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Abstract By using the K -free complex bosons and the K - 2.5 The existence of N' = 2 supersymmetric wfo’K
free complex fermions, we construct the A/ =2 supersym- algebra with U(K) x U(K) symmetry? . ... 7
metric WOIg’K algebra which is the matrix generalization of 3 The N/ = 1 supersymmetric WX algebra with U (K)
previous A/ =2 supersymmetric Wy, algebra. By twisting SYMMELTY . . v v v v v v e e e e 7
this V' =2 supersymmetric AS algebra, we obtain the 3.1 The V' = 1 supersymmetric WX algebra with
N = 1 supersymmetric WX algebra which is the matrix gen- U(K)symmetry . . . . ... ... ....... 7
eralization of known A = 1 supersymmetric topological W, 3.1.1 The commutators between the bosonic
algebra. From this two-dimensional symmetry algebra, we CUITENtS . .+ v v e v e e e e e e 7

propose the operator product expansion (OPE) between the
soft graviton and gravitino (as a first example), at nonzero
deformation parameter, in the supersymmetric Einstein—
Yang-Mills theory explicitly. Other six OPEs between the
graviton, gravitino, gluon and gluino can be determined com-
pletely. At vanishing deformation parameter, we reproduce
the known result of Fotopoulos, Stieberger, Taylor and Zhu
on the above OPEs via celestial holography.
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1 Introduction

Recently, the celestial holography has been proposed by the
fact that there exists a duality between the gravitational scat-
tering in asymptotically flat spacetimes and the conformal
field theory which lives on the celestial sphere. See the review
papers [1-4] on the celestial holography. By using the low
energy scattering problems, the symmetry algebra of the con-
formal field theory for flat space (a celestial conformal field
theory) has been studied in [5]. Moreover, in [6], the group of
symmetries on the celestial sphere satisfies the wedge sub-
algebra of wji algebra [7]. This implies that we should
understand the structures behind these findings thoroughly
in order to check the above duality. In [8], the supersymmet-
ric w140 algebra has been identified with the corresponding
soft current algebra in the supersymmetric Einstein—Yang—
Mills theory. The relevant works on the celestial holography
in the various directions can be found in [9-35]. See [1] for
more complete literatures.

The higher-spin extension of the Virasoro algebra has
been found by Zamolodchikov [36]. The so-called W3 alge-
bra consists of the spin-2 stress energy tensor and the spin-
3 current. Subsequently, this W3 algebra is generalized to
the Wy algebra [37,38] which is generated by the spin-2
stress energy tensor and the higher-spin currents of each

spin, s = 3,4, ..., N. It is also possible to construct a lin-
ear W algebra [39,40] generated by the currents with spins
s = 2,3,4,...,00. A simple contraction of the W, alge-

braleads to the w, algebra [7]. Moreover, the W1, algebra
[41] contains all spinss = 1,2, 3, ..., 00. The N = 2 super-
symmetric W, algebra [42] whose bosonic sector is given
by W and Wi is obtained.

Bakas and Kiritsis [43] have found the Wolg algebra which
is an U (K)-matrix generalization of W, algebra. For each
current of spin s, there are K> multicomponent generators.
Odake and Sano [44] also have constructed the WILJr o algebra
which is an U (L)-matrix extension of Wi, algebra. There
exist L2 multicomponent generators for each current of spin
s. Furthermore, the supersymmetric Wo[g‘L algebra, whose
bosonic sector is given by Wolg and W1L+oo, has been studied
in [45].

In this paper, by taking the condition K = L, we
construct the N'=2 supersymmetric WOIZ’K algebra with
U (K)x U (K) symmetry. Due to the above condition K = L,
we can multiply the generators in the fermionic currents. The
N =2 supersymmetry is reduced to the N = 1 supersymme-
try by topological twisting [46—48]. Then the N'=1 super-
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symmetric WX algebra with U(K) symmetry is obtained.
That s, we obtain the matrix generalization of [48]. The seven
commutator relations between the bosonic and fermionic cur-
rents can be written in terms of the various structure constants
and the deformation parameter. By considering the vanishing
limit of this deformation parameter, we reproduce the pre-
vious result of [49]. We propose that the OPEs between the
graviton, gravitino, gluon and gluino in the supersymmet-
ric Einstein—Yang—Mills theory can be determined from the
above two-dimensional symmetry algebra.!

For the nonvanishing deformation parameter, the commu-
tators contain the possible terms in the right hand sides. In
general, the structure constants depend on the two modes of
the commutator and the weights. Among the weights, the
weights i1 and &, appearing in the left hand side of the com-
mutator are given. On the other hand, the weight & appearing
in the right hand side vary from its lowest value to the high-
est value depending on the previous weights /41 and ;. The
weight i plays the role of dummy variable in the summa-
tion of the right hand side of the commutator. We would like
to determine the OPEs between the above soft currents in
the supersymmetric Einstein—Yang—Mills theory by looking
at the two dimensional symmetry algebra characterized by
seven commutators. Then the question is how we can deter-
mine the OPE:s in the soft currents which will eventually lead
to the commutators we have found in two dimensional con-
formal field theory after performing the appropriate contour
integrals.

As mentioned before, the structure constants consists of
mode dependent part and mode independent part and they do
depend on the above three weights dependence. We should
figure out how the mode dependent part can be read off from
the relevant OPE between the soft currents because the mode
independent part can be multiplied into this inside of the
dummy variable weight /. From the experience of the var-
ious contour integrals [5], we expect that there should be &
dependence in the OPE when we consider the case of the
nonzero deformation parameter. Once we have obtained the
correct OPEs which produces the mode dependent part of
the commutators, then it is straightforward to determine the
full OPEs by multiplying the weights dependence parts and
summing over above dummy variable /2 within the possible
range.

In Sect. 2, we obtain the N =2 supersymmetric Wolg’K
algebra after reviewing the supersymmetric WOIZ’L algebra.
In Sect. 3, we determine the A' = 1 supersymmetric Wo’g
algebra. The free field realization is given. At the vanishing
deformation parameter, the previous result [8] is reproduced.

1 We are focusing on the soft currents where the celestial operators
have the specific conformal dimensions for the bosonic and fermionic
fields. For the former A = 1,0, —1,... and for the latter A =
1’71’73 ..... See also [5,31].
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We also present the seven commutator relations in terms of
the corresponding OPEs. Finally, we propose its realization
inthe N = 1 supersymmetric Einstein—Yang—Mills theory. In
Sect. 4, we summarize what we have obtained in this paper.
In Appendices, we provide some details in Sects. 2 and 3.

2 The N =2 supersymmetric WX-¥
U(K) x U(K) symmetry

algebra with

2.1 The supersymmetric WOIg’L
symmetry: review

algebra with U(K) x U (L)

The nontrivial (anti)commutator relations of Wolg’l‘ algebra
[45] (see also [50]) are given by
s hi+hy=3
7 i, hoh
[(ng,l)m, (Wl)j/,hz)”] = Z 7 PFI’ " (m, n)
h=—1
X |:5}7ﬁ L ST
+( 1) SQS(WFV;”H,Z 2— h)m+n:|
+Cwy,, (m)88P7 SN2,
hi+hy—4 )\h
h
[( Bh Ym» (W, Bh )n] = _PBl’hz’h(m,n)
1 2 2
h=—1

b yyad
X|:5 (W +hy—2—n)m+n

(=D W o h)m+n}

+CWB_h1 (m)5§d6b58h1h2)\2(/11 —2)5m+n ,

hi+hy—=3 h hoid
[WEh e (O, )] = 3 Al
h=—1
x(m, r) 8% (QZﬁJrh *,h)m+r’
hi+hy—3 .
[(WFale)m,(QaV ])}" = Z )\h ])thl’ 277
h=—1
By aa
x(m,r) 8 (thJrh2 s mers
h1+h273 R
c h nihets, &b
[V )'"’(Q;’ZJF%”]: hZ] Ngg ™= 2" (m,r)s
aa
X(thJrhzf%,h)err,
hi+hy—=3 o + )
[(WBhl)ma(Qca l)r = Z }\h( 1)]1 1,h2
h=—1
ac ( Hba
X(m V)8 (Qh1+h2 3 h)m+r»

h1+h

aa ~bB R h h1+ h2+ h

() (@ Dk = 30 Ao

h=0

X(r,8) 8% (WE L s

hi+hy—2
+ Z Ah h1+ h2+ h( S)(Solﬁ( Bhl_;’_hZ h)r—ﬁ—s
h=0

+cQth+%(r)aa'ba“ﬁahlhzx2<hl+%—l>am. @.1)
The bosonic Wolg subalgebra corresponding to the second
equation of (2.1) is generated by the U (K)-adjoint ng’h
with an integer weight h = 2,3, ..., 00. The subscript
B stands for the bilinear of complex free bosons in next
subsection. The fundamental index a, b, ... of U(K) runs
overa,b,...=1,2,..., K and the antifundamental index
ab,... of U(K) runs over @,b,... = 1,2,..., K. The
bosonic W1L+oo subalgebra corresponding to the first equa-
tion of (2.1) is generated by the U (L)-adjoint Wg, ﬁ with
an integer weight & = 1,2, ..., 00. Note the presence of
weight-1 current. The subscript F stands for the bilinear of
complex free fermions in next subsection. The fundamental
index «, B,... of U(L) runs over o, B,... = 1,2,...,L
and the antifundamental index «, B ,...of U(L) runs over

o, ,5, ... =1,2,..., L. There are also the bifundamental
Qé"‘ ! and the bifundamental Qhﬂ ! under the U (K) x U (L)
with the half-integer weight 7+ 4 7= 3 g ... for the remain-

ing (anti)commutator relations. Note that the lower and upper
limits for the dummy variable % in (2.1) can be determined
by the fact that (i) the maximum weight for the current in
the right hand side is equal to the sum of two weights in the
left hand side minus one and (ii) the minimum weight for the
current in the right hand side is equal to 2, 1 or % as above.
The A is a deformation parameter” and the central terms

in (2.1) except the A-dependent factors are given by

20D iy (- 1) ,
CW,, (M) = Qh =31 2h — D j_llh(m + ),
20=3 — oy M .

cwy,(m) = Nk Qh =31 2h — D jﬂh(m +7),

2203 (h = 31 (h = 1!
€00, () =Nk = = T —

=

x ]_[ <r+j+§) (2.2)
j=%—h

There exists an overall factor N which is related to the
number of free complex bosons (or fermions). The & is the

2 This corresponds to the parameter g in [45] and is nothing to do with
the one in the higher spin algebra in [50].
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level of SU(L) and the corresponding weight—one current
is given by \/7 WF’? 8ga With ¢y (m) = é". By intro-
ducing the k copies of the free field realization, we con-
struct the general level k realization [45] because Wolg’L
algebra is linear. The Virasoro central charge is given by
¢ = NkQ2K + L) from ¢y, (m) = & N km(m* — 1) and
Cwg,(m) = é N km(m2 — 1) from (2.2) and the Sugawara
stress energy tensor is given by ng’z Sba — Wg’ g dpa-

The mode-dependent structure constants appearing in
(2.1) are described as follows:

P m ) = 2(h+1)l¢ 20, = 3) Ny . m).
P m ) = 2(h+ o 0. 00N G,
gt m, ) = 4((%:-)}12)' (i 1)¢ZI+?Z+%(O' 0

—h—h -3, ”)] Y2 (m, ),
gu " . r) = uh_iizw (== 817 0,0

— e 0 b| i,
oft e gy = (h ) |:(hl +hy—1—h) ‘7511]+ hﬁz(’ -1
o) = _*[(h1+h2—2 h>¢h'+2h2+%(%s—%>

h1+2

3 h
—(h+hy =5 = ¢y arty ——)} NI s).

(2.3)

The structure constants are polynomials in the modes. The

modes m, n, ... are integers and the modes r, s, . .. are half-
integers. We introduce the following quantities
ht1
hth(m n) = Z( 1) (h+1>
x[hy =1+ m]h+171[h1 —1—m]
X[hy — 1 +n]ilha — 1 = nlpy1-1,
& (x, )
—.F —%—x—Zy ——x+2y,—hil+x 2 +x .
- —hi+ 3, h2+3h1+h2—h—* '
2.4
We use the falling Pochhammer symbol [a], = a(a —

1)---(a@a —n+ 1) in (2.4) and we use the binomial coef-
ficients for parentheses. Moreover, the generalized hyperge-
ometric function, with four upper arguments a;, three lower
arguments b; and variable z, is defined as the series
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)

ap,az, as, d
F|:l 2,43, 44

e (@) (@) (@3)n(@a)n 2"
by, by, b3 N

S b0 (b)a(b3)y !

