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Abstract We discuss quantum entanglement in top pair
production at the LHC. Near the 7 threshold, entangle-
ment observables are enhanced by suppressing the contri-
bution of gg subprocesses, which is achieved by a simple
cut on the velocity of the ¢7 system in the laboratory frame.
Furthermore, we design new observables that directly mea-
sure the relevant combinations of ¢7 spin correlation coeffi-
cients involved in the measurement of entanglement and Bell
inequalities. As aresult, the statistical sensitivity is enhanced,
up to a factor of 7 for Bell inequalities near threshold.

1 Introduction

As firstly acknowledged by E. Schrodinger, entanglement is
the characteristic aspect of quantum mechanics that enforces
its complete departure from classical thought [1]. The physi-
cal consequence of entanglement that shows such departure is
the violation of Bell inequalities [2] by quantum mechanics,
an impossible result for any local and realistic (‘classical’)
theory of nature. In consequence, it is of the utmost impor-
tance to experimentally test both issues at different scales. It
should be noted here that entanglement does not necessarily
imply violation of the Bell inequalities, but the opposite is
true.

The violation of Bell inequalities in its Clauser-Horne-
Shimony-Holt (CHSH) version [3] has been convincingly
shown in experiments with low-energy photons and elec-
trons in a number of dramatic experiments [4,5], which have
essentially closed all the conceivable loopholes on the valid-
ity of the tests. On the other hand such experimental tests
have not been possible yet at high-energy scales.

This goal has been recently addressed in several interest-
ing works [6-10], dealing with the top-antitop system (¢7) at
the Large Hadron Collider (LHC). As stressed in Ref. [8],
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the qubits associated to the spin states of 77 pairs produced
at the LHC provide a suitable arena to investigate these mat-
ters since top quarks decay before their spins are randomised
by strong radiation and the spin of the lepton produced in
semileptonic decays t — £vb (£ = e, ) is completely cor-
related to that of the mother top. Besides, owing to the large
cross section, 0 = 832 pb at 13 TeV [11] there is a good
amount of statistics on ¢7 production already at Run 2 with
139 fb—! of collected data, and there will be much more in the
future at its high luminosity upgrade (HL-LHC). In Refs. [6—
10], certain sufficient conditions for entanglement and CHSH
violation were obtained, together with a phenomenological
exploration of their testability. In Ref. [8], it was concluded
that, whereas a verification of entanglement is already feasi-
ble from the LHC Run 2 dataset, a significant evidence for
the violation of Bell-like inequalities is much harder, even in
the high luminosity LHC run.

The purpose of this paper is to re-examine the conditions
for entanglement and CHSH-violation in the ¢7 system, and
devise a refined strategy to experimentally test them. To this
end, we will make two improvements. First we will consider
an upper cut on the velocity of the 77 system:

pi + p;

< cut7 1
E 1 E; =B ey

B

where p*®, E are the three-momentum in the direction of the
beam axis and the energy, respectively, of the top quark and
anti-quark in the laboratory frame. An upper cut on B reduces
the contribution of ¢4 annihilation processes to ¢7 production
with respect to that of gluon fusion: the former are less cen-
tral due to the different parton distribution functions (PDFs)
of valence quarks and sea antiquarks inside the protons.!
Therefore, an upper cut on 8 strengthens the entanglement

1" A lower cut was proposed in Ref. [12] and applied by the ATLAS
Collaboration [13] in the measurement of the ¢7 charge asymmetry, to
enhance the g¢ fraction and measure possible anomalous contributions.
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(and thus the CHSH violation) near threshold because the
resulting ¢7 system is closer to a spin-singlet (and thus maxi-
mally entangled) state due to the Landau- Yang theorem. The
second improvement is to design physical observables that
allow, by a single direct measurement, to evaluate combina-
tions of spin correlations which enter both the tests of entan-
glement and the ones of CHSH violation.

The paper is organised as follows. In Sect. 2 we re-examine
the requirements for entanglement and CHSH violation in the
top-antitop system, refining previous sufficient conditions for
both, and deriving the sufficient and necessary conditions in
physically relevant limits. In Sect. 3 we expound the experi-
mental strategy to probe both phenomena at the LHC, in par-
ticular we describe the physical observables that give a direct
test of both entanglement and CHSH violation. Section 4 is
devoted to the numerical simulation of the described strategy,
showing the advantage gained thanks to the aforementioned
improvements. Finally, in Sect. 5 we discuss our results and
the future prospects. Additional results are presented in two
appendices.

2 Conditions for entanglement and Bell inequalities

An entangled state of two subsystems (Alice and Bob) is
by definition a non-separable one, i.e. one that cannot be
expressed as |¥1) 4 ® |¥1) p. If the state of the global system
is a statistical mixture, described by a density matrix, p, the
separability condition reads

Psep = anp}? (24 pf s (2)
n

where p, are classical probabilities and Y p, = 1. If p
cannot be expressed as (2), then the state is entangled.

legal density matrix, which in particular means that it has at
least one negative eigenvalue, then the p matrix corresponds
to an entangled state.

Concerning the Bell inequalities, it has been shown that
the so-called CHSH inequalities are an optimal version of
them for joint systems of two qubits [16] when Alice and
Bob can measure two different observables each, say A, A’
(Alice) and B, B’ (Bob), which take (or are assigned to take)
two possible values, 1. In any local and realistic (‘classical’)
theory, the averages of any such observables must fulfill the
CHSH inequality

|(AB) — (AB') + (A'B) + (A'B')| < 2. 3)

For appropriate choices of the A, A’, B, B’ observables this
inequality can be violated by quantum mechanics in certain
entangled p states.

