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Abstract In this work, we calculate the dynamic den-
sity correlations using Mori—Zwanzig—Nakajima projection
operator method. With a judicious choice of slow variables
we derive the evolution equations for these slow variables
starting from generalised Langevin equation. We get the
hydrodynamic form of density correlations function which
consist of two acoustic peaks: also called Brillouin peaks,
and one thermal peak: also called Rayleigh peak. We then
estimate the dynamic density correlations near the critical
point using critical exponents extracted from the statistical
bootstrap model of hadronic matter. We find that the bulk vis-
cosity contributes to the sound attenuation at leading order

~ |t|”4 while the thermal conductivity contribute at sub-
leading order ~ |t|_%. On the other hand, only the thermal
conductivity contributes at leading order ~ |t|% to the ther-
mal diffusivity. We discuss the implications of these results
in search for the QCD critical point in the heavy-ion collision
experiments.

1 Introduction

Understanding the quantum chromodynamics (QCD) phase
diagram is one of the major challenge in the high energy
particle physics and astrophysics today [1-3]. Main imped-
iments in this pursuit are practical and conceptual problems
of lattice quantum chromodynamics (LQCD) to understand
the phenomenologically relevant part of the phase diagram
at finite baryon density. LQCD suffers from so called sign
problem at finite chemical potential, however for small chem-
ical potentials there are few reliable results available [4-7].
So one has to resort to various effective models of QCD at
relatively high baryon density, viz., Nambu—Jona—Lasinio
model (NJL) [8,9], Quark-Meson Coupling model (QMC)
[10], Hadron Resonance Gas model (HRG) [11], Relativis-
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tic Mean-Field model (RMF) [12-14], Statistical Bootstrap
Model (SBM) [15-17] etc. In the QCD phase diagram a par-
ticularly interesting point is the conjectured critical end point
(CEP) which is an end point of first order phase transition
line. A lot of theoretical studies has been carried out to find
the possible signatures of CEP [18-30] and on the experi-
mental side, the Beam Energy Scan (BES) program has been
devoted at the Super Proton Synchrotron (SPS) and at the
Relativistic Heavy Ion Collider (RHIC) to search for possi-
ble signatures of the CEP [31,32].

Fluid described by the theory of hydrodynamics belongs
to a class of systems in which non-equilibrium dynamics
can be described using only a small number of so-called
effective “slow” variables [33-35]. For instance, one can
describe the dynamics of a fluid with only few number of
equations of motion: conservation equations for energy den-
sity, momentum density, fluid velocity and, possibly, charge
density if there are any conserved charges, despite the micro-
scopic degrees of freedom are very large. It turns out that this
description can be accommodated into a non-equilibrium
transport equation which consist of reversible, irreversible
and noise parts. While the former two describes slow dynam-
ics, the noise term contain the information about leftover fast
degrees of freedom. Langevin equation is archetypal example
of this formalism [36-38].

A powerful way to study these aspects is Mori—-Zwanzig—
Nakajima (MZN) projection operator formalism [39—41]. In
this formalism one can derive the non-equilibrium transport
equation by coarse-graining procedure. One first choose a
set of slow variables describing long-time dynamics of a sys-
tem under consideration. Operators corresponding to a set of
observables forms a Hilbert space with appropriately defined
scalar product. One then introduces the projection operator
which project onto subspace formed by the slow variables.
While the MZN formalism has been traditionally applied to
non-relativistic systems [42,43], it has recently attracted a lot
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of attention in high energy physics [44—47] and cosmology
research [48].

In present work we use the time-independent MZN pro-
jection operator method to study the dynamic density correla-
tions in a baryon rich fluid. In the theory of non-equilibrium
phenomena correlation functions are very important quan-
tities as they are directly measurable. In the linear response
theory the response functions are linearly related to the exter-
nal perturbations and the time-correlation functions express
the propagation of equilibrium fluctuations in the system.
Typically, for a fluid described by hydrodynamics the den-
sity correlation function consist of three peaks: two of them
corresponds to acoustic waves and one corresponds to ther-
mal fluctuations. It has been noted in previous study [49] that
for a relativistic fluid the width of acoustic peaks, also known
as Brillouin peaks, picks up a purely relativistic correction,
while the Rayleigh peak due to thermal fluctuations remains
unchanged. We shall discuss these aspects in this work. We
shall further discuss the impact of critical singularities in the
thermodynamic functions and transport coefficients on the
Brillouin and Rayleigh peaks. In particular, we shall con-
trast the critical behaviour of SBM with that of 3D Ising
model and compare the results for density correlations as
computed in these two models. One of the main advantage
of SBM, as we will see, is that one can naturally bring out crit-
ical behaviour of hadronic matter near the critical point [17].
Apart from that the exponentially rising density of states has
proven absolutely essential to explain the thermodynamics
of hadronic matter [50] as well as the small viscosity near 7,
[51]. We would like to mentioned that the dynamics near the
QCD critical point has been previously studied using gen-
eralised Langevin equation [52]. In this work, authors have
discussed the critical dynamics within the renormalization
group approach. Unlike our work, Ref. [52] have taken into
account the non-linear couplings between slow modes to cal-
culate the streaming terms. Such couplings play a crucial role
in determining the dynamic critical exponents.