2.5)

where the rising Pochhammer symbol (a), =
1)---(a+n—1)isusedin (2.5).3

In this paper, by acting the generators of U(K) (or U (L))
with the contractions of the (anti)fundamental indices on the
(anti)commutator relations in (2.1), we will determine the
N = 2 supersymmetric WOIg’K algebra and the N = 1 super-
symmetric WX algebra. Then the fermionic currents will not
have any (anti)fundamental indices.

ala +

2.2 Free field realization: review

The Wolg’l‘ algebra with level k = 1 is realized by K-free
complex bosons of weight-1 (5 ¢ and 8 ¢"?) and L-free
complex fermions ofwelght Ly and ¢t "‘) The index i is
the fundamental index of U (N ) and the index i is the antifun-
damental index of U (N). Their operator product expansions
in the antiholomorphic sector are

5({)1’&(2)545]_’[)(12)): _ _ zaijaéb_{_... ,
(z—w)
P @) Y P () = —— 8 5% + 2.6)
(z—w)
The U (N)-singlet currents of WOIg’L algebra are described by

the bilinears of these free fields as follows (See also [51]):

h—1 N h 1 2
Weh = nwe, Y > i 1)l< / )
1=01i,1=1
X (ah l—ll/_/l',o_l él,(//l B )’

p (=D (h=1\(h—-1
WB’}’hZ”WthZ.Z‘S"”‘(h—l)< ! )(Hl)

3 In the right hand side of (2.4), the /& and & play the role of (i 4+ 2)
(or (i + %)) and (j +2) (or (j + %)) of [45]. The h corresponds to their
r. Due to the typos in [42] (See also the footnote 2 of [48]), the structure
constants in [45] are different from the ones in [42]. For example, the
structure constant a; “(m, r) of [42] is given by our (—1)" qgl h2hiy
with the identification iy = i +2,hy = o + 3 ,h =1 —1 and the
structure constant a,’ %(m, r) of [42] is given by our( 1)” hshoh
with the identification by =i +2,h) =« + s, h=1-— 1

(m,r)
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x (3h—lpiajlgiay, 2.7)
The I = 0 cases of single summations correspond to the
lowest weights, 1, 2, 3 and 5 3 The normalizations are given
by

2h=3(h — 1)! = 2h=3pr o,

nwg, = s Nwg, =

2h =311 Qh—3n"
hrpt
th+% = —(2h T = th+l (2.8)

Then we can check that the modes of (2.7) satisfy the
previous (anti)commutator relations (2.1) by using the mode
expansion for the normal ordering between the free fields in
the conformal field theory. After using the (anti)commutator
relations corresponding to (2.6), the left hand sides of (2.1)
contain the quadratic free fields having the explicit modes
(where the coefficients depend on the weights, the modes
and the dummy variable from the infinite sum) and the cen-
tral terms. Similarly, the right hand sides of (2.1) contain the
quadratic free fields and the central terms in the presence of
the nontrivial structure constants (2.3). For several low values
of the weights and the modes, we can check the several non-
trivial identities. Alternatively, after using the Thielemans
package [52] for low values of the weights, simplifying the
right hand sides of the OPEs between the currents and rewrit-
ing down them in terms of the (anti)commutator relations
with the help of the explicit formula in [53,54], the previous
algebra (2.1) can be checked also explicitly.*

2.3 The N = 2 supersymmetric WX
U(K) x U(K) symmetry

algebra with

Let us consider the case of K = L. Then the number of
(anti)fundamental indices is the same. From the decomposi-
tion of U(K + K) = U(K) ® U(K) ® (K, K) & (K, K),
the generators consists of A taAI;, t&“& and t(;‘& in addition to

ap
8y ji» 8aipr 0w and 845 with A = 1,2, ... (K* = 1).

By multiplying the generators into the four kinds of cur-
rents, we obtain four kinds of singlets and adjoints of U (K)
as follows:

W = Wb 8pa, Wi, = Wb ik,

Wen = Wby Spas Wi, = WEb i,
— A — paa A
Qh-t—%:Qthl&m’ Qh+%_Qh+%ta&’
A A __ aa A
Qh+7—Ql+18aav Qh+1 =Qh+%ta&7
A=1,2,...,(K*=1). (2.9)

4 This paragraph is based on the discussion with S. Odake some years
ago.

Now we would like to rewrite down (2.1) in terms of (2.9)
after multiplying the various generators >

2.3.1 The WK

1o algebra

Now we can multiply the generators into the first equation of
(2.1) and the three commutator relations can be obtained as
follows:

hi+hy—3
hy,ho,h
[(Wen)ms: Weaa] = D> N ppt™"(m, n)
h=0,even

hihy x20h 2
X(WEhy+hy—2—m)mtn + K cwp, 87172 A =2,

R hi+hy—3
[(Wen)m: Wi)a] = D A pp"" . n)
h=0,even
X(W£h1+h2_2_h)in+na
R R hi+hy—3
[WE . WE D] == Y N pi " . m)
h=—1,0dd
X% fABC (W]ghl+hz_2_h)m+n
+CWF<h1 §AB ghiha \2(h1~2) S
h1+h2 -3 | oo
Z )\h h1 ha, h(m n) [E JABC
h=0,even

X(nghl+h2_2_h)m+n + §AB (WF,h|+h272fh)m+n]~

(2.10)

This W{ioo algebra (or SU(K )k Wit algebra) was found
in [44]. The first equation of (2.10) generated by the singlet
current of U (K) is Wi« algebra and its extension with the
adjoint of U (K) appears in the remaining equations. In the
last equation of (2.10), the identity for the product of two
generators tA B_ 1 SAB 1x +5 (l f+ d)ABC tc is used.
Note that the Welghts in the rlght hand side appear in even
or odd integers. Of course, by taking the contractions of the
currents with the vanishing A limit, the first equation reduces
to the w1400 algebra (which is the weight-1 extension of wx
algebra [7]) as shown in [8].0

5 From now on, we do not have to distinguish the two (anti) fundamental
indices.

6 By redefining the currents of weights 2, 3,4 nonlinearly, we can
decouple the weight-1 current from other currents. That is, there are
no singular OPEs between the weight-1 current and others. The OPEs
between the above currents of weights 2, 3, 4 do not contain the weight-
1 current at the poles in the right hand side. The lowest pole we are con-
sidering contains the weight-4 current. For the poles having the higher
spin current of spins, 5, 6, ..., we need to find out the corresponding
redefined currents step by step. We expect that this will be true for higher
weights. See also the relevant paper [55].
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2.3.2 The WX algebra

The second equation of (2.1) can be rewritten as

hy+hy—4
[(Wan)m: W] = Y A pgt">" . n)
h=0,even

hika 200 =2
X (W iy hy—2-W)min + K cwy,, 82 N2 s,

N hi+hy—4
(W Wi du] = S A plt "2 ()
h=0,even
A
X(WB,h1+h2727h)n1+n,
S « hi+hy—4 P
[(Wéhl )m: (W]g,hQ)n] = - Z 7\h pgl’hz’h(m’ n) E fABC
h=—1,0dd

¢ AB chihy y2(h—2
X(WB,h1+h2—2—h)m+n +CWB_;,] §AB ghiha \2(hi )5m+n

hi+hy—4 1 o N
hi,ho,h
+ ) Ahp};"2’(m,n>{idABC<W§hl+hz_z_h>m+n

h=0,even

1 +a
+f (SAB (WB,h1+hz—2—h)m+n:|~ (21 1)

This ng algebra was found in [43]. The first equation of
(2.11) generated by the singlet current of U (K) is W, alge-
bra and its extension with the adjoint of U (K') appears in the
remaining equations. The algebraic structure of (2.11) looks
similar to the one of (2.10). The upper bound of dummy
variable /& and the structure constants are different from each
other. By taking the contractions of the currents with the van-
ishing A limit, the first equation reduces to the wo, algebra

[7].

2.3.3 The commutators between the bosonic and fermionic
currents

In this case, we have four commutator relations after multi-
plying the generators into the third equation of (2.1)

hy+hy—3

h h+

[(Wesdm: Qe ] = Do Mg "m, r)

h=-—1
X(th+h2,%,h)m+r,

hgha =3 ot
[Wendms (@F . D)= Y Nig IR G

h=-—1
X(Qp 4y p)mtr

h1+hy—3

Z 7\h h] h2+2 m, r)

h=—1

[(WF hl)ms (th+ 1 )

x (04

hl+h27%—h)m+r’

hi+hy—3

Z }\h h] hz+2

h=-1

l‘ AA A
(m,r) & pABC

(W (Qf)r] =
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hy+hy—3

x(Q,fle s mir Y

h=—1

hh+lh
)\h PR )

1 1
[2 a*B¢ ot | e

AB
K 3 (Q/11+h2_%_h)m+r:|~

(2.12)

2.3.4 The commutators between the other bosonic and
fermionic currents

From the fifth equation of (2.1), the following four commu-
tator relations can be obtained by multiplying the generators

hi+hy—=3 —
[(WB,hl)m, (Qh2+%)r] — Z 7\/1 qua 2+73, (m,r)
h=-1
X(th+h2—%—h)m+h
hi+hy—3 h -
[(WB,hl)mg(Q l)r — Z )\h 1,ho+5, ( r)
h=-1
(Q}?1+h2 )m+r7
n h1+hy—3 h hotd
[(W]3A,h1)m’(Qh2+%)r = Z )\h 1,ha+5, ( )
h=-1
A
X(th-i-hz—%—h)m‘l’rv
A B
(Wi om- (2 1]
hi+hy—3 . o
Z )\h h1 ho+ 4.0 (m r)ifABC
h=—1 2
A hi+hy—3 h hoid
X(Q}?|+h2 )m+r+ Z )\h A2, (m’r)
h=-—1
| L gdbe (¢ R
2 hy+hy— m+r
1 +s
E AB (Qh1+h2—_h)m+r] (213)

We present here (2.12) and (2.13) which are necessary to
describe the discussion of next section and the remaining
(anti)commutator relations are presented in Appendix A.

2.4 Free field realization

From (2.9) and (2.7) with (2.8), we obtain the following free
field realization

h=1 N b 1\2
W = nwe, Y Sii(=1) ( / )

1=0i,1=1
% (éh_l_lll_/i’& 3,36( élwl_»ﬂ )’



Eur. Phys. J. C (2022) 82:630

Page 7 of 28 630

) h-1 N b 1\2
Wi = nwg, Z Z 8ir(—1) < / )

1=0i,1=1

x (§h—I=1gia tA- Aylhy,

h—-2 N /
( 1) h—1 h—1
WBh_”WB"ZZ ( ! )(1+1>
=01i,1=1
X(ah —[— l¢l,a8b_ al"‘l(z()l,b)7
h—=2 N i
( 1) h—1 h—1
WBh_nWBhZZ lt ( l )(l+1>

% (éh_l_l(f_)l’a A_ 51+1¢1,h )’

h—1 N h—1 b
_ . l -
0y =no,, & S w0 ("71) ()
1=0i,i=1
x (3" 8ya 3y,
-1 N
A h—1 h
A _ 5i-(—1)!
Qh+%_th+%Z_Z 8i.i 1)( i )(l)
1=0i,i=1
% (éh—l(t_)i,_ [&&(j éll//l_’a )’

=
|
—

Q1
=
B
|
=
S
| +_
I
M=

X
—~
(=5}
=
L
<
Q
(=%}
)
Q1
(o5
<
<
S
~

k1 (=1 (h
e (7))

~1
I
—_

=
|
—_

(2.14)

The number N which is contracted in (2.14) does not play any
role of our discussion. In this basis, the singlet and adjoint
property of U (K) is clear. It is evident that the above free field
realizations satisfy (2.12) and (2.13) and Appendices (A.1),
(A.3) and (A.5). Except the last two of (2.14), the remaining
ones will be used in next section.

2.5 The existence of ' = 2 supersymmetric woo
with U(K) x U(K) symmetry?

algebra

By taking the simple rescalings
WA > AWA,
> A Q

Wy — AWy,

Q) > AQp 1, o

el (2.15)

h-‘rl’

and putting the A to vanish, we obtain the following commu-
tator relations

l' AA A N
[(WF ndms (Wg, hz)ﬂ] =1 fABC (W€h1+h2,1)m+n,

) ) i isn A
(W dms Wg o n] = = 5 FA5C WGy - Dt

[(WF,hl)ma (Qh2+%)r] = _Z (Qh1+h2_%)m+'~7

~ 1 ~
[Wesm: (Qp, D] = =7 Q5 Dmtr
~ 1 ~
(W me (@) = =5 Q5 D
(W (Qf )] = =5 FA2EQF s

LI dge  He [V
_4 |:2 d (th+h2 ;)m-%—r + Ea (th+h2,%)m+r ,
1
[(WB,h])rm (Qh2+%)r] Z (th+h2_l)m+n
Wi A ~Lioh
[( B,hl)nh (Qh2+%)’] = Z (Qh|+h2 1)m+r7
wi _ 1
[( B,hl)m’ (Q;12+%)r] = Z (Q,11+h2_1)m+r7
i ; i
[(Wan)m: Q5 ] =3¢ A5, Vs
L1 ige  He L ip
+4 2 -d (Qh1+h2 1)m+r + E s (th-f—hz—%)err .

(2.16)

There are no mode dependent terms in the right hand side.
In the OPE language, the % term in the first order pole in the
original OPEs survives. Other reduced commutator relations
similar to (2.16) appear in Appendix A. Once we keep the
commutators in the bosonic singlet currents, then we have
some % dependence in other commutators.

3 The N = 1 supersymmetric Wolg algebra with U (K)
symmetry

3.1 The N’ = 1 supersymmetric WX algebra with U (K)
symmetry

3.1.1 The commutators between the bosonic currents

In [48], the bosonic current of weight /4 is given by the lin-
ear combination of Wg j, Wr 4, d Wp j—1 and 0 Wr ;. In
terms of their modes with correct deformation parameter A
(the power of A should be equal to (h — 2)), we obtain the
following U (K)-singlet and U (K )-adjoint currents together
with (2.9)

Wim = (WB,h)m + (WF,h)m
2(h —2)(m+ (h —2) + 1)

+A 211 (WB,h—Dm

Y 2 —-2) ;—(;)imz)—:—(fi -2)4+1) (Wene 1
W = WE m + (WD

P\ 2(h — 22)((}1111_+2()h+—12) +1) (Wéhfl)m

Y Q2(h — 2;—({;12)_(21)4——'(—}11— 2)+1) (Wéh_])m- 3.1
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According to the construction of (3.1), the lowest value for
the weight £ of the bosonic current Wp 5, is given by h = 2.
When /i = 2, the third term of each expression vanishes due
to the coefficient. The U (K )-adjoint current is new and is
the matrix generalization of [48]. The mode m dependence
in the coefficients appears in the third and fourth terms when
we write down the mode of derivative of current in terms of
mode of the current itself.”