Let us particularise the Peres—Horodecki criterion of
entanglement and the CHSH inequalities for a system of
two qubits, such as the spin of the 77 system. An appro-
priate basis to expand any Hermitian operator acting in
the global Hilbert space is provided by the 16 matrices
{]IA, olA, ozA, U3A} ® {]lB, O'IB, 023, 033}. Hence the density
matrix of the joint system, p, can be written as

1
p=3 (1@1—1—2(3?@@1—#3;1@6")
i

+) Cijoi®oaj | . )
ij
where Bl.i, C;;j are real coefficients and we have dropped the
A, B superscripts in the matrices. The Tr p = 1 condition
is automatically taken into account by the coefficient of the
first term. The explicit forms of p, p’2 read

1+ B + B +Cx3

L| B +C31 +i(By +Cx)  1+Bf — By —C3

p == . .
4| Bf +Ci3+i(By +C3) Ci1+Cxn —i(Cia— Ca1)
Ci1 — Cn+i(Cia+Ca1) B —Ci3+i(Bf —C23) By —C31+i(B; —C3)

1+ BY +B; +C33

nn_ 1| B +C31—i(B, +C3)

pl2=—

14+ B — By —C33
4| B +Ci3+i(BS +Cp3) C11 —Con +i(Cia+ Cap)
Ci1+Con —i(C12 — C2p) BT—C13+i(B;—C23) B —C31 —i(B, —C3)

By +C31 —i(By +C3) B +Ci3—i(Bf +C23) Ci1 —Co —i(Cra+ Cap)
Ci1+Cpn+i(Cia—Cy) Bff —Ci3—i(Bf —C23)

1-Bf +By —C33  B; —C31—i(B; —C3) )
1— By — By +C33
By +C31 +i(By +C3x) B +Ci3—i(Bf +C23) Cii +Cop+i(Cip — Cay)
Cii = Cp —i(Cip+Co) B =Ci3—i(B —=Cm) | ¢

1-Bf +By —C33 B —C31+i(B, —C3)

l—B;_—B3_+C33

Mathematically, a necessary and sufficient condition for
entanglement in joint systems of two qubits (i.e. each one
having a Hilbert space of dimension 2) is provided by the
Peres—Horodecki criterion [14,15]: from the the initial den-
sity matrix, p, a new matrix is constructed by transposing
only the indices associated to the Bob (or Alice) Hilbert
space. If this partially transposed matrix, say p’2, is not a
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The eigenvalues of p’2 are extremely involved combina-
tions of the various parameters, and so are the necessary and
sufficient conditions for entanglement (i.e. the existence of at
least one negative eigenvalue). Fortunately, very useful suffi-
cient conditions for entanglement are much easier to obtain,
by simply probing the negativity of v’ p”2v for different 4-
vectors v. In particular, using
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v=(1,0,0,£D7, (0,1, +1,0)7 7

we get four completely general sufficient conditions for
entanglement, which can be cast as

[C11 + C2| > 1+ C33,
[C11 — C2| > 1—-0C33, (8)

(it is enough that one of the conditions (8) is fulfilled to
guarantee entanglement). We remark that the two conditions
(8) are equivalent to the pairs of conditions that can also be
obtained for any permutation of the 1,2,3 indices: It can be
shown that if neither of (8) hold, then the analogous condi-
tions with index permutations are not fulfilled either.

One may wonder to which extent the previous inequali-
ties (8) are in practice not only sufficient, but also necessary
conditions for entanglement. To this end, let us note that one
can make some sound approximations in the original density
matrix of the ¢7 system (4). As shown in Ref. [17], P and C P
invariance in the 77 production leads to BijE =0,C;; =Cjj,
thus reducing the number of parameters from 15 to 6. This
is an excellent approximation due to the smallness of the
weak corrections to the QCD production mechanism of #7 at
the LHC. Besides, using the so-called helicity basis (defined
below) as reference system, all the off-diagonal C;; but one
(say C12 =~ C21), are generated by P-odd absorptive parts of
the mixed QCD-weak corrections at one-loop, and are very
small [17]. In summary, it is a very good approximation in
that basis to keep Cy1, C22, C33 and C13 = Cy; as the only
non-vanishing parameters in (4). Under this assumption it is
possible to extract simple necessary and sufficient conditions
for the negativity of p’2:

|C11 + Ca2| > 14 C33,
l4CE, + (C11 — C)*Y? > 1 = C33, )

(equivalent conditions are obtained by performing cyclic per-
mutations in the indices). Thus, in the previous approxima-
tion, it is sufficient and necessary that one of the relations (9)
is fulfilled to guarantee entanglement. It is interesting that
the first condition in (9) remains unchanged by the inclusion
of C12 # 0 and typically represents the most relevant test of
entanglement when C11, C2; have the same sign and C33 is
negative, which is precisely the actual situation, as it will be
clear in Sect. 4 below. Incidentally, in this approximation the
conditions for the semipositivity of p read

[Ci1 + Cx2| < 1—Caa,
14C3, + (C1y — C)? V2 < 1 + C3 (10)

(both conditions required). These relations, together with
Egs. (9), imply that entanglement requires all C;; # 0.

Let us now turn to the CHSH inequalities Eq. (3). As usual,
we consider spin observables for Alice and Bob defined by

/ /
A:aioiA, A :ai(riA,

B:bi(riB, B/:bl{(riB, (11

where, for a moment, we have indicated with a super-
script the Alice and Bob operators, and ¢;, a;, b;, b} are the
components of unit-vectors in space in the same basis as
the corresponding o —matrices. Then the expectation values
(AB), (AB’), (A’B), (A’ B') for a state described by the den-
sity matrix (4) read

(AB) = Trlp(A® B)] = ) | Cijaib; | (12)
ij
with analogous expressions obtained by replacing A — A’,

ai -~ a; B — B, b; — b;.. Hence the CHSH inequality
(3) can be expressed as

\a Ch—b) + a - Ch+b)

<2. (13)

We are interested in choices of a, a , l;, b’ that violate (13)
in the strongest possible way. In this sense, it was shown in
Ref. [18] that the maximum of the Lh.s. of (13) is given by

}a.C(E—E/) +a-Ch+b)| =2vata (14

max
a,a’,b,b’
where A, A" are the largest eigenvalues of C T'C. This cor-
responds to choosing b+b proportional to the associated
eigenvectors with appropriate coefficients, and a, a’ as the
unit-vectors proportional to C (l; -y ), C (I; + l;’), respec-
tively. Then the violation of any CHSH inequality requires