We organize the paper as follows. In Sect. 2 we recapit-
ulate the MZN projection operator method. In Sect. 3 we
present the derivation of density correlation function using
MZN projection operator method. In Sect. 4 we discuss the
density correlation near the QCD critical point within ambit
of SBM and discuss the implications of our results in the
context of search of CEP in heavy-ion collision experiments.
Finally, in Sect. 5 we summarize and conclude.

2 Mori-Zwanzig-Nakajima projection operator
method
Mori—Zwanzig—Nakajima projection operator method is

based on coarse graining a system with large number of
microscopic degrees of freedom governed by hamiltonian
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dynamics into fast degrees of freedom and relatively few
effective slow degrees of freedom using time independent
projection operator. This procedure leads to so called gener-
alised Langevin equation which describes the time evolution
of a slow operator. While the slow dynamics is captured by
so called memory function, the fast dynamics is contained
in the noise term. On the microscopic scale the time depen-
dence of an operator Ois governed by Heisenberg equation
of motion:

BO(I)

a7 =i[H,Ol=iLO@) (1)

where £ = [I:I , .. .] is the Liouville operator. H is the hamil-
tonian operator. The formal solution of Eq. (1) is given as,

O = ¢"£O0). )

where O(0) corresponds to initial time operator. We define
inner product of two operators A and 15 as [40,53],

oA B S NS
(A,B):% / dr tr[pge? T=1rN) fe=T(H=1N) 3 (3)
0

1 [# . .
=2 [ articinby. @)
B Jo
where g = T~!. The equilibrium average is defined as,

(O)o = tr(po0). 5)

For a grand canonical ensemble the density matrix pg is
given by,

o—BH—1N)

0 , = . 6
Lo (B, 1) oA (6)
If it is possible to separate the time scale into long-time and
short-time scales then there exists a set of slowly varying
operators (corresponding to slow Vanables) which describes
the slow dynamics. Let {.An} = {.A], A, .. .An} be set
of such slowly varying operators which are not necessarily
orthogonal. Using Kubo canonical relation given by Eq. (4)
with T = 0 we define metric g, as [54],

gam (X —¥) = (A,(0,%), A, (0, y)). (7

It is possible now to define quantity An orthogonal to A,
as,

A1, x) = /d3y g"(xX — ) An. (8)
where g’ is the inverse of g,,, which coincides with the
second derivative of the effective action ST ¢, with respect

to An:

. 8 BTei(An)
glx—y) = m 9
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where the effective action is given by the Legendre transfor-
mation of the generating functional W (J™):

SWI™)
- _ 3
Cegr(Ap) = W) — /d xJ"(x) 57 () (10)
1

= WU + E/d3x J" (%) A, (0, X) (1)
where, A, (x) = (fln X))o = % and J" is the classical
source. W(J") = —éan with the partition function Z is
given by,
ZB: ") = tr[e—mﬁ—mexp(/d3xAn(o, X)J"(x)>j|.

(12)

The quantities with upper index and those with lower
indices satisfy following properties:

(An(0,%), A™(0,y) = 8"8(x —y), (13)
Z/d3z gmp(x — 28" (2 —y) = 8" 8(x — ). (14)
)4

We finally define the projection operator P acting on any
arbitrary operator O(t, X) as,

PO, x) = /d3z A,0,2)(O(t, x), A0, z)). (15)

Operator P project out the slowly varying part of 0. Using
(7), (13) and (14) it can be easily shown that (15) satisfies
P2 = P. Itis also useful to define orthogonal projector Q=
1 — P. This project out the part of Hilbert space orthogonal
to subspace occupied by slowly varying operators.