Then we can determine their commutator relations explic-
itly by using both (2.10) and (2.11) as follows:

hi+hy—4
[(Wams Wil = D N2 om )
h=0
X (Why+hy—2—m)m+n + Cw.n, (M),
R hi+hy—4
[(Whidm, Wida] = > N'g" ™" Gm, )
h=0

A
X (Wi 4 hy—2—n)mtn

A A hy+ho—4
[(W/ﬁ)m, (sz)n] =— Z N gheheh oy p)
h=-1
l' AAA A
X 5 fABC (W}ﬁ+h2_2_h)m+n
1 . hi+hy—4
+?(SAB CW,h|(m) + Z )\h th,hz,h(m’ n)
h=0
1 1aa N
X 5 dABC (W}ﬁ+h2727},)m+n
1 :a
+ 0% (Wh.+h22h>m+n]. (3:2)

Again, the last two relations in (3.2) are new. Compared to
(2.11), the algebraic structure looks similar, but the structure
constants are different from each other and the range for the
dummy variable % in the right hand sides is different. It is
claimed in [48] that the algebra in the first relation of (3.2)
is isomorphic to the W, algebra [39,40].8 Here the central
terms appearing in the first and the last equations of (3.2) are
given by the following expression

CWJ’!] (m) =K [CWB,hl (m) 8h1h2 )\2(}!172)

2(hy —2)(n+ (hy —2) + 1)
2y —2) + 1
x(m) ahl,hz—l )\2(1’11—2)

+A

CWB,hl

7 In principle [55], we can add the weight-1 currents by reversing the
procedure in the footnote 6 and obtain the Wllioo algebra and by con-
tractions the corresponding wf( oo algebra can be obtained).

8 It is known in [48] that the diagonal Wy, algebra from the current Wy,
is generated in Wy, algebra (generated by Wp ) and Wi, algebra
(generated by Wr ).
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N2 =Dt =2+ 1)
2hi —2) + 1 Wehi-1
s (m) §M =12 \2(h=1-2)

2(h1 =2)(m 4+ (h1 —2) + 1)

+A?
2(h —2) + 1
(2 =)t (=2 + 1)
2(hy —2) + 1

hi—1,hp—1~2(h1—1-2
XCWB‘hl—](m)(S 1 2=l (hy )

+CWF,h1 (m) §hiha 3\2(h1=2)
QRhy —2)+2)(n+ (hh —2)+ 1)
—A CWey
2(hy —2)+ 1 1

x(m) 8h1,h2—l)\2(h1—2)
Q2 =2) +2)(m + (hy —2) + 1)

—A 2h —2) + 1 CWEn -1
w (m) 81 =12 \2001=1-2)
2 Q2 —2)4+2)m+ (h1 —2) + 1)
2(h; —2)+1
" Qhy —=2)+2)(n+ (hy —2)+ 1)
2(h, —2) +1

Simtn-

XCWp 1 () shi—lha—1 }\2(h1—1—2):|

(3.3)

We can check that the above expression (3.3) vanishes (topo-
logical property) by using the Kronecker delta conditions
properly. The second and the sixth, the third and the seventh,
and the remaining ones can be combined as the independent
terms. We introduce the following structure constants

_1 1
th’hz’h(m, n) = qﬁl’hz 2h <m n+ 5)

2(hy —=2)(m + (hy —2) + 1) n—1hp—1n—1
2h —2) +1 B

X mn+l + i ho=3h mn+l
ML) TE Ty

QU =)+ DA (i =D+ D) bt
2h —2) + 1 r

1
X (m, n—+ E) s
shihash _ hiha—3.h 1
q (m:”)=CIB m,n—i—i
20k —2)(m + (h1 —=2) + 1) hy—1.hy—L.-1

2h —2)+ 1 I8

X mn+1 — i ho=gh mn—i—1
Ty ) TR TS

QR —2)+2)(m + (h1 —2) + 1) n—1,hp—1n-1
2h1 —2)+ 1 F

X (m n—+ %) . (3.4)
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The first relation of (3.4) was found in [48] with our conven-
tion and is more natural in the commutator relation between
the bosonic current and the fermionic current in next sub-
section. That is the reason why there are shifts in the weight
hy and the mode n. The second and the fourth terms have
the explicit mode m dependence due to the derivative terms
as we explained before. Note that there are precise relations
between the structure constants (pp, pr) which appear in
the equations (2.10) and (2.11) and the structure constants
(gF, gp) which appear in the equations (2.12) and (2.13) at
each term in the commutator relations. Their relations will
appear later.

3.1.2 The commutators between the bosonic currents and
the fermionic currents

Now we obtain the commutator relations including the
fermionic currents. By using (2.12), (2.13) and (2.9), the fol-
lowing relations satisfy

hy+hy—3

3 N gL (m,r _ %)

h=—1

[(Wams (@, 1)) =

x <Qh1+h2—%—h>

(Wi, (Q;fﬁ%)r]

s
m+r

hi+hy—3 1
— Z )\/’l th,h2+l,h <m,r _ 5)

h=—1

A
X <Q 3 ) s
hi+hy—5—h m+r

hi+hy—3

i 1
A _ h _hyho+1,h
[(Widm: Q)] = Y Ag"™ ("”‘5)
h=-1
A
X(Qh1+h27%7h)m+r’
R R hi+hy—3
(Wi @F )] = 30 N2 ) 3 fABC
h=-—1
. h+hy—3 1
h xhy, D
X(Q oy pdmir Do NG Gn )
- h=—1

1 A A
[ a'#e ot Lhmr+E8AB<th+h2,%,,,>m+r]

hy+hy—3

+ Z )\h <hy, h2+ h(m r) — fABC (QhCl 1+h2_7 )m+r
h=-1
hy+hy =3 .
+ Z )\h th.hz-%—j,h(m’ r) |: dABC (Ql 71+h?777 )m+r
h=-1
1 4B
40 Qg | (3.5)

Again, the first relation of (3.5) was found in [48]. The
remaining ones are the matrix generalization. In the last equa-
tion of (3.5), the following structure constants are introduced
by collecting each contribution

thl Jha, h(m r) = h] ha, h(m r) Jrth Jho, h(m,r),

hi,hah hi,hah

g" et n vy = g " om, ) + g om ),

ok _ 2 =2)m+ (i =D+D i
g,y = 2~ 11 qg (m,r)

QU =2+ 2)m+ (i =D+ Dy pyn
5 qr (m, r),
(h1 —2)+1

_ 2y =2)(m~+(h1 =2)+ 1) 51y

hy,ho,h — 1— Lz,
q (m,r) = 2211 9B (m,r)

QU =2)+2)m+ (h —2)+ 1)

]1|7l,h2,h(m’ I").

2 —2) + 1 ar (3.6)

Although we introduce the weight /5 in the structure constant
in (3.6), their appearance in (3.5) takes the form of (hy + %)
which is the weight of the fermionic current in the left hand
side. The shift in the weight /4 of the structure constants
(gB, qr) in the last two of (3.6) can be understood from
the derivative of the bosonic current in the left hand side.
Moreover, the last three terms in the last equation of (3.5)
have the weight of the first three terms minus one. We can
combine the last three terms by introducing a new dummy
variable (h 4 1) with the first three terms in addition to other
term. In this way, we can simplify the last equation of (3.5)
further.

Then one of our main results with a deformation parameter
A is summarized by (3.2) and (3.5) together with (3.4) and
(3.6). We will present the realization of this algebra in the
supersymmetric Einstein—Yang—Mills theory.

3.2 Free field realization

By combining (2.9) and (2.14), we can write down the free
field realization for the singlet current and the adjoint current
of U(K) as follows:

h = YWB.h F.,h 2(h_2)+1 Bl
2(h —2)+2 -
iBWFh—I,
2(h—2)+1 ’

2h=2(p — 1) h—2 N
=~ _)\"2 S (—1)
2t —=2)+ DN ZZ;[IZ_:] ii (—=1)

("))

% < 5h7171¢;i,d Sba él+l¢i,b + éhflfl]/_,i,& 855[ 511//’_’/3 >’

) A . Qh—2) -
i i A
Wit = Wi, + Wi, — 2(h—2)+1 B.h—1
2h—2)+2 -
7\73W
+ 2h—2)+1 At

_ 2h=2(p — 1)! -2 N l
= 2n-2»+on’ Z;Zz 87 (—1)
h=2\[h—-1
X / ]
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X(éh—l—li)i,é zbf{a 5l+l¢i,b + 511—1—1&1',& fé& 511#;,;9 )
(3.7

There is some difference in the sign when we compare with
the result of [48] because this comes from the fact that we
are using different normalization in the Footnote 3.

The remaining superpartner currents come from (2.14) as
follows:

|

2h
Qh+%=( o IZZS,,( 1)’(

)0)
X(ah l¢la8 8wl_ol)

Lo (7)()

(2h — 1)H
(3.8)

x (Z_)h_lq;"a laA& 5 wl,l?().

In principle, we can check the previous commutator relations
by using these free field realizations, calculating the various
OPEs and rewriting down these in terms of commutator rela-
tions. The power of deformation parameter is given by the
weight minus 2 or . As in the abstract, the results of (3.7)
and (3.8) are the matrlx generalization of previous work of
[48].

3.3 The N = 1 supersymmetric w’X
symmetry

algebra with U (K)

In order to keep the nonzero lowest power of the deformation
parameter in each term of (3.2) and (3.5), we consider the
scales for the currents with the deformation parameter whose
power depends on the weights. According to the following
transformations,

Wy — M2W,, WA - N Wi,

1_
Qg = NHE20, 00 OF SN O (39)

h+3

we obtain the following the N' = 1 supersymmetric wﬁoo
algebra with U (K) symmetry after redefining as (3.9) and
taking A — 0 limit with the help of (3.4) and (3.6)

[Wh )i, Win] = ¢""20m, n) (Wh, hy—2)mn
= [mha = 1) = 0 = D] Wiy 12,
[WaDm: Wib)a] = q" "2 00m, n) (W

= [z = 1) = nth = D] W men,

@ Springer

(Wi W] = =g oy 5 FA5E WG D
_ _% phbe <W£+/1271)m+m

[(Whms (@, 1)r] = g0 7210 (m r— %) (@ pm Dt
= [m(hz +1-1)- ( - %) (hy — 1>] (it

) (oA Pmer

- [m(hz—i—l—l)— <r— 7) (hy — 1)] () 4yt

[(Waom, (Qf )] = g1410 (

i 1
A hy,h2+1,0 A
[(Whl)m: (Qh2+%)r] > C[“ 2 (m, r— E) (th+h2_%)m+r

= [m(hz +1-1) - (r - 7> (hy — 1)] O o ks

[(W};&l)mg(Q ]) ] "hl h"+§‘7l f/&éé

(m,r) 5

x (¢ fABC (0¢ (3.10)

hy+hy— l )m+r

l)m+r = hy+hy—

Due to the weight (h + %) for the fermionic current rather
than (h, + %), the shift in /7 in the right hand side appears.
Note that the structure constant th,h2+1,—1 (m,r — %) van-
ishes. In other words, the lowest dummy variable % in the
first three equations of (3.5) starts with 2~ = 0. Moreover,
the structure constant ¢”!" ot s, ~!(m, r) in the last equation
of (3.5) vanishes. Th1AsAaAlgebra (3.10) with a rescaling of the
structure constant fA8€ was found in [8] previously. The
point here is that the present description is more transparent
because the last three commutator relations of (3.10) in [8]
are introduced abstractly but in this paper we prove that they
can be obtained from the above ' = 1 supersymmetric Wolg
algebra by taking the vanishing A limit. Therefore, at least,
the celestial holography between the above two-dimensional
symmetry algebra and the OPEs [49] from the supersymmet-

ric Einstein—Yang—Mills theory holds at vanishing A limit.

3.4 The seven OPEs

In order to present the above commutator relations in terms
of OPEs, we need to introduce the following quantity [40]

h+1

3 (=t ('” )<2h1—h—2>k

k=0
x[2hy — 2 — klps1—p m" 1K nk.

hi.h
M, (m, n) =

(3.11)

The degree of this polynomial is given by (& + 1). Then the
above seven commutator relations can be written in terms of
the OPEs (see also [50])
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hy+hy—4
Wi @) Wiy () = Y N (=D G Gy
h=0
X|:Wh1+_hz—2_—h(w):| h
(zZ—w)
R hi+hy—4 o
Wi @ Wis @)= Y N (=D G Gy
h=0
X[W/ﬁ%z_z_h(m] N
@ — )
R R hi+hy—4 o
W%ﬁ ) Wth(zi)) = Z N (=it kG 5y
h=-1
[_%fABC Wc+hz 2 h(w)]
X +
(z—w)
hi+hy—4 o
+ o NN G 5y)
h=0

5 [ 3 AW gy (0) + g 847 Wh1+h2727h(11))] N

(z—w)
hy+hy—3
Z )\h (_l)hfl fh].hr‘»l,h(éz’ 511})

h=—1

Wi, (2) th+% (w) =

[thJrhzf%—h(w)]
X - - -
(z—w)

hi+hy—3

Z )\h (_l)hfl fh],hr‘»l.h(éz’ 5@)

h=—1
A _
[Qh1+hzgh(w)]
X|————— |+,
(Z—w)
hi+hy—3

Z M (—1yh!
h=—1
Q;:H»hz;h(lb)] .
(z —w)
hi+hy—4
Do N D i G 5y
h=—1
¢ HC -
fAB Qh1+h2 (w)]

zZ—w)

Wi () Q) (D) =

Wik @) Q1 (0) =

x [.fh"h2+1’h(5z, 35)

Wii@) 0y () =

hi+hy—4 .
+ Z N (=D etk G, G

h=l

§atPC ol @80 s, )
B G-w) }
hi+hy—4
Y Nt kG 5y)

h=-1

x 2 ;140 th 1y — (w)]

Z—w)
hi+hy—4 . ~
+ ) NG 5y)
h=0

1 JABC ¢
d Qh] 1+hy—

(w)+ 5A% (7 l+h2———h(w)
}L..

