geometry which is conformal
to the Weinhold geometry. Ruppeiner metric in the thermo-
dynamic system is elaborated as [51]

ds2
R = ds2

W

T
. (25)

In expression form, Ruppeiner geometry is written as

R(Rup) = α2
2s

3

2
(
β2

0

(
2π2β2

0 L
4 − α2s2

)) . (26)

One can analyse from Fig. 5 that the curvature scalar of Rup-
peiner geometry is singularity free at different values of α2

and β0. This can also be justified by using the HPEM formal-
ism [52] to have an analysis of the thermodynamical proper-
ties of the BH systems.

The metric for HPEM geometry can be written as

ds2 = SμS

(
∂2μ

∂α2
2

∂2μ

∂β0
2 )3

(−μSSdS
2 + μα2α2dα2

2 + μβ0β0dβ
2
0 ). (27)

The expression for HPEM geometry scalar is given by

RHPEM = −α12
2 s6

(
2π2β2

0 L
4 − α2s2

)
32,768

(
π8β8

0 L
16

) (28)

From Fig. 6, the singularity-free behavior of the HPEM cur-
vature scalar can be analysed to extract some meaningful
information.

Relative to the microscopic explanations of interactions
[53], the positive and negative curvatures inferred the repul-
sive and attractive interactions, respectively. It is clear from
Weinhold’s curvature (see Fig. 3) that there exists a strong
attractive interaction in the microstructure of regular black
holes in the domain of the critical temperature of phase tran-
sitions. It is important to mention that a qualitative similarity
is present between the structures of Weinhold’s geometry
and Ruppeiner’s geometry, and the identical behaviour can
confirm this similarity in Figs. (3 and 4). In the case of the
HPEM metric, this Ricci is constructed without an additional

divergence point in the denominator of this metric. The diver-
gence of the Ricci scalar and phase transition points of the
heat capacity will harmonise. So, this formalism gives a piece
of machinery that studies heat capacity. Thus, the divergence
of the Ricci scalar coincides with phase transition points of
heat capacity. Therefore, one can judge the type of phase
transition and its behavior only by utilizing the HPEM met-
ric.

5 Joule–Thomson expansion for BTZ-like black hole

A classical physical quantity, Joule–Thomson expansion is
one of the famous processes to describe the temperature
change of gas from a high-pressure region to a low-pressure
region through a porous plug. It mainly elaborates on the pro-
cess of gas expansion; this process expresses the temperature
decrease as the cold effect and temperature rise as the heat
effect, while enthalpy is kept constant during this expansion.
This change is dependent upon the Joule Thomson coeffi-
cient, which is given by:

UJT =
(

∂T

∂P

)
H

= 1

Cp

[
T

(
∂V

∂T

)
p

− V

]
, (29)

where heat capacity at constant pressure is given by

cP =
(

∂S

∂T

)
P

. (30)

The entropy obtained at the event horizon by the area law is
given by

S = πr2
0 , (31)

and

P = − �

8π
= 3

8πL2 . (32)

The first law of the black hole is given by

dμ = TdS + VdP + ϕdβ0,

and all the thermodynamic variables defined above can be
obtained as follows

T =
(

∂μ

∂S

)
P,β0

, V =
(

∂μ

∂P

)
S,β0

, ϕ =
(

∂μ

∂β0

)
S,P

. (33)

Using f (r) = 0, the mass of BH can be written as

μ = 3β2
0

4πα2Pr2 + 8

3
π Pr2. (34)

T = 2α2Pr0
(
32π2α2P2r4

0 + 3β2
0

(
16π Pr2

0 − 3(μ + 1)
))

3
(
3β2

0 + 4πα2Pr2
0

)
2

. (35)

The volume of BH as

V = 8πr2
0

3
− 3β2

0

4παP2r2
0

. (36)
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Fig. 2 Positive and negative bound points (BP) r0{+}, and r0{−} (up
and down) plots along α2 for by fixing L = −1, μ = 0.2 for differ-
ent values of β0 {left panel} and positive and negative bound points

(BP) r0{+}, and r0{−} (up and down) plots along α2 for by fixing
L = −1, β0 = 0.2 for different values of μ {right panel}

Potential of BH as

ϕ = 3β0

2παPr2
0

. (37)

The pressure should be

P =
3

(√
α2

2μ2r4
0 − 8α2β

2
0r

4
0 + α2μr2

0

)

16πα2r4
0

. (38)

The cooling-heating regions can be expressed by the sign
of Eq. (38). Because the pressure always decreases during
expansion so that temperature increase or decrease affects
the sign of coefficient μ, if the change of temperature is
positive, it leads to the cooling region; when the temperature
is negative, it leads to the heating region.