Now consider an operator identity:

9 . A A A 1 . A . AA A A
Ee”ﬁ = e’tﬁpiﬁ—i—/ ds & CIEP L 1CL O i f
0
+el"9L O if (16)
Multiplying both sides of (16) by A, (0) we get
d A N
S = [y ikPmx =Py

o0
- / ds / By KD (1 — 5.5~ y) Ans. y)
0

+N,(t, %), (17)
where,
iK™ (x —y) = (LA, 0,%), A7(0,y)) (18)
KDt — s, x —y) = —0(t — )i LN, (2, %), A" (5, y))
(19)
Nt x) = 9L O il A,0. ). (20)

Equation (17) is called generalized Langevin equation
[40].i K ,(f)m is called streaming term and it captures the time-
reversible change. While, K ,(ld)m is called dynamic mem-
ory function and it captures the time-irreversible change and
hence the dissipation in the system. Note that K ,(,d)m depends
on a past time value of fl,, (s) for s < t. The last term in the
generalized Langevin equation N is called the noise. It is
only the memory function terms that contribute to the slow
dynamics and hence we neglect the noise term hereafter.

Taking Fourier transform of (17) we get,

J - ) ~
A,k = iK™ (K) Ay (1, K)

—/ ds K9 (t — 5, K) Ay (s, k) + N, (2, K).
0

2

Equation (21) can we written in more compact form as,

%A(;) = iK®A@) - / ds KDt — 5) A(s) + N ()
0
(22)

In the Eq. (22) Ais a column matrix of order n for a set of
"5’ slow variables. Matrices K® and K@ are n x n matrices.

3 Density correlations for the equilibrium fluctuations

We shall now calculate the density correlations for the fluctu-
ations about the thermal equilibrium. Near the thermal equi-
librium any thermodynamic quantity at an arbitrary space-
time point (¢, X) can be written as,

A(t,X) = Ag + 8A(L, X), (23)

where Ay is the equilibrium value and § A (¢, x) is the fluctu-
ation about equilibrium. For a baryon-rich fluid the relevant
slow variables are fluctuations in baryon number density 87,
energy density 8, pressure § P, entropy density 8§ and fluid
velocity 8Vv. However, as we will see, not all of these are inde-
pendent and we can remove two of them. So we are left with
five independent slow variables. For our purpose we choose
dnp, 8¢ and the fluid velocity 8V as slow variables. As we
will see this choice of slow variables leads to Landau form
of hydrodynamic equations. This also implies that the fluid
velocity is defined with respect to Landau frame.
The generalised Langevin equation for 6715 reads:

a

aléﬁh(t, X) = /d3y iK™ (x — y) A (1, %)

—/ ds/d3y K™t — 5,% — y) A (s, %).
0
(24)

@ Springer



644 Page4of 11

Eur. Phys. J. C (2022) 82:644

Using memory matrices calculated in the Appendix A we
get,

adny,
ot

where, hy is the equilibrium enthalpy density. A similar cal-
culation for 8V and 8¢ respectively gives,

a8V

1p,0T0

2
+ fip oV - av—x( ) V28(Bip) =0,  (25)

0

1
V259 — (; + g”/) V(V-8V) =0,

(26)

38ﬁ +hoV -89 = 0. 27)
Using following thermodynamic relations:

de = Tod(nps) + wp,odnp, (28)

8P = np,0508T + np,odiup, (29)

ho = Tonp,080 + nb,045,0, (30)

and choosing 87, and 8T as independent variables, we can
rewrite Egs. (25)—(27) in the form:

3 hoC2C
<_) = o, (35)
dnp )7 Cpnpo
P h C C
(_) oop n (36)
oT np CP
(8_s) - _—hoaf CCny. 37)
np/)r nb,OCP
3 C
95 =2 (38)
T/, To
where, C2 ( )glsthespeedofsound Cn,, = TO(BT)nb is
the specific heat at constant number density, C p= To( 5T P

1 (onp
o TP

is the specific heat at constant pressure, xp = —
is the thermal expansivity at constant pressure.

Itis convenient to transform Eqs. (31)—(33) using Laplace—
Fourier transform:

+00

Fe K =ﬁ

Equations (31)—(33) can now be written in a matrix form:

o0
dx e'kx f dt e f(t,x). (39)
0

o0

d THC2C R
0 PO i iC
: Cfa , 5T (2, k) m0C 57 (0, k) — &2 58 50, k)
+K[1 - "é—”o}v%f +npoV -8V =0, (31 8V (z, k) S0 o
P y ov] (z,k) = k2 —To__§v\ (0, k)
hoC, C? hoC,C2ap . 2
—— |Vénp + | ——=——— |VéT (40)
npoCp Cp
9 5\ 1 ) or
+| ho— — nV* )6V — g“—i——n V(V-6v) =0, (32) . .
ot XAn(z,K) = A,(t = 0,K), (41)
hoC?apCp\ 9 C.C2C
[(&) K( ! n)vz} i, where.
npoCp /) 0t np.0Cp
74K TOC anz [ nb()(l _ ‘XPCnC TO)k2:| inb Ok 0
hoCp )
. C,C2 .cncxap 2
X = "inoCr e K 24 ks 0 (42)
_ hOCszaPén énc_yzén 2 nb,()én /’L()ép _ TOaPc,yzén 2
[ < np,0Cp np,0Cp )k i| hoTo |:Z * 15,0Cn br{1 Cp k 0 0
B 0 0 0 1]
_ ~ 25 where we have decomposed the fluid velocity parallel (V)
np.oCn 0 apCiCy 1 2 e . N ..
—| — — 4+ k| —2— - —|)V°|6T =0, (33) and perpendicular (V) to the wave vector k. The quantities
To ot Cp To D7 and ; are given by,

where we have used following relations:

5P = (—ap) Snp + (£> 5T,
onp ) r aT n

5s = (£> Sy + (ﬁ> 5T, (34)
onp ) r oT n

together with the thermodynamic identities [49]:

@ Springer

K
hoCp’

il
Q= —
ho

Quantities Dy and €; are, respectively, called thermal
diffusivity and longitudinal viscosity. Note that the transverse
velocity fluctuation is decoupled from the density fluctuation.

Dr = (43)

4

¢+ gﬂ) (44)
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So we shall ignore this mode in present analysis. We Replace
four-dimensional matrix equation (41) by three-dimensional
matrix equation as,

XAz, k) = A,(t =0,Kk), (45)

which can be obtained from (40) by deleting bottom row.
Dynamical density correlation function is defined as,

Copny (@, K) = (87p(w, k)37, (t = 0, K)), (46)

where 87,(w, k) is the Fourier transform of 8a,(7, K)
whereas later can be obtained by taking inverse Laplace’s
transform of 871, (z, K) as,

§—ioo

1
B (1K) = 5 — dz ¢¥8ip(z, K). A7)

Tl Js—ioco

We first calculate 8715 (z, k) by inverting matrix equation
(45) as,

Az, K) = X 1At =0,k). (48)

The Fourier-Laplace space density function 875 (z, K) is
the (1,1) component of A,,.

4
8ip(z, k) = (Au(z, ] = ) A A =0,))1. (49)
Jj=1
The inverse of X’ can be easily obtained one we know its

determinant. At the leading order the determinant of X is,

detX

np.oC hoC o
= M{ZS + 12k2|:<07~13 +CpCiTy — 2Cs2°‘PT0)
hoTy noCp

Dr + sz,} + Zk*C? + O(k4)}. (50)

The Fourier-Laplace coefficient of density correlation
(49) at the order O (k%) becomes,

Sip(z, k) @ T TsK +iCh) @ + Tsk> —iCk) + k> DrC,CY — K2 CR g

over thermal equilibrium we finally obtain the dynamical
density correlation function as,

C 2T k2
_ - _ 2 n T
Cyny, (0, k) = (672, (t = 0, k)) )|:<1 - E)m
o e
Cp \(@— Ch)2 + T2k
+ sk )] (54)
(@+ Csh)?2 +T5k4 ) |

One can derive similar form using linearised hydrody-
namic equations in the Landau frame [49]. The density cor-
relation function has three peaks as in the non-relativistic
case [38]. The peak around w = 0 is called Rayleigh peak
which corresponds to thermally induced density fluctuations.
We note that the width of Rayleigh peak I'7 (Eq. (52)) is the
same as that of non-relativistic case except for the pre-factor
n}%. The two peaks at w = £Csk corresponds to the acous-
tic waves and they are called Brillioun peaks. Note that there
are additional terms (see the discussion below) in the width
of Brillioun peaks I's (Eq. (53)) which are purely relativistic
[49]. These terms are proportional to the thermal diffusivity.
The origin of additional terms appearing in the relativistic
expression for density correlation function (54) as compared
to the non-relativistic one lies in the hydrodynamic equations
(25)—(27). Being relativistic generalisation of non-relativistic
hydrodynamic equations, the mass density appearing in the
non-relativistic hydrodynamic equations is replaced enthalpy
density o and there are additional pressure gradient terms
which are absent in the non-relativistic case.