(z—w)

(3.12)

The various differential operators coming from the structure
constants act on the two complex coordinates (z, w). The
currents in the right hand sides do depend on the coordinate

w.
From the structure constants where the quantity NV, }}Z 1:h2 (m, n)

in (2.4) is replaced by the quantity M)'"""(m, n) in (3.11)

S DV
Y = s =00 00
—h —h -3, ——>} M2 (),
—1 B
f ") = g O == 2)6113(0,0)
—) BT 0, Ly | M . ), (3.13)

the previous structure constants together with (3.13) can be
expressed as follows:

fh]’hz’h(m, n) = fgl'hz_%’h (m, n+ %)

20 =2)(m + (hi =2)+ 1) m-1h—3h-1
2(h1 —2) + 1 B

1 hiha—1.h 1
X<m,n+§>+fF (mn—i—z

e =2)+Ym+ (i -2+ 1 fhl—l,hz—é,h—l
2(h; —2) + 1 F

1
X <m,n+§),
Zhyhah hihy—3.h !
N m, n) = fy m,n+ 5

2(hy —2)(m + (hy —2) + 1) fhlfl,hzf%,hfl
2 —2)+ 1 B

1 L 1
x(m,n—i—z) f:lhz zh(m7n+§>

2 =2)+2)m+ (h1 —2) + 1) _n—1.ha—L1 01
2(h; —2) + 1 F

1
X <m, n—+ 5) s
Freon, ry = = " om, ey + fi 2" ),

Frtt o, ry = " on,r) + g ),
Sy ho.h _ 2(hy —2)(m A+ (hy —2)+ 1)
f (m’r)=_

2(hy —2)+ 1
thl—l,hz,h(m V)
e =) +DYm+ (i =D+ 1D h| 1,ho.h
(m,r),
2(h; —2)+1
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2(hy =2)(m + (hy —2)+ 1)

rhi,hyh —
fl 2 (m’r)=

2(h1 —2)+ 1
X é” 1’hz’h(m,r)
e =2)+Ym+ (i =D+ 1D h| Lha.h
(m,r).
2(h1 —2)+1
(3.14)

In Appendix B we present the explicit OPEs between the cur-
rents Wy, W , 071 7 and QA On the one hand, from the con-

struction of free ﬁeld reahzatlon the OPEs can be obtained
from either by hands or by Thielemans package [52] for fixed
weights /1 and h;. On the other hand, we can write down
(3.12) explicitly by substituting the structure constants which
are differential operators into (3.12). The crucial point here
is that from the transformation of (3.14) to the ones in (3.12)
where m — 9; and n,r — 93, we should keep only the
terms having a degree (h + 1) of the polynomial. In general,
the structure constants in (3.14) do have the terms having a
power sum of two variables less than the above (h + 1) of the
polynomial, contrary to the case of (3.13). We will provide
some details in Appendix B.

3.5 The possible realization in the N' = 1 supersymmetric
Einstein—Yang—Mills theory

Itis known, in [5], that the leading OPE for two positive helic-
ity gluons is given by the simple pole in the holomorphic sec-
tor with Euler beta function whose arguments depend on the
two conformal weights appearing on the left hand side. They
consider the scattering states in MHV (Maximally Helicity
Violating) tree amplitudes. The celestial amplitudes can be
written as the massless n particle amplitudes, which depend
on the energies and the points on the celestial sphere, in the
Mellin space. These amplitudes can be interpreted as correla-
tion functions of n primary operators on the celestial sphere.
The simplest nontrivial scattering process occurs inthe n = 4
gluons. Then the leading order behavior for the above mass-
less four particle amplitudes can be obtained by taking the
holomorphic collinear limit for the positive helicity (outgo-
ing) gluons. Then it is possible to relate the full n = 4 ampli-
tude to n = 3 amplitude and the corresponding celestial four
point correlation function can be expressed as an integral
over some integral parameter where the integrand contains
the three point correlation function. Moreover the OPE of
two positive helicity (outgoing) gluons can be described as
a conformal block including all the antiholomorphic descen-
dants. Then the leading OPE for two positive helicity gluons
we mentioned before can be further simplified after perform-
ing a Taylor expansion. Finally, the OPE of the conformally
soft gluon operators takes the simple pole in the holomorphic
sector with finite sum of antiholomorphic derivatives acting
on the second gluon appearing on the left hand side of the

@ Springer

OPE. In this soft limit, the poles appearing in the OPE coef-
ficients (Euler beta function) disappear and the rescaled soft
gluon operators with specific weights occur in the OPE.

For the supersymmetric Einstein—Yang—Mills theory which
is a generalization of previous paragraph, from the collinear
limit of the respective Feynman matrix element, the OPEs can
be obtained by performing the Mellin transforms [49]. For
example, the OPE of the conformal primary graviton and the
conformal primary gravitino of arbitrary weights takes the
simple pole in the holomorphic sector and the OPE coeffi-
cient is given by Euler beta function which depends on the
two previous weights on the left hand side of the OPE. By tak-
ing the soft limit, this OPE between the soft positive helicity
graviton and the soft positive helicity gravitino can be written
in terms of binomial coefficient which depends on the two
weights of the soft operators on the left hand side and dummy
variable for the finite sum for the antiholomorphic derivatives
acting on the soft positive helicity gravitino [8]. The struc-
ture of this OPE looks like the one in previous case between
two soft gluon operators in the sense that the numerical val-
ues appearing in the binomial coefficient and the power of
the difference in the antiholomorphic coordinates are little
different.

The MHV gluon amplitudes in previous paragraph are
the simplest amplitudes in Yang—Mills theory. The next-to-
simplest amplitudes, Next-to-MHV or NMHYV sector is stud-
ied in [20] based on the non minimal couplings of gluons and
gravitons by following the work of [32]. From the six-point
NMHYV analysis, the amplitude is no longer a finite poly-
nomial in the complex coordinates (and its complex conju-
gated ones) of the soft particle. This leads to the fact that
the lower limits of the holomorphic and the antiholomorphic
mode expansions of the soft graviton, gravitino, gluon and
gluino are given by —oo instead of finite values in MHV
sector. Furthermore, the upper limits in the dummy variable
appearing on the right hand sides of the OPEs between these
soft operators are not finite values but co. This allows us to
obtain the mode dependent function, which also depends on
the three weights, when we express the OPEs in terms of the
commutators between the soft operators.

According to [20,32], the OPE between the soft positive
helicity graviton, where the weights are 7} = % and hy =
=2 2 , is given by, after taking the soft limit,

R (2—2h—k—l—n>
2Z12 0 1—]’1_1

(3.15)

H*(z1,21) Hl (22, 72) =

?n+h+l

)('12T 5" Hk+l+h(12’ Z2) 4 -
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We can check the weights in the antiholomorphic sector
both sides.” The left hand side has the weight £ == 2 4L 2
while the right hand side has the weight —(n +h 4+ 1) +n +
# + h from the last three factors. We observe that for the
n and i dependences in (3.15), there are no additional weight
contributions. In other words, they are cancelled each other
and the inclusion of / does not change the weight in the form
of (3.15). Note that there exists the #-dependence on the right
hand side of (3.15) and for 2 = 0, we reproduce the result
of [5] with proper upper limit for the summation variable n.
It turns out that by performing the explicit contour integrals
presented in [20], the following commutator relation from
(3.15) is satisfied'?

[(@h)m, (whz)n]

= (=" N2 m ) (ny -2 imegn- (3.16)

Here wy, is the rescaled weight-h current and does not depend
on the complex coordinate [8,20]. The mode dependent func-
tion N ;: 21200 ) s given by the equation (2.4).

By using the two relations in (3.15) and (3.16) with asso-
ciated other relations for the gravitino, gluon and gluino,
we would like to construct the OPEs in the supersymmet-
ric Einstein—Yang—Mills theory related to the previous seven
commutator relations. Note how the weights (/1, k) and the
modes (m, n) of the left hand side appear on the right hand
side of (3.16).

3.5.1 The OPE between the soft positive helicity graviton
and the soft positive helicity gravitino

At vanishing deformation parameter, the OPE of the confor-
mal primary graviton and the conformal primary gravitino

9 We denote the antiholomorphic weights as /1, h, and h without

barred notation by taking the notations in previous sections. For the

notation of derivative, we are using the barred notation as in d;. Tak-

ing the holomorphic and antiholomorphic expansions for the above
Lk HE (2)

ZT fh _
n=—co _, k2 —
7t

soft graviton current we obtain: H¥(z,7) =

=2k k
Hyn k .
> oo E oo P S . The operator H,, , is therefore inde-
P Rl

pendent of z and z and we focus on the case where the mode m is equal
to (1 —h): HX = H’< .

n=—kn
10 13 [201, there are two important identities around their equations (3.8)
and (3.10). Their p corresponds to our (2 + 1). In their equation (3.8),
we see that the summation over dummy variable with the upper bound p
reflects the mode dependent function N, i (m, n) (2.4). They manage
to express the infinite sum over their « Vanable in terms of a product of
binomial coefficients. The final result is given by their equation (3.16)
after changing the nontrivial transformation in the mode expansion [6].
Note that the general expression for the binomial coefficient is given by
<—2h1 —2hy —=2(1+h)—n

—2hy — (1 +h) ) and their results will be used later.

of arbitrary weights is given by [49].'! Then the question is
how the contributions from the nonzero deformation param-
eter occur on the right hand side of this OPE.

(1) Atleast, we should have the OPE structure found by [32]
which is the fact that the OPE contains the 4 dependence
in the 712, the binomial coefficient and the weight of the
operator appearing on the right hand side. These OPE
coefficients are also obtained from the analysis in the
collinear limits. See also the equation (3.2) of [32] in
which the addition of fermions is also valid.

(ii)) As mentioned before (in the non minimal couplings of
gluons and gravitons), after taking the soft limit for the
OPE in (i) in order to absorb the infinite number of poles
appearing in the binomial coefficient, we also require that
there is no restriction on the lower limits of the holomor-
phic and antiholomorphic mode expansions of the soft
operators [20]. See also the equation (A.17) of [20].

(iii) We also should sum over all the contributions from each
fixed & on the right hand side of the OPE. Moreover, due
to the construction of ' = 1 supersymmetric theory in
previous section, we should also consider the contribu-
tions from the antiholomorphic derivatives acting on the
soft currents on the left hand sides of the OPEs. In some
sense, we make the supersymmetric generalization of the
work of [20].

Let us consider the case where one of the soft current on
the left hand side in the OPE contains the fermionic current.
First of all, the OPE between the conformally soft positive
helicity gravitons and the conformally soft positive helicity
gravitinos, where the weights in the antiholomorphic sector

. _ -3 .
are given by h; = % and h; = —*, can be generalized to

the following expression

hi+hy—3

RS Z (—1)h+1 A
2 35

H* 21,2 I' (22, 72) =

N\R

hl,hﬁ-1 h h1 h2+ h
xX|qp

00 3 sn+h+1
3 —l—-n)\ Z
o Z < 5 2h k—1 ”) 12 3 kA () 2oy
n=0

~ —h—l n!
hy+hy—3
el 122: (1Al [Mgh]-l,h2+%,h—l
2z [T 2h1—2)+1'8
2 =D 42 m-Lho+gh-l
2 —2) +17F

- .
11 = = 2 lo’e]

We have Oa, 12(21,21) On, 43 (22,22) = =25 25020 B(A1 —
s+
12

1 = —
L4n, Ay —3) 223" Opprag 3@ )+

@ Springer



630 Page 14 of 28

Eur. Phys. J. C (2022) 82:630

s = —1)+1
Xi 32—t~ (k-2 —1—n)\ a5 25"
= F—th-1-1 n!
W [ k=D =) (1) 2y
T (.17)

The numerical factor % in the first line of the first binomial
coefficient is given by (2 + %) (which is the sum of numer-
ical numbers with minus sign in the numerator of previous
weights) minus 2. The numerical factor % in the second line
of the first binomial coefficient is given by % (which is the
numerical number for the gravitino with minus sign in the
numerator of previous weights) minus 1.'2 The first bino-
mial coefficient above can be obtained from (3.15) by taking
the shift/ — (I + 1).

In the above, we multiplied the factor (=" in order
to absorb (—1)"*! factor on the right hand side of (3.16).
Here the graviton current is replaced by the gravitino current
on the left hand side of the OPE in (3.15).13 Now we sum
over the dummy variable / from O to (k1 4 h> — 3) together
with the structure constant, which depends on &1, h> and
h only without mode-dependent factor in (2.3), in order to
obtain the first two lines of (3.17). In other words, from the

first equation of (3.5) and (3.4), the full structure constant

. hihatdn hiho+4 0 L
contains g 2 (m,n)+qp 2" (m, n), which is rede-

hi o414k hi o3k hy o+
fined as (qB] 22 +qF' 22 )Nhl *"2(m, n) together

with (2.3). Then we can apply the property of (3.16) to the
commutator, the first equation of (3.5), and arrive at the first

two lines of above OPE. Here the mode-independent fac-

hy o434k hi o+ ok .
tor, (qu 2Tz +qF1 > can be combined to other h-

dependent factor, (—1)thl Mt inside the & summation. We
observe that the weights in the antiholomorphic sector are
preserved at both sides because the powers of the dummy
variable n and the weight 4 are the same as before.