From the above Joule–Thomson expansion equation coef-
ficient obtained is as given:

μJT = 64π2α2Pr4
0

24π2α2Pr3
0 + 18πβ2

0r0

−24π2αr3
0

(
32π2α2P2r4

0 − 9β2
0

)
(
24π2α2Pr3

0 + 18πβ2
0r0

)2 . (39)

From the definition of Joule- Thomson expansion, we can
extract the inversion temperature as

Ti =
(
32π2α2P2r4

0 − 9β2
0

) (
27β4

0 + 128π3α2
2 P

3r6
0 + 36πα2β

2
0 Pr

2
0

(
8π Pr2

0 + 3
))

6
(
32π3α2P3r4

0 + 9πβ2
0 P

) (
4πα2Pr3

0 + 3β2
0r0

)2 . (40)

Figure 7 shows the temperature behaviour with increasing
values of β0 and fixed pressure for regular BTZ-like BH. The
temperature decreases under the region r0 ≤ 0.4, leading to
the unstable region, but greater than 0.4 represents the ther-
modynamically stable region. Figure 8 demonstrates that reg-
ular BTZ-like BH is always thermodynamically (mass) stable
with positive α2 = 2 and α2 = 4. In addition, for increasing
pressure values β0 and r0, the local maximum of μ decreases.
Further, the μ converges when r0 shrinks to zero for regular
BTZ-like BH. Figure 9 represents the inversion temperature
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Fig. 3 Positive and negative divergence points (DP) r0{+}, and r0{−}
(up and down) plots along α2 for by fixing L = −1, μ = 0.2 for
different values of β0 {left panel} and positive and negative divergence

points (DP) r0{+}, and r0{−} (up and down) plots along α2 for by fixing
L = −1, β0 = 0.2 for different values of μ {right panel}

Fig. 4 Wein Hold geometry R(wen) plots, for β0 = 0.3, L = 0.005, α2 = (0.2, 0.4, 0.6, 0.8, 1.0) {left} and α2 = 0.8, L = 0.005, β0 =
(0.3, 0.5, 0.7, 0.9, 1.1) {right}

Ti for increasing values of parameter α2 and β0. We can see
that from the figures, the inversion curves are not closed, with
the lowest inversion curve comparable with Van der Waals
fluids. The inversion temperature is inversely related to the
values of parameter α2 and β0 of regular BTZ-like BH, and
it is habituated to separate the cooling and heating regimes.
In all the three trajectories, the position of inversion point Ti
shifts to the higher values with an increase in the parameter

β0. The Joule–Thomson coefficient μJT in terms of horizon
r0 is shown in Fig. 10. We fix α2 = 0.1 and α2 = 0.2, the
parameter β0 as 0.02, 0.04, 0.06 in order. Both divergence
points are less than zero of horizon radius r0. By comparing
the above figures, we can demonstrate that the divergence
point of the Joule–Thomson coefficient is reconcilable with
the zero point of Hawking temperature. The divergence point
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Fig. 5 Shows Rupenior geometry R(RU P) by taking β0 = 0.3, L = 0.005, α2 = (0.2, 0.4, 0.6, 0.8, 1.0) {left} and α2 = 0.8, L =
0.005, β0 = (0.3, 0.5, 0.7, 0.9, 1.1) {right}

Fig. 6 Portray the graphical behavior of HEPM geometry by choosing β0 = 0.3, L = 0.005, α2 = (0.2, 0.4, 0.6, 0.8, 1.0) {left} and
α2 = 0.8, L = 0.005, β0 = (0.3, 0.5, 0.7, 0.9, 1.1) {right}

contains the Hawking temperature information and corre-
sponds to the extremal black hole.

Figure 11 represents the isenthalpic curves with con-
stant mass (enthalpy) for various values of parameter β0

in the T − P plane. The inversion curves and isenthalpic
curves describe the cooling and heating regions. The inver-
sion curves separate and distinguishes the plane of isenthalpic
curves into two regions. The left side region of the inver-
sion curve denotes the warm phase, whereas the temperature
increases and the right-side portion of the curve represent the
cooling process. In detail, one can also check the sign of the
slope of isenthalpic curves in the cooling or heating phases.
The slope should be positive in the cooling region, and if it
turns negative, it will represent the heating region. Inversion
curves are a barrier between the heating and cooling regimes.

6 Emission energy

It is known that quantum fluctuations in the interior of the
BHs cause the formation and eradication of an excessive

number of particles very close to the horizon. The particles
having positive energy get out from the BH via tunneling
in the core region where Hawking radiation occurs, which
becomes the main reason for the BH evaporation in some spe-
cific period. In this section, we intend to discuss the energy
emission rate associated with it. For a distant observer, the
cross-section of high-energy reception approaches the BH
shadow. The energy reception cross-section of the BH at very
high energy oscillates to the constant and limiting value σlim .
It addresses that this constant and limiting value is associated
with the radius of BH as [54–56]:

σlim ≈ πR2
0, (41)

where, R0 notions the BH horizon radius. Thus the expression
for energy emission rate of BH is [54–56]:

d2ε

dωdt
= 2π2σlim

exp
ω
T − 1

ω3, (42)

where, the temperature T is given in Eq. (14). Equation (42)
becomes after replacement of horizon radius r0, temperature
T and cross section σlim as:
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Fig. 7 Temperature T plot with fixed value of α2 = 2.5 and β0 = (0.2, 0.4, 0.6) {left} and α2 = 3.0 and β0 = (0.2, 0.4, 0.6) {right}