To bring out the genuine relativistic effects in the den-
sity correlations consider a gas of massless particles. In the
massless limit { = 0. Thus only shear viscosity and thermal
conductivity terms contribute to the sound attenuation as,

= x~ (51
811(0, k) (z + Tsk? +iCok) (z + Tsk? = iCk) (2 + > Drk?)
1[h C
where, Iy = —|:—0DT<2 _ 1)
rp =20 p (52) Flro A G,
= 0 2aph
b0 +—1+C3To Kk 2aphg ;
1 ép ) B 3 ho ho no
s = E{QH-DT[(C—— 1) + CiTo(Cp —20!P)“- =Tg.r + 8T sR, (55)
n
(53) where,
In Eq. (51) we have neglected the dependence of dnp .
on 8V and 8¢ because the definition of density correla- Tgp= l[@DT <ﬁ _ 1) + fl] (56)
tion function innvolve the thermal averaging and averages, ' 2 no Cn 3ho ]
(8np(k, 0)8&(k, 0)) and (8np(k, 0)8V(k, 0)) vanish [55]. Tak- ) Kk 2apho
ing inverse Fourier-Laplace transform and then averaging sk = CiTo o no Dr ). 57)
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where I's g is the relativistic counterpart of sound attenua-
tion. 6I's R is a purely relativistic correction. In the extreme
relativistic limit, i.e when Ty is very large or when the kinetic
energy dominates the rest-mass energy, we can approximate
the gas by its ideal limit. For a massless ideal classical gas,
we have Cp = 4, c,, =3,ap = 1/Tp, C? = 1/3. In this
limit, 6I'sp =~ 24n . On the other hand, T'sg — 0 in
the non-relativistic 11m1t (To — 0 or when the rest-mass
energy dominates the kinetic energy). Thus the relativistic
correction to the sound attenuation is always negative. This
implies that for a relativistic fluid the Brillouin peaks are
enhanced and its width reduced by an amount 6I'r as com-
pared to non-relativistic counterpart. On the other hand, the
width Rayleigh peak is practically remain unaltered for the
relativistic systems. Reason for this is twofold. First, there are
no relativistic corrections to I'y. Second, albeit the thermal
diffusivity of the relativistic system (D = hoKCp

Dt = nb,gé P
the expression for Rayleigh peak, 't = "b gép = Dr
exactly matches its non-relativistic counterpaft. Hence the
the strength and the width of the Rayleigh peak is not affected
by the relativistic effects.

Finally, for a massless ideal classical gas case, the width
of Brillouin peak reduces to I's g = T nb o Thus, the bulk
viscosity and the thermal conductivity does not have a net
effect on the Brillouin peaks. This is because of the cancel-
lation of terms involving thermal conductivity and because

¢ = 0 for the massless gas.

ent from its non-relativistic counterpart (

4 Density correlations near the critical point

In the T — T, limit, any relevant thermodynamic quantity
can be separated into a regular part and a singular part. The
singular part show power law behaviour. This behaviour is
universal and characterized by the critical exponents, &, ,3 s
y and V. They are defined through the following power laws
[56] (in the limit  — 07):

Cy =C_ ||, (58)
fip = N_ |1/?, (59)
kr = K_ |t]77, (60)

£E=2_11", (61)

where, 11, = 1 — ﬂ is the order parameter with nj . being

critical density. C Vs kT and & respectively denote the spe-
cific heat, the isothermal compressibility and the correlation
length. C_, N_, K_ and E_ are the corresponding ampli-
tudes from the hadronic side (T < T.). Note that the correla-
tion length £ in Eq. (61) is the typical length scale of hadronic
interactions. So away from the critical point E_ ~ 1 fm.

@ Springer

In the Statistical Bootstrap Model (SBM) the strong inter-
actions are assumed to be simulated by the presence of
hadronic clusters [15,16]. The hadronic states of this clus-
ter are described by exponentially rising density of states.
The thermodynamic properties of SBM can be derived using
following partition function [57]:

T \3/2
InZy(T,V,zp) = AVzy (—)
21

o0 11
x/ dm m 32 (= 1)m (62)
M

where, zj, = e"»/T is the fugacity. The exponent plays a very
important role in determining the thermodynamic behaviour
of hadronic matter near the critical point. It can be shown that
fora < —% SBM shows critical behaviour [17]. It turns out
that the energy density and entropy remains finite as 7 —
T, whereas all the higher order derivatives show singular
behaviour. In fact, it is straightforward to extract the power
law behaviour given by Eqgs. (58)-(60).