In the third and fourth lines of (3.17), we use the
property between the mode of current and the current
itself in (3.1) and (3.7). Note that there exists minus sign
between them. Recall the remaining full structure con-

_ _ _ hi—1hy+5.h—1
stant contains 21 22’:’1’2(;112)“) qg T (m.n) —
2(h —2)+2)(m+(h —2)+1) h1—Lhat3.h—1 -
e )2(hf(—”§)4(r11 1D 40 27 (m,n). As we did

before, we factorize the mode-dependent term (m + (h; —

hi—1,hy+1 .
2)+1) Nhl_l Lhats (m, n) and the other mode-independent
terms. The partial derivative 55 , of H k_z(zl, Z1) on the left

hand side appears in the form of Z_Jz-l Z'f;” =D+ on the right

hand side of the OPE. Further shifts in the weights /1 and &

12 Or we can use the formula in the Footnote 10.

3
- . ; 3 2h—k—l-n
13 That is, H*(z1,21) I'(z2. 22)=—% z}z Yo (2 L_h_y )
2
Snthal _
=" IK+H+7 (25, 72) 4 - -+ . For h = 0 with proper upper limit of

durhmy variable n, we observe the result of [8].

@ Springer

in the structure constant affect the shifts in the corresponding
the k and the weight 7 in the OPE. Note that the weight in the
antiholomorphic sector in the last line of (3.17) behaves cor-
rectly because two additional weight 2 in the derivative term
a7 Z'f; =D+ s cancelled by the corresponding additional
—2 coming from the factors (k — 2) and (h — 1), compared
to the second line of (3.17).

Then by performing the contour integrals as in [20] (See
also [5,8]), the above OPE (3.17), from the analysis of two
previous paragraphs, provides the first equation of (3.5) pre-
cisely.!* Therefore, we have determined the OPE between
the soft positive helicity graviton and the soft positive helic-
ity gravitino which can be obtained from (or leads to) the
corresponding commutator in two dimensions studied in pre-
vious section. We present the details for other OPEs including
the soft positive helicity gravitinos or soft positive helicity
gluinos in Appendix C explicitly where other structure con-
stants (3.6) can be used appropriately.

3.5.2 The OPE between the soft positive helicity gravitons

Let us consider the second example, which is more nontrivial,
for the appearance of the two dimensional symmetry algebra
in the four dimensional Einstein—Yang—Mills theory. Based
on the three features (i), (ii) and (iii), in previous subsection,
we can write down the corresponding OPE for soft positive
helicity graviton in the supersymmetric Einstein—Yang—Mills
theory, by comparing (3.16) with the first equation of (3.2),
as follows:

p hy+hy—4
k = l s h\h
Hi @2 Hi( ) = -5 — > =nta
212 2T odd
4 In an expression of 3 E’f;’ (=D e can write down this as

m+th-0D+1 27; =1 after a differentiation. Compared to the

one without a derivative, there is an extra factor (n + (h — 1) +
1) with different power of zZj2. Now we can combine this with
n+th—-1)
—m — hy
gral when we calculate the commutator from the OPE. Then it is
easy to check that the following relation is satisfied (n + (h — 1) +

n+h—-1)\ _ (n+(h=D+D! _
D ( —m—h, ) =—(m+h =1 [(n+(h71)+m+h1)!(17m—hl)! =

(14— D+ 1)!
—(m+h =1 |:(n+(h—1)+1+m+hl)!(—m—hl)!]

the binomial coefficient ( appearing in the z; inte-

. This implies
hy—h;—1
that the remaining calculation is the same as the one in [20]
with an overall factor —(m + h; — 1) = —(m + (h; —
2) 4+ 1) which appears in the second term of the first struc-
ture constant in (3.4) as we expected. Of course, the factor
(=zp)"th=DAm+ht coming from the Z; integral can be written as

(_22)n+(h—1)+l+m+(h|—1) — (_zz)n+(h—l)+]+m+h| . More-
hy—h;—1
3 _ D) —(k—=2)—] —
over, the binomial coefficient is ( 2 2(h1 D—Gk-2)-1 n) =
7—(h—-1)—=1

. Of course, [*=D++h=1) —
hy—h;—1

32— —k—1-n
3—(h=1)—1

JkH+(B=1)

hi—hi—1
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X[flhl—Lhz,h—l % Z <2_2(h1__1)(h__(k1)__2)1_l_n>

n=0
57 Zn-f—(h—1)+1 B
i 12n' " H(k72)+l+(h7])(22,22)

o0
h o —1,h—1 2-2h—1)—k—(1-2)—n
+f Z( l—(h—=1)— (-2
n=0
1. )
x— B [ =D+ o Hk+<172)+<h71>(22722)]}
n:

hi+hy—4

Kk 1
-2 — 3
2—-2h—k—1—n
XZ( 1 —h—1
=== o~ (2=2(h=2) = (k—2) — (I —2) —n
HE Z%( I= (-2 —(-2) )

w L5 B [0 o gra-D D) 22)]] +

(3.18)

(1A [fhl oo

Zrl+h+l
) 12,1' an Hk+l+h(22,22)

Here we introduce the following quantities

=it 2(hy —2)
! T2 —2)+1
(hy +hy—2—nh)

2(h1+h272 h)+1
Gtk =2=h=1) 2n=D+2 -t

T2t h—2—h—1) 412 —2)+1

h]*lh')h 1

==t 2(hy —2) (h1+hy—2—h)
2 T2y —2)+ 1 2(hy +hy—2—h—1)+1
Xphlhz tht (i +h—2—-h—-1

2 +ha—2—h—1)+1
2(hy —2)+2 h1h2 Lh-1
2y —2) + 1

(hy +hy —2—h) hihoh
2hi+hy—2—h—1)+1"8

fh] Jhoh |:

(hi4+hy=2=h=1) 4

21 +hy—2—h—-1)+1"F ]
fhl—l.hz—l,h—zz[ 2(hy —2) 2(hy —2)
4 20 —2)+1 2(hy —2) + 1

(hi +hy—2—h)
2(h1+h272 h—1)+1
2h —2)+2 2(hy —2) +2
2h1 —2) +1 2(hy —2) + 1
(hi+hy—=2—-h—-1)
Qi +hs—2—h—1)+17F

h|71h2 1,h=2

hy—1,hp—1,h— 2]

(3.19)

Let us describe how we obtain this result. Now we return
to the OPE (3.18) for the soft positive helicity gravitons.
We multiply the factor (—1)"*! into the relation (3.15) and

sum over the variable & from O to (k| 4+ hy — 4) together
with the structure constant which depends on ki, Ay and &
without mode-dependent factor in (2.3) as before. For the
mode-dependent part, we want to use the previous relation
(3.16). In the first three lines of (3.18), we again use the
property between the mode of current and the current itself
in (3.1) and (3.7). The partial derivative 3z, of H*~2(zy, Z1)
appears in the form of ézl z’ll;r (=D+1 on the right hand side of
the OPE. The mode-independent coefficients come from the
second and the fourth terms of the first equation in (C.2) with
(3.19). Further shifts in the weights 1 and % in the structure
constant affect the shifts in the corresponding k and /. Note
that the weight in the antiholomorphic sector here behaves
correctly. See also the Footnote 14.

In the next line, the d:;, acts on both the coordinate
Z1p and H¥U=2+0=D (7, 7)) (corresponding to 9z, of
H'=2(z,, 7») in the left hand side).!? In this case, the mode-
independent coefficients come from the first and the third
terms of the first equation in (C.2).

For the remaining lines, we describe similarly by apply-
ing the first and the third terms in the second equation of
(C.2) without any derivatives in the summation over even
weight 4. Finally, the second and the fourth terms in the sec-
ond equation of (C.2) with two derivatives play the role in
the second summation over even weight 4.'® The additional
weight-2 from the two derivatives is cancelled by those from
the power of (k — 2) and (I — 2) in the soft current.

—n +(h 1+1

15 From the contribution of 872 , there is an extra fac-

tor —(n' 4+ (h — 1) + 1) with Z} +(h D where n’ is a previous
dummy variable n. By recalling the Z1 contour integral, we have

! — ’
— 4+ (h = 1) + 1) (n_fn(}ihl])) (=1 HO=DEmh - where

hy = % Then this can be rewritten as (n’ + (h — 1) + 1 +
! - ’
m + hy) (” e _}l)l“) (=" HB=DFmh Noge that the

power of Zjp is n’ + (h — 1). This implies that there exists a fac-
tor (W' + (h — 1) + 1 + m + hy) in the presence of 552. Of course,
the factor (Zp)" TU=Dtmthitntha=1 coming from the Z; integral
and the exponent of z; in the contour integral can be written as
(Zp)" F=D+tmthtnt(ha=D=1 \which can be obtained by taking
hy — (hy — 1) from the expression without a derivative. Further-
more, from the contribution of 3z, H**(¢=2+(=D(z, 7,), we have the
extra factor (—m —n — hy — (hp — 1) — (h — 1) — 1 — n’) (with
hy) = %) which can be obtained by taking 7, — (hy — 1) from the
expresmon without a derivative factor. The exponent of z, is given by
(z2)" =D mothy4nthy -1 orlgmally and from the above derivative
BZZ we have an additional Z z2 R compared to the case without this deriva-
tive. Note that the power of 75 is n’ 4 (h — 1) 4 1. Therefore, the above
power can be writtenas n’+(h—1)+1+m~+hi+n+(hp—1)—1 whichis
obtained by taking i — hy — 1. The binomial coefficient can be shifted
similarly as in the footnote 14. Then finally we are left with the factor
(W' +(h—1D)+14+m+hi]+[-m—n—h1—(h,—1)—(h—1)—1-n'] =
—n — (ha — 1) by adding these two contributions.

16 We can analyze the action of d;, 0z, appearing at the end of (3.18)
by taking the procedures in the Footnote 14 and the Footnote 15.
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Then by performing the contour integrals as in [20] simi-
larly (See also [5,8]), the above OPEs (3.17) and (3.18) pro-
vide the first equations of (3.5) and (3.2) respectively. We can
extract other five OPEs similarly by taking into account of
the weights for the soft graviton, gravitino, gluon and gluino
in the binomial coefficient above. We present the details in
Appendix C explicitly. In particular, the useful structure con-
stants §"1"2" (m, n) we are using, which appear in the third
equation of (3.2), are given at the end of Appendix C. There-
fore, we have found the precise correspondence between the
OPEs between the conformally soft operators in the N' = 1
supersymmetric Einstein—Yang-Mills theory and the two
dimensional symmetry algebra.

4 Conclusions and outlook

The main result of this paper can be summarized by (3.2)
and (3.5) together with (3.4) and (3.6). That is, we have
determined the three commutator relations by combining the
corresponding commutator relations from the bosonic cur-
rents made of the bosonic free fields with the corresponding
commutator relations from the bosonic currents made of the
fermionic free fields. Similarly, the remaining four commu-
tator relations can be obtained from two different kinds of
commutator relations. Their OPE version can be found in
(3.12) with (3.13) and (3.14). We observe that there are also
the nontrivial singular terms whose poles are greater than two
and they play the role of the contributions from the deforma-
tion.

By using the celestial holography, we have obtained the
results, summarized by (3.17), (3.18), Appendices (C.3),
(C.4),(C.5),(C.6),and (C.7) in the supersymmetric Einstein—
Yang-Mills theory at nonzero deformation parameter. The
common behavior is as follows. There exist a simple pole
in the holomorphic sector, the nontrivial structure constants
which depend on the three weights, binomial coefficients
containing the dummy variable also as well as the three
weights and the descendant fields associated with the sec-
ond soft currents on the left hand sides. Furthermore, after
calculating the various commutator relations by using these
seven OPEs between the soft currents, we have checked the
above seven commutators in two dimensions discussed in
previous paragraph.!’

17" So far, we have focused on the soft currents as mentioned in the
Footnote 1. According to the findings of [31,32], the leading tree level
celestial OPEs from the cubic vertices of three spinning massless parti-
cles contains the OPE coefficients given by Euler beta function whose
arguments are (Aj + 52 —s3 — 1) and (Ay + 51 — 53 — 1) where s; is
a helicity or spin. In particular, in [31], it is found that all the previous
known seven nontrivial celestial OPEs are obtained from this general
formula. We can ask whether the OPEs between the hard operators,
which do not satisfy the conditions for the conformal dimensions in

@ Springer

We have not discussed about the implications of the
N = 2 supersymmetric Wolg’K algebra in the Sect. 2. It
would be interesting to find out whether the possibility of
the A = 2 supersymmetric wfo’K algebra occurs or not by
further examination. In the context of AdS3/C FT, corre-
spondence, the previous algebra in (2.1) is related to the case
of vanishing ’t Hooft-like coupling constant. Therefore, it is
an open question how the another deformed case with non-
vanishing ’t Hooft-like coupling constant [56] will arise in
the context of the present paper. We expect that the currents
from the free field realization will depend on this nonzero
coupling constant explicitly and they will become the cur-
rents we have described in this paper by taking this coupling
constant to be zero.

Acknowledgements We would like to thank M.H. Kim for discus-
sions. This work was supported by the National Research Foundation
of Korea (NRF) grant funded by the Korea government (MSIT) (No.
2020R1F1A1066893).

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: Data sharing
not applicable to this article as no datasets were generated or analysed
during the current study.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3. SCOAP? supports the goals of the International
Year of Basic Sciences for Sustainable Development.