AN >1, (15)

which thus represents, in principle, the optimal test for CHSH
violation. However, as discussed in Ref. [8], the strategy of
relying on the largest eigenvalues of C” C, Eq. (15), to test
CHSH violation [7] is in practice problematic and likely
biased, due to the uncertainties involved in the measure-
ment. A more conservative approach consists in choosing
a, c;’, 5, b in such a way that the Lh.s. of (13) is still poten-
tially larger than 2, but far simpler than (14) and with much
more transparent physical meaning. In particular, for any pair
of indices i # j we can choose

/
a =3kj»

1 1
b = —b, = iﬁ’ bj =0 = iﬁ’

ar = 8k,
bk#',j =0
(16)

(uncorrelated signs). Using these two sets of vectors the vio-
lation of CHSH inequalities reads

ICii £ Cjjl > V2. (17)

Then, of course, the strategy is to choose i, j and the =+ sign
to maximise |C;; £ Cj;| (the optimal choice depending on

@ Springer
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their moduli and relative sign). It is interesting to note that,
although Eq. (17) involves just two diagonal entries of C, the
third one must also be non-vanishing. Actually, it occurs in
such a way that at least one of the sufficient conditions for
entanglement (8) is fulfilled.2

Similarly to our previous discussion on the entanglement
test, one may wonder to which extent expression (17) is close
in practice to the optimal value (14). As discussed above,
an excellent approximation for C is to assume C;; = Cjj,
so A, A’ are the largest eigenvalues of C2. Then, from the
eigenvalue interlacing theorem, for any i # j

AT H 2 2/(Ci + (€ = 2/ +(C)?
= V2ICii £ Cjjl - (18)

Note that the violation of the CHSH inequality (17) implies
condition (15), as expected, but not the other way around.
Now, the first two inequalities in (18) are usually close to the
equality due to the smallness of the off-diagonal C —entries
in the bases we use, as it will be clear below in Sect. 4. The
third inequality in (18) is close to the identity, as long as
(ICiil = 1C;;1)? < (ICi;| +1Cj;1)?, which is also the typical
case once we select the two largest |C;;|, |Cjj|. Anyway, if
desired, one can refine the CHSH-violation condition (17)
with this correction:

L(ICiil = 1Cj;)?

[Ciil +1Cjjl + =

>V2, (19)
2 |Ciil +1Cjjl

which, of course, is easier to satisfy than (17).

3 Experimental strategy

In this section we use the charged leptons from the top and
antitop semileptonic decays 17 — £+ vb £~ b to analyse the
spin properties of the mother particles; but, in order to keep
the formalism general, we first consider arbitrary decay prod-
ucts ‘a’ from the top quark and ‘b’ from the anti-quark. Their
normalised three-momenta, expressed in polar coordinates,
in the respective top quark and antiquark rest frames, read

Pa = (sin 6, cos ¢, sin 6, sin ¢, cos )7,

Py = (sin 6, cos @y, sin By, sin @y, cos Ob)T . (20)

where we use he same R3 basis (%, 9, 2) in the top quark
and antiquark rest frames. The decay density matrices for
the quarks read [19]

2 This can be easily shown, by taking into account that p must be a
positive-semidefinite matrix. In particular, the positivity of v pv for
the vectors (7) implies the necessary conditions |Cj; = Cx2| < 1 FCs3,
valid for any permutation of the 1, 2, 3 indices.

@ Springer

1 (14 a,cos6, oysinb,e'?

T = 2 (cxa sin e "% 1 — o, cos 9(,> ’ @D
with an analogous expression for I', with the replacement
a — b. The constants « satisfy |o| < 1 and are called ‘spin
analysing power’ of the corresponding top (anti-)quark decay
product. For the charged leptons oy+ = —ay- = 1 at the tree
level, with next-to-leading order corrections at the permille
level [20]. The joint decay distribution is proportional to the
sum [21]

> PO A A AT AT A . (22)
Mdphih =172

Onmitting for brevity the terms proportional to Bii, which do
not contribute to the observables considered, the quadruple
differential distribution reads

1 do 1 [
0 dQudSy, — (4m)?
(C11 cos g cos gp + Coo sin @, Sin @p)

1 + agap sin 6, sin 6,

Fagap sinby, sin 6y, (C1p cos @g sin @, + Caq sin @4 cos @p)
+aqop (C13 sin b, cos ¢q cos Oy, + C31 cos O, sin 6, cos ¢p)
Fagap (Cr3 sin 6, sin ¢, cos O + C35 cos B, sin Gy, sin ¢p)
+aq0p C33 €08 0, cOs O | (23)

with d2, = dcos6,dy, and likewise for d<2;. Using this
distribution, we want to design observables that directly test
entanglement and violation of the CHSH inequalities.

For completeness, we point out that the coefficients can be
individually measured from two-dimensional distributions or
from forward-backward asymmetries, without the need of a
fit to the four-dimensional distribution (23). Let us relabel
for convenience the polar angles 6, in (20) as 93, p» and
introduce the polar angles 9;‘ b 63’ » between p, , and the
X, y axes, respectively. Then, for i, j = 1, 2, 3 we have the
distributions [17]

1 do 1 B i j
————— = — [ + @, Cij cosd, cos by | .
O dcosfidcoso] 4

(24)

Hence, C;; can be extracted by a fit to the above distributions,
properly corrected for detector effects. Alternatively, one can
write forward-backward asymmetries

_ N(cos 0! cos Gl{ > 0) — N(cos 8! cos 91{ <0)

o N(cos 6: cos s > 0) + N(cos 8} cos g < 0)

1
= Zaaabcij , (25)

with N (-) standing for the number of events. These asymme-
tries allow to extract the coefficients, assuming the Standard
Model value for o, .
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3.1 Observables for entanglement

A sufficient set of conditions for entanglement is given in
(8). Depending on the sign of the sums in the absolute value,
the quantities to test are