Approaching the critical point the functional dependence
of transport coefficients on various thermodynamic quanti-
ties can be obtained by dimensional analysis. We assume
following ansatz (in the natural units) for the shear viscosity
(), bulk viscosity (¢) [58] and thermal conductivity («):

T C
_ m (| =P
"=, <c> ©9
¢ = heC, f@)(%), (64)
2
K = w J—'(")<C"). (65)
ng C,

Substituting power law behaviour of the thermodynamic
quantities given by Egs. (58)—(61) in Eq. (63) one can obtain
the singular behaviour of the transport coefficients. The lead-
ing term is

n~ |t|—)7+2f)+&/2’ (66)
g~ |r| 7732 (67)
K ~ |t PP —4382, (68)

Note that not all the critical exponents are independent but
are related via. scaling laws:

2 bd (69)
a+28+7 =2, (70)

where d is the number of space dimensions. For the choice
a = —4[57,59] we get the critical exponents of SBM as:

1

. 3
=0,p==,0=—. 71
B y=g.v=3 (71

>
I

1
>
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Substituting these critical exponents in (66)—(68), we get

_1
n=n-lt|" 4,
_35
¢ =¢- |t|73,

s
K=k |t]"4,

(72)
where n_, ¢_, k_ are constants. Thus the bulk viscosity and
thermal conductivity dominates the dissipation near the crit-

ical point. The thermal diffusivity behaves near the critical
point as

K_ Ao ~
DT ~ ’C_Yb”'ﬁ v+3a/2. (73)
Thus,
Dy~ lrl3, (74)

where we have substituted the critical exponents (71) of SBM
mode. This shows that the width of Rayleigh peak becomes
narrow as the QCD critical point is approached from the
hadronic side. Similarly, the the leading order behaviour of
the sound attenuation coefficient is:

3

+3a

T~ Kpie_|t|P=77903% L Ko e 77~

+ K|t 7T (75)
where K1, K7, K3 contains quantities which are not singular.
Substituting the critical exponents of SBM we see that the
leading order behaviour of the singularity near the critical
point is dominated by the bulk viscosity while the thermal
conductivity contributes at sub-leading order.
5 3

[~ fe]73 e[t 3. (76)

Thus the width of Brillouin peaks must diverge near at
the critical point. However, the strengths of the Rayleigh and
Brillouin peaks is governed by the ratio of two specific heats

200 T T

— Minami et. al.

— This work

150

=01% >

100

Coyny [k, 0]

<@®nylk, t

50

Chyny [k, W]

y = % which behave in the limit T — T, as

n

y ~ lt] 77 (717)

In the limit 7 — T, y — oo and the density correlation
behaves as,

Cn;,n;, k, w) _
((Bn(k, 1 = 0))?)

20 rk?

.1
2
w? + Tpk?

(78)

Thus the strength of the Brillouin peaks is attenuated and
only the Rayleigh peak governs the density correlations near
the critical point.

Figure 1 shows the density correlation function near the
QCD critical point. Red curve represents the results of [49]
in which the correlation function has been estimated based
on the critical exponents of 3-d Ising model and the singular
behaviour of the transport coefficients based on arguments of
Ref. [60]. The blue curve represents the results corresponding
to the critical exponents of SBM and the singular behaviour
of the transport coefficients given by Egs. (66)—(68). We note
that there is quantitative difference but the qualitative sim-
ilarity between results obtained using critical exponents of
SBM and that of critical exponents of 3-d Ising model. It
has been argued that near the QCD critical point, the bulk
viscosity may show singular behaviour as ¢ ~ |¢|~%, where
ag ~ 1.8 [60]. Similarly, the thermal conductivity may show
singular behaviour x ~ |t|~%, where a, ~ 0.63. Thus, the
singular part of Rayleigh peak may behaves as,

FT ~ |l‘|};_ak

With the critical exponents of 3-d Ising model: y = 1.2
and o, = 0.63, we get I'r ~ |¢|%57 . In our case, we have
Ty~ |t|;§—f;+3/2&

Using critical exponents of SBM, we get I'y ~ [r]0-2.
This quantitative difference and qualitative similarity can
also be seen in Brillouin peak. Using Ising critical exponents
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— Minami et. al.

— This work
5001
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]
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Fig. 1 Correlation function near the QCD critical point for k = 0.1 fm~!. We choose two representative vales of 1 =

0.2

-0.1 0.0

wfm™)
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T-T.
T.

,namely ¢ = 0.5 (left

panel) and r = 0.1 (right panel). Red curve represents the results of Ref. [49] whereas the blue curve represents the results of this work
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of 3-d Ising model we get I's ~ |¢|~% = |t|~!3, whereas
in our case 'y ~ |¢f|~!?3. This qualitative similarity and
quantitative differences could be attributed to the value of
specific heat critical exponent &. In case of universality class
of 3-d Ising model & ~ 0.11 which is positive, and it is
largely responsible for the rapid rise (in fact, divergence) of
the bulk viscosity near the QCD critical point. In case of
SBM, a = % which is again positive. So it turns out that the
qualitative behaviour of the bulk viscosity and hence the cor-
relation function is not different from that of 3-d Ising model
universality class.