Appendix A: The remaining (anti)commutator relations
in the A/ = 2 supersymmetric W£’K algebra with
U(K) x U(K) symmetry

In this Appendix, we present some details which are related
to the contents in Sect. 2.

the footnote 1, provide any two dimensional symmetry algebra similar
to the ones in this paper or not. It seems that the infinite number of
poles appearing in the above Euler beta function can appear only for
the corresponding conformal dimensions of the soft operators. In other
words, for the conformal dimensions of the hard operators, we cannot
cover the infinite number of poles and therefore we cannot remove all
of them.
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A.1 The commutators between the bosonic and the other
fermionic currents

We can multiply the generators into the fourth equation of
(2.1) and obtain the following commutator relations

hi+hy—3 p bl
_ "
[(WFA,hl)m»(thJr%)r]: Z )\h( 1)/1 1 2 )
h=-1
X(ththzf%fh)mﬂu
hy+hy—3 -~
h
[(WFhl)mv(Q Z }\h( l)h 1.ha+75, (m r)
h=—1
~NA
X(th+h2_%_h)m+r,
A hi+hy—3 o + B
D h
[(Wﬁqh I (Qpyp1)r] = A (=Dt g™ (m,r)
1 2+5
h=—1
HA
X(th+h2_%_h)m+r7
n A hi+hy—3 o + B
) h
[(W]é‘q,hl)mv(sz+%)r]=_ Z }\h( l)h 1,112 (m. r)
h=—1
i ABC ¢
Xif (Qh1+h2—f—h)m+r
hi+hy—3 . B
+ Z N (=D gg" w* (m,r)
h=-1
U dge ¢
X|:§d (Qh1+h2 3 h)m+r
1 @
+E AB (th+h2—7_h)nl+r:| (Al)

Itis easy to check the following reduced commutator rela-
tions by taking (2.15)

1
[(Wenm, (@, )] = 5 Q,,1+,,2,1),n+,,

1
[(WF hl)m7 (Q r] = Z h|+h2 1)m+r,

1
[(WF hl)m’(Qh2+‘)r] = Z h1+h 1)m+r,

i
[ ome 0F , 0n] = =5 £APC05 Vimtr
+1 1d/“§é(QA Ymir + ~ 548 (G )
412 h1+h27% m+r K h|+h2—% m+r |-

(A.2)

A.2 The commutators between the other bosonic and the
other fermionic currents

The sixth equation of (2.1) with the addition of generators
leads to the following commutator relations

hi1+hy—3

Z )\h ( l)h

h=-1

[(WB h])ms (Qh2+ 1 )

hiho+4 =
Xqg 2 (m,r) (Qh]+hz_%_h)nz+r,

hy+hy—3

3 N1 gy Btk

h=-—1

[(WB,hl)ms (Q£2+%)r] =

~HA
X(Qh1+h27%7h)m+"’

R h ho+ 1k
[Wahom @y )= D A =D gy )
h=-—1

5 A
X(Qh1+h27%7h)'"+”
hi+hy—3 o
[Wam OF D] = 3 A=) gy 28, )
h=-—1
[ LABC A€
X* f (Qh]+h27%7h)ln+r
h1+h2 -3 o h
Y N g
h=-1
ABC ¢
|: d (Qh]+hz 1)m+r
1 4 =
+? 548 (th+h2,%,h)m+ri|- (A.3)

By taking (2.15), the following reduced commutator rela-
tions hold

[(Wa)m. (@, 1)r] = = i Dyt It
(Wi (©F, )] = =5 @F Ly i
[(Wadms (@4 )] = —i Q) oy Imtr
(Wi (@, ] == FA9€QC - s
-3 B aABEGL s o 8 (Q,”+h2_%>m+,-].

(A4)
A.3 The anticommutators between the fermionic currents

Finally, the seventh equation of (2.1) provides the following
anticommutator relations

il h+ Jo+d
2
(@ Qg )sd = ) Mgy 2Nrs)
h=0
il i+ Lo+
X (Wi sho-rbs + 3, Nog 2772 ()
h=0
X (WB hy+hy—h)r+s>
1
Kcas 8h1h2A2(/11+§—1)5 :
+ (/QQhH—% r+ss
hha -l h+ h+ Jh
{(QW),,(Q Dd= 30 Mo T
h=0
=2 hi+% o458
4 2T 75
X(WFh1+hz h)'+a+ Z }\h l 2 > (r,s)
h=0
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A
X(WB,hlJrhz,h)rﬂw
hi+hy—1

{(Q l)f’(Qh2+1)A}— Z Ao h1+ Jot+tn *.5)

h1+hy—2

Z )\h h|+2 /121L h( S)

A
X (WF,hl+h2_h)r+v

A
X (WB,hl+hz _h)r+s s

hha =l h + h +
(s 1»&%+Qﬁ— ijh‘ )
; o A hy+hy—1 mad moaln
S WE i)+ D Ao )
h=0

2
1 AA A A~
ABC C
X[E d (Wp,h]+h2_h)r+s +
It hi+Lho+Lon Iy A
h Mitg.h2tg, ABC C
- E A O : () 5 S (WB,hlJrhz,h)rJrs
h=0

hy+hy—2

hi+3 o+ Lh 1 a4 A
+ Z )\h l 7.2t 7, ( s) |:5 dABC (Wg,h1+h2—h)r+5
h=0

548 <WF,hl+hz_h>r+s}

1 = —
+t¥ §AB (WB.hy+hy— h)r+r:|+CQQ §AB ghihy \20n+3-Dg

(AS5)

Then the complete algebra consists of (2.10), (2.11),
(2.12), (2.13), Appendix (A.l), Appendix (A.3) and
Appendix (A.5).

Note that there are no nontrivial reduced anticommuta-
tor relations after taking (2.15). Then we have the complete
results, (2.16), Appendix (A.2) and Appendix (A.4).

Appendix B: The operator product expansions in the
N = 1 supersymmetric Wolg algebra with U(K) sym-
metry

In this Appendix, we present some details which are related
to the contents in Sect. 3.

B.1 The seven OPE:s for fixed /1 and Ay

Itis straightforward to calculate the following OPEs by using
the Thielemans package [52] inside the mathematica [57]. We
use the Egs. (2.6), (3.7) and (3.8). For fixed &1 and hy, we
perform each pole starting from the highest order pole. For
each pole, we can consider the possible terms (descendant
terms and new higher spin current). The higher spin cur-
rents are, in general, not quasiprimary. Although the current
W), (w) for fixed h does not appear in the particular pole, its
derivative term & Wy, (1) appears at the next order pole. This
derivative term plays the role of the quasiprimary current of
the weight-(h 4+ 1). Once we rearrange each OPE in terms
of quasiprimary currents then the standard expressions in the

@ Springer

right hand sides appear.'® We have the following OPEs for
fixed | and Ko

W4 (2) Wa(w) = l 9216MW(‘)
4(Z 4(w) = (Z — u_))ﬁ 5 2(w
1 4608\ -
N
1 1536\ 52w, + 230423 5w+ 8256\2 el )
- w
G-m*| 5 PTTs YT s T
1 3840* 115203 - 4128)\2
—_— w.
+(z—u‘;)3[ A TR CR T }()
Lo 38474 5 230423 3w
G—w)? | 25 87 }
8256\ 2w 5
175 0 +BBW5+6W6 (w)
1 64Nt - 96\3 344)\2 -
PWot+ W+ —— W,
Z—m) [ 175 4
A o, - i
+Ea Ws 439 We |(0)
+--,
1 9216A* 4
W) Wi —_— w3t (w
4G Wi ) = GTap 5 @
1 4608A* - & _
+m 3 d W2 (w)
1 1536\ 52 wA 230403 WA 4 8256)2 wi @)
G- | 5 2705 3 25 4 W
1 384N 5 4 11526 o, iy 4128?\2
(2—@)3[ s Wy oW dW“]
1 384A* o, 4 2304N3 o, 2 82567\2
| w3 wy P wi
+(z—zb)2[ 25 T 3 1 4
8\ 4 i -
+15 0 we + 6W6Ai|(w)
1 644 55 WA+96?\3 54WA+344)\2 53 WA
z—w) 2775 3 35 4

e
+—32W5A+3awg‘](zz;)

15
1 216A%
wiE whw) = (71”)69 < [—SABW + = dABCWC]( W)
1 4608\* 1
- - 5AB 3 W dABC P WC
G-y [ 5 ( "2
1536\ i\ iap = A 29952M3 i iBe b -
+—3 <——> FABC I wE + 55 <—§> FABC W_f](w)
1 1536A% 1 288 =9 &
SAB 32 W dABC 32 WC
G—a) [ 5 ( *3 2
2304A3 8256A\2
5B 5w, L yjabe 5y ¢
125 (K *3 3 )T s

18 Note that Wy, W4A, Q7 and Q4 are not quasiprimary under the W
I 7

stress energy tensor which has zero central charge. We can make them
to be quasiprimary by adding the derivatives of currents having lower

weights. The weights for Q% and Q*l; are 4 not % after topological

twisting.
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2304A3 [ 1 1 - 8256\2
5Ab’ 3 dAb’C 3 C
125 ( Q:+3 %)t %
[YY: L Age ¢
X (} S Q% + 5 d Q%
768N i\ anp =, o 14976M3 (i iBe= -1 -
s <§> S8 05 - = (E) fABCBQg](w)
1 384A%
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e s (P ey 0500
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5% <?s BQ%—i-Ed BQ%)
LIS2AY i\ L Ape =3 oo 22464N3 (i ape oo e
T 125 (E) Froea Qg 125 (E) s Qg
96N /i ihe = o 1344 ige e -
- <§> A8 f — 1340 (2) piic Qg]m
1 38424 PR =4 p
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1 4z TV
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256A* (i ARG sa o6 A4992A3 /i ABC =3 AC
- - 30§ — - 5
125 <2) f 21~ s (2) f Qs
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(E—Iu')) [ﬂ (78” ” Q * szBC35 Q2>
s (g9 0y + a3 of)
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64N (i ige a5 o0 ABC 34 G
A (L 5 0¢ — L 5
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15 (2) f AT (2) f Qs

3 (LY casegzoe L (1) cdse pe | g
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Note that the structure constants appearing in the third and
last equations in Appendix (B.1) are common. Of course,
the corresponding currents in the right hand sides are dif-
ferent from each other. We will see in next subsection

that the sum of structure constants th’h2+2’h(m n) and
g otz =1y s equal to —g""2+tL(m_ n) up to the

1248)\3 (i

.(B.1)
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degree (h + 1) of the polynomial and the sum of structure
constants c}hl’hﬁé’h(m, n) and cjhl'hﬁ%’h_l(m, n) is equal
to the structure constant ¢”1""2%1(m_ n) up to the degree
(h + 1) of the polynomial. This implies that in the OPE lan-
guage, the independent structure constants are given by (3.4).

B.2 The structure constants for fixed 1, ho

Let us check whether the equations (3.12) are consistent with
Appendix (B.1) obtained from the free field realizations for
fixed h1 and h5. First of all, we need to obtain the following
possible polynomials explicitly

4
g mm) = (16m5 — 16m*n + 32m* + 16m3n?

—16m3n — 12m> — 16m*n® + 12m>n
+4m2 + 16mn* + 16mn> — dmn — m — 16n°
—320* — 2403 — 8n? — n)

6
q4,4,3(m, n) = _%<80m — 64m>n + 288m>

—384m?n — 192m> + 64mn> + 384mn*
+336mn + 80m — 80n* — 288n> — 3121 — 136n — 21),

2

86
q4’4’2(m, n) = (20m —36m%n + 12m? + 36mn

175
—9m —20n® — 124 + 3n +2),

1
g m, n) = ( 4m® — 20m + 4n? +20n+9>

15
g**Om, n) = 30m — n),

G444 m, n) = —i(som — 48m*n + 256m*
875
+16m3n? — 208m3n — 108m> + 16m*n>

+192m%n? + 180m%n + 44m> — 48mn* — 208mn>
—240mn> — 108mn — 17m
+80n° + 2560 + 31213 + 18402 + 53n + 6),

54’4’3(m, n) = 80m* — 128m>3n + 96m> + 144m*n

w75
—48m>n — 60m> — 128mn’

—48mn?® + 48mn + 20m + 80n* + 961> + 24n* — 8n — 3),

2
G442 m, n) = —%<2Om3 — 12m%n + 84m> — 12mn?

—120mn — 57m + 201> + 84n>

169 + 16),
~4.4,1 28 2 2
G4 m,n) = %(ZOm — 32mn + 4m +20n +4n—3),

3 1

G**m.n) = —55m+n+6), g+ tm,n) = >
6}4'%‘4(m, n) = —%(m5 —2m*n + 3m3n?

—4m?n® + 5mn* — 6n5),
33y = 116
gEmm) = —gs
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x (5m4 — 12m3n + 18m2n® — 20mn> + 15n4),

~4.1.2 _ _i
q (m, n) 75
><(5m3 — 12m3n + 15mn* — 10n3),

112
4'%'1(771, n) = —7(2}712 —4mn + 3}12),

1 45
124'%'0(m n) = L(6n — 5m)
’ 110 ’
| _ _1
q (m, n) x
413 32
15 , — = 3
q (m, n) 375(m+ )

X (Sm4 —4m’n + 3m%n? = 2mn® + n4>,
32m,n) = — 2 (4 3)
1 =T

X (IOm3 —12m%n + 9mn* — 4n3>,

.4,1,1 _i 2 >
g*2 (m,n)—zs(m+3)(5m 6mn + 3n )

4,70 _ 12 N
G*2%m,n) = 225(m+3)(5m 4n),

44‘%"1(% n) = i(m +3),
10
§*32m,m) =0,
32

~4.1.4 _ 2
g2 (m, n) 7

X (m5 —2m*n + 3m3n? — 4m*n® + 5mn* — 6n5>,

413 32
~ 875
X (Sm4 — 12m3n + 18m3n? — 20mn> + 15n4),
4320 0y = 112
a =175

4
g*2 m, n) = —S(Zm2 —4mn + 3112),
v4.10 1
g2 (m,n) = E(Sm—6n)
g3 m) =

X (Sm4 — dm3n +3m3n? — 2mn® + n4>,

64
64’%’2(m, n)y=———m+ 3)(10m3 — 12m?n + 9mn® — 4n3>,

875
172
G5 m,n) = T (m+ 3)<5m2 — 6mn + 3n2),

-4.7.0 __4 _ |
g2 m,n) = =2 (m+3)Om —4n), g2 (m,n)

1
= E(m +3),

G423 2(m,n) = 0.