Cii+Cpn—C3>1,

—Ci—Cn—Cx>1,

Ci1—Cp+Cs3>1,

—Ci1+Cpn+Cs3>1. (26)

In the second line we can identify the sum Cy; + C2p +
C33. There is a well-known observable that can measure this
sum [17,22-24]; namely, the one-dimensional kinematical
distribution in terms of the cosine of the ‘opening angle’
co8Oup = pPa - Pp, With p,, pp defined in (20),

I _do L1+ quap D cosBp) 27)
- == a,0p D cos ,
odcosO, 2 a®b ab

where the D coefficient is related to the trace of the C matrix
by [23]°

1
D=§(C11 +Cn+C33). (28)

This coefficient can be experimentally measured either by
a fit to the cos 8, distribution, or by a forward-backward
asymmetry in cos 0,;. The rest of equations in (26) involve
two coefficients with the same sign and the third with oppo-
site sign. It is easy to design an observable for these sums.
The differential distribution (23) can be written in compact
form as

1 do 1
0dQ.dQ  (47)2

[1 + o pT Cﬁb] . (29)

Letus focus for definiteness on the sum in the first line of (26),
C11 + Cy — C33. By introducing a reflection in the (x1, x7)
plane of the top anti-quark rest frame, P; = diag(1, 1, —1),
the angular-dependent term in (29) can be rewritten as

prcpy, = prCPip, = pL(CPs)(P3pp), (30)
with
(P3pp) = (sin B cos gy, sin O sin gy, — cos G)" . (31)

3 Our sign convention is different from that in Refs. [17,22-24] because
in the definition of the p matrix (4), as well as for the coordinate systems
in the ¢, 7 rest frames, we use the same reference system, therefore
introducing a sign difference in the C coefficients.

Therefore, the kinematical distribution of the angle 6/,
defined by cos6;; = pq - P3p,

Lo _ 1 4 auayDscostl) (32)
S 7 =5 UqOp 3 b) >
odcost, 2 a

measures the trace of the matrix (C P3), that is,
1
D3 = §(C11 + Cn — C33). (33)

This dependence is confirmed by directly calculating (cos 6, )
using (23). Likewise as for D, the D3 coefficient can be
measured either with a fit to the cos 9; , distribution or by
a forward-backward asymmetry in cos 6/, .

3.2 Observables for CHSH inequalities

We now want to design observables that can directly measure
sums and differences C;; & C}; involved in the relations for
CHSH violation (17) or (19). Let us define the azimuthal
angle differences

1 1
Yy = 5(% +op), @ = 5(% — ®p) . (34)

Changing variables in (23) to these angles, we arrive at

1 do
o dcosb,dcosOpdprde—
2 C C
= w {l + agap sin 6, sin Gy, [% cos2¢_
Ciy—Cn Cia+Cy

cos2¢4 + — sin 2¢4
Cy —C
% sin 2(p,i| + aq0C33 cos b, cos 6
+atqap sin 0, cos Oy [C13 cos(@4 + ¢-) + Cazsin(py + @) ]
Fa ap cos 0, sin ) [C31 cos(py — @) 4+ Cxasin(py — )] .
(35)

Since we are only interested in the sums in the first line of
(35), we can integrate over cos 6, 5 to obtain

1 do 1 o)
odoidp_ 212 32
C C Ch—-C
X [u cos2¢_ + =22 s 204
C C Cy—C
+E2 O G % sin 2(p_i| . (36)

Integration over ¢4 and ¢_ using the integration measure
g4 = signcos 2¢_, yields the asymmetry

1 do T
Ay =— / ———g+doydp_ = —agaa,(C11+C22), (37)
o) detdo— 16

@ Springer
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whereas if we use the integration measure g_ = sign cos 2¢
we obtain the asymmetry

A ——1/— d(p d(p = — (C - C )
_ = — — = oq0 .
/ / 8 + 16 a®p(L11 22
(38)

Experimentally, these asymmetries are measured by simply
counting events with cos(¢, F¢p) > 0and cos(¢,Fep) < 0,
that is,

_ N(cos(pa F ¢p) > 0) — N(cos(@a F ¢p) <0)

=7 N(cos(¢a F ¢) > 0) + N(cos(ga F @p) < 0)
(39)

4 Numerical results

We use the Monte Carlo generator MADGRAPH_AMC @NLO
[25] to obtain our predictions for ¢z production at the lead-
ing order in QCD, using NNPDF 3.0 [26] PDFs with fac-
torisation and renormalisation scales equal to the average
transverse mass, Q = l/2[(m,2 + p%t)l/2 + (mt2 + p%t-)l/z],
with pr the transverse momentum in the usual notation. The
dilepton decay channel tf — £Tvb{™vb is selected, with
¢ = e, w. In order to study the dependence on the ¢7 invari-
ant mass m,; and the top scattering angle in the center of mass
frame Ocn, we generate samples of 17 events in 50 GeV slices
of m,; between [300, 350] and [750, 800] GeV, and 100 GeV
slices between [0.8, 0.9]and [1.2, 1.3] TeV, totaling 3.4 x 107
events. Three additional samples of 5 x 10° events each are
generated, with an upper cut m;; < 360 GeV, with a lower
cut m;; > 1 TeV and without cuts on m;;.

In our Monte Carlo calculations we work at the parton
level and do not set any cut on the transverse momenta of the
visible particles (charged leptons and b-quark jets) nor miss-
ing energy, in order to obtain predictions for the full phase
space. An experimental analysis involves some loose lower
cuts on the transverse momenta of the visible particles, and
some upper cuts on their rapidities, typically |n| < 2.5. A
veto is also placed on events where the two leptons have the
same flavour and invariant mass mg, ~ Mz, in order to sup-
press the Drell-Yan background. In addition, the momenta of
the top quark and anti-quark have to be reconstructed from
those of the observed particles and the missing energy. There-
fore, the detector-level observables and/or distributions mea-
sured have to be unfolded to take into account acceptance,
detector and reconstruction effects, and recover their parton-
level values. This is a well-established procedure (see for
example Refs. [30,31]) and, because we are only interested
on the improvement of the statistical sensitivity, we do not
address these issues. Instead, we use the parton-level infor-
mation (momenta of all the particles, including top quarks)

@ Springer

to determine the theoretical predictions of the observables
considered.