Letus discuss the implications of these results in the search
for CP in heavy-ion collision experiments. Near the critical
point the width and the strength of these modes depends
on the singularities in static thermodynamic quantities and
the transport coefficients. The critical exponents calculated
within ambit of SBM are given by Eq. (71), while the dynam-
ical critical exponents can be read out from (72). We note that
both the bulk viscosity (¢) and thermal conductivity (k) rise
very rapidly near the critical point. Such rapid rise in the bulk
viscosity has been estimated in previous studies [57,58,61].
This rapid rise in both ¢ and k render divergence in the width
of the Brillouin peaks. However, as we have seen above, the
strengths of the Rayleigh and Brillouin peaks is governed
by the ratio of two specific heats y = % which diverge as
T — T.. Thus, the acoustic mode loose i'{s strength near the
critical point and the divergent behaviour of the bulk viscos-
ity may not be observed in the density correlations.

One of the phenomenological consequence of the disap-
pearance of sound mode near the critical point may be seen
in the three-particle correlation due to the Mach-cone for-
mation in the HIC. Such three particle correlation has been
observed in the RHIC experiment [62—65]. If such three par-
ticle correlations are indeed due to Mach-cone formation,
then the suppression or its disappearance altogether would
signal the existence of the critical point. In this context a study
carried out in Ref. [30] is very interesting. This this work,
authors have studied the effect of critical singularity in the
thermal conductivity on two-particle correlation in the boost-
invariant hydrodynamical model. It is found that the growth
of the thermal conductivity near the critical point implies the
existence of two-particle correlations over 2 units of rapid-
ity. The strength of this correlation increases as the trajectory
pass close to the critical point. One can carry out similar stud-
ies with the three-particle correlations related to Mach-cone
formation in which the critical singularities in both the bulk
viscosity and thermal conductivity are included the hydro-
dynamical simulations.

The critical singularities observed in the transport coef-
ficients have some other phenomenological consequences
as well. In Ref. [66], authors have discussed the effect of
enhanced bulk viscosity near the critical point on the bulk

@ Springer

hydrodynamical evolution of the matter created in heavy-
ion collision. They incorporated critical expected behaviour
of the bulk viscosity of the dynamical universality class of
model H, namely ¢ ~ |¢|~2, within non-boost-invariant, lon-
gitudinally expanding 1 4 1 dimensional causal relativistic
hydrodynamical evolution at non-zero baryon density. They
found, at forward rapidity, a sizeable increase in the quanti-
ties, dNp/dY and dN.j,/dY, where Np, N.j, and Y respec-
tively corresponds to the net-baryon multiplicity, charged
particle multiplicity and momentum rapidity. In our case,
since ¢ ~ |t|7>/* we may expect the similar conclusion.
However, the deviation from non-CP behaviour won’t be as
sizeable as that of observed in [66]. Since the thermal con-
ductivity also behaves, in our model, as k¥ ~ |t|_5/ 4 we
expectthat d Np/dY and d N, /dY will be strongly affected.
Rapid growth of bulk viscosity will also leads to softening of
effective pressure which, in term, can lead to non-monotonic
behaviour in the slope of the directed flow of net protons or
that in the triangular flow.

5 Summary and conclusion

To summarise, we have calculated the density correlations
in a baryon rich relativistic fluid from Mori—Zwanzig—
Nakajima projection operator formalism. The hydrodynamic
form of density correlation can be obtained, with a judicious
choice of slow variables, using this formalism. The spectral
function of density correlation is found to consist of usual
three peaks: two acoustic modes at w = +Csk and one ther-
mal mode at w = 0. The width of the Rayleigh peak is found
to be the same as that in the non-relativistic case, whereas the
width of Brillouin peak consist of extra relativistic correction
which is negative and hence reduces its width.

We further discussed the behaviour of Rayleigh and Bril-
louin peaks near the critical point. We extracted the singu-
lar behaviour of thermodynamic quantities using statistical
bootstrap model. The singular behaviour of transport coeffi-
cient, shear and bulk viscosity as well as thermal conductiv-
ity can be extracted using the ansatz for this quantities given
by Eq. (63). We found that the bulk viscosity contributes to
the sound attenuation at leading order ~ |¢ ~3 while the ther-
mal conductivity contribute at sub-leading order ~ |¢] ~3.0n
the other hand, only the thermal conductivity contributes at
leading order ~ |t |% to the thermal diffusivity. We noted that
the acoustic mode loose its strength near the critical point
and the divergent behaviour of the bulk viscosity may not
be observed in the density correlations. However, it can be
inferred from the average transverse momenta and multiplic-
ities of produced particles in heavy ion collisions.