(B.2)

Note that all the terms in some of these structure constants
have the degree (h 4 1) while some terms in other structure
constants have the degree (h + 1).

Let us focus on the W) (w) in right hand side of the first
OPE of Appendix (B.1). Then from the explicit form of
the first OPE, we should calculate A* (—1)3 f4*4(3:, d3)

% .Here f**%(9:, d3) can be obtained from g***(m, n)

in Appendix (B.2) under the constraint by taking the terms
having a degree (h + 1) = 5 and m and n are replaced by 9;
and 0dy respectively. Then we have

4
g4 om, ) — E<16m5 —16m*n + 16m3n?
—16m2n3 + 16mn* — 16n5>. (B.3)

This is due to the fact that th’hz’h(m, n) has the second
and the fourth terms in (3.4) from the derivative terms in the
current. The corresponding f”1#2:" (m, n) has similar terms
in (3.14).

The corresponding differential operator f**%(d:, dz)
from Appendix (B.3) is given by

144Gz, Ba) — 52 (1632 — 16355 + 163252

—163253 + 160:33, — 1633). (B.4)

The next thing is to calculate —A* f4%%(d:, 9z) [WZ('I})]

(z—w)

from Appendix (B.4). It turns out that

1 9216)\4W(_)+ 1 46087\45W(_)
G-ws 5 2T GEZmy s 2

1 1536A% - _
Goop 5 0 @

1 384A* 5 1 384N,

P w L *rw,

G—wp s 2(w) + G_wp? 25 2(w)

1 64A* -

—— 3 Wa(w). B.

o 25 > (W) (B.5)

This Appendix (B.5) are exactly the terms with Ay + hy —
2 — h = 2 appearing in the first OPE of Appendix (B.1).

In this way, we can check that the equations (3.12) are
right seven OPEs.

Appendix C: Other OPE:s for soft currents in the super-
symmetric Einstein—Yang—Mills theory

In this Appendix, we present some details which are related
to the contents in Sect. 3.
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According to (3.2) and (3.4), there is a shift in the weight
hy coming from the quantity (hy — %) in the structure con-
stant, therefore we cannot use the previous result in (3.16)
directly. This is due to the fact that the corresponding struc-
ture constant is written in terms of the one in previous com-
mutator in the first equation of (3.5). They are equivalent to
each other [48]. We should find out the right basis where the
structure constant can be obtained from the previous rela-
tion like as (3.16). Therefore, we return to the first equation
of (3.2) and read off the structure constant in terms of pp
and pr rather than gp and gr. By substituting the current
in the first equation of (3.1) into the first equation of (3.2),
then there are eight commutators in the left hand side and
there are four current terms in the right hand side. We can
substitute the commutators in the equations (2.10) and (2.11)
into the above expression and collect each independent term.
Then we obtain the structure constants in terms of pp or pr
explicitly. That is,

qh],hz,h (m’ n)

_ [Z(hl =2)(m+ (h1 —2)+ 1)}
ot 2 =) +1

hy—1,hy,h—1
XPp (m, n)
2(hy —2)(n+ (ha —2)+ 1)
2(h —2)+ 1
x4

X+ —2—h—D+1
th],hQ.h—l(m’ n)’
_ _[(Z(hl -2)+2)m+ i -2)+1)

[Z(hl+h2—2—h—1)(m+n+h1+h2—2—h—1+1)]

hy—1,hy,h—1
]pp‘ 2" (m, n)

2 —2)+1
Q=) +D(n+ (2 =2)+ D) R N P
2 —2) + 1 Pr ’

" Q2(h14+hy—2 —h — D+2)(m+n+h+hy—2—h—1+1)
2(h1+hy—2—h—1)+1

g" = ),
th],hz.h(myn) _ ]72]’]12’h(m,n)
h,even
2(h1—2)(m~+(h; —2)+1) 2(hy —2)(n+(hy — 2)+1)
2(h —2)+1 20 — 2)+1
Xp}‘fl}]*],hzfl.hfz(mvn)

2(h1+hy —2—h — 1)(im+n+h+hy—2—h—1+1)
2(h1+hy—2—h—1)+1
hi,hy,h—1

xq (m, n)
_ hihah Q21 =2)+2)(m + (hy —2) + 1)
Qhy =2)+2)(n+ (ha =2) + D' 5 —1,ha—1.0—2
X 2 pF (m5n)
(hy —2)+1

L[ @Untha—2—h— D+ 2)ontnthi+ho—2—h—1+1)
2(hi+hy—2—h—1)+1

thle,h—l(m’ I’l)

(C.1)
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Note that ¢g"1"29(m, n) = pgl’hz’o(m, n) = p}lf-"hz’o(m, n),

which appears in (3.10), because the other terms in (C.1)
vanish. Although there appear the unwanted terms (m +n +
hy + hy — 2 — h) ¢" P27 =1 n) in the right hand side of
(C.1) because itis not obvious how we can deal with the mode
dependent piece with a factor (m +n +hy +hy —2 — h+)
and others, we can express this as the linear combination
of pp and pr by realizing that the relative coefficients of
these unwanted terms are different from each other and they
have common behavior of above (m +n+hy+hy —2 —h)-
dependent factor. Then we can write down it in terms of other
wanted terms by solving each two equations in (C.1). After
substituting (m +n + hy +ha —2 —h) g""2"=1(m, n) (for
odd and even cases) written in terms of the structure constants
pp and pr (Note that these structure constants terms contain
only m or n dependence in their coefficients) into the above
equations back then we determine the following relations'®

g" "2 m, n)
h,odd
(2t =+ (ha —2)+ 1)
- 2(hy —2) + 1
» (hy+hy—2—h) ] Pl
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(hi1+hy—2—-h—-1)
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Q21 —2)+2)(m + (h1 —2) + 1)

hi,ho—1,h—1
]PF‘ ? (m, n)

]pl}“l’hz’h*l(m,n),

2(h) —2)+1
th,hz.h(m’ I’l)
h,even
h hy —2—h
_ [ (hy + hy ) ]pg,,hz,h(m,n)

2h+hy—2—h—1)+1
|:2(h] —29)m+ (i =2+ 1)

20h —2) + 1
2hy —2)(n + (hy —2) + 1)
2y —2) + 1

19 Compared to the first equation of (2.10) and the first equation
(2.11), as described before, the & = 0 case leads to the result of
" Om n) = pgl’hz’o(m,n) = p;"hz’o(m,n). But for general h,
they are different from each other. The range for £ is also different. Note
that the sum of coefficients of pZ‘ 12 ) and p}fr' s

second equation of (C.2) is equal to 1.

(m, n) in the
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(h1 +hy—2—h)
A h—2—h—D+1
(hi +hy—2—h—1) hi.ha.h
[2(h1+h2—2—h—1)+1]pF (m, n)

Q@ —2)+2)(m+(h; —2)+ 1)
[ 2 —2) + 1
><(2(h2—2)-}-2)(114—(/12—2)-}-1)
200 —2) + 1
(hiy+hy—2—h—-1)
A h—2—h—D+1

] h1—1,hp—1,h— 2(m,n)

:|ph1 1.ho—1,h— Z(m I’l) (C2)

In (C.2), all the mode dependent terms are given by either
m+(hy—2)+1)or (n+ (ho —2) + 1). We remove the
previous unwanted (m +n + hy + ho — 2 — h) dependence
completely. Instead of using the previous relations for the
structure constants (3.4) which is appropriate for the first
example or the OPEs including the gravitino and gluino, we
use the above basis (C.2) for the structure constants which
is more appropriate for the OPEs including the graviton and
gluon. Therefore, the structure constant consists of both pp
and pr coming from (2.11) and (2.10) respectively and the
corresponding weights for the first current are either s or
(h1 — 1) while the corresponding weights for the second
current are either /i, or (hy — 1). This is reasonable because
from (3.7) we allow to have the first derivative terms. For the
dummy variable %, the corresponding weight is given by 4,
(h —1) or (h —2). The last one occurs when we consider the
commutators where the corresponding two currents contain
each derivative term.

C.1 The OPE between the graviton and the gluino

The OPE between the conformally soft gravitons and the
gluinos where the weights in the antiholomorphic sector are

_1
given by ) = == 2 and hy = —Z2 can be expressed as
R c 1 hy1+hy-3
'@ M@ )= -5 — 3 D!

L
)\h |: hy, hz+ Jh +q21.h2+%,hi|

—l—h-1 n!

0 1 -n+h+1 .
XZ (E—Zh—k—l—n) 212’ a”LkJth’A(zz,Zz)
n=0 2

e h]% 3(_1)11 A\ [M hi=Lhy+3.h-1
2z = 20 -2+ 178
2 Z D2 -ty
2(h1 —2) +1r

<3 L(k—2)+l+(h—1),A(Z27 %)

oo (C.3)

The numerical factor % of the first binomial coefficient is
givenby (2+ %) minus 2. The numerical factor —% in the sec-
ond line of the first binomial coefficient is given by % minus
1.0 The first binomial coefficient above can be obtained from
(3.18) by taking I — (I + 3).

C.2 The OPE between the gluon and the gravitino

The OPE between the conformally soft gluons and the grav-
itinos where the weights in the antiholomorphic sector are

givenby ) = 5~ L and hy = =2 can be described as

hi1+hy—3

Y M
h=0

REAGZy, 20 122, 70) = —= —

1
h hy, hz+2 h h1,h2+§,h
XA [ +4qp

Lon—k—1—n\ 35" A, -
anL +l+h,A
><§ ( i—h—l ) r (22, 22)
hi1+hy—3
K 1 1+ZZ: (—1)h?\h[ 2(h1 —2) th—l,hz+%.h—1
22 & 2 -2 +17°

C20h1 =2) 42 -1kt -1
2 —2) 11 7F
A = h—1)+1
XZ ——2(h—1)—(k 2)—l—n)\ o525t
L—th—1—1 n!
NEL L(k72)+l+(h71),1&(z2’ %)
T (C.4)

The numerical factor % in the first line of the first binomial
coefficient is given by (1 + %) minus 2. The numerical factor
% in the second line of the first binomial coefficient is given
by % minus 1. The first binomial coefficient above can be

obtained from (3.18) by takingk — (k+1) and! — (I + %).
C.3 The OPE between the gluon and the gluino

The OPE between the conformally soft gluons and the
gluinos where the welghts in the antlholomorphlc sector are

givenby ) = 5= L and hy = =2 can be written as

B, - kK (i ige 1
(z,z)=—*<*>. —
2,22 >3 f "

hiho+ L oh hiha+ Lok
(_1)h+17\h|:_q31 zhph | bty }

kA =7l
R>(z1,z21) L
hi+hy—3

>

h=—1

o] 1 -n+h+1

L oph—k—1-n\ 2 o

DN R kAR G
2 n.

20 As mentioned before, the general form for the element of binomial
coefficient in the Footnote 10 can be used.
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hi+hy—3

Y. =t

h=—1

hyho+ 5.0 hiha+%.h
% [qB 2 4g qrp

o0 1 -n+h+1
—5—2h—k—-1l—n)\ 2z o _
% E ( 2 é ) lZn! 371 Lk+l+h,C(Z2, Z2)

P 1 T hy+hy—3
-3 <7> sAB 1 Z (—1)hH
K =
l/
)\h|: hyho+ 3.0 n 21 Jio+d h:|

00 h+1
<3 S —2h—k—1-n\ "
L —h-1 n!
n=0 2 :

- i\ ape 1
X" [ (25 75y — K <L) fABC
2.\2 212

hi+hy—3
2(hy —2) hi—1Lhy+1 h
—1 /’l}\h 2
. hgl( ) [2(h1—2)+1q3
2(hy —2)+2 hl Lho+5.h
2 —2)+17F

a h+1
XZ (—5—2hT(k—2)—1_n) an 7
prt —t—h-1 n!
it LODHHE () =y K 1Y jase L
- 2\2 212
hi1+hy—3
2(h; —2) hi—1hy+L h
X _1 h}\h _ 2
h;1 =D [ 20 -2 +178

2(h1 —=2)+2 hi—Lho+lh
2 —2)+17F

Xi Lo — (k=) —1—n) 5 25"
—1—h-1 n!

_ S _ K 1 in 1
Xan L(k72)+l+h,C(12’ ZZ) - (7) aAB _

2 \K 212
hi+ha—3
2(hy —2) hi—1hy+ L h
_]h)\h _ 2
) h_z,:l( ) [ 2 - +178

21 —=2) +2 m—lho+in
2 —2)+17F

N (=2 — (k=2 —1—n\ 35"
<2 ——- n!

X(;)" I(k—2)+l+h (22, 22) (CS)

The various structure constants in (3.6) are used. The numer-
ical factor —% is given by (1 + %) minus 2. The numerical
factor —% in the second line of the first binomial coefficient

is given by % minus 1. The first binomial coefficient above
can be obtained from (3.18) by taking k — (k + 1) and
1= (1+3).