In this work we mainly use as reference system to express
the ¢f density matrix (4) the helicity basis, with vectors
(*, A, k) defined as

e K-axis (helicity): k is a normalised vector in the direction
of the top quark three-momentum in the ¢7 rest frame.

e R-axis: 7 is in the production plane and defined as 7 =
sign(y,)(pp—ypk)/rp, with p, = (0, 0, 1) the direction
of one proton in the laboratory frame, y, = k- PpsTp =
(1- ylz,)l/ 2. The definition for 7 is the same if we use the
direction of the other proton —p,.

e N-axis: i = k x 7 is orthogonal to the production plane
and can also be written as 1 = sign(y,)(p, x l%)/rp,
which again is independent of the proton choice.

We point out that, unlike other works [7,17] we use the same
basis for the top quark and anti-quark. For the test of the
CHSH inequalities at threshold we use a fixed beamline basis
(%,9,2) withx = (1,0,0), y = (0,1,0), 2 = (0,0, 1).

In order to motivate the choice of observables in the fol-
lowing subsections, we present in Fig. 1 the dependence on
m,; and Ocm of the diagonal spin correlation coefficients
Cik, Crr, Cpy in the helicity basis, as well as the largest
off-diagonal coefficient Cy, = C,. The integrated val-
ues of the spin correlation coefficients are Cyxz = —0.346,
C,, = —0.021, C,,, = —0.334, C,, = 0.109, close to the
NLO values [17]. Note that C,,, < 0 across all the range
studied, while for Cy; and C,, there can be large correla-
tions of either sign. In particular, although in average C,, is
the smallest correlation, when the values in specific regions
are considered, Cy, is by far the smallest one. All the fig-
ures are approximately symmetric in cos Ocy but we prefer
to keep the [—1, 1] range of variation of this variable in order
to have a visual estimation of the statistical uncertainty of our
Monte Carlo results. We note that for simplicity, throughout
this work we calculate the individual spin correlation coeffi-
cients from forward-backward asymmetries of the type (25).
In the next subsections we study in more detail how the use
of an upper cut on 8 improves the observability of quantum
correlations and the violation of the CHSH inequalities.

4.1 Observation of entanglement

In view that in the helicity basis C,, < 0 and Cix, C,,
have typically the same sign, the most useful entanglement
condition among Eqgs. (26) is

E=[Ci+Cr|—Cppn—1>0. (40)

For brevity, we label the entanglement indicator in the 1.h.s. of
the inequality (40) as E. Near threshold both Cy; and C,, are
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Fig. 1 Dependence on m,; and Ocy of the spin correlation coefficients Cyx, Cyr, Cpy, and Cy,, at the parton level without kinematical cuts

negative (see Fig. 1), therefore E = —Cyy —Cyp —Cppy—1 =
—3D — 1, c.f. (28). For boosted central tops Cix, Crr > 0,
and E = Cyy + Crr — Cpyy — 1 =3D3 — 1, as follows from
(33) by choosing the third axis in the 7 direction.

As discussed below Eq. (1), an upper cut on § poten-
tially enhances the entanglement near threshold. In Fig. 2,
left panel, we plot E (evaluated from the individual values of
C;i) as a function of m,; and 6cy without applying any kine-
matical cut, whereas in the right panel we require 8 < 0.8.
The enhancement is notable near threshold, while the require-
ment on S has little effect at the boosted, central region.

Of course, in order to optimise the sensitivity to entangle-
ment one has to consider the uncertainty in the measure-
ment in each case. In this work we do not consider sys-
tematic uncertainties, which cannot be addressed without a
full detector simulation, a complete reconstruction of the 7
kinematics, and unfolding to parton-level. Instead, we just
focus on statistical uncertainties. These basically depend on
the size of the signal sample after event selection. In this

work we assume an event selection and reconstruction effi-
ciency of 0.12, the average value found in Ref. [8]. For
comparison, using a typical event selection and a 7 kine-
matical reconstruction, an efficiency of 0.17 was found in
Ref. [27] using PYTHIA [28] for hadronisation and shower-
ing and DELPHES [29] for a fast simulation of the detector.
This efficiency is used to obtain the number of events, given
the 17 — £Tvbe~ b cross section in the phase space region
considered and the luminosity.

We devise three sets of simple kinematical cuts to enhance
the observability of E near threshold and at the boosted
regime; in the former case, with and without the use of 8, to
illustrate the improvement. Since statistical uncertainties are
proportional to 1/./o, we use the figure of merit

Sg=E x o (41)

to guide the selection of the kinematical cuts, collected in
Table 1, together with the tree-level cross section after these
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Fig. 2 Dependence of the entanglement indicator E in (40) on m,; and 6cm

Table 1 Kinematical cuts on m,; (in GeV), cosfcm and B used to
optimise the figure of merit Sg. The fourth column gives the tree-level
cross section with the corresponding cuts, and the fifth column the
expected number of events after reconstruction (see the text for details)

m;; | Cos 9CM| ﬂ o N
Threshold f <390 - - 3.59pb 108,000
Threshold B <390 - <09 2.76 pb 83,000
Boosted >800 <0.6 310 fb 9400

Table 2 Parton-level values of the spin correlation coefficients in the
helicity and beamline bases with the kinematical selection in Table 1.
In the helicity basis Cx, = Cy, and in the beamline basis Cyy = Cyy.
The rest of coefficients are below 0.01

Ckk Crr Cnn Ckr Cxx sz

Threshold ﬂ —0.619 —0.372 —-0.568 0.080 —0.606 —0.356
Threshold 5 —0.668 —0.417 —0.593 0.071 —-0.632 —0.415
Boosted 0.51 0.64 —-052 015 —-0.05 0.76

cuts. The last column corresponds to the number of events
with a luminosity L = 139 b1 collected at the LHC Run 2,
assuming a K factor of 1.8 to normalise the total cross section
to next-to-next-to-leading order [11] and using a selection
and reconstruction efficiency of 0.12. For reference, we col-
lect the value of spin correlation coefficients with this kine-
matical selection in Table 2. For the threshold analysis the
beamline basis is equivalent to the helicity basis, because the
relevant observable, D = Tr C is the same. For the boosted
analysis, where the relevant observable is D3, the helicity
basis is superior.