It is important to note that SBM is just an effective model
of QCD. The critical exponents extracted within ambit of
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SBM are different from that of 3-d Ising model. One of the
reason for this discrepancy would be that SBM does not take
into account effective glueball degrees of freedom. It would
be interesting to explore this extension of SBM and study the
critical properties within its ambit. Further, we have com-
pletely ignored the non-linear terms in Egs. (31)—(33) which
plays an important role in determining the dynamical crit-
ical exponents [67]. Inclusion of such terms would be an
interesting improvement in our calculations. Work in these
directions is under progress and will appear somewhere else.

In conclusion, density correlations may not be suitable
observable to search for the QCD critical point. However,
as noted in Ref. [49] suppression or disappearance of Mach
cone, which is related to the existence of sound mode in
a fluid, may indicate that system have passed close to the
critical point.
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Appendix A: Calculation of the memory matrices

We shall briefly discuss the calculation of the memory matri-
ces. The details can be found in Refs. [38,47].

A.1: Streaming matrix

The streaming matrix can be written as,

Klgs),n Kr(LS),e K}gs),p
iK(s) = Ke(s),n KE(S)’E Ke(s),p
(8),n z-(5),€ £-(5),p

KP KP KP

(A)

where p = hov. From Eq. (18) we can write,

K™ (k) = (L8R (K), A" (0))

= (iL8Ap(K), A(0)g" (k)

= (i L87p(K), 5715(0)g""™ (k)
+(iL8np(K), §€(0))g "™ (K)
+(i L7y (K), 5p(0))gP" (k)

= —ik[g1,, ®)g™" () + g (K)g™ (K)

81,1 (R)8”™ (k)]

where jj, is the baryon current. If we assume that the equi-
librium density matrix gy is time-translational invariant then
8hp, and 8¢ are even functions of time while § p' and 8f,’7 are
odd. Hence the time reversal symmetry implies that §7; and
8T do not mix with 8 ' and 8 ji. Thus Eq. (A2) implies that
iK™ = 0. This further implies that i K,E‘Z)e also vanishes

np
and only i K ,2‘;)" (K) survives.

(A2)

(i L7y (k). 551 (0))g” 7' (k)
—ikd (3] (%), 58 0”7 ()
= —ikg,,1 008" ()

K" (k)

(A3)

In the low energy limit k — 0 we can expand g, (k)
around k = 0 as a power series as,

gmn(K) = gmn(0) + k - Vigun (k) + O(k?)

At linear order only the leading term g,,,(0) contributes
in (A4). Further, g,,,(0) satisfy following relations []:

(A4)

8pipi(0) = / d*x(T7(0,x), T%(0,0)) = 6V Tyhg  (AS)

8,0 = / dx(T(0,%). ) (0.0) = 6" Tong  (A6)

Using Egs. (AS) and (A6), Eq. (A3) reduces to
iKOP (&) ~ —ik Tono (A7)

We can similarly calculate i K™ and i K if)m. The stream-
ing matrix is finally written as

0 0 —ikingTy
iK® = 0 0 —ik! (A8)
—ikingTy —ikinogTy 0
A.2: Dynamic memory matrix
The dynamic memory matrix can be written as,
KD gd)e K’gd),p
K@ = | gdn gld)e Ke(d),p (A9)

K[(’d),n Kl()d),e K[()d),p
From Eq. (19) we write
K™t — 5, k)

= —0(t — 5)(iL£e" 9 Qi LsAy(0, k), A™(s,0))  (A10)

@ Springer
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In this case, since 8p is a slow variable there will not be
dissipative terms in the generalized Langevin equation for
8¢. Hence we get i£8¢ = —k - 8p. Further, since 8p is a
slow variable, its orthogonal projection should vanish. Thus
QiLsé = 0 and hence K,Ef)é vanishes. Further, K,(,ff)p ~
O(k3), which we neglect. Thus, only only K ,(,‘,f)"” survives.
It can be easily calculated in the Markov approximation. The
final expression is written as:

noTo\ >
KD (k) ~ k2<—) K

e (A11)

where we have define the thermal conductivity coefficient as,

2 roo
K :< ho ) f dt/d3z<5jq(l‘,X),5jq(0, 0)) (A12)
I’l()T() 0

with the heat current defined as §j, = dj, — Z—g(Sp. One can
similarly carry out the calculation of other elements in the
iK@_ The final result is:

K% 0 O(3)
KD = | gdn glde KP (A13)
O 0 Tyvkik) + Tynk32s'
2
where Kk = (”25" kand U = ({ + %n) Kk is the ther-

mal conductivity, n is the shear viscosity and ¢ is the bulk
viscosity.
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