@ Springer

C.4 The OPE between the graviton and the gluon

The OPE between the conformally soft gravitons and gluons
where the Weights in the antiholomorphic sector are given by

h) = k=2 and hy = L 21 can be summarized by
R o 1 M4
H' @ 2 R @) =—5 — 3 '
212 odd
o 2(hy —2) (hy+hy—2—h) hy—1hg h—1
20 —2)+ 1 2(hy +hy —2—h)+ 1

_ (m+h=2—h—=1) 20l =42 4 ypyn-1
2 +h—2—h—D+120h —2)+1°F

7 =n+(h—1)+1
xi (1—2(h—1)—(k—2)—l—n) 3571

P ~(h—1) 1 !

Xén R(k—2)+l+(h—1),A(22’ 72)

_77111%2: 4( 1)h7\h[ 2(hy —2)
2hy —2) + 1

2z Ao

(h1 +hy—2—h)
Y th—2—h—1)+1
(it =2-h-1) 2Mh-2)+2 hl,hz—l,h—l]
2Withs—2—h—1)+120h—2) +1

N 1—2h—1)—k—(1-2)—n
XX_%( ~h=1)—(-2) >

1 - _
X— 0z [ZT;(h D G grH(=20=, A(Zz,zz)]

hlhz 1,h—1

(hy+hy —2—h)

= L Z ( l)h+l h

hi+hy—4 |:

ZlzhOeven 2hi+hy—2—-h—1)+1
o (ithy—2—h—1  hmn
Pe 2(h1+h2—2_h_1)+1p17
— -n+h+1
V=2h—k—=l=n\ 2 5npksi+hd,, -
XZ ( —h—1 ) n! 0" R (z2,72)
hi+hy—4
k1 h+1yh
-5 — Y (=DM
2w h=0,even
2(h1 —2) 2(hy —2)
2(h —2)+1 2(hy —2) +1

o (h1+hy—2—h)

2hi+hy—2—h—1)+1
2(hy —2)+2 2(ha —2)+2
20h —2)+12(hy —2) + 1
L (it —2—h-1)
2(hy+hy —2—h—1)+1
A (1-2—2)—(k—2)—(1—2)—n
XZ( (—(2—(2)—(;—;) : )

n=0

hy—1,hp—1,h=2

hlfl,hzfl,hfZ]

1
9

'4.1

. (C.6)

8_

+(h—2)+1
2 [ 1112( )+ Pl R(k 2)+(1=2)+(h— 2)A(Z2 Z2)]
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2hy —2)+2 2(hs —2) +2
2 —2)+1 201 —2) + 1
(hi+hy—=2—-h—1) hi—1hy—1,h—2
X Py
201 +hy —2—h—1)+1

According to the second equation of (3.2), the structure con-
stants are the same as the first equation of (3.2). So we can
repeat what we have done in (3.18). The difference appears in
the first binomial coefficient in Appendix (C.6) in the sense

that the numerical factor 1 is given by 2+ 1 minus 2. Similarly, «3 ( —2(h - 2)h— (kz— 2) l_ (12 —-2)—n )
the numerical factor 0 in the second line of the first binomial n=0 ~k-2-0-2
coefficient is given by 1 minus 1. The above binomial coef- oL bz, B [21 42 RUE=DHI=D+B=2.C (. 22)]}
ficients can be obtained from (3.18) by taking I — (I + 1). e
hy+hy—4
1\ ase| « 1
1 dABC{iii RNV
+(2) 2 710 h=§dd( )

C.5 The OPE between the gluons

2(h1 —2) (hi+hy—2—h) =100, h—1
2hy1 —2)+ 1 2(hy+hy—2—h)y+1"8

Finally, the OPE between the conformally soft gluons where

the weights in the antiholomorphic sector are given by b = ot =2-h=-1) 201 -2)+2 il
k 2hi+hy—2—h—D+12( - +1°F

%1 and hy = I_Tl can be expressed as
o (2= 1) —(k—=2)—1—n
XZ( —th—=1)—1 )

. . _ i fan n=0
R4 (z1,21) RMB (20, 72) = (—5) fABe 5o =D .
4 212 a0 pk=2)++(h—1).C . =
o ] Mthd X ] " R (z2, 22)
x{—f— D=t hy+hy—4
2 h=0,even . i Z (—l)h }\h
2 z12
2(h1—-2) (h1+h2—2—h) hi—1hy,h—1 h=1,0dd
2(h1—2)+1 2(h1+hy—2—h—1)+1 "8 2(hy —2) (hy +hy—2—h) Bt —1.h—1
2(hy —=2)+1 2(hy+ho —2—-h—1)+1 Py

2 =242 (th=2—h=1) e
2Wh -2+ 1200 +h—2—h—1)+17F

(hi+hy—=2—-h—-1) 2(hy—2)+2 hl,hz—l,h—l]

- T2 —2—h—D412(p—2)+1"F

(2D T 2D 1 202

= —(h -1 -1 n! <3 Dh—1)—k—(—-2)—n

- . ~(h=1)—(-2)
%31 REDHHB=D.C () = nlzo

- 5 rent(—D+1 50 pk+(=2)+(—1),C _

_k1 hl% 4(_1)h A X 5 [21 " R (22, 22)]

2 712 hi+hy—4

h=0,even P Z ( l)thl)\h
|: 2(hy—-2) (h1+ho—2—h) ph].]lz—Lh—l 2 71 W
2(hp=2)+1 2(h1+hy—2—h—1)+1 *8 sl —2— ) .
X[2(hl+hz—2—h—1)+1pB

2 —=2)4+2 (hMt+h—-2-h-—1) By ho—1,h—1
2 —2)+1 2(hy +hy—2—h—1)+1"F

(h1+h2—2—h—1) h],hz,h]

Xi 2h—-1)—k—(1—-2)—n 2hi+hy—2—h—-D+1"F
—h-DH-(0-2 o0 sn+h+1
n=0 —2h—k—1l—-n\ 2 an pk+l+hCo =
1 - 1)t = A XZ h—1 ——— "R (z2,22)
X — 05 [Z)> g RFHEDTE=DC ) 7] n=0 e
hi+hy—4
hyi+hy—4 Kk 1
k1 . Z (_1)h+1>\h
_ (71)h+1)\h 5
2z h=;odd 212 h=0,even
2(hy —2 2(hy — 2 h hy —2—h
5 (hi +hy—2—h) I X[2h<12)1”(22)12}1(1;22 - 1) 1
XA —2—h—1)+178 (hi =2 +12(hy—2)+12(h1+ha—2—h—1)+

w pli =12 2(h1 —2)+2 2(hp —2)+2
B 2y —2)+1 2(ha —2) + 1

(h] +h2—2—h—1) hl,hz,h
Y+ —2—h—1+17°F

N I y (hi+hy—=2—-h—-1) il h=2
y Z (—Zh —hk _zl —n) 7y, : g RIHAIC (1) 7y 201 +hy—2—h—=1)+1"F
—n — n
n=0 (=2 —-2)—(k—-2)—(1-2)—n
e 3 ~h=2)— (-2
_% A Z (=1)h+1 7k n=0
212 A
h=—T.0dd Lo o ront=241 50 pk-2)+(—2)+(h— z
o x— Bz 35 [Zrlv;—(h D+ Fn ph=2)+(-2)+(h 2),C(Z2’Z2)]}
X[ 2(h —2) 2(hy —2) n!
2h; —2)+1 2(hy —2) + 1 htha—4
(h1=2)+12(h2—2) + . 1N\ s k1 ‘i Y
(h1+hy —2—h) hi—Lh—1,h—2 K 2 712

><2(hl—i-hz—2—h—l)+1 B h=1,0dd
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» 2(h1 —2) (h1+hy—2—h) B —1,h2,h—1
2 —2)+ 1200 +hr—2—h)+178

_ mth=2-h—1) 20l =D +2 g pyn-1
2 +ha—2—h—D+120 -2 +17F

Xi “2h-1D)—-*k=2)—1—-n w{)n
—(h—=1)—1 n!
n=0
© hy+hy—4
)R oy 2y — = — 3 (=D
22, Aoy
(hi +hy —2—h) hiho—1,h—1

N )
2hy —2)+1 2(hy +hy —2—h—1)+1"%

_ (th=2-h=-1) 2h2 =242 4 p-14-1
QWi th—2—h—D)+12—2)+1°F

N 2h—1)—k—(1—2)—n
XZ( —h=1)—(1-2) )

n=0
I = ropdG—D4l = o -
x-— i [Z}il;—(h DL Gn RkHU=2+(h=1) (7, )]
hi+hy—4
_k IZZ (_1)h+17\h|: (i +ho =21 Y
2 z1n 2y 4+hy—2—h—1)+1"8

h=0,even

(h] +h2—2—h—1) hihash
20y +hy—2—h—1D+1"F

i 2h—k—1—n\ 2"
x —h—1 nl

n=0

x én Rk+l+h (Zz, 22)

c 1 hi+hy—4
e b Z (—1)h 1 A
2 212 h=0,even
2(h —2) 2(h2 —2) (hi+hy—=2—h)
2 —2)+ 120 —2)+ 1 2(h +ha —2—h—1) + 1

hi—1,ha—1,h—2
Xpp

2 —2)+2 2 —2)+2  (hi+hy—2—h—1)
2 —2)+1 20 —2)+1 20 +ha—2—h—1)+1

hy—1,hy—1,h—2
F

xp

X (2h—2) —(k—2)—(—2)—n
XZ( —h=2)— (-2 )

n=0

L o o -2+l 5 2)+(— _ -
X;a; 3 [z’f;( 1 Gn pk=2)+-2)+(h (2. %)]

. (C.7)

The numerical factor 0 is given by 1+ 1 minus 2. The numer-
ical factor 0 in the second line of the first binomial coefficient
is given by 1 minus 1. The first binomial coefficient above
can be obtained from (3.18) by taking k — (k + 1) and
I — (I + 1). We use the following relations between the

structure constants

hi,hoh
= pg """ (m,n)

h,odd
[Z(hl —2)(m+ (hy —2)+ 1)
2(h; —2)+1
2(hy = 2)(n + (hy — 2) + 1)i| I=Lho=lh=2,
2 —2) + 1 Py ’

""" m.n)
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Note that §"1-"2=1(m, n) = Pp
Appendix (C.8), finally we obtain

B 2(hy +hy —2—h—Dm+n+h;+hy—2—-h—-1+1)
2(h +hy—=2—-h—-1)+1
><qh],hz,h—l(m’n)

Q21 =2)+2)m+ (hy —2)+ 1)

_ hihah
= Pr ('”’"H[ 2 -2 +1
(2(h2—2)+2)("+(/12—2)+1):| h—1,hy—1,h—2
X PR (m, n)

201 —2) + 1

@t =2k =D+ Dttt b —2—h—1+1)
200 tha—2—h—1)+1

hy,hy,h—1 ~hy,h2.h
g" "t m, ), g (my, )

h,even

2 =2)m+ (i —2)+ 1) =Ll
= 20 —2) + 1 Pp ’

[2(h2 —2)(n+ (ha —2) + 1):|

201 —2) + 1

Xp}él,hg—l,h—l(m’n)

2(hy+hy —2—h—1)(m+n+h;+hy—2—h—-1+1)
21 +hy —2—h—-1)+1

q’h],hg,h*l(m’n)
_ _|:(2(h1 —2)+2)(m+ (h1 —2)+1)

hi—1,hy,h—1
i|[7}rI ? (m,n)

2(h1 —2) +1
_[(2(hz —2)+2)n+ (=2 + 1)}

2(hy —2) +1
Xp/',’;l’hzfl’hfl(m,n)

@A =2k =D+ Dttt b —2—h—1+1)
2hi+hy—2—h—1)+1

x@" 2= g ). (C.8)

hl’hz’h_l(m,n) = % From

~hy,hah
g"m

(m,n)
h,odd

_ (hy +hy —2—h) hihah
XWh+h—2—h—1)+178
2h; —2)(m+ (b —2) + 1)
2(h) —2) + 1
2(hy =2)(n+ (hy =2) + 1)
2(hy —2) + 1
hy—1,hp—1,h—2
B

(hy +hy —2—h)
201 +hy—2—h—-1)+1
xXp
(hy+hy —2—h—1) nihah

W +h—2—h—1+17F
+|:(2(h1 -2 +2)ym+(h;1—2)+ 1)

200 —2) + 1

X(2(/12—2)+2)(n-i-(hz—2)-&-1) (hi+hy—=2—-h—1)
2hy —2) + 1 2 +hy—2—h—1)+1

hy—1,ha—1,h—2

- ,

p

g""2 " (m, )

h,even

_ [Z(hz -2+t —2)+1)

(hy +hy—2—h) :|

2y —2) + 1 2hi+hs—2—h—1D+1
hy,ho—1,h—1
X pp
X|:2(h1—2)(m+(h1—2)+1) (hy +hy—2—h) ]
2(h —2)+1 2 +hy—2—-h—-1)+1
XpZ]*l,hQ.h*l
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7[(2(}12—2)+2)(n+(h2—2)+1) (hi+hy=2—-h—-1) ]

2(h —2) + 1 2hi +hy—2—h—1)+1
Xpl’;[.hzfl,hfl
Jem =2 +2m+ B =) +1) (n+h-2-h-1)
2(hy —2) + 1 2(h1+hy—2—h—1)+1
x pli=lheh=1, (C.9)

By considering Appendix (C.9), we can write down the OPE

in

Appendix (C.7). The first one of Appendix (C.9) is the

same as the functional form of the second one of (C.2) while
the second one of Appendix (C.9) is the same as the functional
form of the first one of (C.2).
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