For each set of cuts we estimate the statistical uncertainty
in the measurement of E by performing n = 200 pseudo-
experiments. In each pseudo-experiment we select a random

@ Springer

Table 3 Values of the entanglement indicator E in (40) obtained from
200 pseudo-experiments with L = 139 fb~! and the kinematical cuts
in Table 1. The row labeled as ‘individual presents results from indi-
vidual determinations of Cik, C,, and C,,,. The row labeled as ‘direct’
corresponds to results obtained measuring either D (at threshold) or D3
(in the boosted regime)

Threshold ﬂ Threshold B Boosted
Individual 0.560 £ 0.020 0.680 £ 0.022 0.671 £ 0.069
Direct 0.559 +£0.017 0.678 £ 0.019 0.663 & 0.056

set of N tt events (with N in the last column of Table 1)
and calculate E, either from the individual measurements
of C;;, or with a direct measurement using D or D3.* The
mean and standard deviation of the pseudo-experiments are
presented in Table 3. The standard deviation obtained from
the pseudo-experiments is a good estimation of the statisti-
cal uncertainty that would be present in such dataset. For the
‘individual” measurements the uncertainties can also be esti-
mated by simple error propagation. Because the statistical
uncertainty in asymmetries is 1/+/N (provided the asym-
metries are small, as is our case), the C coefficients have
an uncertainty of 4/+/N, see (25), and summing in quadra-
ture their uncertainties results in 4,/3/N. For N = 108,000,
83,000, 9400 in Table 1, this yields +0.021, £0.024 and
40.071, in quite good agreement with the uncertainties in
the first line of Table 3.

At threshold, the use of 8 and the direct determination
improve the statistical significance by a factor of 1.27, from

4 The pools of events from which the random samples are selected
contain five times more events, therefore the random sets contain some
common events. By using different values of n we have checked that
the overlap does not bias the determination of the statistical uncertainty.
A further check for the uncertainties in the ‘individual’ row is the com-
parison with those obtained by simple error propagation.
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E = 0.560 £ 0.020 to E = 0.678 & 0.019. This is quite
remarkable, because it would amount to an increase in lumi-
nosity by a factor of 1.6. However, for this measurement the
statistics are already large, and it is very likely that the uncer-
tainty will be dominated by systematics, so this improvement
may not have a great impact in the total uncertainty. In the
boosted regime there is an improvement by a factor of 1.23,
equivalent to an increase in luminosity by a factor of 1.5,
and brings statistical uncertainties below the 10% level. Pro-
vided systematic uncertainties are at the same level, the So
observation of 77 entanglement in the boosted regime seems
quite feasible. In summary, from Table 3 the two ingredients
that can improve the observability of the entanglement are
manifest:

e The application of an upper cut on 8 (only for the thresh-
old analysis), which reduces the ¢g fraction, enhancing
the entanglement and thus the central value of E.

e The direct measurement of E, using either the D observ-
able (at threshold) or D3 (in the boosted regime), instead
of individually measuring Ci, C; and C,,,,. This direct
measurement reduces the statistical uncertainty.

4.2 Observation of CHSH violation

Near threshold, the beamline basis is slightly better to observe
a violation of the CHSH inequalities, using as indicator the
quantity

Bi =[Cyyx + Cyy| =2 > 0. (42)

(For results in the helicity basis see Appendix A.) Its depen-
dence on m,; and cos6fcm is shown in Fig. 3, requiring
B < 0.8.° This quantity can be determined by a single mea-
surement (given the fact that C,, = C,, by the symmetry
around the beam axis) as proposed in Ref. [9]. However, as
we will see in the following, such determination suffers from
large statistical uncertainties. The direct determination of the
sum Cy + Cyy, by using an azimuthal asymmetry of the type
Ay in (37) is much more precise.

In the boosted regime the helicity basis is more convenient,
and the most useful indicators, by order of importance, are
the quantities

By =|Crr — Cunl =2 >0,
By=|Cix +Crr| — 2 >0, (43)

since C,, and C,, are the two correlation coefficients with
largest modulus and they have opposite sign (see Fig. 1).

5 In order to reduce statistical fluctuations, in all plots of CHSH indica-
tors these are determined from asymmetries, and we consider | cos 6cm |,
in the range [0, 1].
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Fig. 3 Dependence of the CHSH indicator Bj in (42) on m,; and Ocm

Table 4 Kinematical cuts on m,; (in GeV), cosfcy and B used to
optimise the figure of merit Sg. The fourth column gives the tree-level
cross section with the corresponding cuts, and the fifth column the
expected number of events after reconstruction (see the text for details)

mi; cosbeml B o N
Threshold ﬂ <353 - - 303 fb 19,600
Threshold B <353 - <0.8 181 fb 11,700
Boosted > 1000 <0.2 - 233 fb 1500

Their dependence on m,; and cos fcy is presented in Fig. 4.
We restrict our analysis to By. The direct determination of
C,r — Cp, is obtained from an azimuthal asymmetry of the
type A_.