Fig. 8 Plot of Mass with fixed value of α2 = 2.0 and β0 = (0.2, 0.4, 0.6) {left} and α2 = 4.0 and β0 = (0.2, 0.4, 0.6) {right}

Fig. 9 Plot of of inversion temperature with fixed of α2 = 2 and β0 = (0.4, 0.6, 0.8) {left} and α2 = 4.0 and β0 = (0.4, 0.6, 0.8) {right}

d2ε

dωdt
=

√
2π3ω3

√√√√L2

(√
α2μ2−8β2

0√
α2

+ μ

)

exp

⎛
⎜⎜⎜⎝

√
2πω

(√
α2

√
α2μ2−8β2

0 +α2μ+4β2
0

)√√√√L2

(√
α2μ2−8β2

0√
α2

+μ

)

√
α2μ

√
α2μ2−8β2

0 +α2μ2−8β2
0

⎞
⎟⎟⎟⎠ − 1

, (43)
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Fig. 10 Plot of Joule–Thomson Coefficient with fixed value of α2 = 0.1 and β0 = (0.02, 0.04, 0.06) {left} and α2 = 0.2 and β0 =
(0.02, 0.04, 0.06) {right}

Fig. 11 Plot of isenthalpic curves with fixed value of β0 = 0.2 and μ = (0.2, 0.4, 0.6) {left} and β0 = 0.4 and μ = (0.2, 0.4, 0.6) {right}

where, α2, β0, L are constant parameters and μ is the mass
of BH. Eenergy emission variations for different values of
α2, β0 are graphed in Fig. 12. In Fig. 12 for the purpose of
simplicity d2ε

dωdt = εωt . It can be seen that energy emission
rate vary by the variating the parameters α2 and β0.

7 Conclusion

In this article, we have evaluated the conserved and ther-
modynamic quantities of the BTZ-Like BH and calculated
the Smarr-type formalism for the mass as a function of the
extensive variables. After that, we presented a comprehensive
analysis of the thermodynamics and stability of BH. We dis-
cussed the thermal stability of the BTZ-Like BH and found
the possible number of bounds relying upon the coupling
parameters α2 and β0. From Fig. 1, it is clear that the pos-
itive behavior of heat capacity shows the thermal stability
of the BH. Figures 2 and 3 depicts the positive and nega-
tive behavior for positive real values of coupling parameters
(i.e., α2 > 0 and β0 > 0). Moreover, we have established
the geometrical composition of BTZ-Like BH by using the

Weinhold, Ruppeiner, and HPEM dogmatism. Figures 4 and
5 show the singularity-free behavior of Weinhold and Rup-
peiner geometry which have no physical interpretations; they
only show the attractive interaction due to negative behaviour.
Whereas Fig. 6 has positive behavior and is free of singularity,
some meaningful information can be extracted as mentioned
in section-I V .

It is important to discuss that our study mainly involves
parameters L , β0, α2, and μ, so their negative and positive
signs are of much importance. It is note-able that the negative
value of α may generate a complex value, like in divergence
and bound points, so we always take α > 0. Since β0 and
L are squared quantities, their negative and positive values
have no impact on the behaviour of solutions. Also, μ is the
geometric mass of the regular black hole, so it cannot be
negative; thus, μ > 0.

This paper also discusses the Joule–Thomson expansion
for BTZ-like BH, where the cosmological constant is written
with the pressure. Since the BH mass is clarified as enthalpy,
it is defined as the mass that does not change during the
Joule–Thomson expansion. The Joule–Thomson coefficient
μJT versus the horizon r0 is shown in Fig. 10, which shows
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Fig. 12 Plots for the rate of energy emission varying with the frequency with fixed value of β0 = 0.3 and α2 = (0.3, 0.4, 0.6 0.8 1.0) {left} and
α2 = 0.8 and β0 = (0.2, 0.3, 0.4, 0.5, 0.6) {right}

that both of the divergence points are zero and less than the
horizon radius r0. By comparing the above figures, we can
demonstrate that the divergence point of the Joule–Thomson
coefficient is reconcilable with the zero point of Hawking
temperature. The divergence point contains the Hawking
temperature information and corresponds to the extremal
black hole. Since the BH mass is interpreted as enthalpy,
an isenthalpic technique can be applied to obtain the temper-
ature change during the Joule–Thomson expansion. And we
calculated the inversion curves in the T − P (Fig. 11) plane
and the corresponding isenthalpic curves. We have investi-
gated the inversion curves which distinguish the cooling and
heating regions for different values of α2 and β0. Finally,
the energy emission rate, dependent on the frequency ω, is
elaborated in Fig. 12. It is noted that the energy emission rate
varies by the variation in the parameters α2 and β0.
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