We use the figure of merit

Sp =B X\/E (44)

to devise a simple set of kinematical cuts, either using 8 or not
in the case of the threshold analysis, in order to optimise the
statistical significance of Bj . The sets of cuts are collected
in Table 4. For each set of cuts we give the tree-level cross sec-
tion, as well as the number of expected events with a luminos-
ity of 300 fb~!, assuming a K factor of 1.8 to normalise the
total cross section to next-to-next-to-leading order [11] and
using a selection and reconstruction efficiency of 0.12. The
value of spin correlation coefficients with these kinematical
cuts are presented in Table 5. Clearly, for the threshold anal-
ysis the beamline basis is better, while the opposite happens
for the boosted analysis. Note also that the off-diagonal spin
correlation coefficients are quite small; therefore, the estima-
tors By 3 are very close to the optimal ones. For each set of
cuts we estimate the statistical uncertainty in the measure-
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Fig. 4 Dependence of the CHSH indicators B; 3 in (43) on m,; and Ocm

Table 5 Parton-level values of the spin correlation coefficients in the
helicity and beamline bases with the kinematical selection in Table 4.
In the helicity basis Cy, = Cy, and in the beamline basis Cyy = Cyy.
The rest of coefficients are below 0.01

Cri Cyr Cun Cir Cyx C:

Threshold ﬂ -0.677 —0.562 —-0.712 0.067 -0.719 —0.506
Threshold 8 —0.743 —0.640 —0.761 0.052 —-0.767 —0.602
Boosted 0.659 0.874 —0.760 0.037 —0.043 0.878

Table 6 Values of the CHSH indicators Bj 2 in (42), (43) obtained
from 1000 pseudo-experiments with with L = 300 fb~! and the kine-
matical cuts in Table 4. The row labeled as ‘individual gives the results
from individual determinations of spin correlation coefficients. The row
labeled as ‘direct’ corresponds to results obtained measuring azimuthal
asymmetries (see the text for details)

Threshold f Threshold 8 Boosted
Individual 0.021 £0.053 0.119 £0.074 0.218 £0.141
Direct 0.027 £0.035 0.121 £ 0.045 0.208 £ 0.125

ment of By > by performing n = 1000 pseudo-experiments,
and present the results for luminosities of 300 and 3000 fb~!
in Tables 6 and 7, respectively. The rows labeled as ‘indi-
vidual’ give the results obtained from the measurement of
individual correlation coefficients (only one of them in the
threshold analysis, as proposed in Ref. [9]), while the rows
labeled as ‘direct’ give the results from the measurement of
azimuthal asymmetries. From error propagation, one esti-
mates for the ‘individual” measurements an statistical uncer-
tainty of 4,/2/N, which yields 40.040, +0.052 and +0.15,
respectively, for N = 19,600, 11,700 and 1500 in Table 4.
The uncertainties quoted in Table 6 are slightly larger, but
consistent with these estimations.
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Table 7 The same as Table 6, for L = 3000 fb~!

Threshold ﬂ Threshold B Boosted
Individual 0.024 +0.017 0.120 £ 0.021 0.218 £ 0.041
Direct 0.027 £ 0.010 0.124 £0.013 0.210 +0.036

Near threshold, we observe a great improvement of the
statistical significance, e.g. from 0.40 to 2.70 with 300 b1,
by the combination of a B cut and the dedicated observable
A4. With 3000 fb1, the statistical uncertainty of By is at the
10% level. Therefore, provided the systematic uncertainties
are at the same level, a 50 observation of the violation of the
CHSH inequalities seems feasible. At the boosted regime the
statistical uncertainty in B, is 17% for 3000 b1, thereby
allowing for a 5o observation of By > 0.

5 Discussion

In this work we have investigated novel approaches to
improve the observability of entanglement and CHSH vio-
lation in top pair production at the LHC. The first one is the
increase of the gg fraction by a simple upper cut on the 77
velocity B, which enhances the entanglement near thresh-
old. The second one is the use of dedicated observables that
directly extract the relevant combinations of spin correlation
coefficients C;; from data, thereby reducing the statistical
uncertainty in the measurements.

For simplicity, we have not attempted the optimisation of
the kinematical cuts in the (m;,7, coscym) plane, nor in the
(m;;, cos Bcm, B) volume, to achieve the highest possible sta-
tistical significance in each case. Instead, we have applied
simple rectangular cuts on these variables. Further optimisa-
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tions of the event selection are quite possible, but out of the
scope of this work.

As we restrict ourselves to considering statistical uncer-
tainties, our study is performed at the parton level, without
detector simulation nor unfolding from detector-level quan-
tities. In particular, the unfolding has been shown to be accu-
rate enough to obtain precise measurements of spin correla-
tion observables [30,31] and template methods similar to the
one in Ref. [27] could also be exploited. Backgrounds in the
dilepton channel have also been shown to be small [30,31],
and have been ignored in our analysis. We have used a fixed
CM energy of 13 TeV, even if in Run 3 of the LHC it will be
raised to 13.6 TeV, thereby providing slightly larger samples
than the ones assumed here.

Statistical uncertainties are mainly driven by the number
of events obtained after suitable kinematical cuts. We have
used an overall efficiency for a typical event selection and 77
reconstruction consistent with the one found in other works
[8]. Possible departures from this reference value would mod-
ify the size of all our event samples by the same amount.
As the goal of our work is to investigate the improvement
brought by the use of 8 and dedicated observables, our con-
clusions are quite robust even if the selection and reconstruc-
tion efficiency has some departure from the reference value
used here.

The methods introduced here to enhance the sensitivity are
especially effective when statistical uncertainties are impor-
tant, namely

(i) For the observation of entanglement in the boosted
regime;
(ii) For the observation of CHSH violation both at threshold
and in the boosted regime.

In the boosted region, a cut on 8 does not provide any advan-
tage, so the central value (both for entanglement and CHSH
violation) remains the same, but the statistical uncertainty
decreases thanks to the dedicated observables. We find a
moderate improvement in the significance for the observa-
tion of both phenomena. This strengthens in particular the
conclusion of Ref. [8] in the sense that entanglement can be
measured with Run 2 data.

On the other hand, the greatest improvement occurs for the
measurement of the CHSH violation near threshold. With
L = 300 fb~!, we find that the observable proposed in
Ref. [9] only allows for 0.40 statistical significance, while
the asymmetry introduced here, together with the use of 8,
enhances the sensitivity to 2.7c.

In this work we have not addressed systematic uncertain-
ties, nor it is possible without a full detector simulation.
Although these uncertainties will be important, we believe
that our proposal for optimisation will be quite useful for
future analyses. The application of an upper cut on g selects

the events that are more central, where the detector resolu-
tion is better, and is not expected to degrade the systematic
uncertainty, but on the contrary, it may improve systematics.
Concerning the use of dedicated observables, there is no a pri-
ori reason why the systematic uncertainties should be larger
for them. One would even expect that uncertainties may be
smaller. For example, the determination of Cyx + Cyr — Cypy
from its individual terms involves a precise reconstruction of
the three axes (k, 7, 7) (in addition to the lepton momenta)
while the determination from D3 is only sensitive to the
reconstruction of the (12, 7) plane.

In conclusion, the methods outlined here may be quite
useful for entanglement measurements in the boosted regime,
where already with Run 2 data a measurement seems quite
feasible. For CHSH violation more data is required, and 3o
evidence would already be feasible with Run 3.
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A CHSH violation in the helicity basis at threshold
In the helicity basis the CHSH inequalities are also violated

near threshold. The most significant indicators are, by order
of importance,

By = |Cx + Con| — V2 >0,
Bs=|Crr + Cuul —v2 >0, (45)

Their dependence on m;,; and cos Ocy is shown in Fig. 5, after
applying an upper cut 8 < 0.8. We focus on B4 and follow
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Fig. 5 Dependence of the indicators By 5 in (45) on m,; and 6cm
Table 8 Comparison of entanglement and CHSH violation indicators with Ref. [8]
o eff N Indicator This work Ref. [8]
Entanglement threshold 10 pb 0.08 97300 |Cik + Crrl — Cun 1.476 + 0.020 1.38 +0.02
Entanglement boosted 0.9 pb 0.075 9400 |Cik + Crrl — Cun 1.574 + 0.065 1.42+0.10
CHSH boosted 60 fb 0.011 231 V2|Crr — Cunl 2.277+£0.52 2.30+£0.76

the same procedure as in Sect. 4.2, requiring m;; < 355
GeV. Performing n = 1000 pseudo-experiments, we find
that when using an asymmetry of the type A, the extracted
values are

By = 0.085+0.038 L =300,

By =0.084+£0.012 L =3000fb". (46)

The statistical significance of non-zero By is 2.2¢0 and 7o,
respectively. For comparison, in the beamline basis (Tables 6
and 7) one obtains for B; significances of 2.7¢ and 9.5¢.

B Comparison with previous work

In this appendix, rather than addressing the improvements
of the strategy presented here with respect to previous
approaches (which has already be done in the main body
of the article and the discussion), we focus on the numerical
(dis)agreement found within our setup, when we follow a
strategy similar to those works, in particular Ref. [8]. Note
that while our results are directly obtained at the parton level
from the generator, those in Ref. [8] are obtained after hadro-
nisation and showering by PYTHIA [28], detector simulation
with DELPHES [29], reconstruction of the ¢7 kinematics and
unfolding to parton level of the measured observables.

@ Springer

In order to compare our results for entangement and
CHSH violation we implement their kinematical cuts on
the (m,7, cos Bcm) plane, namely their selections labeled as
‘strong’. We use the cross sections reported in Ref. [8] for
these kinematical selections, given in the first column of
Table 8, which are similar to the ones we obtain after the
multiplication by the K factor. Taking the event selection
and reconstruction efficiencies in the second column,6 the
number of events for luminosities L = 139 fb~! (entangle-
ment) and L = 350 fb—! (CHSH violation) are given in the
third column.

For the entanglement (CHSH violation) analyses we per-
form n = 200 (n = 1000) pseudo-experiments and give in
the fifth column of Table 8§ the central value and standard
deviation of E + 1 = |Cgx + Cyr| — Cpp and 2 + /2By =
V2 |Crr — Cppl. In all cases we determine these quantities
from the individual spin correlation coefficients, and subse-
quently perform the corresponding sums. The results from
Ref. [8] are given in the last column, where the uncertainties
are statistical but also include some systematic effects arising
from the bin migrations caused by imperfect reconstruction.
Given these differences, we find that the uncertainties found
in the two analyses are in good agreement.

In order to assess the differences in the central values we
give in Table 9 the parton-level values of the entanglement

© We thank the authors of Ref. [8] for providing these numbers.
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Table 9 Comparison of entanglement and CHSH violation indicators
at the parton level, with two Monte Carlo settings. The uncertainties are
from Monte Carlo statistics

Indicator This work Default
Entanglement |Cix + Cyr| — Cppy 1.470 £0.004  1.426 £ 0.004
threshold
Entanglement |Cix + Cyr| — Cppy 1.576 £0.013  1.588 +0.013
boosted
CHSH V2|Crr — Cnl 2.264 £0.009 2.244 +0.010
boosted

indicators using the Monte Carlo settings described in Sect. 4
(second column) as well as with samples generated using the
default PDFs (NNPDF 2.3) and factorisation and renormal-
isation scales in MADGRAPH (third column). The values are
quite consistent, with a small decrease in |Cix + Cyr| — Cpp
at threshold, which may explain the difference with respect
to Ref. [8]. For |Cix + C,r| — Cpy, in the boosted regime, the
discrepancy in the central values appears to have a statistical
origin.

Let us finally mention that the simulation in Ref. [8]
includes all Feynman diagrams (around 5000) contributing
to the £t vbe~vb final state, even those without intermedi-
ate top quarks—whose contribution is mentioned there to
be small. In this regard, we believe that, if CHSH inequal-
ities are to be tested for (hypothetical) spin measurements
on entangled 7 pairs, only the contributions that actually
have top quarks must be included. A conceptually different
issue is whether backgrounds to this process, actually without
top quarks, can dilute or even fake a violation of the CHSH
inequalities for top quarks. Anyway, as already mentioned,
those backgrounds have been shown in Ref. [8] to be small
after the ¢ reconstruction.
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